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Abstract 

This study proposes a novel improved ratio-type estimator for efficient estimation 
of the population mean in stratified sampling by integrating auxiliary attribute infor-
mation through a unified nonlinear framework. Unlike conventional ratio, product, 
and exponential-type estimators, the proposed estimator combines these estima-
tion strategies within a single flexible formulation, allowing it to adapt to different 
correlation structures and improve estimation efficiency. The mean squared error 
(MSE) of the proposed estimator is derived up to the first order of approximation, 
and the optimum parameter values that minimize the MSE are obtained analytically. 
The estimator’s performance is evaluated using percentage relative efficiency (PRE) 
and compared with existing estimators reported in the literature. Numerical illustra-
tions and extensive Monte Carlo simulation studies demonstrate consistent efficiency 
gains across diverse sampling scenarios. The practical applicability of the proposed 
estimator is further validated using a real-world apple production dataset, where apple 
yield is treated as the study variable and the number of apple trees as the auxiliary 
attribute. Both theoretical and empirical results confirm that the proposed estima-
tor provides more precise and robust population mean estimates than existing 
approaches under stratified sampling.
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Introduction
Accurate estimation of population parameters is a primary objective in survey sampling, 
particularly for heterogeneous populations. Stratified sampling is widely used because it 
improves the precision of estimates by dividing the population into relatively homogene-
ous strata. The efficiency of estimators can be further enhanced by incorporating auxil-
iary information that is strongly associated with the study variable. Conventional ratio, 
product, and exponential estimators have been widely applied for this purpose, although 
their performance depends on the strength and nature of the underlying relationship. 
In agricultural surveys, such as apple production studies, auxiliary attributes are often 
readily available and closely related to crop yield. Proper use of these attributes can 
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substantially improve estimation accuracy without increasing survey costs. Despite their 
practical importance, auxiliary attributes remain underutilized in stratified sampling.

Motivated by this gap, the present study proposes a new ratio-type estimator that 
incorporates auxiliary attributes under stratified sampling. Theoretical expressions for 
its mean squared error are derived using first-order approximation, and its performance 
is evaluated through percent relative efficiency. The proposed estimator is shown to 
provide more accurate and efficient estimates than existing methods, demonstrating its 
practical value for agricultural and other survey-based applications.

The stratification concept, which is applied to improve the accuracy of the study of 
the population, could be used to divide it into two classes according to an attribute. 
Therefore, the units of the population have been divided into these two types accord-
ing to whether or not they possess a particular attribute. Once we have a sample of 
size n, the population proportion of the defined property may prove useful for our 
objectives. In order to enhance the field of survey sampling, Kaur [1] investigates 
the population mean estimate in the stratified sampling scheme. The exponential 
estimator has been introduced by Bahl and Tuteja [2] in simple random sampling 
(SRS). In stratified random sampling, in order to improve the accuracy and efficacy 
of population mean estimates, Diana [3] introduces and examines a variety of new 
estimators. In order to enhance the estimation of population parameters in stratified 
random sampling, Kadilar and Cingi [4] evaluate ratio estimators for the purpose of 
to improve population estimates’ efficiency and accuracy, the study develops new or 
modified ratio estimators and utilizes the use of auxiliary variables. Ratio and prod-
uct estimators have been discussed and evaluated by Koyuncu and Kadilar [5] with 
the aim of enhancing the stratified random sampling technique’s population param-
eter estimation. The study aims to improve the efficiency and accuracy of popula-
tion estimates by utilizing auxiliary variables and developing new or improved ratio 
and product estimators.  Enhanced multivariate-ratio-type estimators are presented 
and examined by Malik and Singh [6] in an effort to increase the population estimate 
parameters while using stratified random sampling. Lu [7] proposes and examines an 
effective estimator that combines two auxiliary variables to enhance population mean 
estimate. Zaman [8] proposes and evaluates new estimators which utilize auxiliary 
attributes to enhance population mean estimate. Zaman and Kadilar [9] discuss and 
evaluate novel techniques for utilizing auxiliary characters to estimate population 
means in an approach to stratified random sampling. Akintunde et al. [10] proposes 
novel techniques for utilizing auxiliary variables used to estimate the population 
mean in a situation of stratified sampling. In survey sampling and statistical estima-
tion, an auxiliary attribute is a variable or characteristic that is not the primary vari-
able of interest but is connected to it in a specific way. Zaagan et  al. [11] explored 
the use of auxiliary attributes to enhance precision, demonstrating through analyti-
cal and numerical results that their estimators outperformed conventional stratified 
methods. Daraz et  al. [12] developed improved estimators for the finite population 
median and variance using auxiliary variables, Daraz et al. [13] developed improved 
Monte Carlo simulations, and real datasets, demonstrating superior performance 
over conventional methods and also Daraz et al. [14] proposed efficient median esti-
mators for stratified multi-population data, reporting substantial gains in estimation 
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accuracy for health-related applications. Verma et al. [15] introduced an uncertainty-
based framework that explicitly accounted for variability in the estimation process, 
leading to improved efficiency and reduced mean squared error, as supported by 
simulation and numerical studies. Addressing practical constraints, Verma et al. [16] 
incorporated a linear cost function into the estimation process and showed that opti-
mal allocation across strata resulted in greater efficiency under budget limitations, 
also Verma [17] extended this line of work to the joint estimation of two population 
means, proposing optimal estimators that leveraged auxiliary information to achieve 
lower mean squared error than existing approaches. Yadav et  al. [18] demonstrate 
the efficiency of a suggested estimator over conventional methods by obtaining bias 
and mean squared error equations. Chaudhary et al. [19] developed calibration-based 
estimators for stratified sampling that handled both non-response and measurement 
errors. Using auxiliary information and optimized weights, the proposed estimators 
reduced bias and MSE and performed better than existing methods according to the-
oretical and empirical comparisons. Kumar et al. [20] developed direct and synthetic 
logarithmic estimators for small area estimation using ranked set sampling, which 
improved efficiency and provided more accurate estimates compared to existing 
methods. Robbennolt et  al. [21] examined data collection, weighting, and modeling 
techniques to estimate consistent population parameters, highlighting methods that 
improved accuracy and ensured reliable inference in transportation studies.

The studies collectively focused on advancing population mean estimation under dif-
ferent sampling frameworks. The Verma et al. [22] study developed an optimal strategy 
in stratified random sampling using an auxiliary attribute to improve efficiency over tra-
ditional estimators. The Verma et al. [23] work introduced neutrosophic approaches that 
accounted for uncertainty and applied them to Indian temperature data. In Verma et al. 
[24], optimal estimation techniques were explored within stratified sampling with prac-
tical application in supply chain management for improved decision-making. Finally, 
the Verma et al. [25] study proposed an improved estimator in post-stratified sampling, 
supported by applications and simulation-based evaluation, demonstrating enhanced 
performance.

The proposed estimator is developed under the first-order approximation, where 
higher-order terms are ignored. As a result, the derived bias and mean squared error 
(MSE) expressions are approximate and may be less accurate for small sample sizes or 
complex population structures. The methodology also assumes that the auxiliary attrib-
ute is measured without error and is strongly associated with the study variable. Moreo-
ver, the empirical evaluation is based on a limited dataset. Future research may consider 
second-order approximations, measurement errors, non-response, and broader simula-
tion studies to further assess the robustness of the proposed estimator.

The proposed estimator was evaluated using both simulated and real datasets, includ-
ing an apple production survey where apple yield was the study variable and the num-
ber of apple trees served as the auxiliary attribute. The results consistently demonstrated 
superior performance over existing estimators, confirming its efficiency and robustness. 
These findings highlight the effectiveness of incorporating auxiliary attributes in strati-
fied sampling and support the applicability of the proposed estimator across agriculture, 
health, environmental, and socio-economic surveys.
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Notations and formulation
Let us consider a size of random sample is n and a finite population of size nh is drawn 
using SRSWOR from the hth stratum such that it is divided into L strata. Let ∅ is an aux-
iliary attribute and Y be the study variable and taking values ∅hi and yhi respectively 
(h = 1, 2, . . . , L; i = 1, 2, . . . ,Nh) on ith unit of the hth stratum. Each stratum provides a 
sample of size nh to obtain a sample of sizen . With i = 1,2, . . .Nh and h = 1,2, . . .L let yhi 
and ∅hi represent the study variable and auxiliary attribute ∅ respectively. Assume fur-
ther that either the presence or missing an attribute ∅h implies a complete dichotomy in 
the population and that there are actually only two possible are 1 and 0 (1 is ith unit of 
population possesses attribute ∅ and 0 take other) values for the attribute∅h . 
LetA =

∑N
i=1∅i,Ah =

∑N
i=1∅hi , a =

∑nh
i=1∅i and ah =

∑nh
i=1∅hi is the total number of 

units with attribute φ in the population mean and sample mean in hth stratum respec-
tively. Let,P = A

N ,Ph =
Ah
Na

 , p = a
n andah =

ah
nh

 . The followings may be considered as,Y h is 
mean for the study variable and ∅h is mean for the auxiliary attribute. The population 
mean of study variable is Y =

∑L
h=1WhY h and Wh =

Nh
N  is weight of hth stratum. Let 

yst = Y (1+ e0) andpst = P(1+ e1) , where e0 and e1 are errors of approximation and the 
value expectations of e0 ande1 , we have E(e0) = 0 and E(e1) = 0. 

Let,E
(

e20
)

=
∑L

h=1W
2
h �h

S2yh

Y
2 = ω2.0 , E

(

e21
)

=
∑L

h=1W
2
h �h

S2ph

P2
= ω0.2 and 

E(e0e1) =
∑L

h=1W
2
h �h

Syph

PY
= ω1.1. ωa.b =

∑L
h=1W

a+b
h �h

E(yhi−Y h)
a
(p−P)b

Y
a
Pb

 and 

�h =

(

1
nh

− 1
Nh

)

; h = 1,2, . . . , L. S2yh , S
2
ph and Syph represents the population variances of 

the study variable and auxiliary attribute, and the covariance between study variable and 
auxiliary attribute the population in the hth stratum respectively. First-order approxima-
tions are used because they provide simple, tractable expressions for bias and mean 
squared error, making analysis and comparison of estimators easier. They are sufficiently 
accurate for moderate to large samples and are standard in sampling theory, while 
higher-order terms add complexity with limited practical gain.

Some existing estimators
In stratified random sampling, the sample mean is

and variance is

Naik and Gupta [26] proposed the ratio estimator in auxiliary attribute is as follow

and its MSE is

(1)yst = t1(st) =
∑L

h=1
Whyh

(2)Var
(

yst
)

= MSE
(

t1(st)
)

=
∑L

h=1
W 2

h �hS
2
yh = Y

2
ω2.0

(3)t2(st) = yst

[

P

Pst

]

(4)MSE
(

t2(st)
)

= Y
2
[ω2.0 − 2ω1.1 + ω0.2]
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where ω2.0 =
∑L

h=1W
2
h �h

S2yh

Y
2 ,ω0.2 =

∑L
h=1W

2
h �h

S2ph

P2
&ω1.1 =

∑L
h=1W

2
h �h

Syph

PY
.

The exponential ratio type estimator was presented by Bahl and Tuteja [2] and is as fol-
lows in the case of an auxiliary attribute.

and MSE is as follow

where ω2.0 =
∑L

h=1W
2
h �h

S2yh

Y
2 ,ω0.2 =

∑L
h=1W

2
h �h

S2ph

P2
&ω1.1 =

∑L
h=1W

2
h �h

Syph

PY
. 

Zaman [8] examine the effective population mean estimators utilizing auxiliary vari-
ables in stratified random sampling:

and MSE is

where  δ1 =

∑L
h=1 WhPh

∑L
h=1 Wh

(

Ph+Cph

) , ω2.0 =
∑L

h=1W
2
h �h

S2yh

Y
2 , ω0.2 =

∑L
h=1W

2
h �h

S2ph

P2
 & 

ω1.1 =
∑L

h=1W
2
h �h

Syph

PY
.

Zaman and Kadilar [9] examine improved general category of exponential ratio type 
estimators with an auxiliary attributes is as follow

and MSE is

where k = P
P+1 is an appropriate constant that will be chosen later. Here

̺1 =
kP

2(kP+l)
 , ̺2 =

P
2(P+β2)

 , ̺3 =
P

2(P+Cp)
 , ̺4 = P

2(P+ρp)
 , ̺5 =

β2P

2(β2P+Cp)
 , 

̺6 =
CpP

2(β2+CpP)
 , ̺7 = β2P

2(ρp+CpP)
 , ̺8 =

ρpP

2(ρpP+Cp)
 , ̺9 = β2P

2(β2P+ρp)
 , ̺10 =

ρpP

2(ρpP+β2)

(5)t3(st) = ystexp

[

P− pst
P+ pst

]

(6)MSE
(

t3(st)
)

= Y
2
[

ω2.0 − ω1.1 +
1

4
ω0.2

]

(7)t4(st) = yst

∑L
h=1Wh

(

Ph + Cph

)

∑L
h=1Wh

(

pst + Cph

)

(8)MSE
(

t4(st)
)

= Y
2
[

ω2.0 − 2δ1ω1.1 + δ21ω0.2

]

(9)t5,i(st) = kystexp

[

(

kpst + l
)

− (kpst + l)
(

kpst + l
)

+ (kpst + l)

]

(10)
MSE

(

t5,i(st)
)

= Y
2
[

k2ω2.0 + ̺2i (3k
2
− 2k)ω0.2 − 2̺i

(

3k2 − 2k
)

ω
1.1

+ (k − 2)2
]

k =
2̺2i ω0.2 − 2̺iω1.1 + 2

6̺2i ω0.2 − 8̺iω1.1 + 2ω2.0 + 2
, for all i = 1,2, . . . , 10.

ω2.0 =
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h=1
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h �h

S2yh
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,ω0.2 =
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W 2

h �h
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W 2
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Akintunde et  al. [10] examine the enhanced population mean estimation in stratified 
sampling with an auxiliary attributes is as follows.

and MSE is

where, ζ1 = ϕP
2(ϕP+l)

 and α =
ω1.1

2ω0.2ζ1
+ 1

2 is constant value.

Verma et al. [22] estimated the population mean in stratified random sampling using aux-
iliary attribute information is

with MSE is,

where  a = ω2.0 + ω0.2 − 2ω1.1 , b = 1+ ω2.0 + ω0.2 − 2ω1.1 , c = 1+ ω2.0 + 4ω1.1 , 
d = ω2.0 −

5
2ω1.1 +

3
2ω0.2 , p = ω2.0 − ω1.1 , q = 1+ ω2.0 + ω1.1 −

3
8ω0.2 , z1 = cd−pq

q2−bc
 and 

z2 =
bp−dq

q2−bc
.

Proposed estimator
Motivated by Akintunde et  al. [10], we propose an enhanced ratio-type estimator under 
stratified random sampling by effectively incorporating auxiliary attribute information 
within a modified functional framework. The mean squared error (MSE) of the estimator 
is derived up to the first order of approximation. The proposed estimator is presented as 
follows:

where K1 and K2 are optimum constant, put value of yst and pst in above equation and 
simplify

(11)

t6(st) = yst

[

αexp

(

(

ϕpst + L
)

− (ϕpst + L)
(

ϕpst + L
)

+ (ϕpst + L)

)

+ (1− α)exp

(

(

ϕpst + L
)

− (ϕpst + L)
(

ϕpst + L
)

+ (ϕpst + L)

)]

(12)MSE
(

t6(st)
)

= Y
2
[

ω2.0 + ζ 21 (4α
2
− 4α + 1)ω0.2 − 2ζ1(2α − 1)ω1.1

]

ω2.0 =
∑L

h=1
W 2

h �h

S2yh

Y
2
,ω0.2 =

∑L

h=1
W 2

h �h

S2ph

P2
&ω1.1 =

∑L

h=1
W 2

h �h

Syph

PY
.

(13)t7(st) = yst

[

P

pst

]

+ z1ystexp

[

P − pst

P + pst

]

+ z2yst

[

1+ log
(pst

P

)]

(14)MSE
(

t7(st)
)

= Y
2
[

a+ z21b+ z22c + 2z1d + 2z2p+ 2z1z2q
]

ω2.0 =
∑L

h=1
W 2

h �h

S2yh

Y
2
,ω0.2 =

∑L

h=1
W 2

h �h

S2ph

P2
&ω1.1 =

∑L

h=1
W 2

h �h

Syph

PY
.

(15)tpr(st) = yst + K1yst

[

P

pst

]

+ K2ystexp

[

P − pst

P + pst

]

tpr(st) = Y

[

(1+ e0)+ K1

(

1+ e0 − e1 − e0e1 + e21

)

+ K2

(

1+ e0 −
1

2
e1 −

1

2
e0e1 +

3

8
e21

)]
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Using the formula for MSE of the proposed and put the values

The MSE of proposed estimator is obtained as,

where A = 1+ ω2.0 − 4ω1.1 + 3ω0.2 , B = 1+ ω2.0 − 2ω1.1 + ω0.2 , C = ω2.0 − ω1.1 , 

Q = 1+ ω2.0 − 3ω1.1 +
15
8 ω0.2 , R = ω2.0 −

1
2ω1.1 , ω2.0 =

∑L
h=1W

2
h �h

S2yh

Y
2  , 

ω0.2 =
∑L

h=1W
2
h �h

S2ph

P2
 , ω1.1. =

∑L
h=1W

2
h �h

Syph

PY
 , K1 =

QR−BC
AB−Q2  , K2 =

CQ−AR
AB−Q2

Specific situations for the suggested estimator

In this section, we find same special cases of proposed estimator is as follow.

Specific situations: Case‑I

Put K2 = 0 in Eq. (15), we get

tpr(st) − Y = Y

[

(e0)+ K1

(

1+ e0 − e1 − e0e1 + e21

)

+ K2

(

1+ e0 −
1

2
e1 −

1

2
e0e1 +

3

8
e21

)]

MSE
(

tpr(st)
)

= E[tpr(st) − Y ]
2

MSE
(

tpr(st)
)

= Y
2
E

[

e0 + K 1

(

1+ e0 − e1 − e0e1 + e21

)

+ K2

(

1+ e0 −
1

2
e1 −

1

2
e0e1 +

3

8
e21

)]2

MSE
(

tpr(st)
)

= Y
2
{

E
(

e20

)

+ K 2

1 E
(

1+ 2e0 − 2e1 − 4e0e1 + e20 + 3e21

)

+K 2

2 E
(

1+ 2e0 − e1 + e20 − 2e0e1 + e21

)

+2K1E
(

e0 − e0e1 + e20

)

+2K1K2E

(

1+ 2e0 −
3

2
e1+e

2

0 − 3e0e1 +
15

8
e21

)

+2K2E

(

e0 −
1

2
e
0

e1 + e20

)}

MSE
(

tpr(st)
)

= Y
2
E
(

e20

)

+ K 2

1 Y
2
E
(

1+ 2e0 − 2e1 − 4e0e1 + e20 + 3e21

)

+ K 2

2 Y
2
E
(

1+ 2e0 − e1 + e20 − 2e0e1 + e21

)

+ 2K1Y
2
E
(

e0 − e0e1 + e20

)

+ 2K1K2Y
2
E

(

1+ 2e0 −
3

2
e1 − 3e0e1 + e20 +

15

8
e21

)

+ 2K2Y
2
E

(

e0 −
1

2
e
0

e1 + e20

)

(16)MSE
(

tpr(st)
)

= Y
2
[

υ2.0 + K 2
1A+ K 2

2B+ 2K1C + 2K1K2Q + 2K2R
]

(17)t ′pr(st) = yst + K11yst

[

P

pst

]
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Put the values of yst and pst in above equation and simplify, then we get

Using the MSE formula and put the values

Then the mean square error of first case is obtained as

where, K11 = −

[

C
A

]

 is the optimum value.

Specific situations: Case‑II

Put K1 = 0 in Eq. (15), we get

Put the values of yst and pst in above equation, we get

When we square and consider expectations on both sides of above equation, we 
obtain

(18)
t ′pr(st) = Ȳ

[

(1+ e0)+ K11

(

1+ e0 − e1 − e0e1 + e21

)]

t ′pr(st) − Ȳ = Ȳ
[

e0 + K11

(

1+ e0 − e1 − e0e1 + e21

)]

MSE
(

t ′pr(st)

)

= E[t ′pr(st) − Y ]
2

MSE
(

t ′pr(st)

)

= Y
2
E
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e0 + K 11

(

1+ e0 − e1 − e0e1 + e21

)]2

MSE
(

t ′pr(st)

)
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2
{

E
(

e20

)

+ K 2
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1+ 2e0 − 2e1 − 4e0e1 + e20 + 3e21

)

+ 2K11E
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e0 − e0e1 + e20

)}

(19)MSE
(

t ′pr(st)

)

= Y
2
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ω2.0 + K 2
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]

(20)t ′′pr(st) = yst + K12ystexp

[
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P + pst

]
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t ′′pr(st) = Ȳ
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(1+ e0)+ K12
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1+ e0 −
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2
e1 −

1

2
e0e1 +

3

8
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)]

t ′′pr(st) − Ȳ = Ȳ
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e0 + K12

(

1+ e0 −
1

2
e1 −

1

2
e0e1 +

3

8
e21

)]

MSE
(

t ′′pr(st)

)

= E[t ′′pr(st) − Y ]
2

MSE
(

t ′′pr(st)

)
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2
E

[

e0 + K12

(

1+ e0 −
1

2
e1 −

1

2
e0e1 +

3

8
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2
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(

e0 −
1

2
e
0

e1 + e20

)}

MSE
(

t ′′pr(st)

)

= Y
2
E
(

e20

)

+ K 2
12Y

2
E
(

1+ 2e0 − 2e1 − e0e1 + 3e21

)

+ 2K12Y
2
E

(

e0 −
1

2
e
0
e1 + e20

)



Page 9 of 17Verma and Khan ﻿Adv. Model. and Simul. in Eng. Sci.           (2026) 13:20 	

Then the MSE is

where K12 = −

[

R
B

]

 is the optimum value.

Efficiency comparisons
The robustness of the proposed estimator has been examined by analyzing its sensitiv-
ity to variations in the auxiliary attribute and potential model misspecification, show-
ing that it maintains stable performance under moderate deviations from underlying 
assumptions. Its asymptotic behavior has also been studied, establishing consistency and 
efficiency as the sample size increases. Furthermore, the optimality conditions have been 
analytically interpreted to clearly identify the parameter settings and sampling scenarios 
under which the estimator achieves minimum MSE and superior efficiency compared to 
existing methods.

The proposed estimator tpr(st) is said to be more efficient than an existing estimator 
tf (st) for all f = 1,2,…infinite. if its MSE is smaller, that is,

Specific Efficiency Conditions: Accordingly, the proposed estimator is more efficient 
than:

1.	 The stratified sample mean

that is

2.	 Estimator t2(st)

 

that is

3.	 Estimator t3(st)

 

(22)MSE
(

t ′′pr(st)

)

= Y
2
[

ω2.0 + K 2
2B+ 2K2R

]

MSE
(

tpr(st)
)

< MSE
(

tf (st)
)

MSE
(

tpr(st)
)

< MSE
(

t1(st)
)

υ2.0 + K 2
1A+ K 2

2B+ 2K1C + 2K1K2Q + 2K2R < υ2.0

MSE
(

tpr(st)
)

< MSE
(

t2(st)
)

υ2.0 + K 2
1A+ K 2

2B+ 2K1C + 2K1K2Q + 2K2R < ω2.0 − 2ω1.1 + ω0.2
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that is

4.	 Estimator t4(st)

that is

5.	 Estimator t5,i(st)

that is

6.	 Estimator t6(st)

that is

MSE
(

tpr(st)
)

< MSE
(

t3(st)
)

υ2.0 + K 2
1A+ K 2

2B+ 2K1C + 2K1K2Q + 2K2R < ω2.0 − ω1.1 +
1

4
ω
0.2

MSE
(

tpr(st)
)

< MSE
(

t4(st)
)

υ2.0 + K 2
1A+ K 2

2B+ 2K1C + 2K1K2Q + 2K2R < ω2.0 − 2δ1ω1.1 + δ21ω0.2

MSE
(

tpr(st)
)

< MSE
(

t5,i(st)
)

, for all i = 1,2, . . . , 10.

υ2.0 + K 2

1A+ K 2

2B+ 2K1C + 2K1K2Q + 2K2R < k2ω2.0

+ ̺2i (3k
2
− 2k)ω0.2 − 2̺i

(

3k2 − 2k
)

ω
1.1

+ (k − 2)2

υ2.0 + K 2

1A+ K 2

2B+ 2K1C + 2K1K2Q + 2K2R < k2ω2.0

+ ̺2i (3k
2
− 2k)ω0.2 − 2̺i

(

3k2 − 2k
)

ω
1.1

+ (k − 2)2

MSE
(

tpr(st)
)

< MSE
(

t6(st)
)

Table 1  Summary of the real data

h Nh nh Yh Ph Syh Sph Syph ρh

1 106 13 1536.09 0.25 6425.09 0.43 996.59 0.3

2 106 24 2212.54 0.29 11551.54 0.46 1404.01 0.2

3 94 55 9384.31 0.47 29907.48 0.51 48674.99 0.3

4 171 95 5588.01 0.49 28643.78 0.50 −2743.02 0.1

5 204 10 966.96 0.36 2389.77 0.48 449.02 0.3

6 173 3 404.39 0.12 945.75 0.32 204.18 0.5
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7.	 Estimator t7(st)

that is

These conditions show that the proposed estimator outperforms existing estima-
tors whenever the chosen constants satisfy the above inequalities. By appropriately 

υ2.0 + K 2
1A+ K 2

2B+ 2K1C + 2K1K2Q + 2K2R < ω2.0 + ζ 21 (4α
2
− 4α + 1)ω0.2 − 2ζ1(2α − 1)ω1.1

MSE
(

tpr(st)
)

< MSE
(

t7(st)
)

υ2.0 + K 2
1A+ K 2

2B+ 2K1C + 2K1K2Q + 2K2R < a+ z21b+ z22c + 2z1d + 2z2p+ 2z1z2q

Table 2  Summary of the real data

h Nh nh Yh Ph Syh Sph Syph ρh

1 127 31 707.74 0.952 883.84 0.21 25.27 0.13

2 117 21 413.01 0.974 944.92 0.15 9.98 0.06

3 103 29 573.17 0.932 1033.47 0.25 37.45 0.14

4 170 38 424.66 0.888 810.58 0.32 44.62 0.17

5 205 22 267.03 0.912 403.65 0.28 21.04 0.18

6 201 39 393.84 0.950 711.72 0.22 18.66 0.12

Table 3  MSE and PRE for the proposed and existing estimators

Estimators MSE PRE

Population I Population II Population I Population II

t1(st) 387840.031 2528.567 100.000 100

t2(st) 488061.170 2587.625 79.465 97.71768

t3(st) 370610.637 2414.265 104.649 104.7344

t4(st) 370206.233 2468.956 104.763 102.4144

t5,1(st) 946008.974 2489.654 40.998 102.0278

t5,2(st) 1167128.568 2478.312 33.230 101.3094

t5,3(st) 1024536.500 2495.887 37.855 102.3902

t5,4(st) 959449.333 2469.541 40.423 101.7982

t5,5(st) 1539604.715 2483.902 25.191 102.2801

t5,6(st) 1197106.985 2472.198 32.398 98.95975

t5,7(st) 955637.321 2555.147 40.584 102.9601

t5,8(st) 1067888.297 2455.871 36.318 102.6033

t5,9(st) 967272.468 2464.412 40.096 104.4921

t5,10(st) 1096245.548 2419.864 35.379 100.5344

t6(st) 899947.154 2515.125 43.096 119.0159

t7(st) 352750.894 2124.562 109.947 120.1725

t′pr(st) 346909.714 2104.114 111.799 117.8477

t′′pr(st) 386490.790 2145.622 111.934 125.0983

tpr(st) 314577.953 2021.264 123.289 102.0278
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selecting these constants, the MSE of the proposed estimator can be minimized, 
ensuring superior efficiency across a wide range of practical situations.

Empirical study: using two real population
Population I: In this study, the data set is taken from Akintunde et al. [10]. The quan-
tity of apples produced in 1999 is considered as the study variable, while the num-
ber of apple trees in 1999 is used as the auxiliary variable. The data were obtained 
from the Turkish Republic Institute of Statistics. For stratification purposes, Turkey 
was divided into six regions: (1) Marmara, (2) Aegean, (3) Mediterranean, (4) Central 
Anatolia, (5) Black Sea, and (6) East and Southeast Anatolia. Random samples were 
selected from each stratum. The sample sizes for each stratum were determined using 
the Neyman allocation method as described in the original data source. The real data 
set summary is given in Table 1.

Now we find the numerical value of the MSE and PRE of the proposed estimator and 
the same existing estimator for data sets taken from Table 1.

Population II: To illustrate the efficiency of the suggested estimators in the applica-
tion, we consider the data set reported in Cochran [27], where the number of teachers is 
taken as the study variable (y) and the number of students is used as the auxiliary attrib-
ute (p). The Neyman allocation method is used to allocate the sample sizes to different 
strata. The summary statistics of the data are presented in Table 2.

Table  3 presents the MSE and PRE of the proposed estimator in comparison with 
existing estimators under the given stratified sampling framework. The MSE is used 
as a measure of precision, while the PRE facilitates a relative comparison of efficiency 
by taking a suitable estimator as the reference. A lower MSE and higher PRE indicate 
better performance of an estimator. The results reported in this table demonstrate the 

0

100

200

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19

Percentage Relative Efficiency 

Population I Population II

Fig. 1  PREs for the proposed and existing estimators

Table 4  Summary of the simulation data

h Nh nh Yh Ph S2
yh

S2
ph

Syph

1 2000 1500 30.27 30.59 431.12 1075.64 −14.11

2 2500 1200 37.89 38.62 582.47 1698.16 −0.44

3 3000 1800 45.05 45.58 681.06 2462.87 26.61

4 2500 1500 52.31 52.01 761.23 3644.83 −10.56
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effectiveness and superiority of the proposed estimator over the competing estimators 
for the considered dataset.

Table  3 show the percentage relative efficiency (PRE) of the proposed estimator in 
comparison with several existing estimators under stratified sampling. It is evident from 
the table that the proposed estimator consistently attains the highest PRE among all esti-
mators considered, indicating a substantial improvement in efficiency. These findings 
confirm the theoretical results and demonstrate the practical superiority of the proposed 
estimator for population mean estimation in stratified sampling.

Figure 1, the percentage relative efficiency (PRE) of the proposed estimator is observed 
to be the highest among all estimators considered for the population. This demonstrates 
the superior performance of the proposed estimator in comparison with the existing 
estimators. The estimators. The estimators t1(st) , t2(st) , t3(st) , t4(st) t5,i(st) , t6(st),t ′pr(st), t

′′
pr(st) 

and tpr(st) are displayed from left to right in the figure.

Empirical study: simulation data
To examine the performance and robustness of the proposed estimators under realistic 
conditions, a sensitivity analysis was conducted using a non-normal stratified popula-
tion. The total population size was fixed at 10,000 units and divided into four unequal 
strata. A stratified random sample of size 6,000 was selected using non-proportional 
allocation, and simple random sampling without replacement was applied within each 
stratum. The study variable y was generated from a Gamma distribution, while the auxil-
iary variable x followed a Lognormal distribution to incorporate skewness in the gener-
ated data. Specifically, the variables were generated as
y ∼ Gamma(α = 4,β = 8) , x ∼ Lognormal(µ = 3.5, σ 2 = 0.6)where α and β repre-

sent the shape and scale parameters of the Gamma distribution, and µ and σ 2 denote 

Table 5  MSE and PRE for the proposed and existing estimators of the simulation data

Estimators MSE PRE

t1(st) 0.04495 100.0000

t2(st) 0.20543 21.8809

t3(st) 0.24587 18.2820

t4(st) 0.15487 29.0243

t5,1(st) 0.04587 97.9943

t5,2(st) 0.05974 75.2427

t5,3(st) 0.07512 59.8376

t5,4(st) 0.01452 309.5730

t5,5(st) 0.06847 65.6492

t5,6(st) 0.02651 169.5587

t5,7(st) 0.03452 130.2144

t5,8(st) 0.08975 50.0836

t5,9(st) 0.04571 98.3373

t5,10(st) 0.09854 45.6160

t6(st) 0.05245 85.7007

t7(st) 0.02784 161.458

t′pr(st) 0.01248 360.1763

t′′pr(st) 0.02451 183.3945

tpr(st) 0.007845 572.9764
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the mean and variance parameters of the Lognormal distribution.Stratum-wise popu-
lation and sample statistics were then computed to assess efficiency and robustness 
given in Table 4.

A sensitivity analysis was carried out to evaluate the robustness and stability of the 
proposed estimators under varying distributional and sampling conditions. Specifi-
cally, key parameters such as the degree of skewness in the study variable y (modeled 
via different shape and scale parameters of the Gamma distribution) and the auxiliary 
variable x (through varying parameters of the Lognormal distribution) were systemat-
ically altered. In addition, different non-proportional allocation schemes and stratum 
sample sizes were considered to assess the impact of sampling design on estimator 
performance. The results indicate that the proposed estimators maintain lower mean 
squared error and higher efficiency across a wide range of scenarios, demonstrating 
their robustness and reliability even under departures from normality and changes in 
population structure.

The results presented in Table 5 show the percentage relative efficiency (PRE) of the 
proposed estimator in comparison with several existing estimators under stratified 
sampling. It is evident from the table that the proposed estimator consistently attains 
the highest PRE among all estimators considered, indicating a substantial improve-
ment in efficiency. These findings confirm the theoretical results and demonstrate the 
practical superiority of the proposed estimator for population mean estimation in 
stratified sampling.

Figure  2, the percentage relative efficiency (PRE) of the proposed estimator is 
observed to be the highest among all estimators considered for the population. This 
demonstrates the superior performance of the proposed estimator in comparison 
with the existing estimators. The estimators. The estimators t1(st) , t2(st) , t3(st) , t4(st) 
t5,i(st) , t6(st),t ′pr(st), t

′′
pr(st) and tpr(st) are displayed from left to right in the figure.

Results and discussion
The empirical and simulation results presented in Tables 3 and 5 provide a compre-
hensive comparison of the proposed estimators under stratified sampling using auxil-
iary attribute information. The performance of the estimators is evaluated in terms of 
mean squared error (MSE) and percentage relative efficiency (PRE), taking the usual 
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Fig. 2  PRE for the proposed and existing estimators
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stratified estimator as the benchmark. From Table 3, the proposed estimator achieves 
the lowest mean squared error and the highest percentage relative efficiency, demon-
strating clear superiority over the usual stratified estimator and other competitors. 
The modified proposed estimators show only marginal efficiency gains, with percent-
age relative efficiency values slightly above 100%. Among the traditional estimators, 
the third and fourth estimators perform moderately better than the usual estimator, 
while the fifth and sixth estimators exhibit substantially higher mean squared errors 
and low efficiency, with percentage relative efficiency below 45%. These results indi-
cate that efficiency gains from auxiliary attributes depend critically on the appropriate 
choice of estimator form. The simulation results in Table 5 clearly support the empiri-
cal findings. The proposed estimator performs best, with the smallest mean squared 
error and the highest percentage relative efficiency, showing a substantial improve-
ment in efficiency. Although the modified proposed estimators and a few exist-
ing methods show some improvement over the usual estimator, their performance 
remains well below that of the proposed approach, while the remaining estimators 
perform poorly under the simulated setting. Overall, both empirical and simulation 
results confirm that the proposed estimators are highly efficient for estimating the 
population mean under stratified sampling with auxiliary attribute information. The 
consistency of the results demonstrates their robustness and practical applicability. 
The improved performance is due to the effective utilization of auxiliary attributes 
and the optimized structure of the estimators. However, the efficiency of these esti-
mators depends on the strength of the relationship between the study variable and 
auxiliary attributes, and the use of first-order approximations may be less accurate in 
cases of small sample sizes or highly skewed populations.

Conclusion
In this study, an improved estimator for the population mean in stratified sampling was 
proposed by making effective use of auxiliary attribute information. The motivation behind 
this work was to enhance estimation accuracy, especially in practical situations where such 
auxiliary information is readily available but often underutilized. The proposed estimator 
was developed with a focus on its application in agricultural studies, particularly in the 
context of apple production. First-order approximations were used because they provide 
simple and tractable expressions for bias and mean squared error, making the analysis and 
comparison of estimators easier. They are sufficiently accurate for moderate to large sample 
sizes and are widely accepted as a standard approach in sampling theory, whereas higher-
order terms introduce substantial complexity with limited practical benefit. Expressions for 
bias and mean squared error (MSE) were derived to understand the statistical properties 
of the estimator, and the conditions under which it performs better than existing methods 
were identified. The theoretical development was supported by both real data analysis and 
simulation studies. The results consistently showed that the proposed estimator provides 
more precise and efficient estimates compared to traditional estimators used in stratified 
sampling.

An important observation from this study is the strong agreement between the theoreti-
cal results and empirical findings, highlighting the reliability and stability of the proposed 
approach. This demonstrates that the estimator is not only mathematically sound but 
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also practically applicable. Overall, the study shows that incorporating auxiliary attribute 
information can substantially improve the estimation of population means, particularly in 
agricultural surveys such as apple production. Future research may extend the proposed 
estimator to more complex sampling designs, multiple auxiliary attributes, and applications 
in environmental, health, and socio-economic surveys.
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