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Abstract

Using Casorati determinants of Meixner polynomials (15 “),, we construct for each pair F = (Fy, F»)
of finite sets of positive integers a sequence of polynomials mﬁ’a]:, n € o, which are eigenfunctions of a
second order difference operator, where o  is certain infinite set of nonnegative integers, ox & N. When ¢
and F satisfy a suitable admissibility condition, we prove that the polynomials myy <, n € or, are actu-
ally exceptional Meixner polynomials; that is, in addition, they are orthogonal and complete with respect to
a positive measure. By passing to the limit, we transform the Casorati determinant of Meixner polynomials
into a Wronskian type determinant of Laguerre polynomials (L ),. Under the admissibility conditions for
F and «, these Wronskian type determinants turn out to be exceptional Laguerre polynomials.
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1. Introduction

In [12], we have introduced a systematic way of constructing exceptional discrete orthogonal
polynomials using the concept of dual families of polynomials. Using Charlier polynomials, we
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applied this procedure to construct exceptional Charlier polynomials and, passing to the limit,
exceptional Hermite polynomials. The purpose of this paper is to extend this construction using
Meixner and Laguerre polynomials.

Exceptional orthogonal polynomials p,,n € X & N, are complete orthogonal polynomial
systems with respect to a positive measure which in addition are eigenfunctions of a second or-
der differential operator. They extend the classical families of Hermite, Laguerre and Jacobi. The
last few years have seen a great deal of activity in the area of exceptional orthogonal polynomi-
als (see, for instance, [7,16,17] (where the adjective exceptional for this topic was introduced),
[18,19,21-23,28,30,31,33,37,38,40] and the references therein).

In the same way, exceptional discrete orthogonal polynomials are complete orthogonal poly-
nomial systems with respect to a positive measure which in addition are eigenfunctions of a
second order difference operator, extending the discrete classical families of Charlier, Meixner,
Krawtchouk and Hahn, or Wilson, Racah, etc., if orthogonal discrete polynomials on nonuni-
form lattices are considered [12,31,41]. One can also add to the list the exceptional g-orthogonal
polynomials related to second order g-difference operators [31,32,34-36].

The most apparent difference between classical or classical discrete orthogonal polynomials
and their exceptional counterparts is that the exceptional families have gaps in their degrees, in
the sense that not all degrees are present in the sequence of polynomials (as it happens with the
classical families) although they form a complete orthonormal set of the underlying L? space
defined by the orthogonalizing positive measure. This means in particular that they are not cov-
ered by the hypotheses of Bochner’s and Lancaster’s classification theorems (see [4] or [26])
for classical and classical discrete orthogonal polynomials, respectively. Exceptional orthogonal
polynomials have been applied to shape-invariant potentials [37], supersymmetric transforma-
tions [18], to discrete quantum mechanics [31], mass-dependent potentials [28], and to quasi-
exact solvability [40].

As mentioned above, we use the concept of dual families of polynomials to construct ex-
ceptional discrete orthogonal polynomials (see [27]). One can then also construct examples of
exceptional orthogonal polynomials by taking limits in some of the parameters in the same way
as one goes from classical discrete polynomials to classical polynomials in the Askey tableau.

Definition 1.1. Given two sets of nonnegative integers U, V C N, we say that the two sequences
of polynomials (py)ueu, (qv)vev are dual if there exists a couple of sequences of numbers

(&)ucu. (&v)vev such that
Epu(v) = Cogy(m), uelU,velV. (1.1

Duality has shown to be a fruitful concept regarding discrete orthogonal polynomials, and
its utility will be again manifested in the exceptional discrete polynomials world. Indeed, as we
pointed out in [12], it turns out that duality interchanges exceptional discrete orthogonal poly-
nomials with the so-called Krall discrete orthogonal polynomials. A Krall discrete orthogonal
family is a sequence of polynomials (p,),eN, pn of degree n, orthogonal with respect to a posi-
tive measure which, in addition, are also eigenfunctions of a higher order difference operator. A
huge amount of families of Krall discrete orthogonal polynomials have been recently introduced
by the author by means of a certain Christoffel transform of the classical discrete measures of
Charlier, Meixner, Krawtchouk and Hahn (see [8,9,13]). A Christoffel transform is a transforma-
tion which consists in multiplying a measure p by a polynomial r. It has a long tradition in the
context of orthogonal polynomials: it goes back a century and a half ago when E.B. Christoffel
(see [6] and also [39]) studied it for the particular case r(x) = x.
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The content of this paper is as follows. In Section 2, we include some preliminary results
about Christoffel transforms and finite sets of positive integers.

In Section 3, using Casorati determinants of Meixner polynomials we associate to a pair F =
(F1, F») of finite sets of positive integers a sequence of polynomials which are eigenfunctions of
a second order difference operator.

Denote by F = (Fj, F) a pair of finite sets of positive integers, and write k; for the number of
elements of F;,i = 1,2 and k = k1 + kp for the number of elements of F. One of the compon-
ents of F, but not both, can be the empty set. We define the nonnegative integer ur by ur =

ZfeF, S+ Zfel.’z f-= (k';l) - (’g) and the infinite set of nonnegative integers o by

={ur,ur+lLur+2,.. }\{ur+ f, f € Fr}.

Given a,c € R witha # 0,1 and ¢ # 0,—1,—2,..., we then associate to the pair F the
sequence of polynomials m%“7  n € o, defined by

a,c

anLtf(x) m,_ u]:(x+1) my,_ u]:(x+k)
[ m‘}’c(x) mf ‘x+1 mf ‘(x + k) :|
mi<F oy =L feh
[mym%x) m{ "+ D/a
fer

(1.2)
l/a c

u+mm}

where (my;’©),, are the Meixner polynomials (see (2.21)). Along this paper, we use the following

notation: given a finite set of positive integers F = {fi, ..., fi}, the expression
Zf,l Zf,2 et Zf,m
[, ] o
inside of a matrix or a determinant will mean the submatrix defined by
il A2 Zfim
mes] Zflns2 T me»m

The determinant (1.2) should be understood in this form.
When —1 < a < 1 Meixner polynomials (mj,’“), are orthogonal with respect to the discrete
measure

> axF(x+c)8

Pa,c = "
X!

X-
x=0

Consider now the measure

pre=le=5H ] @+c+ Hrac (14)

fer fer,

Orthogonal polynomials with respect to pa}; . are eigenfunctions of higher order difference op-

erators (see [8,9,13]). It turns out that the sequence of polynomials m*“” n € oz, and the
sequence of orthogonal polynomials with respect to the measure p{f . are dual sequences (see
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Lemma 3.2). As a consequence we get that the polynomials mﬁ’c;]:, n € oF, are always eigen-
functions of a second order difference operator D (whose coefficients are rational functions);
see Theorem 3.3.
The most interesting case appears when the measure ,of ¢ 1s positive. This gives rise to the
concept of admissibility for the real number ¢ and the pair F, which we study in Section 2.4.

Definition 1.2. Let F = (Fy, F>) be a pair of finite sets of positive integers. For a real number
¢c#0,—1,-2,..., write ¢ = max{—[c], 0}, where [c] denotes the value of the floor function at
c (i.e. [c] = max{s € Z : s < c}). We say that ¢ and F are admissible if for all x € N

[Tx=H T G+ec+ 1)

feh fer
(x +0)e

As usual (a); will denote the Pochhammer symbol defined by
(@)o =1, (@j=a@+1)---(a+j—1), forj>1aecC.

Let us remind that for Charlier and Hermite polynomials, the admissibility of a finite set F' of
positive integers is defined by [ | rer(x — f) = 0, for x € N. The concept of admissibility de-
fined in (1.5) is more involved than the corresponding one for exceptional Charlier and Hermite
polynomials because of two reasons. On the one hand, we have now a pair F of finite sets instead
of a single finite set . On the other hand, the admissibility also depends on the parameter ¢ of
the Meixner polynomials (or on the parameter o of the Laguerre polynomials) while Charlier
and Hermite admissibility only depends on the finite set F. The concept of admissibility for ex-
ceptional Charlier and Hermite polynomials has appeared several times in the literature (see, for
instance, [25,1] or [41]); however, we have not found in the literature a definition as (1.5) for
Meixner and Laguerre admissibility.

In Section 4, we prove (Theorems 4.3 and 4.4) that if ¢ and F are admissible, then the poly-
nomials mZ’C;}—, n € o, are orthogonal and complete with respect to the positive measure

r X adTI'x+c+k)
WOy = Z a,c a.c X5
x!_Q]_- (x)Q]_- x+1

x=0

where 272 is the polynomial defined by

[ m’}’c(x) m‘}’c(x +1) . m‘}’c(x +k—1) :|

Qtl,C f € Fl

F (x) = I:m}/a’c(x) m;/a,c(x +0/a --- m}/a,c(x Lk — 1)/ak_li| . (1.6)
fem

In particular we characterize the admissibility of ¢ and F in terms of the positivity of I'(x + ¢ +
k) Q;-’C(x)ﬂ}’c(x + 1) for x € N (Lemma 4.2).

In Sections 5 and 6, we construct exceptional Laguerre polynomials by taking limit (in a suit-
able way) in the exceptional Meixner polynomials when a — 1. We then get (see Theorem 5.2)
that for each pair 7 = (F1, F») of finite sets of positive integers, the polynomials
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LY, () (LY, )@ - (L8, )P
[ L% (x) L@ - DO }
Ln‘ (x) = fer , 1.7)
o S NN A Ce) ]
ferm

n € or, are eigenfunctions of a second order differential operator.
When « + 1 and F are admissible, we prove that « + k > —1 and that the determinant Q%
defined by

[L‘;(x) (LY @) - <L°;>(’<—”(x>}

o=l (1.8)

7 [L?-(—x) L (=x) - L‘;‘c+k_1(—x):|’ '
femR

does not vanish in [0, +00). We guess that the converse is also true:

Conjecture 1. Let o # —1,-2,....If a + k > —1 and Q;‘:(x) #0,x >0, theno + 1 and F
are admissible.

We also prove that the polynomials Lﬁ;f, n € or, are orthogonal with respect to the positive
weight
xotJrk e

:W’ x > 0.

Wy F

Moreover, they form a complete orthogonal system in L2(wa; 7) (see Theorem 6.3).

When ¢ (or a 4+ 1) and F are admissible, exceptional Meixner and Laguerre polynomials

m&S% and L% n € o, can be constructed in an alternative way. Indeed, consider the

involution 7 in the set of all finite sets of positive integers defined by

I(F)={L2,...., il \{fi = f. f € F}.

The set 1 (F) will be denoted by G: G = I (F). We also write G = {g1, ..., gn} With g; < gi41
so that m is the number of elements of G and g, the maximum element of G. We also need the
nonnegative integer vr defined by

vE=ur+Mp +1,

where MF, is the maximum element of Fj. For the exceptional Meixner polynomials, we then
have (n > vr)

mz,c:]"(x)
rg(x)mflfvf(x) rf(x)mﬁ‘_gvf(x —1) - # (x)mﬁfvf(x —m)
my*C(—x — 1) am§*™“(—x) e ammg? T (—x m = 1)
_ 5, 2eG , (1.9)

md P —x =1 myx) o m T (—xm— 1)
g€



A.J. Durdn / Journal of Approximation Theory 184 (2014) 176-208 181

where ¢ = ¢+ Mp, +Mp2+2,rjc.(x) =(+x—m)u—jx—j+1;,j=0,...,m,and B, is
certain normalization constant.
For the exceptional Laguerre polynomials we have (n > vr)

XmLE o) wlh Tl () e wd LS (x)
|:Lg5‘(—x) Lg—&-{-l(_x) Lg—&-{-m(_x) i|
o F —
Ly? (x) = g€G , (1.10)
L% (x) (L) (x) (L;“)(m)(X)
g€

where & = o + Mp, + Mp, +2, wy”’ = j! ("JJT“), and y,, is certain normalization constant.

We have however computational evidence that shows that both identities (1.9) and (1.10) are
true for every pair F of finite sets of positive integers. Using a physics approach, similar formulas
to (1.10) have been introduced by Grandati, Quesne—Grandati and Odake—Sasaki [22,23,33].

Both determinantal definitions (1.2) and (1.9) of the polynomials m&T oy e oF, automati-
cally imply a couple of factorizations of the second order difference operator D in two first or-
der difference operators. Using these factorizations, we prove that the sequence mZ’C;}—, neor,
and the operator D~ can be constructed in two different ways using Darboux transforms (see
Definition 2.1). The same happens with determinantal definitions of the exceptional Laguerre
polynomials L‘,’f’]: (1.7) and (1.10). This fact agrees with the Gémez—Ullate—-Kamran—Milson
conjecture and its corresponding discrete version (see [20]): every exceptional and exceptional
discrete orthogonal polynomials can be obtained by applying a sequence of Darboux transforms
to a classical or classical discrete orthogonal family, respectively.

We would like to include in this introduction other conjecture. There seems to be a very
nice invariant property of the polynomial Q}‘_-’” (1.6) underlying the fact that the polynomials

m2SF ne o r, admit both determinantal definitions (1.2) and (1.9): except for a constant (de-

pending on a but neither on x nor on c), Q}l_-’c(x) remains invariant if we change 7 = (F1, F»)
to G = (I(F1), I(F2)), x to —x and ¢ to —c — M, — MF,. More precisely:

Conjecture 2.

Ug (.7:) d,*C*MF]

ua(G) 9
(%2)—kk=1)

05 (x) = (= rth e, (1.11)

where ug(F) = a (1 — a)kik,

For the cases when Fj is formed by consecutive integers and /> = @, or F1 = () and F>
is formed by consecutive integers, the conjecture appeared by the first time in [10] and it was
proved in [11].

Passing to the limit, the invariant property (1.11) gives

Q%) = ey MR (), (1.12)

where € is the sign € = (=) F TRt ren [+ 6, 8

Krawtchouk exceptional polynomials can be formally derived from the Meixner case taking

into account that k%" (x) = m;* ¥ *!(x). That is, by setting a — —a,c — —N + 1 in the
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formulas for the polynomials, and changing

X X
x €N, M tox=0,...,N—1, ¢
x! I'(N — x)x!
in the orthogonalizing measure.

We finish pointing out that, as explained above, the approach of this paper is the same as in
[12] for Charlier and Hermite polynomials. Since we work here with a pair of finite sets of posi-
tive integers instead of only one set, and more parameters (two for Meixner and one for Laguerre
instead of one for Charlier and zero for Hermite), the computations are technically more involved.
Anyway, we will omit those proofs which are too similar to the corresponding ones in [12].

2. Preliminaries

Let 1 be a Borel measure (positive or not) on the real line. The n-th moment of u is defined
by fR t"du(t). When p has finite moments for any n € N, we can associate to it a bilinear form
defined in the linear space of polynomials by

(p.q) = /pqdu. 2.1

Given an infinite set X of nonnegative integers, we say that the polynomials p,,n € X, are
orthogonal with respect to u if they are orthogonal with respect to the bilinear form defined by
w; that is, if they satisfy

/Pnpmdu=0, n#m, n,méeX.

When X = N and the degree of p, is n,n > 0, we get the usual definition of orthogonal poly-
nomials with respect to a measure. When X = N, orthogonal polynomials with respect to a
measure are unique up to multiplication by non null constant. Let us remark that this property is
not true when X # N. Positive measures p with finite moments of any order and infinitely many
points in their support always have a sequence of orthogonal polynomials (p,)neN, pn of degree
n (it is enough to apply the Gram—Schmidt orthogonalizing process to 1, x, x2, ...); in this case
the orthogonal polynomials have positive norm: (p,, p,) > 0. Moreover, given a sequence of
orthogonal polynomials (py),en With respect to a measure p (positive or not) the bilinear form
(2.1) can be represented by a positive measure if and only if (p,, p,) > 0,n > 0.

When X = N, Favard’s Theorem establishes that a sequence (p,),en of polynomials, p, of
degree n, is orthogonal (with non null norm) with respect to a measure if and only if it satisfies a
three term recurrence relation of the form (p_; = 0)

Xpp(x) = appu1(X) + by pp(x) + cnpn-1(x), n >0,

where (an)neN, (bn)neN and (c,)nen are sequences of real numbers with a,—1¢c, # 0,n > 1. If,
in addition, a,—1c, > 0,n > 1, then the polynomials (p,),en are orthogonal with respect to a
positive measure with infinitely many points in its support, and the reciprocal is also true. Again,
Favard’s Theorem is not true for a sequence of orthogonal polynomials (p,),ex when X # N.
In fact, exceptional orthogonal polynomials do not satisfy a three-term recurrence relation.
Darboux transformations are an important tool for constructing exceptional orthogonal
polynomials. We define them next for second order difference and differential operators.
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Definition 2.1. Given a system (7', (¢,,),,) formed by a second order difference or differential op-
erator 7' and a sequence (¢,,), of eigenfunctions for 7, T (¢,) = m,¢,, by a Darboux transform
of the system (7, (¢,),) we mean the following. For a real number A, we factorize T — Ald as
the product of two first order difference or differential operators T = BA + Ald (Id denotes the
identity operator). We then produce a new system consisting in the operator T, obtained by re-
versing the order of the factors, T = AB+AId, and the sequence of eigenfunctions (ﬁn = A(¢n):
f"((i,,) = Tpufn. We say that the system (T, (¢n)n) has been obtained by applying a Darboux
transformation with parameter X to the system (7', (¢,),).

We will also need the following straightforward lemma.

Lemma 2.2. Let M be a (s + 1) X m matrix withm > s + 1. Write ¢;,i = 1, ..., m, for the
columns of M (from left to right). Assume that the consecutive columnsc;,i = 1,...,s, of M are
linearly independent while for 0 < j < m—s—1 the consecutive columnscjyi,i =1,...,5+1,

are linearly dependent. Then rank M = s.

Given a finite set of numbers F = {fi,..., fx} we denote by Vg the Vandermonde
determinant defined by
ve= ] i—s. 22)
l=i<j=k

Along this paper, we will use some properties of determinate measures. A positive measure
W is determinate if there is not other measure with the same moments as those of u (see, for
instance, [2]). Using moment problem standard techniques, it is easy to prove that if the Fourier
transform H (z) of u, defined by H(z) = f e ¥ 2dpu(x), is an analytic function in the half plane
Jz < a, with a > 0, then the measure p is determinate. We also point out that for a determinate
measure 1, the linear space of polynomials is always dense in L?(j).

2.1. Christoffel transform

Let u be a measure (positive or not) and assume that  has a sequence of orthogonal polyno-
mials (pp)neN, pn With degree n and (p,,, p,) # 0 (as we mentioned above, that always happens
if u is positive, with finite moments and infinitely many points in its support).

Given a finite set F' of real numbers, F' = {fi, ..., fx}, fi < fi+1, we write &, n > 0, for
the k x k determinant
Dy = |putj—1(f)li,j=1,... k- (2.3)

Notice that &,,, n > 0, depends on both, the finite set ' and the measure w. In order to stress this
dependence, we sometimes write in this section @,‘f F for D,.

Along this section we assume that the set OF = {n € N : & £ — 0} is finite. We denote
6f =max OF . If OF = we take 0 = —1.

The Christoffel transform of p associated to the annihilator polynomial pr of F,

prx) =@ — fo)---(x — fo),

is the measure defined by ur = pru.
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Orthogonal polynomials with respect to i can be constructed by means of the formula

pn(x)  Ppp1(x) oo pagr(x)

Pn(f) pPur1(f1) -0 Putk(f1)

qn(x) = ; det 2.4)

pr(x) : : " :
Pn(fi) Pnr1(fi) -+ Puk (i)

Notice that the degree of g, is equal to n if and only if n ¢ 9: . In that case the leading coefficient
k,1Q of g, is equal to (—1)")»,11D Tk ®,,, where Af denotes the leading coefficient of p,,.

The next lemma follows easily using [39], Th. 2.5.

Lemma 2.3. The measure jir has a sequence (q,),~ ), qn of degree n, of orthogonal polynomials
if and only if @5 = (. In that case, an orthogonal polynomial of degree n with respect to up
is given by (2.4) and also {qn, qn)pr # 0,n = 0. If O, # 0, the polynomial q, (2.4) has still
degree n for n & OF, and satisfies (q,, r) wr = 0 for all polynomials r with degree less than n
and (qy, Cbl)up # 0.

From (2.4), one can also deduce (see Lemma 2.8 of [12])
A,
My

(Gn> Gn)pr = (_1)k u Dy Dnr1(Pns Pnlp, N> 95 + L (2.5)

This identity holds for n > 0 when 6, = ¢.

2.2. Finite sets and pair of finite sets of positive integers.

For a finite set F of positive integers, we denote Mr = max F, mg = min F; if F = {J, we
define Mp = mp = —1.
Consider the set 7" formed by all finite sets of positive integers:

T = {F : F is a finite set of positive integers}.
We consider the involution 7 in 7" defined by
I(F)={1,2,..., Mp}\{MFr — f, f € F}. (2.6)

The definition of / implies that /> = Id.
The set I (F) will be denoted by G: G = I (F). Notice that

Mp = Mg, m=Mp—k+1,

where k and m are the number of elements of F and G, respectively.

For a finite set F = {f1, ..., fr}, fi < fi+1,of positive integers, we define the number sr by
1, if F =0,
sSp=1k+1, if F={1,2,...,k}, 2.7

min{s > 1:s5 < f5}, it F#{1,2,...,k},

and the set Fy of positive integers by

Y if F=0or F={1,2,...,k},

Fﬂ:{{}yF—sF,...,fk—sF}, ifF £ (1,2,... k). (2:8)
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Notice that if F # () and s > 1 then
F={1,...,sFr =1} U (sr + Fy). 2.9)

From now on, 7 = (F1, F>) will denote a pair of finite sets of positive integers. We will write
Fo={fi' . m= 2 with £71 < £7]) (the use of £ to describe elements

of F; is confusing because it looks like a square, this is the reason why we use the notation fiz]).
Hence k; is the number of elements of F;, j = 1,2, and k = k; + k> is the number of elements
of F. One of the components of F, but not both, can be the empty set.

We associate to F the nonnegative integers ur and vz and the infinite set of nonnegative
integers o r defined by

uf=2f+2f—(k1;1>—<k22>, (2.10)

fer fer,
_ k> (ky — (k1 +2)
vf_ZerZf—(Z)jLMFl—f, @2.11)
feF; fer,
o ={ur,ur+lLur+2,.. }\{ur+ f f € Fi}. (2.12)

The infinite set o= will be the set of indices for the exceptional Meixner or Laguerre polynomials
associated to F.

Notice that vy = ur + Mp, + 1; hence {vr,vr + 1L, vr+2,...} Cor.

For a pair 7 = (Fy, F,) of positive integers we denote by F; ;3,i =1,...,k;, j =1,2,and
JF the pair of finite sets of positive integers defined by

Fii = BN\, R, (2.13)
Faqiy = (Fi, A\ £, (2.14)
Fy = ((F)y, F2), (2.15)

where () is defined by (2.8). We also define
SF = SF (2.16)

where the number s, is defined by (2.7).

2.3. Admissibility

Using the determinants (1.2) and (1.7), whose entries are Meixner m&'“ or Laguerre poly-
nomials LS, respectively, we will associate to each pair F of finite sets of positive integers a
sequence of polynomials which are eigenfunctions of a second order difference or differential
operator, respectively. The more important of these examples are those which, in addition, are
orthogonal and complete with respect to a positive measure. The key concept for the existence
of such positive measure is that of admissibility.

Let us remind that for Charlier and Hermite polynomials, the admissibility of a finite set F' of
positive integers is defined as follows.

Definition 2.4. Let F be a finite set of positive integers. Split up the set F, F = UlK: 1 Yi, in such
away that Y;NY; =@, i # j, the elements of each Y; are consecutive integers and 1+max(Y;) <
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minY;4+1,i = 1,..., K — 1. We then say that F is admissible if each ¥;,i = 1, ..., K, has an
even number of elements.

It is easy to see that this is equivalent to

[[c-pH=0 xeN

feF

This implies that the measure ,05 =320 ]_[feF(x — f)a*/x!8, is positive. As shown in [12],
Charlier exceptional polynomials are dual of the orthogonal polynomials with respect to this
measure.

Given a pair F of finite sets of positive integers, consider the measure ,0;17:— . defined by (1.4).
We show in the next section that Meixner exceptional polynomials are dual of the orthogonal
polynomials with respect to this measure. Hence, the admissibility condition in the Meixner case
should be equivalent to the positivity of the measure ,of o

Definition 2.5. Let 7 = (F}, F2) be a pair of finite sets of positive integers. For a real number
c#0,—1,-2,..., write ¢ = max{—[c], 0}, where [c] denotes the value of the floor function at
c (i.e.[c] =max{s € Z : s < c}). We say that ¢ and F are admissible if for all x € N

[I=H [l c+e+ 1)
fer fer,
(x + )¢

> 0. 2.17)

Notice that the condition x € N can be changed to x € {0, 1, ..., max(max F, ¢)}.

As we wrote in the introduction, this admissibility concept is more involved than the corre-
sponding for exceptional Charlier and Hermite polynomials. Indeed, on the one hand, we have
now a pair F of finite sets instead of a single finite set F'. On the other hand, the admissibility also
depends on the parameter ¢ of the Meixner polynomials (or on the parameter « of the Laguerre
polynomials).

In the following lemma we include some important consequences derived from the
admissibility.

Lemma 2.6. Given a real number ¢ # 0, —1, =2, ..., and a pair F of finite sets of positive
integers, we have

1. if ¢ and F are admissible then ¢ + k > 0.

2. If ¢ > O, then ¢ and F are admissible if and only if F) is admissible (in the sense of
Definition 2.4).

3. If F1 =0, c and F are admissible if and only if ¢ > 0.

4. If c and F are admissible then c + sF and F\ are admissible (where the positive integer sr
and the pair F are defined by (2.16) and (2.15), respectively).

Proof. Proof of (1). We first point out that

c—x A
sign((x + ¢);) = {(_1) > O=x=¢ (2.18)
1, X > C.
Given an [-tuple A = (ay, ..., a) of non null real numbers, we denote by n(A) the number

of sign changes along the elements of A (for instance, if A = (—m,2, 1, —+/2, —1, 1, 1) then
ny(A) =3).
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We next prove that given a finite set / of nonnegative integers with elements ordered in
increasing size, we have

ny ((H(x+c+f),xel>> <|FBNE-1), (2.19)

fer,

where | X| denotes the number of elements of the finite set X and ¢ — I denotes the set {¢ — i :
i € I}. Indeed, fora € I, write A, = {f € F> :a+c+ f < 0}. Notice that ]_[fer(a +c+ f)
is positive or negative depending on whether |A,| is even or odd, respectively. Take now
consecutive numbers x = a,x = a + 1 € I where ]_[fer (x + ¢ + f) changes its sign. Then
Agy1 # A, because |Ay41| and |A,| have different parity. Since A,4+; C Ag, there exists
fa € Ag\ Agy1. Thatis,a+c+ fu <0 <a+c+ 1+ fgp,or—a—fo—1<c<—a— f;.In
other words —¢ = —a — f,, and then f, € ¢ — I.

Take now x = a,x = b € I, witha+1 < b,andi ¢ I 'ifa <i < b,andwherel—[fer
(x 4+ ¢+ f) changes its sign. Abusing of notation we write f, = max A,. Ifa+c+ f, +1 > 0,
proceeding as before we get f, € ¢—1I and f, ¢ Ap. On the other hand, ifa+c+ f,+1 < 0, by
the definition of f,, we conclude that f, + 1 & F», and then [ | rer, (X +ec+ f) does not change
its sign from a to a + 1. In the same way, we have thatifa +c+ f, +2 > Othen f, € ¢ — I and
fa & Ap, whileifa+c+ f, +2 < 0 then erFz (x 4+ ¢+ f) does not change its sign from a to
a + 2; in particular b > a + 2. Since [ | fem, (X +c+ f) changes its sign from a to b proceeding
in the same way, we can conclude that f, € ¢ — I and f, & Ap.

We have then proved that if ]_[f eF, (* + ¢+ f) changes its sign in two consecutive elements
a and b of I then there exists f, € F; satisfying f, € ¢ — I, f, € A, and f, &€ Ap. This implies
that (2.19) holds.

Decompose now the set {0, 1, ..., ¢} as follows:

{0,1,...,¢c} =X UiuX,UY,U.---UX, Uy,

where each X;,Y; is formed by consecutive nonnegative integers, 1 + max X; = minY;, 1 +
maxY; =minX;4, X;NF1 =0,Y;, C Frand Y; = @ if fkll] < ¢ (let us remind that k; is the
number of elements of F; and that fkll] is the maximum element of Fp). Write x; = |X;|, yi =
|Yil,i=1,...,1.Since X;,Y;,i = 1,...,[, are disjoint sets and Y; C F], we get
I 1
1= (i+y), Y vi<h. (2.20)
i=1 i=1

Notice that the sign of | feR, (x — f) is constant in each X;. Since (x 4 ¢); alternates its sign in
consecutive numbers of {0, 1, ... ¢} (see (2.18)), (2.17) implies that [ | feh, (x+c+ f) changes its
sign (x; — 1)-times in X;. On the other hand, one can carefully check that also ]_[f cF, x+c+f)
changes its sign between the maximum element of X; and the minimum element of X, ;. That
means that erFz (x + ¢+ f) changes its sign (—1 + Zle X;)-times in U§=1 X;. Hence, (2.19)
gives

l
xRN E-U_ X)l+1<k+1.
i=1

(2.20) gives then ¢ + 1 < k| + ky + 1, from where we get ¢ + k > 0.
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Proof of (2). It is a straightforward consequence of the following fact: if ¢ > 0 then
[TG&=0 Il &c+e+f)
feF; fek
(x +0)e

sign

= sign 1_[ x—f).

ferR

Proof of (3). Assume F| = {, which is an admissible set (in the sense of Definition 2.4). If ¢ > 0,
using (2) of this lemma we deduce that ¢ and F are admissible. On the other hand, if ¢ and F are
admissible we have (F; = ¢ implies that erFl (x — f)=1,x > 0) from (2.17) that

sign 1_[ (x+c+ f)=sign(x +c);, x=>0.

fer
If ¢ <0, then ¢ > 0. Take xz = ¢ — 1 > 0. Hence sign(xz + ¢)p = —1 and so sign [ ] yc p, (xz +
¢+ f)=—1.Since —¢ — 1 < ¢ < ¢, we have —1 < x; + ¢ and then

(feR:xp+ct+f<OlCc{feRh:—1+f<0}=0.
Hence sign [ [ ;e , (xz + ¢ + f) = 1, which is a contradiction.
Proof of (4). Write

[Me=H T Gtetf)

fer fek
(x +0)e¢

Since ¢ and F are admissible, we have H}'_-(x) > 0,x > 0. On the other hand, since F =
{(F1)y, F2}, we have to prove that

M -0 T Gretsetf)
H;_j_sf(x) _ felF)y fer, >0, x>0
4 (.X +C+sf)5+Sf

Using the definition of (F7)y (2.8) and (2.9), we have for x > 0 that

HE(x + sF)

ct+sr _ F

H}-l} (x)—s}__l >0. O
] 1(x+5f_j)(x+sf+c+é)sjc

j:

Hz(x) =

2.4. Meixner and Laguerre polynomials

We include here basic definitions and facts about Meixner and Laguerre polynomials, which
we will need in the following sections.
Fora # 0, 1 we write (m§’©), for the sequence of Meixner polynomials defined by

ac . a” 1 _j(x —X —cC
O = T /(')(n—j) 20

=0 N
(we have taken a slightly different normalization from the one used in [5], pp. 175-177 from
where the next formulas can be easily derived; see also [24], pp, 234-7 or [29], ch. 2). Meixner
polynomials are eigenfunctions of the following second order difference operator

xs_1 — [(1 +a)x +aclsg + a(x + ¢)sq
Da,c -

a,cy _ a,c
a_1 , Da,c(mn ) = nm,”, nz= 0,
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where s; denotes the shift operator s;(f) = f(x + ). When a # 0, 1, they satisfy the following
three term recurrence formula (m_; = 0)

(a4 Dn+ac an+c—1)
m

— > 222
a—l n (a—1)2 mpy—1, n_O ( )

xmy = (n+ Dmpyy —

(to simplify the notation we remove the parameters in some formulas). Hence, for a # 0, 1 and
¢ #0,—1,-2,..., they are always orthogonal with respect to a moment functional p, ., which
we normalize by taking (04, 1) = I['(¢)/(1 —a)‘.For0 < |a] < landc #0,—1,-2,..., we
have

X a*I'(x +¢)
Pa,c = Z T‘Sm
x=0
and
n
I
T L (n+o) (2.23)

(1 —a)nte’

The moment functional p, . can be represented by a positive measure only when 0 < a < 1 and
c> 0.

Meixner polynomials satisfy the following identities (n, m € N, x € R)

m&C(x + 1) —m&(x) = m> (), (2.24)
m e 1 1) — aml/ () = (1 = @m0, (2.25)
a""nl(1 4+ ¢)p—1myc(m) = (a — D" "m!(1 + ¢)p—1m$ (n), (2.26)
my(x) = (—1)"m,1,/“’c(—x —0). (2.27)

For o € R, we write (LY), for the sequence of Laguerre polynomials

Bw=y S (" ! “) (228)

= \n—j

(that and the next formulas can be found in [14], vol. II, pp. 188—-192; see also [24], pp. 241-244).
They satisfy the three-term recurrence formula (L% ;| = 0)

xLy =—m+ DLy +Qn+a+ 1L —(n+a)L,_,.

Hence, fora # —1, =2, ..., they are orthogonal with respect to a measure (y = [ty (x)dx. This
measure is positive only when o > —1 and then

e (x) =x% """, x>0.

The Laguerre polynomials are eigenfunctions of the following second-order differential operator

d\? d
Dy = —x (E) —(x+1 _X)E’ Dy (LS) =nL?, n=>0. (2.29)
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We will also use the following formulas

(L) = —LH], (2.30)
L% =LY 4+ L% (2.31)

One can obtain Laguerre polynomials from Meixner polynomials using the limit

lim (a — 1)"'m%< (L) =L () (2.32)
1—a

a—1

see [24], p. 243 (take into account that we are using for the Meixner polynomials a different
normalization to that in [24]). The previous limit is uniform in compact sets of C.

3. Constructing polynomials which are eigenfunctions of second order difference operators

As in Section 2.2, F = (F1, F») will denote a pair of finite sets of positive integers. We will

write E = {f”, ey f,g}, with f;] < ;ll,i = 1, 2. Hence k; is the number of elements of F;
and sz[1 is the maximum element of F;.
For real numbers a, ¢, witha # 0, 1 and ¢ % 0, —1, —2, ..., we associate to each pair F the

polynomials mZ’C;]:, n € or, displayed in the following definition. It turns out that these poly-
nomials are always eigenfunctions of a second order difference operator with rational coeffi-
cients. We call them exceptional Meixner polynomials when, in addition, they are orthogonal
and complete with respect to a positive measure (this will happen as long as ¢ and the pair F are
admissible; see definition (2.17) in the previous section).

Definition 3.1. Let 7 = (Fy, F>) be a pair of finite sets of positive integers. We define the
polynomials mf'l’C;}—, ne€or,as

myS () my S, (x4 1) my Sy (x + k)
[mj;c(x) my ) e m k) }
m@Fxy=|L feh (3.1)
[%“’"‘(x) ml G+ g ”‘“<x+k>/a}
fEeR

where the number u = and the infinite set of nonnegative integers o r are defined by (2.10) and
(2.12), respectively.

The determinant (3.1) should be understood as explained in the Introduction (see (1.3)).
To simplify the notation, we will sometimes write m’ = my 7
Using Lemma 3.4 of [13], we deduce that mn}— n e or,isa polynomial of degree n with

leading coefficient equal to

(@ — DR®FDVE Ve, TT (f —n+ug)
(- 1yetath = , 62
g (% )(n—uf)! [T 7! IT 7!

feF; fek

where V is the Vandermonde determinant (2.2). With the convention that m&’¢ = 0 forn < 0,
the determinant (3.1) defines a polynomial for any n > 0, but for n ¢ o we have m =0.
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Combining columns in (3.1) and taking into account (2.24) and (2.25), we have the alternative
definition

mzfu]:(x) Z L:;_. l(x) ... Z C:]/j k(x)
|: mt}»c(x) a c+1 (x) o m c+k(x) :|
m@F )y =L feh (3.3)
1/a “(x) 1;_am;/a,c+1(x) . (1;£)km}/a,c+k(x)
f eR

The polynomials mnf ,n € o, are strongly related by duality with the polynomials qn}— Jn >
0, defined by

myC(x —ug) my(x—uF) oo omyo(x —ur)
mé(f) M) e mS ()
fern
m/ ) —m)S e DS
fer
X) = 3.4
e e ) KT T ) Ry gy GD
fer fer,
Lemma 3.2. If u is a nonnegative integer and v € o r, then
qu (U) - Kéu{vm (M) (35)
where
> f kk+Dt X f
(_1)f€F2 a feFy l‘[ f| l_[ f‘
_ fer  feh
C(a—DREED TT A +o)p1 [T A+’
fer fer,
k
a® T T + ©)ugioa
E _ i=0
u — k ’
(@ — D&+Du TT (u +i)!
i=0
(a—1D"(—ug)!
&y =

a’(l1 4+ y—uz—1 l_[ w—f—ur) 1_[ (U-I—C-l-f—u]:)-
fer fer,

Proof. It is an easy consequence of the duality (2.26) for the Meixner polynomials. O

We now prove that the polynomials m,][— ,n € or, are eigenfunctions of a second order dif-

ference operator with rational coefficients. To establish the result in full, we need some more
notations. We denote by £25:°(x) and A% (x) the polynomials
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|:m‘]’;c(x) m'}’c(x +1) m'}’c(x +k-1)
a,c fehn
Q]_— (x) = l/a c( ) ml/a c(x+ 1)/a l/a C(x—i—k ])/Clk71 s (36)
f eFR,
A% (x)
[n;‘}’c(;) m?{c(x +1 - m'}’c(x +k—2) m?{c(x + k) ]
€ I
_ l/ac ]/L c 1/a,c
= lae D k=2 m{"x+b |- G
[mf ) a k=2 P
ferm

To simplify the notation we sometimes write 27 = 27, Ar = A%°. Using Lemma 3.4 of [13],
we deduce that the degree of both 2r and Ar is ur + k1. Moreover, the leading coefficient of
Qj: is

ky )\ _ _
Vi Viyal 2) 0D pyak
/111 /!

ferr  fek

As for mn]: (see (3.3)), we have for {2r the following alternative definition

|: m?,c(x) m% c+1(x) . ?L_IL_.]:_] l(x) ]
pc0 = |- el (3.8)
X) = . .
Tt A e G
fern
From here and (3.3), it is easy to deduce that
]—' l—a srka a c+?
my o (x) = ( P ) T (), (3.9

where the positive integer sz and the pair F, of finite sets of positive integers are defined by
(2.16) and (2.15), respectively.
We also need the determinants 45,{: and an ,n > 0, defined by

|: mﬁ"(f) mZil (f) T mz’-ﬁk—l(f)
F _ (= 1)k feh (3.10)
n T m ) =m0 '
ferm

§ =T

mﬁc(f) mf,_il(f) T mﬁfk_z(f) ijk(f)

fer

1/a,c . (311)

m ) —mEH e DR Pm () (= DEm )
fern
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Using the duality (2.26), we have

a """ A+ Ot
a """ Ao p
1w = (55) k=g G139

Taking into account (2.27) and according to Lemma 2.3, as long as (P,f # 0,n > 0, the
polynomials q,f ,n > 0, are orthogonal with respect to the measure

> a* " F I (x4+c—ur)
pre=2 [Te=f-up [+t f—up —5. (3.14)
x=ur feF feF, (x —urp)!

The measure ,oa}: . is shifted by ur so that the polynomials m®7% (3.1) have degree n. Indeed,
because of this shift in the measure, the Meixner polynomials in the definition of the orthogonal
polynomials qlf ,n > 0, (see (3.4)) have also to be shifted by u . The duality between qn}— and
m& s changes the shift from the variable x to the index 7, and then the definition (3.1) produces
polynomials of degree n.

Notice that the measure ,of . 1s supported in the infinite set of nonnegative integers or (2.12).

Theorem 3.3. Let F = (Fy, F») be a pair of finite sets of positive integers. Then the polynomials
m,]l: 3.1), n € o, are common eigenfunctions of the second order difference operator

Dr =h_1(x)s_1 + ho(x)so + hi(x)s1, (3.15)
where
_ x0ra+1)
h_1(x) = m, (3.16)
ho(x):_(1+a)(x+k)+ac+u}_+A<a(x+c+k—1)/l]:(x)>’ (3.17)
a—1 (a—D2rx)
I () = alx +c+k)2r(x) (3.18)

@—D2rGx+1)°

and A denotes the first order difference operator A f = f(x+1) — f(x). Moreover D;c(mn}—) =
f

nm; ,n € oF.
Proof. The proof is similar to that of Theorem 3.3 in [12] but using here the three term recurrence
relation for the Meixner polynomials (2.22) and the dualities (3.5), (3.12) and (3.13). [

The determinantal definition (3.1) of the polynomials mnf ,n € or, automatically implies a
factorization for the corresponding difference operator D (3.15) in two difference operators of
order 1. This is a consequence of the Sylvester identity (see [15], p. 32, or [12], Lemma 2.1). This
can be done by choosing one of the components of F = (Fi, F>) and removing one element in
the chosen component. An iteration of this procedure shows that the polynomials m;lr ,n € OF,
and the corresponding difference operator Dz can be constructed by applying a sequence of at
most k Darboux transforms (see Definition 2.1) to the Meixner system (where k is the number
of elements of F). We display the details in the following lemma, where we first remove one
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element of the component Fj of F, and then one element of the component F, of F (notice that
the formulas cannot be obtained by a simple interchange of the F; and F; indices). The proof
proceeds in the same way as the proof of Lemma 3.6 in [12] and it is omitted.

Lemma 3.4. Let F = (Fy, F>) be a pair of finite sets of positive integers.
o Assume F| # (). We define the first order difference operators Ax and Br as

9 1 N
Ay — Fx+1) . F(x) . (3.19)
Q]:Hkl)(x +1) Q]:Hkl)(x +1)
B xQ]:ukl)(x +1) alx +c+ k).(l]:ukl)(x) (3.20)
F= o 51— 50, .
(@— D2r() (@— D2rk)
where ki is the number of elements of F and the pair Fi ) is defined by (2.14). Then
Fi k)

mn]:(x) = A;c(mn ' )(x),n € oF. Moreover

,fkll.|+kl
1
D}—l,{kl) = B}‘A]: + (fkﬂ —+ u]:l,(kl))ld’
1
DF = ArBr + (f| +up)ld.
In other words, the system (D, (mn}— Jneor) can be obtained by applying a Darboux trans-

Tk}
form to the system (D]:Hk”, (m, ! )negfly(k])).

e Assume Fr # (). We define the first order difference operators A and Br as

0 1 0
Ap = Flx + 1) o — F(x) . 321)
aQ}-Z’(kz)(x + 1) Q]:z,(kz)(x + 1)
B afozy{kz}(x + l)5 B a(x +c+ k)gfl{kz)(x)s 322
RO N @—D2rx '

where ky is the number of elements of F) and the pair F) (k) is defined by (2.14). Then
F2, (k)

F —A
CACERE -

1)(x), n € or. Moreover

2
D-7:2,(k2) = B}—A]: - (C + fk; - H]:Z,(kz))ld,
2
Dr=ArBr — (c+ sz.| —ur)ld.
In other words, the system (D, (mn]: Jneoy) can be obtained by applying a Darboux trans-

F2.tky)
form to the system (D}-“kz), (m,, " )neof“kz) ).

Analogous factorization can be obtained by removing instead of fklﬂ or sz2 1 any other element
of Fy or F,, respectively.

4. Exceptional Meixner polynomials

Given real numbers a, ¢, witha # 0,1 and ¢ # 0, —1, —2, ..., in the previous section we
have associated to each pair 7 = (F1, F2) of finite sets of positive integers the polynomials
mﬁ’“}—, n € ox, which are always eigenfunctions of a second order difference operator with
rational coefficients. We are interested in the cases when, in addition, those polynomials are

orthogonal and complete with respect to a positive measure.
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Definition 4.1. The polynomials m%“” n € o, defined by (3.1) are called exceptional
Meixner polynomials, if they are orthogonal and complete with respect to a positive measure.

As we point out in Section 2.3, the key concept for the construction of exceptional Meixner
polynomials is that of admissibility (see Definition 2.5). The admissibility of ¢ and F can also be
characterized in terms of the measure ,of o (3.14) and the sign of the Casorati polynomial Q}‘__’"
in N.

Lemma 4.2. Given real numbers a, c, with) <a < land c # 0, —1, =2, ..., and a pair F of
finite sets of positive integers, the following conditions are equivalent.

1. The measure ptfc (3.14) is positive.

2. ¢ and F are admissible.

3. I'n+c+k) Q;;C(n) Q;_-’C(n + 1) > 0 for all nonnegative integer n, where the polynomial
2% is defined by (3.6).

Proof. As in Section 2.3, write ¢ = max{—[c], 0}. We then have

I'x+c+¢—ur)
(x+c—up);

I'x+c—ur)=

Since x +c+c—ur > 0, for x > ur, the equivalence between (1) and (2) is an easy consequence
of the definitions of admissibility (2.17) and of the measure ,of o

We now prove the equivalence between (1) and (3).

(1) = (3). Since the measure pgf . 1s positive, the polynomials (qnf )n (3.4) are orthogonal with

respect to the measure ,of . and have a positive L?-norm. According to (2.5), we have

(_1)/{”! (M%<, m®°) @f@f _ (_l)kanp(n +o) F eF
(n+ k)! n "n n “n4+l — a —a)2”+"(n+k)! n *n+l-
We deduce then that (—D)*I'(n + ¢) @f (bn}:rl > 0 for all n. Using the duality (3.12) and the
definition of &, in Lemma 3.2, we conclude that the sign of (—l)k I'n+c) an @rﬁ_l is equal to
the sign of I'(n 4 ¢ + k) 2% (n) 27 (n + 1). This proves (3).

(3) = (1). Using Lemma 2.3, the duality (3.12), the definition of &, in Lemma 3.2 and pro-
ceeding as before, we conclude that the polynomials (qn}— )n are orthogonal with respect to ,oa]:— ¢

@ . a) = 4.1)

and have a positive L?-norm. This implies that there exists a positive measure p with respect
to which the polynomials (qlf )n are orthogonal. Taking into account that the Fourier transform
H(z) of ,ofc, defined by H(z) = fe_ixzdpfc(x), is an analytic function in the half plane
Iz < —loga, and using moment problem standard techniques (see the last comment in the
Preliminaries of this paper), it is not difficult to prove that x has to be equal to ,of .- Hence the

measure p;f ¢ 1s positive.  [J

According to part 1 of Lemmas 2.6 and 4.2, if ¢ and F are admissible, we have ¢ + & > 0 and
I(n+c+ k)7 ()27 (n+1) > 0, forall n € N. One can then deduce that if ¢ and F are
admissible, then 27:°(n)2%°(n + 1) > 0, for all n € N. We point out that the converse is not
true. Indeed, take a = 1/2, c = —7/2, F1 = {1}, F> = (. A straightforward computation gives
Cn+72n+9)
-_— >

4

However, it is easy to see that ¢ and F are not admissible ((2.17) is negative for x = 0, 3).

2 ) 2+ 1) = 0, neNl.
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In the two following theorems we prove that when ¢ and F are admissible the polynomials

my < 7 ,n € or, are orthogonal and complete with respect to a positive measure.

Theorem 4.3. Let F be a pair of finite sets of positive integers satisfying that Q;_-’c(n) # 0 for
all nonnegative integers n. Assume —1 < a < l,a # 0and ¢ # 0,—1,=2,.... Then the
polynomials m&<7
measure

,n € or, are orthogonal with respect to the (possibly signed) discrete

_i a*T'(x +c+k)
I Rl C NP GO

4.2)

x=0

F

Moreover, for —1 < a < 0 the measure w}, . is not positive for any choice of ¢ and F, and for

0 < a < 1 the measure a)fc is positive if and only if ¢ and F are admissible.

Proof. Write A for the linear space generated by the polynomials m“"’]: ,n € or.Using Lemma

2.5 of [12], the definition of the measure waf . and the expressions for the difference coefficients

of the operator Dr (see Theorem 3.3), it is straightforward to check that Dz is symmetric with

e A). Since the polynomials mZ’C;f, n € or, are eigenfunctions of D r

with different eigenvalues, Lemma 2.4 of [12] implies that they are orthogonal with respect to
]_'

1)

a,c*

respect to the pair (w7

If =1 < a < 0 and the measure ., is positive, since I'(n 4 ¢ + k) is positive for n big

enough, we conclude that 25 (2n + I)Qﬁ’c(Zn +2) < 0 for n big enough. But this would imply
that {22 has infinitely many real roots, which it is impossible since £27:“ is a polynomial.

If 0 < a < 1, according to Lemma 4.2, ¢ and F are admissible if and only if I'(x + ¢ +
k)23 (x) 27 (x + 1) > 0 for all nonnegative integers x. [

Theorem 4.4. Given real numbers a,c, with0 < a < 1 and ¢ # 0,—1,-2, ..., and a pair
F of finite sets of positive integers, assume that ¢ and F are admissible. Then the linear

o, F

combinations of the polynomials miy©” ,n € or, are dense in L2(a) ¢), where w’ . is the

a,c

positive measure (4.2). Hence mz’cif, n € or, are exceptional Meixner polynomlals.

Proof. Using Lemma 4.2 and taking into account that ¢ and F are admissible, it follows that
the measure ,of . (3.14) is positive. As we pointed out above (see the proof of Lemma 4.2) this
positive measure is also determinate. Since for determinate measures the polynomials are dense
in the associated L> space (see the last comment in the Preliminaries of this paper), we deduce
that the sequence (q /||q l2)n (Where qn is the polynomial defined by (3.4)) is an orthonormal
basis in Lz(pa’c).

. . F o _
For s € o, consider the function Az (x) = [ (1)/ Pac(s): i;; where by ,of .(s) we denote the

mass of the discrete measure ,of . at the point s. Since the support of ,of . is o, we get that
hs € Lz(pa .)- Its Fourier coefficients with respect to the orthonormal basis (qn / ||qn lI2), are
a7 (5)/llg7 ll2,n = 0. Hence

FiovaF

= (hs, hy) p7. = —8s,r~
n=0 ||61,, ”2 Pae Pa, c(s)
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This is the dual orthogonality associated to the orthogonality
> af wal wel.w) = (a] . a7 )6um

ueor

of the polynomials qf ,n > 0, with respect to the positive measure pf . (see, for instance, [3],
Appendix III, or [24], Th. 3.8).
Using (4.1), (2.23) and the duality (3.12), we get

1

—_— = a)g:c(n)xn, 4.4
a7 . aq; ),, ’

where x,, is the positive number given by

o ( a >2uf+2k+l (=D —a)n!(1 + On+k—11 + nti 4.5)
" a—1 K2+ c)[(n+c+k)n+k+ DEEr1 ’
and « and &, are defined in Lemma 3.2.
Using now the duality (3.5), we can rewrite (4.3) for s = r as
> 1
> ol ) m] () kPxnEl e = ——. (4.6)
n=0 pa,c(r)

A straightforward computation using (4.5) and the definitions of «, &, and ¢, in Lemma 3.2 gives

(1- a)c+2r—2u_7:—k

2 2.2
K xnén Cr akl—Zk(pr(r))z . (47)
Inserting it in (4.6), we get
i gk1—2 -
bmy s my or, = (1 — a)et2r—2uz—k Pa,c(r)- (4-8)

Consider now a function f in L2(a) ») and write g(n) = f(n) /x,, , where x, is the positive
number given by (4.5). Using (4.4), we get

o0

Z lg(m)|? Z") M= £13 < 0.

0 i i ),

Define now
g(mygl (r)
,;m i ) oF.
Using Theorem II1.2.1 of [3], we get

0 2
um=2fﬁ%—=2mhﬁm (4.9)

n:0< n > an >loa,c reor

On the other hand, using the dualities (3.12) and (3.5), and (4.5) and (4.6), we have

m()}—

’mﬂmwzﬂ)fu -
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This is saying that (,of C(r))l/ 2v.,r € o, are the Fourier coefficients of f with respect to
the orthonormal system (mf / ||mnf I2),. Hence, the identity (4.9) is Parseval’s identity for the
function f, from where we deduce that the orthonormal system (mn]: / ||m;f [[2)5 is complete in
LY wl). O

5. Constructing polynomials which are eigenfunctions of second order differential
operators

One can construct exceptional Laguerre polynomials by taking limit in the exceptional
Meixner polynomials. We use the basic limit (2.32).

Given a pair F = (F1, F») of finite sets of positive integers, using the expression (3.3) for the
polynomials m&“”  n € o, setting x — x/(1 —a) and ¢ = & + 1 and taking limitasa — 1,
we get (up to normalization constants) the polynomials, n € o,

LY, (x) (LY, - (LY, )P
[ L@ L@ o 0w }
o F
Ly (x)y=|L feh . 5.1
L% (—x) L‘;.“(—x) L‘}“‘(—x)
ferm
More precisely
k+1
)X S
lim (a — 1)'1—(k1+1)k2mz,0:-7: (L) — (_1)( ) ) Lg;]—'(x) (5.2)
a—1 l1—a
uniformly in compact sets.
Notice that Lf,“f is a polynomial of degree n with leading coefficient equal to
n—ur+ Y f VR VE fle—Ll(f —rtun)
- ,
(m—upt [T fUI1 S
fer  fek
where VF is the Vandermonde determinant defined by (2.2).
We introduce the associated polynomial
LYx) LY@ - LHED)
=" (53)
FEOTNL - L4 () - LA ] '
fem

Notice that {27 is a polynomial of degree u  + kj. To simplify the notation we sometimes write
QF = 0F.
When Fy = ¢, using (2.31), we have for 2% the identity

Q_‘;‘_—(x) =

[L‘;‘«—x) —(LE) (—x) - (—1>k‘1<L7‘)(k_D(_X)]|- (5.4)

fer
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We also straightforwardly have
L8 (x) = (=T Pk guebor (5.5)
75 - ‘T_U 5 .

where the positive integer sz and the pair F|; are defined by (2.16) and (2.15), respectively.
We will need to know the value at 0 of the polynomial 7.

Lemma 5.1. Let F be a pair of finite sets of positive integers, then $22(0) is a polynomial in o
of degree ur + k1 which does not vanish in R\ {—1, =2, ...}. Moreover

2 k_/'
[T Ve [T+ dk—it1 [] (@+kj+1)py;
%) = ()i = el
FO =D min{ky k)
[T I T (@t Digtkp—2it1
feF; fek i=1
< [T [T+ rf+s+0. (5.6)

feF1 geR,

Proof. The proof of (5.6) follows by a careful computation using that L% (0) = (14;_('1),, and
standard determinant techniques. Because of the value above of the Laguerre polynomials at
0, £2%(0) is clearly a polynomial in &; one can also see that the right hand side of (5.6) is a
polynomial because each factor of the form « + s in the denominator cancels with one in the
numerator. It is now easy to see that the right hand side of (5.6) only vanishes in some negative
integers. [l

Passing again to the limit, we can transform the second order difference operator (3.15) in
a second order differential operator with respect to which the polynomials LZ;F, n € or, are
eigenfunctions.

Theorem 5.2. Given a real number o # —1,—2,... and a pair F of finite sets of positive
integers, the polynomials Lz;]:, n € ogx, are common eigenfunctions of the second order
differential operator

D = x84+ h1(x)d + ho(x), (5.7)
where 0 = d/dx and

Q/
hl(x)=a+k+1—x—2x9§$;, (5.8)
ho) = —k1 — ur + (o — o — k) ED) | F) (5.9)

—+ x .
Qrx)  2rk)
More precisely D}-(LZ:) = —nL,Z}-(x).

Proof. We omit the proof because proceeds as that of Theorem 5.1 in [12] and it is a matter of
calculation using carefully the basic limit (2.32) and its consequences

fim (1 - PF 05 (xa) = (— D7 2% (x), (5.10)
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im (1 — @)~ HQF ( + 1) = 25 (%) = (= DT (2) (), (5.11)
lim (1 — @) 72 (2% (o + 1) = 205 (xa) + 2 0ra = D) = (DT (2" ().

wherec=a+ 1,8r=ur+ki(1 —ky),xs =x/(1 —a) and er = ZfeFl f. O

To prove the completeness of the exceptional Laguerre polynomials in the associated L?
space, we will need the following characterization of the linear space generated by Lg;}—, neor.

Lemma 5.3. Given a real number o # —1, =2, ... and a pair F of finite sets of positive integers,
consider the linear space A generated by the polynomials Lg;]:, n € or. Then p € A ifand only

if
(=2xp" + (x —a —k)p) 2 + xpf (5.12)
is divisible by (2r.

Proof. Write B = {p € P : Dr(p) € P}. From the definition of the second order differential
operator Dr (5.7), one easily sees that p € B if and only if the polynomial (5.12) is divisible by
02r.

Since each polynomial Lﬁ‘}—, n € or, is an eigenfunction for D, we get that Lﬁ;}— € B and
hence A C B.

Consider the set of nonnegative integers S = N\ oz. The definition of o (2.12) shows that §
is finite and s = |S| = ur+k; = deg(2r). We can write P = A@ H,, where H; = (x/ : j € S).
Hence dim H; = deg({2r).

On the other hand, observe that the divisibility of (5.12) by {2r imposes deg({2£) linearly
independent homogeneous conditions on the coefficients of p. We can then construct linearly
independent polynomials g;, j = 1, ..., deg({2r), such that P = B ® H,, where H, = (gq; :
j=1,...,deg(£2r)). Hence dim H, = deg({2r). Since A C B and dim H; = dim H», we get
that actually A=B. O

Again passing to the limit, from the factorization in Lemma 3.4 we can factorize the second
order differential operator D~ as a product of two first order differential operators. This can be
done by choosing one of the components of F = (Fj, F>) and removing one element in the
chosen component. An iteration shows that the system (D £, (Lf,”f)negf) can be constructed by
applying a sequence of k Darboux transforms to the Laguerre system (see Definition 2.1). We
display the details in the following lemma, where we remove one element of the component F>,
and hence we have to assume F> # . A similar result can be proved by removing one element
of the component F7.

Lemma 5.4. Let F = (F1, F>) be a pair of finite sets of positive integers and assume Fy % (.
We define the first order differential operators A and Br as

27(x) . 7% (x) + 25 (x)

Ap = — (5.13)
'Q}—Z,(kz)('x) ‘Q.'Fz_(kz}(-x)
/ —
Br = —x0F (0 ¥, ) — k)sz“"z’(X), (5.14)

Qr(x) 27 (x)
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where ky is the number of elements of F, and the pair F, (1,) is defined by (2.14). Then

; 3 F
LY (x) = A]:(La > (%), n € op. Moreover

n— ,3;+k2—1
2

Dy, = BFAF + (@ + fi —up,,, +DId,

DF = AFBr + (@ + fll —uz + DId.

Proof. The lemma can be proved applying limits in Lemma 3.4. [
6. Exceptional Laguerre polynomials

In the previous section, given a real number o # —1, —2, ..., we have associated to each
pair F of finite sets of positive integers the polynomials Lf{;}-, n € ox, which are always
eigenfunctions of a second order differential operator with rational coefficients. We are interested
in the cases when, in addition, those polynomials are orthogonal and complete with respect to a
positive measure.

Definition 6.1. The polynomials L‘,)f;F, n € o, defined by (5.1) are called exceptional Laguerre
polynomials, if they are orthogonal and complete with respect to a positive measure.

The following lemma and theorem show that the admissibility of & + 1 and F will be the key
to construct exceptional Laguerre polynomials.

Lemma 6.2. Given a real number o # —1, =2, ... and a pair F of finite sets of positive integers,
if « + 1 and F are admissible then « + k > —1 and (23’_- (5.3) does not vanish in [0, +00).

Proof. First of all, the part 1 of Lemma 2.6 gives that @ + k > —1.
Lemma 5.1 shows that for & # —1, =2, ..., £2%2(0) # 0. Hence it is enough to prove that
2% # 0 forx > 0.
Write c =« + 1. For 0 < a < 1, consider the measure 75 defined by
' L x + e+ B mig ()

= (1-a)* Ya.x
a X;) X1 QE (x + 1) @

where

Yax = (1 —a)x. (6.1)

Since o + 1 = ¢ and F are admissible, we have that the measure t{ is positive (Theorem 4.4).
Consider the positive integer sz and the pair F; defined by (2.16) and (2.15), respectively.
We need the following limits

linl1_(1 — @) F =R 0% (x /(1 — a)) = €0 2(x), (6.2)
a—

lim (1~ aytF =k Le (e /(1 — a) + 1) = €%(x), (6.3)
a—

; _ Nur—(ki+Dko o a,c;F _ _ a+sF
al_l)r?f(l a) my 2 (x /(1 —a)) = € qu (x), (6.4)

i a- a)c+k—lax/(1—a)p(x/(1 —a)+c+k) _ etk
a—1- I'x/(1—a)+1)

: (6.5)
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uniformly in compact sets of (0, +00), where the €’s are the signs

> f > 40T ) +srk
e = (=171, € = (=1)/<n .

The first limit is (5.10). The second one is a consequence of (5.11). The third one is a
consequence of (5.2) and (5.5). The fourth one is a consequence of the asymptotic behavior
of I'(z+u)/I'(z + v) when z — oo (see [14], vol. I (4), p. 47).

We proceed in three steps.

First step. Assume that o + 1 and F are admissible and that there exists xo > 0 with Q;-(xo) =0.
We will now show that Q;IW (xg) = 0.
Notice first that according to (5.5), the polynomials (Z;—Isf and L‘;f coincide up to a sign.

We take a real number v with xo < v such that £27(x) # 0 forx € (xo, v]. For areal number u
with xo < u < v, write / = [u, v]. Then 2% does not vanish in /. Applying Hurwitz’s Theorem
to the limits (6.2) and (6.3) we can choose a countable set X = {a, : n € N} of numbers in (0, 1)
with lim, @, = 1 such that 272°(x/(1 —a))27°(x/(1 —a)+ 1) #0,x € [ anda € X.

Hence, we can combine the limits (6.2)—(6.5) to get

lim « ha(x) = h(x), uniformly in /, (6.6)

a—1l;ae
where
@O /(1 = a) + ¢ + D) mEET (x/(1 = a)))?
Fx/(1—a)+ DOE (/1 —a) 28 /(1 —a) + 1)
anrkefX(Q;l:jS}‘)Z(x)
(252 (x)

We now prove that

ha(x) = (1 —a)**!

h(x) =

lim ()= /h(x)dx. 6.7)
X I

a—1;ae

To do that, write I, = {x e N: u/(l —a) < x < v/(1 —a)}. The numbers y, x, x € I, form
a partition of the interval I with y, x+1 — Ya,x = (1 — a) (see (6.1)). Since the function # is
continuous in the interval I, we get that

/h(x)dx = lim S,
I a—l;aeX
where S, is the Cauchy sum

Sa =Y h(Ya) Va1 = Yax)-
xel,
On the other hand, since x € I, if and only if u < y, x < v (6.1), we get

@ T(x +c+ Dm0
X!Q%C(X)Q;C(x T =1-a) Z ha(ya,x)

xel,

AUVEXIEOY

xel,

= Z ha()’a,x)()’a,x+l - ya,x)~

xel,

The limit (6.7) now follows from the uniform limit (6.6).
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The identity (4.8) says that 75 (R) = aki—2 y]C_-, where the positive constant

Ve =plup)=T@© [N [[e+hH

feFr fek

does not depend on a. This gives (/) < aki _2]‘)/5_-

. And so from the limit (6.7) we get

/h(x)dx < vr
I

That is

/v xa+ke—X(Q;ISf)2(x)
; (252 (x)

On the other hand, if Q;-I‘qf (x0) # 0, since _Q;{-(xo) = 0 we get

dx < y}.

v xa+kefx (Qg‘I'SF)Z(x)
lim .

dx = +o00.
u—xg Ju (Q%)Z(X)

Hence Q;‘_-IW (x0) = 0.
The proof of the theorem proceeds now by induction on max Fj.

Second step. Assume « + 1 and F are admissible and max F; = —1 (that is F; = ¢J). We will
now show that

Q%) #£0, x>0. (6.8)

Since F; = @, the part 3 of Lemma 2.6 implies that the assumption o+ 1 and F are admissible
is equivalent to the assumption o > —1.

We prove this step by induction on k». For k& = 1, we have that F> is a singleton F> = {f},
and then 2%(x) = L?- (—x). The usual properties of the zeros of Laguerre polynomials (& > —1)
imply (6.8).

Assume now that (6.8) holds for k» < s and @« > —1, and take a finite set of positive inte-
gers I, with ko = s + 1 elements. We notice that according to the definition of sg, (2.7) for
F1 =, we have sp, = 1. Hence we also have sz = 1 (see (2.16)). If there exists xo > 0 such
that _Q;-(xo) = 0, using the first step, we get that also Q;‘_-Il(xo) = 0. Since F; = ¢, we have

F = F (see (2.15)), and hence, we can conclude that Q;l_-ﬂ (x0) =0,j=0,1,2,....
For a positive integer m > max F, + 1 > s + 1 consider the (s + 1) x (m 4+ 1) matrix

MZ([Lj@(—xO) L% (—xp) -+ L°}+'"(—x0)j|>.

ferR
Write¢j,i =1, ..., m+ 1, for the columns of M (from left to right). We see that the minor of M
formed by its first s rows and first s columns is equal to Q;-z( o (x0), where the pair F; (511 is

defined by (2.14). Since the set F; \ { fszj_l} has s elements and « > —1, the induction hypothesis

says that .Q})‘_-z{ . (x0) # 0, and hence the columns ¢;,i = 1, ..., s, of M are linearly indepen-
dent. On the other hand, consider j > 0 and the (s + 1) x (s + 1) submatrix M; of M formed by
the consecutive columns c¢jy;,i = 1,...,s + 1, of M. Itis clear that det M; = .Q;(_-ﬂ (xg9) = 0.
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That is, for j > 0 the consecutive columns ¢j1;,i =1,...,s + 1, of M are linearly dependent.
Using Lemma 2.2, we conclude that rank M = s. Write now

¥ — <[Lji(—xo) —(L9) (=x0) -+~ (—1)'"(L33)<'")(—x0)]>.
fer

Using (2.30) and (2.31), we see that rank M = rank M = s. Then there exist numbers ¢ €

F», not all zero such that the polynomial p(x) = > feR, € fL‘;‘c (x) is non null and has a zero

of multiplicity m in —xg. But the polynomial p has degree at most max F5, and since m >

max F»+1 > deg p, this shows that p = 0, which is a contradiction. This proves the second step.
Assume now that o + 1 and F are admissible and

0%(x) #0, x>0, 6.9)

holds for max F| < s.

Third step. We now show that if max F; = s + 1, then (6.9) continues to hold.

Consider the pair Fy = {(F1)y, F>} defined by (2.15). Since F; # {, we have that
max(F1)y < s.The part 4 of Lemma 2.6 says that if o + 1 and F are admissible then o + 1+ s £
and F are admissible as well. The induction hypothesis (6.9) then says that Q;f-jsf (x) # 0 for

x > 0. The first step then gives that also £2%(x) # 0, forx > 0. [

As we pointed out in the Introduction, we guess that the converse of the previous theorem is
true. However, the condition 27 (x) # 0,x > 0, is not enough to guarantee the admissibility
of @ + 1 and F. Indeed, consider F; = {1}, F, = @) and F = (Fy, F;). The definition (2.17)
straightforwardly gives that @ + 1 and F are admissible if and only if —2 < o < —1. On the
other hand, it is also easy to see that Q;-(x) = a + 1 — x, Hence Q}"_- # 0,x > 0, as far as
o < —1.Hence foro < —2, Q;‘_- #0,x > 0, buta + 1 and F are not admissible.

Theorem 6.3. Given a real number o« # —1,—=2,... and a pair F of finite sets of positive
integers, if o+ 1 and F are admissible then the polynomials L‘,f;}—, n € or, are orthogonal with
respect to the positive weight
on—ke—x
Wy F(X) = ———, x>0, (6.10)
“ (22(x))?
and their linear combinations are dense in Lz(a)a; 7). Hence Lg;}—, n € or, are exceptional
Laguerre polynomials.

Proof. First of all, notice that the positive weight (6.10) has finite moments of any order because
since @ + 1 and F are admissible we have « + k > —1 (part 1 of Lemma 2.6).

Write A for the linear space generated by the polynomials LZ“]:, n € or. Using Lemma 2.6
of [12], it is easy to check that the second order differential operator D# (5.7) is symmetric with
respect to the pair (wgy: 7, A) (6.10). Since the polynomials LZ;F, n € o, are eigenfunctions of
D r with different eigenvalues Lemma 2.4 of [12] implies that they are orthogonal with respect
to wy: F.

In order to prove the completeness of Lf,”f, n € or, we use the approach of [21], Th. 6.3 for
the exceptional Hermite polynomials and proceed in two steps.

Step 1. For each r > 0 and o > —1, the linear space {(1 + x")p : p € P} is dense in L*(x%¢ ™).
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Since 1 + x" > 0,x > 0, this is equivalent to the density of P in L>((1 + x")x%e¢~*). But
this follows straightforwardly taking into account that (1 +x")x%*e *dx, x > 0, is a determinate
measure (see the last comment in the Preliminaries of this paper).

Step 2. A is dense in Lz(a)a;}-).

Take a function f € Lz(wa; 7). Write r = deg(Q;‘_-) and define the function g(x) = (1 4+ x")
fx)/ (Q;‘_-(x))z. Since « + 1 and F are admissible, we get from the previous lemma that
o+ k > —1and Q‘Ji_(x) # 0,x > 0. Hence g € L?>(x***e=*). Given € > 0 and using the
first step, we get a polynomial p such that

/ lg(x) — (1 4+ x") p(x)|>x* T e ™¥dx < €. (6.11)

Write y = inf{(1 + x’)/Qj‘_-(x), x > 0}. We then get

2

1 r
T £ ) — (%0002 p(0) P, rdx

22(0)

/|g(x) — (A +x")pe)Px e dx = /‘

> y? / | (x) = (%)) p(x)|wg: 7 (x)dx.

Using (6.11), we can conclude that the linear space {(Q‘])‘_-(x))zp : p € P}is dense in Lz(a)a;]:).

Lemma 5.3 gives that {(Q;‘_-(x))2 p : p € P} C A. This proves the second step and the
theorem. [

Proceeding as in the first step of Lemma 6.2, one can find the norm of the polynomials Lf{;}—,

n € o, from the norm of the polynomials m*“7 (see (4.8)).

Corollary 6.4. Given a real number o # —1,—=2,... and a pair F of finite sets of positive
integers, assume that « + 1 and F are admissible. Then for n € o, we have

)

o athko—x —up)l(n—ur+a+1)
LeF X ¢ _br(n—up) F
/0 ™ O e oy ™ (n—up)!

where pr(x) is the polynomial defined by pr(x) = ]_[feF] x—=1 ]_[fep2 x+aoa+ f+1).
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Appendix

When the determinants 2%2°(n) # 0 (3.6), n > 0 (or equivalently, &7 £ 0(3.10), n = 0),
the following alternative construction of the polynomial g; o F (3.4) has been given in [13].

For a pair 7 = (F1, F>) of finite sets of positive integers, consider the involuted sets / (F}) =
G1 and I(F>) = G;, where the involution [ is defined by (2.6) and the number v defined
by (2.11). Write m = m + my, where m, my are the number of elements of G| and G»,
respectively.
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Assume that Q;;C(n) #0,n > 0, and write ¢ = ¢ + MF, + MF, + 2, where Mr denotes the
maximum element of F'. Using Theorem 1.1 of [13], we have

ac]—'(x)
myt(x —vp)  GEmh o —vE) o G meE, (x — vE)
aZC( n—1) amgzc( n) ~-~am§26( n+m-—1)
= oy, g€ G ] ,  (AD
|:mi,/a’25(—n—l) my (=) mé/a’Zg(—n—}—m—l)]
g€Gy

where the positive integer v is defined by (2.11) and «,,n > 0, is certain normalization

constant.

The dualities (2.26) and (3.5) then provide an alternative definition of the polynomial m&s7
n > vr (3.1). Indeed, write r > 0, for the polynomial of degree m defined by rc(x)
(c+x—m)y—j(x—j+1)j, and as before ¢ =c+ Mg, + Mp, 4 2. After an easy calculatlon

we conclude that

m&<F (x)
ro(x)mn vf(x) rl(x)mn vf(x -1 - S omis vf(x —m)
m‘glzc(—x—l) am§2L( —Xx) .- a m;z (ex4+m—1)
= bBn g€ G :| ., (A2)
|:m;’,/a‘2_5(—x -1 m;/a’z_e(—x) m;/a'z_é(—x +m—1) i|
g€l

where §,, n > 0, is certain normalization constant.

When the sum of the cardinalities of the involuted sets G; = I(F}) and G, = I (F,) is less
than the sum of the cardinalities of F7 and F,, the expression (A.2) will provide a more efficient
way than (3.1) for an explicit computation of the polynomials mﬁ’cg}—, n > vr. For instance, take
Fir={1,...,k}, b ={1,...,k—2,k}. Since I (F|) = {k}, I (F>) = {1, k}, the determinant in
(A.2) has order 4 while the determinant in (3.1) has order 2k.

Assume now that «+1 and F are admissible (2.17). Write ¢ = o+1. According to Lemma 4.2,
this gives forall 0 < a < 1 that I'(x+-c+k) 22 (x) 22 (x+1) > 0for x € N, where 2% is the
polynomial (3.6) assocmted to the Meixner famlly In partlcular Q“ “(x) # 0, for all nonnegatwe

integers x. Write wy! = = j! (Ho‘) and @ = a+Mp,+MF,+2. Hence, if instead of (3.3) we take

limit in (A.2), we get the following alternative expression for the polynomials Ln’ N> vr,

AMLEL () whl, A TULETL () e wi LA (x)
g(x(_x) L;Ol+l(_x) . Lg a-l—m(_x)
LT () =y || g€Gi . (A3)
[ Ly%(x) (L;“)/(x) (L;“)(m)(x) }
ge€G

where y, is certain normalization constant.
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Both determinantal constructions (A.2) and (A.3) for the polynomials mZ’C;}— and Lg:f ,n €

o r, respectively, imply a couple of factorizations of the second order difference and differential
operators D (see (3.15) and (5.7), respectively) in two first order difference and differential
operators, respectively. These factorizations are different to the factorizations displayed in Lem-
mas 3.4 and 5.4, respectively. We do not include the details here but both factorizations can be
worked out as Lemmas 3.7 and 5.3 of [12].
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