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Abstract

We prove matching direct and inverse theorems for (algebraic) polynomial approximation with doubling
weights w having finitely many zeros and singularities (i.e., points where w becomes infinite) on an
interval and not too “rapidly changing” away from these zeros and singularities. This class of doubling
weights is rather wide and, in particular, includes the classical Jacobi weights, generalized Jacobi weights
and generalized Ditzian-Totik weights. We approximate in the weighted L, (quasi) norm || f1|, , with

1
0 < p < oo, where || fll ), = (f_ll | f@)|P w(u)du) /p. Equivalence type results involving related

realization functionals are also discussed.
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1. Introduction

The main goal of this paper is to prove matching direct and inverse theorems for polynomial
approximation with doubling weights w having finitely many zeros and singularities (i.e., points
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where w becomes infinite) on an interval and not too “rapidly changing”. In order to discuss this
further, we need to recall some notation and definitions. As usual, L ,(1), 0 < p < 00, is the set

of measurable on [ functions f equipped with the (quasi)norm ||f||Lp(1) = (f] |f(u)|pdu)1/p.
We say that a function w is a doubling weight on [—1, 1] if w € L{[—1, 1] is nonnegative, not
identically equal to zero, and there exists a positive constant L (the so-called doubling constant
of w) such that w(21) < Lw([), for any interval I C [—1, 1]. Here, w(J) := fm[fl,l] w(u)du,
and 27 denotes the interval of length 2|7| (|7] is the length of I) with the same center as I.
Doubling weights, their properties and various approximation results are discussed in a series of
papers [20,21,18,19] by G. Mastroianni and V. Totik. In particular, it turns out that one can obtain
many analogs of theorems for unweighted approximation by considering weights w, which
are certain averages of w depending on the degree of approximating polynomials. Recall (see
e.g. [21]) that w,(x) = p,(x)~ 1fx+5"((x)) w(u)du, where pp(x) = n~ 11 — xHV2 4+ n=2. We
refer the reader to [21,18,16] for further discussions of results involving wj,. At the same time,
it is clear that averaging removes singularities (and “lifts” zeros) of weights, and so a natural
question is whether or not one can obtain matching direct and inverse theorems for general
doubling weights. This seems to be a very hard question since a general doubling weight can
exhibit some rather “wild” behavior that makes it hard if not impossible to work with (while
proving positive approximation results). For example, doubling weights can vanish on sets of
positive measures as well as they can be “rapidly changing”. Even relatively well-behaved
weights (such as generalized Jacobi weights) can cause difficulties because of the presence
of internal zeros/singularities. For example, see [21] for discussions of difficulties in forming
weighted moduli of smoothness for generalized Jacobi weights, and [19,4] for examples showing
that the original Jackson—Favard estimates are no longer valid for some specific doubling
weights.

Still, if a doubling weight w has only finitely many zeros and singularities inside [—1, 1] and
is not too rapidly changing once one moves away from these points (i.e., if it behaves like w,,
there), the matching direct and inverse results are possible (this is the main result of this paper).
Earlier, this type of results was established in [21, Theorem 1.4] in the uniform norm weighted
by generalized Jacobi weights with finitely many zeros in [—1, 1], and in [4, Theorem 3.1] in the
L, norm (with 1 < p < oo) weighted by a specific weight having one zero at the origin and
zeros or singularities at 1 (see also [2,5] for related results). However, we are not aware of any
results of this type for 0 < p < 1. Perhaps, the reason for this is that the usual method seems
to be to first establish the equivalence of the moduli and some related K -functionals, and then
proceed with the proofs. This method cannot work for 0 < p < 1 since it is rather well known
(see [9]) that K -functionals are often zeros if 0 < p < 1.

Our approach is different and is actually somewhat similar to the one used in our earlier
paper [16] where matching direct and (weak) inverse theorems were established for the weights
wp, and all 0 < p < oo. Namely, we derive the equivalence of the moduli and related
“realization” functionals as a corollary of our estimates, and our proofs of direct/inverse theorems
does not rely on this equivalence.

The class of doubling weights W(Z) that we introduce in Section 2 is rather wide and, in
particular, includes the classical Jacobi weights, generalized Jacobi weights and generalized
Ditzian-Totik weights. We approximate in the weighted I, (quasi) norm with 0 < p < oo.
For p < 00, the weighted (quasi)norm is defined as || fllL, 7). = (f; |f(u)|pw(u)du)l/p and
||f||p’w = ||f||Lp[_1’1],w. We also denote by ]Lﬁ the set of all functions on [—1, 1] such that
11y < 00
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Many of the results presented in this paper are also valid if p = oco. However, one can
only approximate essentially bounded functions by polynomials if the weights are essentially
bounded. This puts a rather significant restriction on the weights, and the weights having the so-
called property A* (see [20,21], for example) are usually considered if p = oo instead of a wider
class of doubling weights. This is the main reason why we only discuss the case 0 < p < 0o in
this paper, and analogous results for p = oo and A* weights will appear elsewhere.

The paper is organized as follows. In Section 2, we define a class of doubling weights W(Z)
with finitely many zeros and singularities inside [—1, 1] and give several equivalent conditions
guaranteeing that w is in this class. Main part weighted moduli, (complete) weighted moduli as
well as averaged moduli of smoothness are introduced in Section 3. A relation between the de-
grees of local approximation by piecewise polynomials and the main part moduli is established
in Section 4. Lemma 4.2 in this section is the main result that allows us to estimate the degree of
approximation away from zeros and singularities of the weight w. A Jackson type theorem with
doubling weights from the class WW(Z) is proved in Section 5. This is the main direct result in
this paper. In Section 6, we discuss several Remez type and Markov—Bernstein type results that
are needed in the proof of the inverse theorems. In Section 7, we prove two crucial lemmas (deal-
ing with cases | < p < oo and 0 < p < 1 separately) on local approximation of polynomials of
degree < n by Taylor polynomials of degree < r, where r is related to the order of the moduli
of smoothness, and 7 is the degree of approximating polynomials in Jackson-type estimates. The
inverse results heavily depend on these lemmas. Some preliminary results needed in the proofs
of inverse theorems are given in Section 8. The inverse theorems in cases 1 < p < oo and
0 < p < 1 are proved, respectively, in Sections 9 and 10. In Section 11, we obtain realization
type results by proving the equivalence of the averaged and “regular” weighted moduli and ap-
propriate realization functionals. An auxiliary result that is well known in the unweighted case
about a polynomial of near best approximation (in weighted LL,, with w from the class W(Z))
being a near best approximant on a slightly larger interval is proved in Appendix A. This result is
needed in the proof of the direct theorem and it could be used to provide an alternative proof of
relations between different moduli with different parameters A (see Section 3). Finally, for read-
ers’ convenience, we repeat the main definitions and list the main notation (or provide references
to appropriate statements/formulas) in Appendix B.

2. Doubling weights with finitely many zeros and singularities

Let w be a doubling weight on [—1, 1] such that w(z) = 0 or w(z) = oo only at finitely
many points z. Moreover, we assume that w(x) “does not rapidly change” when x is “far”
from these points z. These assumptions certainly limit the set of the weights that we consider
since there are doubling weights that vanish on sets of positive measures and, at the same time,
there are “rapidly changing” positive doubling weights. However, many important weights, such
as generalized Jacobi weights or the so-called generalized Ditzian—Totik weights, satisfy this
property (see Example 2.7 for their definitions).

We now make everything precise in the following definition noting that, throughout this
paper, if y < x, then [x, y] := [y, x] (and not @ as it is sometimes defined). We also denote
o) = (1 —x»)V2, p(h, x) := he(x) + h? and note that p, (x) := p(1/n, x).

Definition 2.1. Let M € Nand Z = (zj)ﬁ’lzl, —1<zi<- - <zym-1 <zm < 1. We say that
a doubling weight w belongs to the class W(Z) (and write w € W(Z2)) if, for any ¢ > 0 and
x,y € [—1, 1] such that |[x — y| < p(e, x) and dist ([x, yl, zj) > p(e,zj)foralll < j <M,
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the following inequalities are satisfied

cw(y) < wx) <o lw(y), 2.1)

where the constant ¢, depends only on w, and does not depend on x, y and ¢.

Remark 2.2. The condition that dist ([x, yl, z j) > p(e,zj),forall 1 < j < M, guarantees that
[x,y]NZ =0.

Note that the set Z is where w can have zeros or singularities, but we do not actually require
that it happens at all points in Z. In other words, we do not exclude the possibility that w is “well
behaved” at some/all points in Z. We also note that the set Z is considered fixed throughout this
paper, and so we refer to it in various theorems without redefining it (unless a statement/example
is given for a specific Z in which case it will be explicitly stated). Also, note that the moduli of
smoothness that we define below in Section 3 depend on Z and so, in particular, all constants in
our estimates involving moduli will depend on M, but we are not explicitly stating this in every
statement.

It is convenient to denote

2, = {xel-L 1| k-2l < Aph,z)), 1<j<M,

M J
ZA,h = Uj:l ZA,h’

and

Tan=([=110\Zas)" = {x e [=1,1] | Ix — 2| = Ap(h, z;), forall 1 < j < M}.
Also,

D:=D(w) =pmin{|z; —zj—1| |1 < j <M +1},
where zg := —1,zy4+1 = | and pmin(S) is the smallest positive number from the set S of

nonnegative reals.

Note that the condition dist([x,y],zj) > ple,zj), 1 < j < M, in Definition 2.1 is
equivalent to [x, y] C 7 ;.

Throughout this paper, (xi)? o 1s the Chebyshev partition of [—1, 1], i.e., x; = cos(ir/n),
0<i<n.Forl <i <n,wealsodenote I; := [x;, x;_1],

I; ifx; <x <
Vi=vit) = m and - xi(x) 1= Xi.n) = {(1) otherwine.

We need the following facts about the Chebyshev partition and the weights w, (the facts
without references are verified by straightforward, if cumbersome, computations).

e pp(x) < |I;] <5p,(x)forallx € [;and 1 <i <n.

o |[;|/3 <|[ix1| <3|[i|foralll <i <n-—1.

o Ifa > 2, then Y7 ¢i(x)% < cforall -1 < x < 1, and [' ¥;(x)%dx < c|I;| for all
1<i<n.

o Forallx,y € [—1, 1], pa(»)* < 4pa(x)(Ix — y| + pu(x)).

e For any ¢cp > 0 and x € [—1, 1], the interval [x — cop,(x), x + copn(x)] has nonempty
intersection with at most m intervals I;, 1 < i < n, where m is some natural number
that depends only on cg. This follows from Proposition 4.1 whose proof we postpone until
Section 4.

e For any doubling weight w, if n ~ m, then w;, (x) ~ wy, (x), for all x € [—1, 1].
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e For any doubling weight wandn € N, w,(x) ~ w,(y) if |x —y| < cxpn(x), with equivalence
constants depending only on ¢, and the doubling constant of w (see [21, (2.3)]).

e For any doubling weight w,n € N, 1 < i < n,x € [-1,1]and y € [;, w,(x) <
ci(x) P wy(y) and w,(y) < c¥i(x)*w,(x), where constants ¢ and s > 0 depend only
on the doubling constant of w (see [16, Lemma 2.5]).

We also mention that defining /;’s to be closed causes some ambiguity at the boundaries of
these intervals since any two adjacent intervals in this partition have a nonempty intersection.
Hence, when we make statements of type “let x € [—1, 1] and let u be such that x € 1,,”, this is
ambiguous if x = x; for some 1 < j < n — 1, since there are actually two intervals containing x
(namely, I; and /7). To remedy this problem, we use the convention that, if x belongs to two
adjacent (closed) intervals, we always choose the right interval as the one containing x.

We are now ready to discuss several conditions that are equivalent to the statement that a
doubling weight is in the class W(Z).

Lemma 2.3. Let w be a doubling weight. The following conditions are equivalent.
1) w e W(2).
(ii) Foranyn € Nand x, y such that [x, y] C I1,1/n and |x — y| < pu(x), inequalities (2.1) are
satisfied with the constant c, depending only on w.
(iii) For some N € N that depends only on w, and any n > N and x, y such that [x, y] C Z1,1/x
and |x — y| < pn(x), inequalities (2.1) are satisfied with the constant c, depending only on
w.
(iv) Foranyn € N, A, B > 0, and x,y such that [x,y] C Za1/n and |x — y| < Bp,(x),
inequalities (2.1) are satisfied with the constant c, depending only on w, A and B.
(v) Foranyn € Nand A > 0,

w(x) ~ wy(x), x €Za1/n,
where the equivalence constants depend only on w and A, and are independent of x and n.

Proof. Clearly, (i) = (ii) (one just needs to pick ¢ = 1/n), and (ii) = (iii). Also, (iv) =
(i). Indeed, note that the statement of Definition 2.1 becomes vacuous if & > V2 (since
p(e,zj) > 2). Hence, assuming that ¢ < V2 we pickn = [2/¢e] e N, A = 1and B = 4.
Then 1 < ne < 2, Apy(zj) < p(e,z;) and Bp,(x) > p(e, x), and so if [x,y] C Zj and
lx — y| < p(e, x), then [x, y] CZ4,1/n and |x — y| < Bpy(x).

Now, we will show that (iii) = (iv). Let » € N and A, B > 0 be given, and suppose that
x, y are such that [x, y] C Za 1/, and |x — y| < Bp,(x). Pick m := max {[n/ min{A, 1}], N}
and note that Ap,(z;) > pm(z)), and s0 Za 1/n C Z1,1m- Also, it is not difficult to check
that m/n < max {N,2/min{A, 1}} = ¢* and hence p,(x) < (c*)?pn(x) which implies that
X — y] < B(c*)2pm(x) = Mpy (x).

Hence, in order to complete the proof it is sufficient to show that, for any x, y € [—1, 1] such
that |[x — y| < Mp,,(x) there are K points y;, 1 <i < K, with K € N depending only on M,
such that

[x,y] C U,K;ll[yi, yi+1l and |yi —yir1l S pm(yi), 1<i <K -1

We will use Proposition 4.1. Let (x;)/_, be the Chebyshev partition of [—1, 1] into m intervals
I; = [xi, x;—1]. Suppose that x € I,, 1 < u < m, denote

I*::{l§i§m|1,'ﬂ[x,y]7é(/)} and I*::{1§i§m|lic[x,y]},
and let J := Uj¢y* I;.
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If I, = @, then [x, y] C I, U I,+1, and J consists of at most 2 intervals /;. If I, # ), then
recalling that |I;+1]| < 3|[;| and p,, (x) < |I;| < 5pm(x), for any x € I;, we conclude

|J| < 7|Vier, Ii| <71x = y| < TMpp(x) < TM|1,|.
Proposition 4.1 implies that J consists of at most k intervals /;, where k depends only on M.
We now define y;. = x; +ill;|/5, 0 <i < 5,forall j € I*, and denote ¥ := (y,-)iK:1 =
Uje,*{y?, y}, e, y?}, where y; < yiy1, 1 <i < K — 1. Then, K is not bigger than 5k + 1
and depends only on M, [x,y] C J = Ule_ll[y,-,yiH], and, foreach 1 < i < K — 1,
lvi = yit1l < Hji)l/5 < om(yi)-
So far, we have verified the equivalence of (i)—(iv).

We will show now that (iv) = (v).
Let A > 0 and suppose that n € N is such that n > 4(A + 1)/D. This guarantees that

20n(x) <D —A [pn(zj) + pn(zj—l)] <zj — Apul(zj) — (Zj—l + Alon(zj—l)) )
l<j<M+1. zj_ #2

and so [x — o, (x), x + 0, (x)] has a nonempty intersection with at most one interval from Z4 1/,.

Moreover, if [x — p,(x), x + pn(x)] does intersect an interval from Z/JL1 /n with z; # =+1,
then it does not contain 1. Hence, if x € Za,1/,, then either [x,x + 0, (x)] C Za,1/n or
[x — pn(x), x] C Za,1/n, and without loss of generality, suppose that it is the former (in the latter
case [x — pn(x), x] C Z4,1/n, the quantity —p, (x) replaces p, (x) and the order of integration is
reversed). Then, taking into account that

w(x —p, x +pul) < w(lx—p,x+2u1))
< L’w ([x + /8, x +7u/8]) < L*w ([x, x 4+ u]),
we have
T ) L2 e
wy(x) = w(u)du < / w(u)du < ch;lw(x)
Pn(x) X—pp(x) Pn(x) Jyx
and
1 X+pn(x)
wy(x) > / ww)du > cew(x),
Pn(x) Jyx

where ¢, depends only on w and A.

Hence, (v) is proved foralln € Nsuchthatn > 4(A+1)/D.If 1 <n < N =[4(A+1)/D],
then we use the fact that (v) is valid forn = N + 1, Za,1/n C Za,1/(v+1) and that w,(x) ~
wp+1(x) with equivalence constants depending only on w and N, to conclude that

w(x) ~ wy41(x) ~wp(x), x €Za1/n.

To prove (v) = (iv), we note that it follows from the doubling condition that, if x, y € [—1, 1]
and [x — y| < Bp,(x), then w, (x) ~ wy,(y) with equivalence constants depending only on B
and the doubling constant of w. Hence, if (v) is valid and x, y are such that [x, y] C Z4 1/, and
|x — y| < Bpa(x), then

w(y) ~ wp(y) ~ wy(x) ~ w(x)

with equivalence constants depending on A, B and the weight w. This verifies (iv). O
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Remark 2.4. We note that if a doubling weight w is in the class W(Z) then, in particular, it is
bounded away from zero and oo when x is “far” from Z. In other words,

Ve >036, >0:65, <w(x) < 85_1, for all x such that dist(x, Z) > e.
This follows from Lemma 2.3(iv) if we pick n = [2/e], A = 1 and B = 2n?.

We will now show that if a doubling weight w is monotone near points from Z and is bounded
away from zero and infinity on the rest of the interval [—1, 1] then it is in the class W(Z).
We use the usual notation f4(a) = lim,_,,+ f(x) and f_(a) = lim,_,,- f(x).

Lemma 2.5. Let w be a doubling weight, and suppose that there exists 0 < o < D/4 such that
w is monotone on (zj — o, zj) N[—=1,1Tand on (zj,z; +a) N [=1,1] forall 1 < j < M, and
suppose that |1, > 0 and p* < oo, where

Wy = min Ligsll w(x), lg}iSnM {w_(zj + @), wi(z; — a)}}

and

*:=max { sup w(x), max {w_(z; +a), wy(z; —«
0 {xeg ()]SjsM{ (zj + @), wi(zj — )}
where Sy == {x e[—1,1] | dist(x, Z) > Ot}.

Then w belongs to the class W(Z).

We use the convention that if a quantity is not defined then it is not present in the set whose
minimum or maximum is taken. Thus, for example, if z; = —1, then w_(—1 — @) is excluded
from the definition of w4 and u* in the statement of the lemma since this quantity is not defined.

Proof. Foreach 1 <i < M, there exists &; > 0 such that
Us/2 < w(x) <2u*,
forallx € ([zi +a —¢j,zi +a]U [z —a, zi —a+¢&])N[—1,1].
We let € ;= min {a/2, mini<;j<m e,-} and N = [4/¢]. Note that N depends only on the weight
w, and that the inequality p, (x) < &/2 is satisfied for all x € [—1, 1] and all n > N. Recalling
that
Se—e = {x € [=1, 1] | dist(x, Z) > a — ¢}

we also note that . /2 < w(x) <2u*, forall x € Sy_,.

Now, let n > N and let x, y be such that [x, y] C Zy,1/, and |x — y| < p,(x). We will show
that Lemma 2.3(iii) is valid which implies that w is in the class W(Z). We have the following
cases to consider (for convenience, suppose that x < y):

(@) [x,y] C Sa—e,

®) [x, yIN ([—1, 1]\ Sq—e) # 9.

Case (a): u+/2 < w(x), w(y) <2u*, and so (2.1) is satisfied with ¢, = p/(4u*).

Case (b): Let I, = [x — py(x)/6,x] and I, = [y,y + pn(x)/6] and note that I, , =
[x — pu(x)/6, y + pu(x)/6] is such that I, , N {z; + o}, = ¢ since

dist([x, y1, {z £ o}/L)) — pu(x)/6

dist(y,y, {z £a})) >
>e/2—pp(x)/6>¢/2—¢/12 > 0.
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Additionally, I y N Z = ¢. Indeed, recalling that on (V)2 < 4p, () (Jv — u| + pp(u)), for all
u,ve[-1,1],lettingu =z;, 1 < j < M, and v = x and noting that |x —z;| > p,(z;) because
x € 11,1/n, we have

Pn(¥)* < 4pu(z)) (Ix = 2j1 + pu(z))) < 8lx — 2,

and so |x — zj| > py(x)/3foralll < j < M.
Also, taking into account that y € Z; 1/, which implies |y — z;| > p,(z;) we have

Pn()? < 4ly —zjl (Ix — 21 + |y — zj1) < 4ly =zl (Ix — y[ +2ly — zj])
< 4ly — zjl (on(x) + 2y — 2jl) .
which implies that p, (x) < 6]y —z;|forall1 < j < M.

Therefore, I, , N {z;,z; £ oz}f.‘il = {, and so w is monotone on Iy y.

It follows from the properties of doubling weights (see [20, Lemma 2.1], for example) that
cow(ly) < w(ly) < calw(lx) (since |I¢| = |Iy| ~ |Ix,y|) with the constant ¢y depending only
on w.

Now, if w is nondecreasing on Iy y, then

w(x) < w(y) < 6w(ly)/pa(x) < 6¢y wly)/pn(x) < ¢y wix),

and if w is nonincreasing on Iy ,, then

w(y) < wx) < 6wly)/pa(x) < 6¢5 wly)/pn(x) < g w().

This verifies Lemma 2.3(iii), and the proof is now complete. [

Corollary 2.6. Let w be a doubling weight, and suppose that w is piecewise monotone with
finitely many monotonicity intervals, i.e., let T := (ti),'K:ov K e N, be such that —1 =1ty <t <

- < tx_1 < tg = 1 and w is monotone on each interval (t;, ti+1), 0 <i < K — 1. Moreover,
assume that u* < oo and jLy > 0, where

u* = max{w(ti), w+ (%) | 0<i<K, ¢ gZZ} and

px = min {w(n), we ) |0<i < K, 1 ¢ Z}
(with the convention that max{¢}} = min{f} = 1, w_(—1) = w(—1) and wy(1) = w(1)).
Then w belongs to the class W(Z).

Taking into account characterization of (piecewise) monotone doubling weights (see e.g. [3])
and Lemma 2.5, it is now relatively easy to check that many well known weights are not only
doubling but are also in W(Z) for some Z.

Example 2.7. The following are examples of doubling weights from W(Z) with Z = (Zi)iAi 1

—l<zi<--<zy-1<zm =L
e Classical Jacobi weights:
wx)=1+x)%1-x)?, a,B>—-1, withM=2,z;=—landz, = 1.

e Generalized Jacobi weights:

M

wx) = H|x—zj|7’f, yj > —1L
j=1



32 K.A. Kopotun / Journal of Approximation Theory 198 (2015) 24-62

e Generalized DT weights (see e.g. in [2, p. 134]):

M e T
wx) =[] Ix =27 (111 > » vi>—L IjeR.
j=1

. lx —z;l
(Note that if these weights are defined with y; = —1,I'; < —1, for some j’s, then they
will be in L but will not be doubling. For example, w(x) = |x|~!'(1 — In|x|)~? is not

doubling since, for example, for sufficiently small + > 0, w([0,7]) ~ (1 — In t)_1 and
w([t,2t]) ~ (1 —Int)~ (1 = In(2¢))~" and so w([O0, tD)/w([t,2t]) — ocoast — 0T, which
cannot happen for doubling weights.)

Remark 2.8. Of course, there are doubling weights which are not in any W(Z) classes.
Doubling weights that vanish on sets of positive measures (see [24, Chapter I, Section 8.8]
for an example) are an illustration of this. Also, there are doubling weights which are not A
weights (see e.g. [20, Section 5] for the definition) and which do not vanish anywhere (see [14],
[24, Chapter I, Section 8.8] or [20, Section 2]), and one can use the same construction for any Z
to build a doubling weight w which will not be in W(Z).

Remark 2.9. It is clear that if w is a doubling weight from W(Z) and wy is such that 0 < ¢; <
wo(x) < ¢y < 00, x € [—1, 1] (in particular, if wy is a strictly positive continuous function on
[—1, 1]), then wow is a doubling weight from W(Z). This immediately implies that the so-called
generalized smooth Jacobi weights (see e.g. [1,22]) are doubling weights from W(Z).

Remark 2.10. Recall (see [24, Chapter V]) that, for 1 < p < 00, a weight w is said to bein A,

if
1 1 , p/l’/
<—/w(x)dx) . (—/w(x)p/pdx> <A<oo, I/p+1/p' =1,
1] Jq 1] Jq

for all intervals I C [—1, 1]. It was shown in [24, p. 196] that all A, weights are doubling, and
we remark that there are doubling weights from W (Z) that do not belong to A, (with a fixed p).
For example, w(x) = |x|” belongsto A,, p > 1l,ifandonlyif -1 <y < p—1,anditisa
doubling weight from W(Z), for any y > —1 and any Z containing 0.

3. Moduli of smoothness

As usual, forr € N, let

r

r .
) D" f(x —rhj2+ih), if[x —rh/2,x +rh/2] C S,
W(fox,8) = ;<1) r=r I if [x —rh/2,x +r

0, otherwise,

be the rth symmetric difference. Note that S can be a union of (disjoint) intervals. Also, let
Az(f5 x) = Az(fa X, [_17 1])

Main part weighted modulus of smoothness is defined as

Ay (o Tan)|

2 (f, A, ) pw == sup .
¢ P O<h<t Ly Za.n).w

Note that, for small A and i, Z4 j, consists of M — 1, M or M + 1 intervals depending on
whether or not w has a zero/singularity at 1.
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It is clear that moduli Q(; are not sufficient to characterize smoothness of functions (the main
part weighted modulus is obviously zero for any piecewise constant function f with jump points
at Z), and we define the (complete) weighted modulus of smoothness as

M
ol (f. A pw = 2 (f. A Dpw + Zl Erf(p iz, 3.1)
J:

where
E (L, w = qlenlfL ILf =allL,a).w

and II. denotes the set of all algebraic polynomials of degree < r (see e.g. [11, (1.11)],
[4, 2.4)], [21, (1.19)] and [12, Chapter 11] for similar definitions). Note that these moduli can
be defined as wy, (f, A, B, 1)p,» With 2A in the sets Z{ A, Teplaced by B. It is possible to show
that w ( 1A, B 1)p,w are equivalent for different A and B provided B > A and ¢ is small (if
0< p < 1), and we did not investigate the question of equivalence of these moduli in the case
B < A. It will be shown in Section 11 that moduli (3.1) (as well as the averaged moduli (3.2)
defined below) are equivalent for all positive A and all ¢t > 0 (if 1 < p < o0)or0 < ¢t < 19, for
some typ > 0 (if 0 < p < 1). Note, however, that we cannot use this equivalence in the proof of
the direct theorem (which would have simplified it considerably) since we derive it as a corollary
of several results, the direct theorem being one of them.

We define the averaged main part weighted modulus and the (complete) averaged weighted
modulus of smoothness, respectively, as

1/p
~ 1 [t
Q0 (fo A D) o = (—// w(x)|A2¢(x)(f,stA,h)|dedh)
tJo Jzu,

1 1/p
- (¢ an)
t Jo Ly (Za.n).w

M
By (f A, ) pow =82 (f2 A, 1) pow + Z] E-(Nyyz, (3.2)
J=

h(p()(fv Ta h)‘

and

The following properties of these moduli immediately follow from the definition:
(1) Q5(f A pw < Q5(f, A, 1) pw and &, (f, A, 1) pw < @y, (f A, ) pws
(i) 2 CF A pow < Q5CF A1) pp and 0L (F. Av2)poy < 0 (Fo A1) poo i 11 2 1,
(i) 25,(f, A, 2)pw = (tl/tz)l/” Q’(f A, tl)p w and &g (f, A, tz)p,w (1 /1)/P @, (f, A,
tl)p,w ifl‘l > 1, - -
(iv) Q(Z(f’ Ay, t)p,w = .Q(;(f, Aa, [)p,w and Q(Z(f’ Ay, t)p,w = Q(;(fa Az, [)p,w if Ay > A
(since Za,,n C Za,,n)-
We will also need the following auxiliary quantity (“restricted averaged main part modulus”
would be a proper name for it) which will be quite helpful in our estimates:

- 1 t 1/p
B Oy = (; /0 /S w(x)lAZW(x)(f,x,S)I”dxdh) ,

where S is some subset (a union of intervals) of [—1, 1] (that does not depend on #).
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Note that

Q(Z(f? t)Lp(IA_t),w S 'Q(;(f’ A’ t)p,w'

We also remark that since Z4 ; consists of a number of disjoint intervals when £ is small, it
is possible to define a main part modulus taking supremum on each of these intervals. In other
words, one can define

M
* —
Q7 (fr A D pow ._Z sup 2¢(f)”IL 5i ,
=0 0<h=t p(Jpp)sw
where z9 := —1, zy4+1 := 1, and J/{ 5 8 denote components of 74 j, i.e.,

. [2j + Ap(h.zj). zjv1 — Ap(h, zjr)], if1<j<M-—1,
Tan =11 21— Aph, z))], if j =0andz; # —1,
[zm + Ap(h, z)), 1], if j =M andzy # 1.

It is obvious that Q;(f, A ) pw < Q(;'j’ (f, A, t)p,w, and it is less obvious that this inequality can
be reversed forany f* € Ly}, 0 < p < oo. Hence, we note that .Q(;" could replace (2, everywhere
in the proofs below, and so using Corollaries 11.1 and 11.2 we could actually show that these
moduli are equivalent (in the case 0 < p < 1, t would have to be small). However, we are not
discussing this further.

4. Degree of local approximation

Proposition 4.1. Let n € N and suppose that, for some 1 < u < n, I, C J, where J C
[—1, 1] is an interval such that |J| < co|ly|. Then there exists m € N depending only on
co (and independent of n) such that J has a nonempty intersection with at most m intervals
Ii, 1<i<n.

Proof. If n = 1, the statement is obvious, and so we assume that n > 2. Because of symmetry,
we may assume that 1 < p < [n/2]. Now let 1 <i < n, and compare the distance from x; to x;
to the length of the interval 7,,. Using the estimates x /10 < sinx < x, 0 < x < 77/8, we have

i —xu| _ sin[( +pm/@mlsin(li — plr/@m)] 12— @l i — pl
11, sin[2u — D)m/(2n)]sin[z/(2n)] — 100Q2u —1) — 200
If x; € J, then |x; — x| < |J| < collu| and so |i — | < 200c. This implies that J has empty
intersection with all intervals /; such that min{|i — u|, |i — 1 — u|} > 200c(, and so the number
of intervals I; having nonempty intersections with J ism < 400co +2. O

Recall now that w,(f,t,1), = SUP) << H AZ(f, X, I)HLP(I) is the usual rth modulus of

smoothness on an interval /, and that the well-known Whitney’s theorem (see e.g. [23, Theorem
7.1, p. 195]) implies that, for any f € L,[a, b],0 < p < o0,

qienlgr ||f - q”]L,p[a,b] S er(f9 b —a, [a5 b])p'

Lemma 4.2. Let w be a doubling weight from the class W(Z),0 < p < oo, f € Lg), n,r €N,
and let A > 0 and 6 > 0 be arbitrary. Also, let

F={1<i<n|LNZa1m="0},
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and suppose that, for each i € 1%, the interval J; is such that I; C J; C Ta 1/n and |J;] < coll;].
Then

> weor(f il I < eQp(f0/mf 7

iel*
where the constant ¢ depends only onr, p, co, 6, A and the weight w.

Proof. The proof is rather standard (see [6] or [16, Lemma 5.1]). In fact, it is possible to derive
an analog of this lemma as a corollary of [16, Lemma 5.1] by replacing f by a function g which
is identically zero near the points from Z. However, this approach is not shorter, and we do not
immediately get exactly what we need. Hence, we opted for a direct proof even though it is quite
similar to that of [16, Lemma 5.1]. We adduce it here for completeness.

The main idea of the proof is the employment of the inequality (see [23, Lemma 7.2, p. 191])

t pb
wr(fot,[a, b)) < ;/0 / |AL(f, x, [a, bD|Pdx dh, 0 < p < oc. 4.1)

Proposition 4.1 implies that each J; has a nonempty intersection with at most m intervals
Ij, 1 < j < n, where m depends only on cg. Since |I;| ~ [I;+1| ~ pu(x;), this implies that
on(x) ~ pu(y) ~ |I;]| forall x, y € J;, and so |x — y| < ¢p,(x), for all x, y € J;. Hence, since
Ji C Za,1/n, Lemma 2.3(iv) implies that w(x) ~ w(x;), for all x € J;, where the equivalence
constants depend only on w, A and cp.

Taking this into account and using (4.1) we have, for each i € I*,

wlx)wr(f il J)p < cw@ap(f, €[, I}

A

c* ||
- c|1,-|—1/ / WO A, (f. x, Ji)[Pdx dh
0 Ji

c*|1i1/o(x)
< c/ / ww(x)lAzw(x)(f,x, J)IPdh dx,
5 Jo |1
where 0 < ¢* < 1 is a constant that we will choose later.
Now, |I;| ~ pp(x) ~ ¢(x)/n forx € J;, i € J*, where

Jr={iel*| in(hUl,) =0}.

Note that depending on whether or not z; = —1 and z); = 1 the set J* may or may not be the
same as I*.
Now, for i € J*, taking into account that ¢* < +/c*, we have

c\/cT‘/n
w151, I} < en /, /0 (@) Ay o (fr %, T)IPdhdx. 42)

Suppose now thati € I* \ J* (we have already remarked that this set may be empty depending
on w). Recall that A} (f, x, J;) is defined to be 0 if x & rh/2 ¢ J; and, in particular,
Afw(x)(f,x, Ji) = 0if 1 — |x| < rhep(x)/2. Therefore, since ¢(x)/|l;| < cnp,(x)/|I;| <
cn, x € J;, for each fixed x € J;, we have

CHil/ o) g (x)
/0 Ww(x)lAzw(x)(f, x, J)|Pdh < cnfsw(x)lsz,(x)(f, x, Ji)|Pdh,
1
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where

§ = {h|0<h <min{c*|1’-| M}}

p(x) " rex)
C {h|0<h§cmin{

/1= |x|}} c {h l0<h< C«/c*/n}.
n2J1— x|

Therefore, (4.2) is valid for i € I* \ J* as well. We now choose ¢* to be such that c4/c* in the
upper limit of the inner integral in (4.2) is less than 6. Since each x belongs to finitely many J;’s
by Proposition 4.1, we have

IA

0/n
> wer(f, 15l T C”Z/,/o w0 Al (s X, TP dhdx

iel* iel*vJi
0/n

o [ ] w1 Fox Tyl drd
0 Zaa/n

or p
CQ‘/’(f’ Q/H)H—‘p(IA,l/n)aw’

IA

IA

and the proof is complete. [J
5. Jackson type estimate
The following lemma follows from [16, Lemma 3.1].

Lemma 5.1. Let 1 < i < n, and let vo, u € Ng be such that u > c, max{vg, 1}, where c, is
some sufficiently large absolute (positive) constant. Then there exists a polynomial T; = T;(n, 1)
of degree < c(u)n satisfying the following inequalities for all x € [—1, 1]:

IT; (x) — xi ()] < et (0)*
and

10| < el v, 0<v<w,
where constants ¢ depend only on L.

We are now ready to state and prove our main direct result.

Theorem 5.2. Let w be a doubling weight from the class W(Z), r,vo € N,vg >r, 0 < p < 00,
and f € L?. Then, there exists N € N depending on r, vy, p and the weight w, such that for
everyn > N, ¥ > 0and A > 0, there exists a polynomial P, € I, such that

”f - Pn”p,w = Ca)(p(f» Av ﬁ/”)p,w = C(l);(f, Aa ﬁ/”)p,w

where constants ¢ depend only on r, vo, p, ¥, A and the weight w.

and

p,‘;PrEv) - < c5;(f,A, O/n)pw < ca);(f, A, 0/n)pw, r=<v=vp,

Proof. The idea of this proof is similar to that of [ 16, Theorem 5.3] where a Jackson type theorem
was proved for the weights w, with moduli of smoothness defined like ng, but with [—1, 1]
instead of 74 ,. However, there are some difficulties that we need to overcome now in order to
get the right estimates near Z.
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Let A > Oand ¥ > 0 be given (without loss of generality, we can assume that 0 < ¢ < 1),
and let n € N be sufficiently large (so that each (nonempty) interval [z;,z;11], 0 < j < M,
contains at least 10 intervals I;), and let (x;)}_ o be the Chebyshev partition of [—1, 1]. Recall
that I; == [x;, x;—1], 1 <i <n.

Foreach1 < j < M, let

vj =1 suchthatz; € I;

(recall that, if z; = x;, 1 <i < n, then we pick the right interval containing z;, i.e., v; =i in
this case).

Now, we modify partition (xi)?:o by replacing, for each 1 < j < M, the knots Xy, and Xy;—1
by z; — 0jou(zj) and z + 00, (z), respectively (replacing only one of them if z; is 1 or —1).
More precisely, for some collection of M constants 0 < o 7 < 1/10, 1 < j < M, which we will
choose later, define

Xl=1—oy/n* ifi=landzy =1,
and
X1 = —14o1/n% ifz =—1.
Now, for all 1 <i < n — 1 where X; has not been defined yet, we let

zj—0ojpa(zy), fi=v;, 1<j<M,

Xi=13zj+0ojpn(zj), ifi=v;j—11<j<M,
Xi, otherwise.
We now note that this new partition (X;)" o has the same propertles as the original Chebyshev
partltlon (Wlth constants than now depend on o;). In particular, if I = =[x}, X;_1], then |I;| ~

L), T | ~ (T, i (x) = |T; 1/ (Ix = Xi| + \T; ) ~ vi(x) and |X[x,,l](x)_ X 1] < e (x)
uniformly in x, etc. We now simplify our notation by dropping tilde and keeping in mind that,
from now on in this proof, (x;)_ is the modified Chebyshev partition. Hence, z; is now the
center of /,,; (unless z; is —1 or 1 in which case z; is, respectively, the left or the right endpoint
of 1,)).
It is convenient to denote
L={l<i<nl|li=vj,1<j<M} and I"={1<i<n|ié&l}.
For each 1 < i < n, define ¢; € II, to be a polynomial of near best approximation of f on I;
with the weight w, i.e.,
If = aillL,a)w = E- (L, ).w
and define S, to be a piecewise polynomial function such that S, |;, =¢;, 1 <i <n.
The following is a crucial observation that follows from Lemma 2.3(v) and properties of w;;:
w(x) ~ wy(x) ~ w,(x;), foreachx e I; withi e I'*. 5.1

Now, using Whitney’s inequality we get

If = Sallhw = Z/ w@)| £ (x) - Sn<x>|"dx+2f w()|f(x) = S, ()| dx

iel* Y1

IA

canoc,)/ F @) - q,(X)I”decmE(f)”(

J
iel* Z l/n) w
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IA

M
. AL p
ey weer(f L] 1)+ ; Bzt o

iel*

IA

M
~ P p
2.0/ (s —i—cZ;Er(f)Lp(Z_/ o’
Jj= e

where § = S(1/n) = [—1, 1]\ U?”zl Zgj 1n- In the last estimate, we took into account that
Iy c S(/n), i € I*.
It is easy to check that S,, can be written as

n—1

S0 () = gn () + Y [4:(x) = gir1 (0] xi (),

i=1

and define

n—1
Po(x) = qa(¥) + Y _ [4i(x) — qis1 (0] Ti (x),
i=1
where T; = T;(n, ) are the polynomials from Lemma 5.1 with a sufficiently large u (we will
prescribe it later so that all restrictions below are satisfied).
Lemma 5.1 now implies

1 n—1 pr
IS0 — Pallp,w /1w(X) [Z lgi (x) — qi+1(0)] - [ xi (x) — Ti(x)|] dx

IA

i=1
1 n—1 I3
c f @) [Z llgi —q,»+1||oow,-(x)“} dx.
- i=1

Using the Lagrange interpolation formula and [7, Theorem 4.2.7] we have, for all ¢ € 1], and
0<l<r-1,

l —r+l+1 1
o]z et o]

and so it yields (with [ = 0)

IA

<c fr+l+1 I —l—l/p N, 52
. v, |1i| gL, ) (5.2)

1 n—1 P
1Sy — Pallhw < c / w(x) [Z llgi —q,»+1||Lp(,,.)|1,~|—1/f’w,-(x>“—’+1] dx.
-1 i=1

Now, if 1 < p < o0, since Z;-:]l /A (x)2 < ¢, we have by Jensen’s inequality

n—1 P n—1 n—l
(mei(x)z) <Y il <) vl
i=1 i=1 i=1

andif 0 < p < 1, then

n—1

n—1 I4 n—1
(Z |yi|wi<x)2) <Y Wl <y nlf
i=1 i=l1 i=1
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Therefore,

1 n—1
180 = Pullpw < c / 1 D lai = qistIf gy 11 w0 vi (0"~ PPd
—ti=1

M
<c + /
(/[—1,1]\%!41 Iy, Z I,

n—1
) D ldi = gisllf, gy i1~ w v (0 DPdx
Jj=170v)
M
=3+ Zﬁj-
j=1

i=1
Hence, since by (5.1), w(x) ~ w,(x) < cvi(x) Fw,(x;), forx € [—1, 1]\ U?i] Ivj, we have

n—1
JF < g ? I1~1 N ()W =Dp=s
¥ < C/[m\uM_l | 2l =gl i i) dx

joi=1
n—1 1
< o3 o= aiald gy VN wn ) [ w0
i=1 -1
n—1
< ) lai = gisllf gy waxo),
i=1

if(u—r—1)p—s > 2,since f_ll Y(x)¥%dx < c|l;|ifa > 2.
Also, for each 1 < j < M, taking into account that |x — x;| + |[;]| ~ |zj — x;| + |I;| and so
Yi(x) ~ ¥;(z;) uniformly for x € Ivj, we have

n—1

3= ey lai—aintllf g 1517 /1 w() P () * " DPdx

i=1 vj
n—1

<cy llgi— qirll, 1) |1i|71¢i(Zj)("7r71)p/ w(x)dx
i=1 Ivj
-1
s g P AL (z Hw—r=Dp . .

<c llgi q’+1”]LI,(1,~) ;| i(z) Pon(zZj)wn(z;)
i=1

IA

n—1
¢ > Mgi = qivtlll, gy wa G i @) =07 pa(z).
i=1

Now, using the inequality p, (x)> < 40,(y) (Ix — | + pa(y)) we have

_ —r—1)p— —r—1)p—s Pn(Z;)
L1 @) TP o (eg) ~ i) TP =
Oon(xi)
R 1172
< oy (zj) s |:|x’ gl +'0”(x’)}
Pn (X))
~ (g2 <

provided (u —r —1)p —s —1/2 > 0. Note also that we could alternatively estimate this quantity
as follows.
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~1 —r—1)p—s -1 —r—1)p—s
117 i @) P TP ouey) ~ 1| / Vi)
I,
J

~ 5! Wi (x) PTGy
I,.
J

1
< c|f;|™! / Yi ()P gy <
—1

provided (u —r — 1)p —s > 2.
Combining the above estimates we conclude that

n—1
1S5 = Pullpw < c; g = qis11F ) wa Gxo).

Now, foreach 1 < j < M,let L; := [z; — 0pu(z),2j — coojpn(zj)] and R; = [z; +
€00 pn(zj), 2j+0;pn(z;)] (note thatif z; = —1, then L is not defined, and if zpy = 1, then Ry
is not defined, but these intervals are not needed in these cases), where co € (0, 1) is a constant
that we will choose later (it will be 0.9 but we will keep writing “co” in order not to distract
from the proof). Then, L;j U R; C Iy, |Lj| ~ |Rj| ~ |],,], and dist(L, zj) = dist(Rj, zj) =
coojpn(zj), foralll < j <M.

We continue estimating as follows

18n — Pallpw < c( Yo+ 4D )nql- = qistllf, gy waxi)
ii+lel* iel, i+lel,
M
<c D lai = qinllf gy wn) + e v, = auallf ) watay)
J

iitlel* j=1

M
+CZ ”Civj—l - qu ||H1ip(1\)j—l) U)n(xv]-—l)
j=1

M
<c > lai- 61i+1||£p(1,.) wa(xi) +¢ Y [qu; — quj+1||£p(L/_) Wy (Xy,)
ii+lel* j=1
M
+c ”C]v—l _CIV-”p Wy (Xp;-1)
— J JIL,(R}) J ’
J:
since ||q ||]L,,( n~ g ||1Lp( 7> for any polynomial ¢ € I, and any intervals / and J of comparable
length which are either next to each other or are such that one interval is a subset of the other one.
Now using Lemma A.1 (that implies that g;’s are polynomials of near best approximation of
f on intervals which are slightly bigger than /;), Whitney’s inequality, (5.1) and the fact that
wx) ~ wy(x) ~ wn(xvj) for each x € L; and w(x) ~ wy(x) ~ wn(xuj_l) for each x € R;,
we have

M
IS0 = Pallpw <€ D7 IF = ailll gy wn G +e ) fav, = FI7 ) wn(r)
ii—lel* j=I1

M M
+c Z ”f —qvj+1 H]Ilip(L,-) wn(xvj) + CZ ”‘hjf] - fH][ip(R,-) wn(xv‘ffl)
= ! = :



K.A. Kopotun / Journal of Approximation Theory 198 (2015) 24-62 41

M
+CZ ”f —4v; ”]Zp(Rj) wn(xvj—l)

j=1
<c Y o (f ULl U L)pw(x)

ii—lel*

M
+e Y o (fillys1 UL Ly UL jw(xy)

=
M M

+CZwr(f, [1y;~1 U R, I,;—1 U R)hw(x,, 1) + CZ 15— av, ||£p(lv_),w
j=1 j=1 !

<o) 5, +CZE (NP

p( l/n) w’
where § == S(1/n) = [-1,1]\ UM 2], 1/ (note that S(1/n) C S(1/n) and so Q4(f.
0/ (5.0 = (S, e/n)IL )
Now,
—! 1 1 )
PO =@+ 33 (V) [0 - 0] 1w,
i=11=0

and so, for r < v < vy (which guarantees that p( ) = = 0), we have using Lemma 5.1 and estimate
(5.2)

v p) [P

‘pn n

IA

[ W) P ()7 [ZIZ(‘;) a" () = a0 |T,f””(x>ﬂpdx

i=11=0

1 1 v
o[ wwmer |33

Li=1 =0

1 [n—1 v p
c/ W) on ()" ZZ ligi — qi+illL, ) |Ii|VI/p1/fi(x)Mr+Hl:| dx
-1

Li=1 (=0

IA

1 1 _
a” =il ”*’w(xw} dx

IA

n—1

1 p
c / w(x) o (x)"7 ani—qi+1||L,,<,,.)|1i|—“—‘/%(x)“—’+‘} dx
—1

Li=1

IA

1 n—1
c f W@ i = it gy 117 a0,
- i=1

IA

Now, since p, (x)* < con(x;) (Ix — xi| + pa(x;)) and |I;| ~ p,(x;), we have

1 n—1
pp|” < / w() Y llgi = gisllf g Lo i) (b = xil + ou ()12
-1 i=1
|1 7P g () T Py
1 n—1
<c / w0 Y Nlgi = gillf gy 11~ i),
-1 i=1
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and exactly the same sequence of inequalities as above (only the power of v; is different) yields

provided (u —r — 1 —vp/2)p — s = 2.

Thus, if we pick u = wu(r, vo, p, s) so that this (the most restrictive in this proof) inequality
is satisfied then, for each m € N, we constructed a polynomial P, of degree < nom with some
no € N depending only on r, vg, p and the doubling constant of the weight w, such that

|

M
< o0 P P .
=l (f. e/m)ltp(su/m)),w + C; Er(f)mp@éj,l/m),w'

PPy
p

M
<l P~ L
AV c; Er(f)mp(z;j,]/n),w’

P

pw’ “f_Pm”p,w}

Suppose now that n > Dng =: N, where D is a natural number > 10 that will be picked in
a moment. Then there exists m € N such that mng < n < (m + 1)ng (note that m > D and so
no < n/m < (1 4+ 1/D)ngp). Then the polynomial P,, is of degree < nom < n (i.e., Py, € II,).
Now, we need to pick 6, 0;’s, co and D so that

LP(Z;j,I/m)’w

M
or p r ~r
Do£0/m] Sy € ; Er(f) < @y (f. A O/n)pu- (5.3)

This will complete the proof since p,, (x) ~ p,(x).
The estimate (5.3) is satisfied if, in particular, for 1 < j < M,

Z4 9m C 2] ij,l/m C 255, and 6/m<9/n

cooj,1/m’ o
(see properties of the moduli in Section 3). We pick 6 so that 8 < ¥/(2n¢), and to finish the
proof we need to make sure that the following holds:

c00jpm(zj) = Ap(¥/n,z;) and ojpom(z;) <24p(/n,z;), 1=<j<M. (5.4

Recall that o is assumed to be < 1/10, and that it cannot depend on m or n (but can depend on
nop). We also note that we can assume that % is small since

B (fo A9/ < B (f. AL O2/m)pow, i 01 < D2,

So we assume that ¥ < 1 is such that it guarantees that o; < 1/10 (see the estimates below).
Alternatively, we can guarantee this by letting n( be sufficiently large.
Hence, if z; = *£1 the inequalities in (5.4) become

2 2

n n
AY? < cooj— and oj— <2497,
m m

and recalling that ng < n/m < (1 + 1/D)ng, we now pick o; so that
AD? 2A02
<

0j < ————.
cony ~ T (1+1/D)2n2

For example, with ¢p := 0.9 we set 0 = A192/(0.9n%) (recall that D > 10).
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We now let D > 10 be so large that D > 10/¢(z;) for all 1
(so, clearly, D depends only on the weight w). Recalling that n
zj # %1, then

J < M, for which z; # %1

<
> m > D, this implies that, if

p(zj)/m < p(1/m,z;) < 1.1p(z;)/m and F¢(zj)/n < p(P/n,zj) < L.19¢(z;)/n.
Therefore, to guarantee that the inequalities in (5.4) hold it is sufficient to pick o; so that

1.1A0 n n
<O’j— and l.ldj— < 2A",
m m

[&0]
which, in turn, follows from

1.1Av 2A9
S0 S T
cono 1.1(1 + 1/D)nyg

Now, recall that we already picked ¢y = 0.9, and let
1.1A9
oj = s
0.9n¢
forall1 < j < M suchthatz; # £1. [

6. Remez and Markov-Bernstein type theorems and applications

Most results in this section are based on a well known idea to use Remez type results to go
back and forth between ¢(x) and ¢(x) 4 1/x in various estimates involving polynomials and on
the fact that || Py ||, oy ~ I Pull p,w, for polynomials from I, (G. Mastroianni and V. Totik deserve
most credit for this observation). Note that most of them are given for general doubling weights
without the requirement that they belong to YW (Z) (but see a comment following the statement
of Corollary 6.3).

6.1. Remez type theorems and applications

We start with the following crucial lemma that states that the norms of polynomials of degree
< n are essentially the same irrespectively of whether the weight w or the weight w,, is used
(where w is a doubling weight).

Lemma 6.1. Let w be a doubling weight on [—1, 1]. Then for every 0 < p < o0 there is a
constant cy depending only on p and the doubling constant of w such that, for every polynomial
Pn € ]]n;

—1
) ”Pn”p,w =< ||Pn||p,wn <o ||Pn||p,w-

In the case 1 < p < oo, this is [20, Theorem 7.2]. It is obtained in [20] as a corollary of
an analogous result for trigonometric polynomials (see [20, Theorem 3.1]) with a method that
does not depend on whether or not p is greater or less than 1. Since the result for trigonometric
polynomials holds for all 0 < p < oo (see [13, Theorem 2.1]), we conclude that Lemma 6.1 is
valid.

The following Remez inequality for doubling weights holds.
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Theorem 6.2 ([13,20]). Let W be a 25 -periodic function which is a doubling weight on [0, 2],
and let 0 < p < o0 be arbitrary. Then there is a constant C > 0 depending only on p and on the
doubling constant of W so that if T, is a trigonometric polynomial of degree at most n and E is
a measurable subset of [0, 2] of measure at most A/n, 1 < A < n, that is a union of intervals
of length at least c/n, then

T A
/ | T, ()P W (u)du < (E) / | T (u)|P W (u)du.
- c [0,271\E

The following is a corollary for algebraic polynomials (see [20] in the case 1 < p < oo, the
case 0 < p < 1 is analogous).

Corollary 6.3. Let w be a doubling weight and 0 < p < oo. If E C [—1, 1] is a union of at
most K intervals and fE(l — x2)_1/2dx < A/n, A < n, then for each p, € II,, we have

1
/ |Pn () Pw(x)dx < C/ [pn ()P w(x)dx,
-1 [—1,1\E

where the constant C depends only on A, K, p and the doubling constant of w.

We note that there is a simple proof showing that Corollary 6.3 is satisfied for doubling
weights from the class W(Z). This follows from the usual unweighted Remez inequality
(i.e., Corollary 6.3 with w = 1) and the fact that w, (x) ~ Q,(x)?, where 0 < p < oo and
Q, € I, (see [20, (7.34)—(7.36)] or [16, Theorem 4.1]).

Indeed, suppose that E C [—1, 1] is a union of at most K intervals and fE(l —xH)V2gx <
c¢/n. We enlarge E to E U E, where E = Ziya ==L 11N U?’Izl[zj — 0u(zj), 2j + pPu(z))]
and note that

M
1 —x2)-1124
fg( X dx <3

Zj+pn(z;)
f A —x>""2dx < ¢/n.
j=1

Zj=Pn (Z/)
Then, using Lemma 6.1 we have

”Pn”p,w ~ ”Pn”p,wn =<c ”PnQn”p =c ”PnQn”]l‘,,([fl,]]\(EUE))

IA

Pl (-1, 10\ (EUE)).w,

=cC ”P’l”]Lp([—l,l]\(EUE)),w <c ”Pn”]Lp([—l,l]\E),w s

A

since w ~ wy on [—1, 17\ E by Lemma 2.3(v).
One of the applications of Corollary 6.3 is the following result which is quite useful in the
proofs.

Theorem 6.4. Let w be a doubling weight, 0 < p < oo, n € N, 0 < u < n. Then, for any
P, € II,,

le* Pull .0y ~ 0" Pul ©.1)

P,Wn

and

|25 Pl ~ 25 Pa (6.2)

PsWn
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where A, (x) = max {\/ 1—x2,1/ n} and the equivalence constants depend only on p and the
doubling constant of w, and are independent of L.

Proof. The idea used in this proof is well known. Remez type results allow us to replace [—1, 1]
by [—1+4n"2, 1 —n~2] where A, ~ ¢. We have to be careful with the constants though making
sure that they do not depend on .

We start with the equivalence (6.1). Note that if u is an even integer, then this equivalence
immediately follows from Lemma 6.1 since ¢ P, € II,4, C I, and w, ~ wy,. Itis now clear
how to proceed. We let m := 2| /2]. Then m is an even integer such that © —2 < m < pu (note
thatm = 0if u < 2),and Q4 = @" P, € IL,1,, C IDy,.

Since w is a doubling weight, then w¢??, y > 0, is also a doubling weight (with a doubling
constant depending on [y ], p and the doubling constant of w) and (see also [20, Lemma 4.5 and
p. 65])

(w‘Pyp)n ~ wi’l(pl)l/p’
where ¢, (x) ~ ¢(x) + 1/n, and the equivalence constants depend on [y, p and the doubling
constant of w.
Hence, denoting .7, = [—1 + n721-— n’z], n := pu —m, noting that 0 < n < 2 (and so [n]

is either 1 or 2 allowing us to replace constant that depend on [5] by those independent of 1),
and using Lemma 6.1 and Corollary 6.3 we have

”(PMPn || pow = ”(0” Qn+m || pow = ||Qn+m||p,w(pnl’ ~ ||Qn+m||p,(u)(p'7p)n
~ ||Qn+n1||L,,($l),(w¢ﬂP)n ~ ||Q"+m||L,,(%>,wn<p3” ~ ||Qn+m||]L,,(J,,),wn<p'W~

Now, since the weight w,¢"? is doubling with the doubling constant depending only on the
doubling constant of w and p, we can continue as follows.

”Qn-‘rm”]]_,p(jn),wn(pﬂﬁ ~ ”Qn-i-m”p,wn(pﬂp = ”‘PnQn—i-m ” = ||§0MPn ”

P wy p.wy

Note that none of the constants in the equivalences above depend on p. This completes the proof
of (6.1).

Now, let &, = {x | VT—22 < l/n] and note that ), (x) = 1/nif x € &, and A, (x) = ¢(x)
if x € [—1, 1]\ &,. Using (6.1) we have

IA

2min{0.1=1/p) ”)‘ﬁpn ”p,w ”)‘ﬁpn ||Lp(5n),w + H)»fan ”]Lp([—l,l]\&l),w

=P IPlL, g + |9 P ||]I_,p([—1,1]\€n),w
2N Pallp + [0 Pall

co (n_” I Pall p,u, + [ 0" P ||pw)

2¢0 M Pa -

IA

IA

A

In the other direction, the sequence of inequalities is exactly the same (switching w and wy,).
This verifies (6.2). O

If we allow constants to depend on u, then we have the following result.
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Corollary 6.5. Let w be a doubling weight, 0 < p < oo, n € N and nu > 0. Then, for any
P, € II,,

e ol ~ 16" Pal, ) ~ |0 Pu

where the equivalence constants depend only on p, u and the doubling constant of w.

~ i Pl

’

p,Wn p,Wn

Proof. Since A, (x) ~ ¢, (x) ~ ¢(x) + 1/n and ¢(x) < p(x) + 1/n ~ ¢,(x), we immediately
get from Theorem 6.4

[ Pull oy ~ N €" Pull, o, < €0t Pal, o, ~ i Pal -
The following sequence finishes the proof:
[ Pall 0 = WPl gt ~ 1 Pallpogror, ~ 1 Pall i = [Pl

6.2. Markov-Bernstein type theorems

In this subsection, we continue with the applications of the results presented in the first part
of this section and discuss several Markov—Bernstein estimates for doubling weights.

We note that the following theorem can be obtained from [20, Theorem 4.1] and [13,
Theorem 3.1] (Markov—Bernstein estimate for trigonometric polynomials) with the same proof
as that of [20, Theorem 7.3, (7.10) and (7.12)]. However, we provide an alternative proof using
the equivalence results from the previous section.

Theorem 6.6. Let w be a doubling weight, 0 < p < oo and r € N. Then, for alln € N and
P, € 1,

~ n_r
p,w

n" (pr Prfr) (pr Prfr) 10;; Prfr) prrl Pn(r)

~ ‘

~ ‘

p.Wn
< clPallp,w ~ 1Pallp,w, -

pP,Wy p,w

where the constant ¢ and the equivalence constants depend only on r, p and the doubling
constant of w.

Proof. The statement of the lemma is an immediate consequence of Corollary 6.5 and the
following estimate (see [16, Lemma 6.1], for example)

pnPy

<clPullp, -
P,Wn

where the constant ¢ depends only on , p and the doubling constant of w. [

In the proof of inverse results for 0 < p < 1 we need to know how the constants in
Markov-Bernstein estimates depend on the order of derivatives.
We start with the following result that was proved in [16] (see Corollaries 6.4 and 6.6 there).

Lemma 6.7. Let w be a doubling weight and 0 < p < 1. Then, foralln,r € Nandl € Ng such
thatl <r <n—1, and P, € II,,

!
< (e ' (8, PV

8Pl
P 1!

Hpswn
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and

ar! o
< () T 1“¢1P’1(1)

r p(r)
A . I

|

where §,(x) = max [vl —x2/n, 1/n2], and the constant cy depends only on p and the

doubling constant of w.

)

‘Pawn

We remark that if we are not interested in the exact dependence of the constants on / (the order
of the lower derivative in the estimates), then the first estimate in Lemma 6.7 and Corollary 6.5
imply the following (weaker) analog of the second estimate in Lemma 6.7 which actually would
have been sufficient for our purposes:

|

where c is allowed to depend on [ in addition to p and the doubling constant of w.

Taking into account Theorem 6.4 and observing that §, (x) = X, (x)/n we immediately get the
following corollary (in order not to overcomplicate the notation we incorporate the extra constant
into cy, i.e., we emphasize once again that constants c, in different statements are different).

s pn

(prPVEr) S nr n-n

PsWn

<c(cy) rin”
p.Wn

5; Pn(l) H < c(e)rin™! H(pl P,,(l) H ,

PsWn PsWn

Corollary 6.8. Let w be a doubling weight and 0 < p < 1. Then, foralln,r € Nandl € Ny
suchthatl <r <n—1,and P, € II,,

1" pa
57 P O 8,1P,f))p’w
and
!
r p(r) =T || 1)
e, = @ gutdnt] .

where the constant c, depends only on p and the doubling constant of w.

Now, taking into account that §,(x) < p,(x) < 28,(x), this immediately implies the
following.

Corollary 6.9. Let w be a doubling weight and 0 < p < 1. Then, for alln,r € Nandl € Ny
suchthatl <r <n-—1,and P, € II,,
I p)

|
1 _lr.
<2 (C*)r - 1Pnty

p,w I ‘

where the constant c, depends only on p and the doubling constant of w.

on P

‘ b
pw

7. Two crucial auxiliary lemmas

In the case 1 < p < oo, we have the following lemma.

Lemma 7.1. Let w be a doubling weight, 1 < p < oo and A > 0. Then for any n,r € N,
I = Z}{m/n, and any polynomials Q, € II, and q, € II, satisfying Qflv)(zj) = qr(v)(zj), 0<
v <r — 1, the following inequality holds
e Q(f)
n

r

19n — %”]Ll,(]),w <cn"

’

p,w
where the constant ¢ depends only onr, p, A and the doubling constant of w.
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Remark 7.2. Using the same proof it is possible to show that, for any f such that f¢~1 e
AC(I),

onf"

E < c‘ .
(L, w = Lo

At the same time, w, on the right-hand side of this estimate cannot be replaced with w since,
otherwise, together with Lemma 8.2 and Theorem 5.2 we would get the estimate E,(f)p» <
oy @ ]p ,, Which is not valid for all doubling weights (see [18, Example 3.5]). In fact, even

the estimate E(f)L,)w < ¢ H pi(’) Hp ., 1s invalid in general.

Proof of Lemma 7.1. The proof is rather straightforward and relies on Taylor’s theorem (see
e.g. [4, Proposition 4.1]). However, since it is short and works for all doubling weights, we sketch
it below for completeness. Denote z := z;, and note that (Q, — q,)(“)(z) =0,0<v=<r-—1,
and that we can assume that n > r + 1. Using Taylor’s theorem with the integral remainder we
have

0u() = 4,0 = —, f T =0 0 wydu,

Hence, using Holder’s inequality (with 1/p + 1/p’ = 1) we have
X p
1w = arlif, 1y, = / w(x) [ / e —ul"” |Q£,’>(u)|du] dx
1 [z,x]

RN
< /w(x) (/ Ix — u|C—DP du) / 10 (u)|P dudx
I [z,x] [z.x]

- / W)l — 277! / 109 ()P dudx
I [z,x]

p
w(x)dx.
IL,,(I)/, (x)

Now, using the fact that w(/) < cw ([z — pn(2), 2 + pn(2)]) With ¢ depending only on A and the
doubling constant of w, and the fact that p, (x) ~ p,(z) and w,(x) ~ w,(z), for x € I, we have

< (o) 0

p p p
_ p <sz‘r(r) <C‘r(r) <c r )
1 On CIr”]Lp(]),w = n(2) || 0n On Ly 00 Oy Ly (D — Pn Do
p
< en~" (prQElr) ,
p’w

where the last estimate follows from Corollary 6.5. [

If 0 < p < 1, we no longer can use Holder’s inequality in a straightforward way, and so it
takes much more effort to get an analog of Lemma 7.1. If there is a simple proof of the following
lemma, we were unable to find it.

Lemma 7.3. Let w be a doubling weight and 0 < p < 1. Then there exists a positive constant

0 < 1 depending only on p and the doubling constant of w such that, forn,r € N, I := Z;,l/n’
(v)

and any polynomials Q,, € II, and g, € Il satisfying Q" (z;) = qr(v)(zj), 0<v<r—1,the
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following inequality holds

r

10 = arll, iy < cn™" ¢ QY

3

pw

where the constant ¢ depends only on r, p and the doubling constant of w.

Proof. We use the approach from [11, Section 6]. Denote g := Q, — ¢, and z := z;, and note
that g(”) =0, 0<v<r-—1,and g(’) = Qg). Using Taylor’s theorem with the integral
remainder we have
1 * r—1_(r)
g() = W/ (w1 g @y

Hence,

100 = a0 = 181, 110 = [ TCOP w0
1

X p
ff / (x —u) gD wywx)/Pdu| dx
I'1Jz
X 1-p P p
o N I e T L I e T
11Jz
I=p 111/p]”
< [ o =g weo e
1 Loolz,x]
X p p
x/ (x—u)rflg(r)(u)‘ w(x)du| dx.
z

Now, using Holder’s inequality with o1 = 1/(1 — p) and oo = 1/p (note that 1/01 + 1/or = 1)

we have
p/(=p)y e
dxi|

I-p
p =1, —1+1
”g”L],(I),w = |:/1 ‘(X u)” g’ (Lt)‘ w(x) /p e

X |:f /X afx:|l/g2
I1Jz
|:/I H ‘(x - u)’—lg(r)(u)}p w(x)HJLoo[z,x] dx:|1_p

i

To estimate 7> we recall that [z, x] := [x, z] if x < z and write

(=g wendu

IA

(=g weodu

p
. P p
dx] =T xT;.

T = / w(x) Ix — u|""VP 10 (u) [P dudx
1 [z,x]

< [|"w

< Opa(@) V7 | g0

pdu/w(x)lx — 2|r=Dpgy
1

P
w(x)dx
IL,,(I)/, (x)

p
<6 (r=1)p ” ") .
< (0pn(2)) Pn(Dwn(2) || g L, ()
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Since w, (x) ~ wy,(z) and p, (x) ~ pu(2), x € I, this implies

oig®|”

T < cpu(2)' =P .
2 < cpp(2) Ly (1w

Now, we need to estimate
/=P /” )(x 0 ™"

For u between z and x we have

W) H [z.x]

|x u|(r 1)P|g(r)(u)|l7 = |x — ul(" Dp

—r)!
n—1 ) |x_Z|v—1 I3
<2 1”@l [W} :
and so
/() n—1 - |x_Z|v—l p
T| < /Iw(x)vz;lg ()P [W}
= vy [ T’
< c/w(X)ZLOn(X) g ()] [M] dx

2[ (6pn ()" T b wl?
=L@ —r)! " L,(I),w
n—1

v_(v)
Z [pn(z)(v—r)‘} ‘p"g b’

We now use Corollary 6.9 to conclude

p/(1=p) AR Uy o P T
T, <c ——2(cy) — ‘
! ;[pn@(v—r)! g r!} 8
< 0@ | pig®” Z(ec ()]
< cpu()7P ‘ e
provided 6c, < 1/2. Therefore,
4
Ti < cpu(2)P™! )p’g")
Combining estimates of 77 and 7, we have
l—p
<cllore® r (1) ‘ 7 (1)
Ity = ons”; o Jons®], o =elers®])
<en™ |l g,
p,w

noting that the last estimate immediately follows from Corollary 6.5. [

) P
Z 8 ()C) ( _x)v—r

ong”

1-p

pw
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8. Preliminary results for inverse theorems

Lemma 8.1. If w is a doubling weight from the class W(Z2),0 < p < oo, f e LY, r € N, and
A, t >0, then

w;(f’ A’ t)p,w E c ||f||p,w )

where ¢ depends only onr, p, A and the weight w.

Proof. First of all, it is clear that

ZE(f)IL e ZufnIL @l M

Now, recall that Az(p(x)(f, X, Zap) =0if x & San C Dypy2, where

San={x|[x —rhp(x)/2,x + rhe(x)/2] C Tan}

and
Dnj2 = {x | x #+land x £rhe(x)/2 € [-1, 1]}
=[x |l =@-rnda i),
and so
20(f, ALt = sup |4} ’ .
(f )p w o Et h(p(f) Ly (Spp)w

Let h € (0,¢] be fixed, x € S4, and denote y;(x) := x + ( —r/2)hep(x), 0 <i < r.
Then, [x, yi(x)] C Zap and [x — yi(x)| < (r/2)p(h, x), and so Lemma 2.3(iv) implies that
w(x) ~ w(yi(x)).

Now, taking into account that 1/2 < y/(x) < 3/2, x € D,/2, we have

r P
r .
Lp(San)w /sAh v (Z (,) Ifor+ G = r/Z)hfp(x))|> dx

i=0

A

|25,

IA

CZ / w1 i dx

Sa.h

IA

cflw(y)lf(y)lp dy <clflhw. O

Lemma 8.2. Let w be a doubling weight from the class W(Z), 1 < p < oon,r € Nand
At > 0.1If fissuchthat f©=V € ACioc (=1, 1) \ Z) and ||<prf(’) ||p w < 00, then

0 (fL A Dpw < ct” @

p,w '
where ¢ depends only onr, A, p and the weight w.

Proof. Recall that
Qr(f A, 1)pw = sup

O<h<t

o (1)

Ly(San)w
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where
San = {x | [x —rhe(x)/2,x +rhe(x)/2] C IA,h} .

Since Z4 ;, has at most M 4 1 components, it is sufficient (and necessary) to verify the lemma for
each of them. We have two different types of components: when a component is “in the middle”
of [-1, 1], i.e.,

T} = l2j + Ap(h, 2), 2j1 — Ap(h, 2j41)],  where 1 < j <M — 1,

and when a component is near the endpoints of [—1, 1]. Note that there is a component of this
type only when z; # —1 and zps # 1. More precisely, define

Jg’h =[-1,z1 = Ap(h,z1)] ifz; # -1
and
IM = lem + Ap(h,z)), 1] ifzy # 1.

Recall that A} |\ (f,x,Zan) =0if x € J;{,h and [x — rho(x)/2, x 4+ rho(x)/2] ¢ J}{’h,
and so we also denote

Sho=fx [ = rho(o/2,x + rhoy2 a0 0<j<m

Suppose now that 1 < p < oo and let 2 € (0, 7] be fixed. Since f has the (r — 1)st locally
absolutely continuous derivative inside each § 1{" 5> We have forany x € § 114, n

he(x)/2 he(x)/2
/ FOC+t -+ +t)dt - -dty,

oo = [

—he2 J—ne2

and, by Lemma 2.3(iv), w(x) ~ w(u), foru € [x —rho(x)/2, x + rho(x)/2].
Therefore,

</Si;.h
ho(x)/2 he(x)/2 p 1/p
= f / / w@YP IO+ 1+ t)ldty - -dny | dx
S L =her2 J—he) /2
he(x)/2 he(x)/2
<c / / / wx +1 - 1)YP
Sin Ld=he)2 J—he)/2

P 1/p
x |f(r)(x+t1+-"+lr)|dlr"‘dt1] dx) -

1/p
W) A (. x)|1’dx>

By Holder’s inequality, for each u satisfying [x +u — heo(x)/2, x +u + ho(x)/2] C Sf"h, we
have

he(x)/2 x+u+he(x)/2
/ wl +u+ )P O+ u+1)dt = / w®) P £ @)ldv

—he(x)/2 x+u—he(x)/2

< 1/p r ¢£(r) —r

B ‘w v I Lp (A(x,u) le ”Lp/(A(x’uD’
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where 1/p 4+ 1/p’ =1 and
A, u) =[x +u —he(x)/2,x +u+ hex)/2].

The needed estimate now follows from

ho(x)/2 he(x)/2
| Y I Ut T
s —hg(x)/2 —hg(x)/2 PRI !
p

14
i, ~-~dt1} dx < ch'” ”wl/”<p’f(’)
p

J
Ah

% ”wl/pq)rﬂr)

Ly (A, ti++t-1))
1<p<oo. (8.1)

Note that, in the case r = 1, (8.1) is understood as

1P
Jy o o e
S/
Ah

L,/ (A(x,0)
Estimates (8.1) and (8.2) are proved in exactly the same way as [17, (4.2)-(4.4)]. O

p
Ly (A(x,0))

dx < ch? le/”gof’

Y 1<p<oo (82)
p

The following lemma can be proved using exactly the same sequence of estimates that were
used to prove [16, Lemma 6.9] with the only difference that the second estimate of Corollary 6.8
should be used instead of [16, Corollary 6.6].

Lemma 8.3. Let w be a doubling weight, 0 < p < 1 and n,r € N. Then, there exists a positive
constant ¥ depending only on r, p and the doubling constant of w, such that, for any P, € II,
and 0 < h < 9/n,

AV | p?| < |an | < avew |y o
pw pw pw
Taking into account that
27 (P, A, ) pw = sup ||A} (Pp) < sup ||A} (Py)
e - 0<h2z het Ly@an)w O<h2t N PR

we immediately get the following corollary.

Corollary 8.4. Let w be a doubling weight, 0 < p < 1 and n,r € N. Then, there exists a
positive constant ¥ < 1 depending only on r, p and the doubling constant of w, such that, for
any P, € II,, A>0and0 <t < 9/n,

Q(;(Pna A, t)p,w < n" (PrP,Sr)

p.w ’
9. Inverse theorem for 1 < p < o0

Theorem 9.1. Suppose that w is a doubling weight from the class W(Z),r e N, 1 < p < oo,
and f € LY. Then

n
Cz);(f, A, nil)p,w <cn" ZkrilEk(f)p,w’
k=1

where the constant ¢ depends only onr, p, A and the weight w.
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Proof. Let P € I, denote a polynomial of (near) best approximation to f with weight w, i.e.,
c|lf =B, < ok 1F = Pallpw = Ea(f)pou-
We let N € N be such that 2Y < n < 2Vt To estimate 2(f, A, n~1), w, using Lemma 8.1
we have
Q(f A pw < 20(F A 27N,
Q0 (f = Piv. A 27Ny + 20y A 27Y)
1 = Pl + P A2

IA

IA

< CEw (f)pow + 25 (P, A, 27N) .
Now, using
Py = Pf +Z(P§i+1 Py) ©.1)
as well as Lemma 8.2 we have
N—-1
DL(Ph, 42N, < Y 0 (Pz’i-+1 Pi A 27 )pw
i=0 ’
()
<c2” Nr Pz*'“_ 2,)r o

Now, for each 1 < j < M, taking into account that Zé an C Z{ Aty if t; < tp, we have
E.(f) (2

ZA]/)w

< inf [|f —qll j
qell; f i LP(ZZJA,

2—N)’w

: *
+ qlenlgr ” Py

IA

”f - Pz*N ”H‘I’(Z;A_z*N)’w - q||LP(Z;A,2*N)’w

IA

CE () pw + | Py — QV(P;N)”JL,,(Z’ ’
2A,

R
2—N
where ¢, (g) denotes the Taylor polynomial of degree < r at z; for g. Using (9.1) again, noting
that

N-1
ar(Pjy) = P{ + Y q:(Py — P3), 9.2)
i=0

and taking Lemma 7.1 into account we have

1250 = P50 iz, = 2 1P = P =0 = Py
< cZz Nrllg" (Pt — PO -

Hence,

W) (fo Asn ) pw < CEpn (f) pouw + €27 WS ¢ (Piy —P5)"

p,w '
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Now, using Theorem 6.6 we have

N—1
ol (fs Ain™ ) pw < CEpn (f)pow + 27N Z 2" | Py — P ||p,w
i=0
N
<MY E ()
i=0
N 21
< [Ex(Ppw+)d. D KT'E(fpw
i=1 f=2i-141
n
<Y KTE()pw

k=1
with all constants ¢ depending only on r, p, A and the weight w. [

10. Inverse theorem for 0 < p <1

Theorem 10.1. Suppose that w is a doubling weight from the class W(Z), andletr € N, A > 0,
O<p<l,and f € ]L;). Then there exists a positive constant ¥ < 1 depending only on p, r, A
and the doubling constant of w, and such that

n
’ o(f, A, On” 1)pw <cn ”’Zkrp_lEk(f)ﬁ,w,

where the constant ¢ depends only onr, p, A and the weight w.

Proof. The method of the proof is standard and well known (see [10] or [16]). With the same
notation as in the proof of Theorem 9.1 (i.e., P; is a polynomial of (near) best weighted
approximation to f and 2V < n < 2N*!), we have using Lemma 8.1 (note that we will be
putting restrictions on ¥ as we go along)

Q0 (f. A 9D < CEn (b + Q5(Py. A, 927,
and, using (9.1),

N-1
- p
(P, A 92N < 3 0 (P — Py A 92 )p §
i=0 ’
Lemma 8.2 can no longer be used, and so we employ Corollary 8.4 (we assume that the current
constant ¥ < 1 is not bigger than ¥ from Corollary 8.4) which implies
—N\P " |P
Q5 (P, A, 927 )

(P — :
2i+ ow

21

Foreach 1 < j < M, recalling that g, (g) denotes the Taylor polynomial of degree < r at z;
for g, we have

E.(H) . < 1nf
(f)]L RERE. lf— 61||]L RE——

IA

CEZN(f)p,w + ” N T qr(P;N)Hlllip(Zj pw
24,02=N7
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Now, we make sure that ¢ is so small that

J J
ZZA,I?TN cZ

9’27]\/1 1§jSM9

where 6 is the constant from Lemma 7.3. This is achieved if # < 8/(2A). Therefore, Lemma 7.3
implies

— . <2~ Nrlporo® £ e Iy,
10 =ar (@l iz =2 |00 . forany Q€ Iy
with ¢ depending only on r, p and the doubling constant of w. Hence, using (9.1) and (9.2) we

obtain

N—1
p p
1P —ar Pyl o= 2 NP = P —ar (Pl = PO
PYoa 92— ND i=0 P4, 92N
N-—1 »
<cy 27Nl (P, — Py)"
i=0 p-w
Therefore,
N—1 T
— —_ r

oA < B (P + 277 Y o7 (P = 5)7|

i=0 ’
Now, using Theorem 6.6, similarly to the case 1 < p < 0o, we get

N—1 )

0 (fo A 90w < cEpy (fpw+ 2 NP Y2 | Py — P
i=0

N .
< 2NN I EN (f)p
i=0
=<

n
en™P Y KT ER()
k=1
with all constants ¢ depending only on r, p and the weight w. [
11. Equivalence of moduli and realization functionals

Let w be a doubling weight from the class W/(Z),r e N,0 < p < ooand f € L;’.
Realization functionals were introduced by Hristov and Ivanov in [15]. They became a quite
useful tool to measure smoothness of functions once it was observed that certain K -functionals
are zero if 0 < p < 1 and so cannot serve this purpose if p < 1 (see [9]). See [9,11,8] for more
discussions.
We define the following realization functionals as follows
)

Rrg(fot M)pa = inf (nf — Pl + 1" ||¢" P

Clearly, Rr,cp(f, I, Hn)p,w ~ Rr,(p(fa 1, Hn)p,w ifr; ~ 0.
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Theorem 5.2 implies that, for every n > N (with N depending only on r, p and w), ¥ > 0
and A > 0, there exists a polynomial P, € II, such that

Reo(f, 1/, 11y) pw < ey (f, A, 0/0)pw, (L1

where constants ¢ depend only on r, p, ¥, A and the weight w.
Lemma 8.1 implies that, forany 0 < p < o0, f € ]L}’,’, reNand A,t > 0,and any g € ]L;‘,’,

‘Q(;(vavt)p,w C‘Q(;(f_gvAvt)p,w+C‘Q(;(g1A1t)p,w
cllf —gllpw+c(8. A )pw, (11.2)

where ¢ depends only on r, p, A and the weight w.
Now, in the case 1 < p < oo, Lemma 8.2 additionally yields that, if g is such that g~ ¢

< 00, then
pw

IA

IA

r o (r)

D fo A pw < cllf =gl +et” |¢'g

pow

This, in particular, implies that, if 1 < p < oo, then foranyn € N, 9 > 0, A > 0 and
0<t<d/n,

A 2 (11.3)

Qo (f A D pw <cf = Pallpy +en™" -

where ¢ depends only on r, p, ¥, A and the weight w.

If we use Corollary 8.4 instead of Lemma 8.2 then we conclude that (11.3) is valid if
0 < p < laswell, but now 0 < ¢ < 1 is some fixed constant that depends on r, p and
the doubling constant of w.

Now, using Lemma 7.1 we have, for 1 < p < oo, any ¥ > 0 and 0 < ¢ < ¢/n (taking into

j j J
account that 25, C 234 4/, € 2549 max(,1},1/n)>

M M
inf — j <cl|lf—-P + inf || P,
;%Hr I/ q”]LP(ZéA,t)’w =cls n”p,w ;qeﬂr | q”]L (Zz ) w

A9 max{v,1},1/n

IA

C”f_ Pn”p,w

p(")
% o

, (11.4)

where constants ¢ depend on r, p, A, ¥ and the doubling constant of w.

In the case 0 < p < 1, using Lemma 7.3 we conclude that there exists 0 < ¥ < 1 depending
only on p, A and the doubling constant of w such that, for 0 < ¢ < ¥/n, (11.4) is satisfied with
constants ¢ that depend on r, p, A, and the doubling constant of w. Note that this follows from
the observation that Z2 ar C Zé Ao/ C 22 A1/ C Zg 1/n> where 6 is the constant from the
statement of Lemma 7.3 and 9 = m1n{9/(2A) 1}.

Hence, we actually verified the validity of the following two corollaries. First, (11.1), (11.3)
and (11.4) yield the following result.

Corollary 11.1. Let w be a doubling weight from the class W(Z), r ¢ N, 1 < p < oo and
f e ]LZ’. Then there exists a constant N € N depending on r, p and the weight w such that, for
any 9 > >0, n> N, 01/n <t <vy/n, and A > 0, we have

Rr,(p(fv t, Hn)p,w ~ CNU;;(fa A1 t)p,w ~ w;;(fa As t)p,w-
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Corollary 11.1 implies, in particular, that a)(;(f, AL pw ™~ a)g(f, Az, 00)pw if A1 ~ Ap
and 1 ~ 1.
In the case 0 < p < 1, we have

Corollary 11.2. Let w be a doubling weight from the class W(Z),r e N O < p <1, A > 0,
and f € L. Then there exist N € N depending on r, p and the weight w, and ¥ > 0
depending on r, p, A, and the doubling constant of w, such that, for any v € (0,9], n > N,
V1/n <t <9/n, we have

Rr,(p(fs t’ Hn)p,w ~ 5;(.](’ A’ t)p,w ~ (!);(f, A’ t)p,w'

Corollary 11.2 implies that, for A1, A» > 0, A1 ~ A, there exists tp > 0 such that wfp(f,
AL ) pw ~ a)(rp(f, Az, 1) pw for 0 < t1, 1 < g such that 71 ~ 1.
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Appendix A

Lemma A.1. Suppose that w is a doubling weight from the class W(Z),0 < p < oo, f € ]LZ’,
and suppose that intervals I and J are suchthat I C J C [—1, 1]and |J| < colI|. Then, for any
r € N, if g € I, is a polynomial of near best approximation to f on I in the L, (quasi)norm
with weight w, i.e.,

If = allL,myw = ctE-(OL,).ws

then q is also a polynomial of near best approximation to f on J. In other words,

If =allL,y.w = cE-(PL,0).w
where the constant ¢ depends only on p, co, c1 and the weight w.

Proof. First, we assume that |/| < D/2, and so I may contain at most one z; from Z. Now, we
denote by a the midpoint of / and let n € N be such that

Pn+1(a) < [11/1000 < pq(a).

Then |1]/1000 < p,(a) < |I]/250.
We recall again that p,(x) < |I;| < 5p,(x) for x € I;, and |I;1+1| < 3|I;|. Hence, ifa € I,
for some v, then

2
Z|Iv—i| = +34+9)L[= 13| = 65pa(a) < [11/2,
i=0

and so 1,1 U [,,_» C I. Similarly,

2
D Msil < A +3+ 91| = 13]1,] < 65p,(a) < |11/2,
i=0

andso I,11Ul,4p C 1.
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In other words, I contains at least 5 adjacent intervals 1,,y;, i = 2,1,0, —1, —2. Since /
contains at most one z;, we now can pick one of these 5 intervals in such a way that there is
another interval /; between it and z; (if / does not contain any z;’s, we pick one of the intervals
“in the middle” of I, for example I,). Suppose that the interval that we picked is /,,. Then,

1= 1] = v]/9 = pala)/9 = |1]/9000,

ie., [ | ~|I|. Also, I, C Z 1/, with some absolute constant ¢, and Lemma 2.3(iv) implies that
w(x) ~ w(y), for x, y € I, with equivalence constants depending only on w.
Suppose now that g is a polynomial of near best approximation of f on J, i.e.,

1f = 4llL,yw = CEr(HL,)w-

Then, taking into account that [/,| ~ |I| ~ |J| and using properties of doubling weights (see
[20, Lemma 2.1(vi) and Lemma 7.1], for example), we have

G —alf gy = /J W@ G - gPdx < 17— qll%,, /J w()dx

< 17—l [ wodr el 7= all, g, [ weds
I I
< ¢ [ 17w - gl uendx c17 - all, .,
I
<c ||67— f]llfp(l))w .
Therefore,

If = dallL,yw < clf —qlL,yw+clld —allL,)w
<cllf =4l +cld —alL,m.w
<clf —=ql,mw+clld = fliv,aw+cllf =gl @)w
<cllf =4qllL,nw +clf —alL,@w
< cE (AL, nw + cE-(OL,t)w
<

CE- (L, )w

and the proof is complete if |I| < D/2.

If |I| > D/2, then |I| ~ |J| ~ 1, and we take n € N to be such I contains at least 4M + 4
intervals ;. Then I contains 4 adjacent intervals /; not containing any points from Z, and we
can use the same argument as above. [

Appendix B. Definitions, notation and glossary of symbols

In this section, we repeat the main definitions and list the main notation used throughout this
paper (or provide references to appropriate statements/formulas).

N {1,2,3,...}
Ny N U {0}
C) Space of continuous functions on /

I fllca maxe; | f(x)]
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I, (2),w (f; |f(u)|pw(u)du)1/l7’ 0<p<oo

I,y I, .1

-1l p,w Il =110

-1l -1l p,1

Ly All measurable functions on [—1, 1] such that || f||, ,, < o0

11, Space of algebraic polynomials of degree < r — 1

E-(f)L,().w infyerr 1f —qllL,).w

[x,yl, x>y Ly, x]

[x, ylI lx — vl

21 The interval of length 2|/| with the same center as /

P(x) V1—x2

p(h, x) ho(x) 4 h?

Pn(x) nlo(x) +n"2 (=p(1/n, x))

A (X) max {p(x), 1/n}

w(l) /In[—l,l] w(u)du

wy (x) n ()~ w ([x = pu(x), X + pu (X))

z (Zj)y:p—lfm<~~<ZM—1<ZM§1

W(Z) See Definition 2.1

pmin(S) The smallest positive number from the set S of nonnegative reals

D = D(w) pmin {|z; —zj_1] |1 < j <M+ 1}, where zg == —1, zp41 = 1

Zl, [xel-1,11]Ix—zjl<Aph,zp}, 1<j<M

Za.h Uﬁil Zin

Tan (1. 1\ Z40)" =
%x e[-1. 11| |x —zjl = Ap(h,z;), forall 1 < j < M}

J,{;,h [zj + Ap(h, 2j), 2j+1 — Ap(h, zj41)], 1 < j <M —1

uy [~1, 21— Ap(h,zD]if 21 # —1

Uy lar + Ap(h,z)) 11if 2ar # 1

Sa.n {x | [x —rhe(x)/2,x +rhe(x)/2] C IA,h}

S£,11 lx | [x —rhe(x)/2,x +rhe(x)/2] C Jf(,h} ,0<j<M

X; cos(im/n)

I; [xi, xi—1]

Vi = i (x) i1/ (Ix — xi| + 11 ])

Xi (%) == X[x;,17(%) 1if x; < x <1, and 0 otherwise

A7 (f,x, S) Yo (1) (= fx —rh/24ih) if [x — rh/2, x +rh/2] C S, and 0
otherwise (rth symmetric difference on §)

o (f,t, 1)y SUPg_j<; ” AL (f,x, 1) ||]Lp(1) (usual rth modulus of smoothness on an

interval I)
Qo A D p o SUPh=<r | Ay (f: s Im\ Ly (T gy D oIt Weighted modulus)

M _ .
@l (f, A ) pow Q5 (fo A pw + 305 E’(f)L,,(Z{A_,),w (complete weighted modulus)
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1/p
> P
2 (f, At A (o T dh d main part
o (fL A D) pw ( Jo [y (Fs - Zam) Ly aso > (averaged main par

weighted modulus)

@ (fs A ) pow Q,(f, A, Dpw + Zyzl E’(f)Lp(szA’,),w (averaged weighted modulus)

s I/p .

Oy (f DL, (5).w (’_1 Jo Js w14, (o x, S)|dedh) , S C [—1, 1] (restricted
averaged main part modulus)

Rro(fit, 1) pw See Section 11 (realization functional)
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