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Abstract

We investigate a correspondence between strict K-monotonicity, K-order continuity and the best
dominated approximation problems with respect to the Hardy-Littlewood—Pélya relation <. Namely, we
study, in terms of an LKM point and a UKM point, a necessary condition for uniqueness of the best
dominated approximation under the relation < in a symmetric space E. Next, we characterize a relation
between a point of K-order continuity and an existence of a best dominated approximant with respect to <.
Finally, we present a compete criteria, written in a notion of K -order continuity, under which a closed and
K -bounded above subset of a symmetric space E is proximinal.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction

The natural motivation for exploring of the geometrical structure of Banach spaces for many
decades was an application to the best approximation. Recently, many authors have been investi-
gated intensively the relations between local structure of monotonicity and rotundity properties of
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Banach spaces and the best approximation (see [7,9,12,13,16]). One of the most essential results
was published by W. Kurc in [16], who has established a connection between the best dominated
approximation problems and order continuity as well as strict and uniformly monotone proper-
ties. It is worth mentioning that in view of the previous results in the paper [8], local approach
of strict and uniform monotone properties and order continuity in Banach lattice has been re-
searched with application to the best dominated approximation. The intension of this paper is to
find a complete characterization of existence and uniqueness of the best approximant from the
cone of all nonnegative and decreasing functions that oscillate around the given function x in a
symmetric space E. This induces the crucial question of replacing the partial order with respect
to the relation < in the best dominated approximation problems by the Hardy-Littlewood—Pdlya
relation <. It is worth mentioning that recently in papers [4,10,5] there has been researched local
and global monotone properties in the sense of the Hardy—Littlewood—Pélya relation < in sym-
metric spaces (so-called K-monotone properties). In the spirit of the previous investigations, it is
natural to expect a correspondence between K-monotone properties as well as K-order continu-
ity and the best dominated approximation in the sense of the Hardy-Littlewood—Pd6lya relation.

In Section 2, we recall the needed terminology.

Section 3 is devoted to connections between the best dominated approximation problems
under the Hardy-Littlewood—Pdlya relation < and K-order continuity and also K-monotone
properties.

First, we establish a useful property for a vanishing decreasing rearrangement at infinity and
its maximal function for any element in L' + L. Next, we discuss the sufficient condition, in
terms of the best dominated approximation with respect to the Hardy-Littlewood—Pdlya relation
<, for an LKM point and a UKM point in symmetric space E. In our investigation of the best
dominated approximation under the relation < and strict K-monotonicity, we restrict ourself to
closed subsets of a symmetric space E which are bounded above or below with respect to <. In
this problem, we also answer the key question whether a uniqueness of the best approximation
for bounded subsets in E in the sense of < yields strict K-monotonicity of E. We present an
example of Lorentz spaces I, , strictly K-monotone in which uniqueness of the best dominated
approximation in the sense of < is not fulfilled. Next, we characterize under which conditions
any closed subset of a symmetric space E, additionally bounded above or below in the sense
of <, is proximinal. Finally, we present complete criteria for K-order continuity in symmetric
spaces expressed in terms of the best dominated approximation with respect to the relation <.

2. Preliminaries

Denote by R and N the sets of reals and positive integers, respectively. Let S(X) (resp. B(X))
be the unit sphere (resp. the closed unit ball) of a Banach space (X, ||-||x). Denote by L0 the set of
all (equivalence classes of) extended real valued Lebesgue measurable functions on I = [0, ),
where @« = 1 or « = o0o. A Banach lattice (E, || - ||g) is called a Banach function space (or a
Kéthe space) if it is a sublattice of L satisfying the following conditions:

() Ifx e L% y e Eand|x| <|y|lae,thenx € E and | x|z < |[y|E.
(2) There exists a strictly positive x € E.

By E* we denote the positive cone of E, i.e. Et = {x € E : x > 0}. We use the notation
A€ = I \ A for any measurable set A. By u denote the Lebesgue measure on /. A point x € E
is said to be a point of order continuity if for any sequence (x,) C E* such that x, < |x|
and x, — 0 a.e. we have ||x,||g — 0. A Kothe space E is called order continuous (shortly
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E € (0Q)) if every element x of E is a point of order continuity (see [17]). Unless we say
otherwise, we assume in the whole paper that E has the Fatou property, i.e. if (x,) C ET,
Sup,.en lIXnllE < 0oand x, 1 x € L% then x € E and ||x,| g 1 |x|l£. For any function x € L?
we define its distribution function by

de) =pl{sel:|x()>1, A=0,
and its decreasing rearrangement by

) =inf{(A>0:d, (M) <t}, t>0.
A function x € L0 is said to be *regular if

m ({t € supp(x) : |x(®)| < x*(ot)}) =0.

The above notion is given under the following convention x*(00) = lim;_, oo x*(¢) if @ = 00
and x*(00) = 0 if @ = 1. Given x € L? we denote the maximal function of x* by

1 t
X (@) = —/ x*(s)ds.
tJo
It is well known that x* < x**, x™* is decreasing and subadditive, i.e.

(x +y)** S x** +y>l<*

for any x,y € L% Two functions x,y € L? are said to be equimeasurable (shortly x ~ y)
if dy = d,. The notion < so-called Hardy-Littlewood—Pdlya relation is given for any x, y in
L' + L™ by

X<y & x™@) <y™@) forallt > 0.

A Banach function space (E, |- || g) is called rearrangement invariant (c.i. for short) or symmetric
if whenever x € L% and y € E with x ~ y, then x € E and ||x||g = ||y||£. For more properties
of dy, x* and x™* see [1,15].Let 0 < p < oo and w € LObea nonnegative weight function, the
Lorentz space I'p , is a subspace of LY such that

o 1/p
Ixlir,, = (/0 x**‘"(t)w(t)dt) .

Additionally, we assume that w is from class D, i.e.
N o
W (s) :=/ w(t)dt <oo and W,(s) = sp/ t~Pw()dt < oo
0 s

forall0 <s < lifa = 1andforall 0 < s < oo otherwise. These two conditions guarantee that
the Lorentz space Iy, is nontrivial. It is well known that (Fp,w, Il pp‘w) is a symmetric space
with the Fatou property. It is easy to see that for « = 1 by the Lebesgue Dominated Convergence
Theorem, Iy, is order continuous. It was proved in [14] that in the case when o = oo the
space Iy, has order continuous norm if and only if f;° w (1) dt = oo. The spaces I, ,, were
introduced by A.P. Calderén in [3] and it is an interpolation space between L' and L™ yielded
by the Lions—Peetre K-method [2,15]. For more details about the properties of I, ,, the reader
is referred to [14,7,8].

A symmetric space E is called K-monotone (shortly E € (KM)) if for any x € L' + L®
and y € E such that x < y, we have x € E and ||x||g < ||y|lg. Recall that a symmetric space
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is K-monotone if and only if E is exact interpolation space between L' and L>°. Moreover, it
is well known that a symmetric spaces with Fatou property or with an order continuous norm is
K-monotone (see [15]). A point x € E is said to be a point of K-order continuity of E if and
only if for any (x,) C E such that x, < x and x;; — 0 a.e. we have | x,||; — 0. A symmetric
space E is called K-order continuous (shortly E € (K OC)) if every element x of E is a point of
K -order continuity. A point x € E is a point of upper K-monotonicity (lower K-monotonicity)
shortly a UKM point (an LKM point) of E if and only if forany y € E, x* # y* with x < y (with
y < x), we have ||x||; < lIyllg (lyllg < llxllg), respectively. Clearly, a symmetric space E is
strictly K-monotone (shortly E € (SKM)) if every point of E is a UKM point or equivalently
if every point of E is an LKM point [5]. For more details about K-monotonicity the reader is
referred to [4,10,11].
Let (E, |||l ;) be a symmetric space and let ¥ C X be a nonempty subset. For x € X define

Py(x) ={y eY :|x -yl =dist(x, Y)}.

Any element y € Py(x) is called a best approximant in ¥ to x. A nonempty set ¥ C X is called
proximinal or set of existence if Py(x) # ¥ for any x € X. A nonempty set Y is said to be a
Chebyshev set if it is proximinal and Py (x) is a singleton for any x € E.

3. Best K-dominated approximation problems

First, we present auxiliary result which will be useful in our investigation. We omit the proof
of the following lemma since it follows instantly by L’Hospital’s rule.

Lemma 3.1. Let x € L' 4+ L* and x*(00) = 0, then x**(c0) = 0.

Now, concerning a local approach, we characterize strict K -monotonicity of symmetric spaces
E in terms of the best dominated approximation in the sense of the Hardy-Littlewood—Pdlya
relation <. We start our investigation of a UKM point and an LKM point examining uniqueness
of the best approximation for a closed set which is also bounded below in the sense of <.

Theorem 3.2. Let E be a symmetric space and x € E™T. If for any closed subset K of the space
E such that x < K, the set Px (x) is at most singleton, then x is a UKM point and an LKM point.

Proof. For a contrary we assume that x is no UKM point, i.e. there exists y € E such that
x* # y*,x < yand ||x|lz = llyll. Define

K={x+u":ueE x=<u=<y}.

Observe that for every z = x + u* € K we have x < z and |lx —zll; = llull. Since
X < u <y, by assumption that £ is a symmetric space it follows that || x|z < llullz < ||yl (see
[1,15]). Therefore, |lx|l ; = lx — zllz = infyex lIx — w|l ;. Moreover, since x* # y* we obtain
x + x* # x + y* and so K is no singleton. Consequently, Px (x) = K which contradicts with
assumption that Pk (x) is a singleton. Now, we show that K is closed. Assume (x,) C K,xo € E
and x, converges to xg in norm of E. Then, there exist (u,) C E such that x, = x + u]; and
x < up <y forany n € N. Define u = x¢p — x. Observe that

i~ ul = 5~ (o =] = hea — 0l 0 “)

whence, by symmetry of E, passing to subsequence if necessary we obtain that ], converges to
u a.e. By symmetry of E and by Lemma 3.2 [15] for any n € N and t > 0 we have

(=)™ O [xonlg = g =g = ez =l
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Consequently, by condition (1) and by the triangle inequality for the maximal function it follows
that u;* converges to u™* for all # > 0 and also u* = u a.e. Thus, by assumption x < u, < y for
anyn e Nwegetx <u <y.Soxp € K.

Now, suppose that x is not an LKM point, then there exists y € E such that x* # y* and
y < x and ||x||; = [yl ;. Denoting

K={x+u":uekE y=<u=<ux}
and proceeding analogously as above we finish the proof. [

Now, we continue our research of a UKM point and an LKM point in the notion of uniqueness
of the best approximation for a set bounded above with respect to <.

Theorem 3.3. Let E be a symmetric space and x € E™ be *regular. If for any closed subset K
of the space E such that K < x, the set Pk (x) is at most singleton, then x is an LKM point.
Additionally, if y*(c0) =0 forall y € E, then x is a UKM point.

Proof. Let x be *regular. By Lemma 2.2 [8] there exists a measure preserving transformation
o :supp(x) — supp(x*) such that x* o o = x a.e. on supp(x). Clearly, if p(supp(x)) < oo then
we may construct the measure preserving transformation o : I — [ with x* oo = x a.e. on /
(see [1,18]). Assume that x is not an LKM point. Then, there exists y € E such that x* # y*,
y <xand |[x]|; = |yl 5. Define

K x u*oo cE
== - ‘u Yy <u<xg.
27 2 Y

Notice that K # @ is no singleton. Let z € K, there exists u € E such that 7 = (x —u* 0 0)/2
and y < u < x. Then, we have

x—u* oo x*+u* x* +u*
= < and y <
2 2 2
In consequence, K < x and also by symmetry of the space E and by assumption that

Xl g = lIyllg we get

< X.

1 1 1
lx =zllg =3 [x+uoo], = 5 [x* oo +uroo|, = 5 [ +u*] = lxlle .
Therefore,
Zléllf( lx —zllg = lxlg

which implies that the set Px (x) = K is no singleton. Now, we prove that K is closed. Let
(zn) C K and z € E such that z, converges to z in norm of E. Then, there is a sequence
(un) C E suchthatz, = (x —uj oo)/2and y < u, < x forevery n € N. Define u = x — 2z.
Then,

1 1
§||u—uZoa||E:§Hx—u;:oa—Zz”E:||zn—z||E—>O. 2)

Thus, by symmetry of E, passing to subsequence and relabelling if necessary we may assume
that ) o o converges to u a.e. By symmetry of E and by Lemma 3.2 [15] for any n € N and
t > 0 we have

(=) O |xonll = g =l p = w00 —ul,
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and also
* k * *
[u*oo —ulp < |uioo—uly+ oo —uioo],
* * *

= [z o0 —al, + u* ~ il

<2 o0 —ul .
Hence, by condition (2) we obtain u}* converges to u** for all ¥ > 0 and u* o 0 = u ae.
Therefore, z = (x — u™ o 0)/2 and by assumption that y < u,, < x for any n € N we get
y < u < x and so z € K. Now, we assume that x is no UKM point. Then, there exists y € E

with y* % x*, x < y and ||x||; = ||yl ;. We continue the proof in cases.
Case 1. Assume y* > x*. Denote

K:{—u:ueE+,u5y*oa—x,u<x}.

Clearly, K # ¥ is no singleton and K < x.Letz = —u € K. Then,u € E*,u < y*oo —x
and u < x. So, by symmetry of E and by assumption that ||x||; = ||yl we have [x —zll; =
lx +ullg = llx|l; for any —u € K. Hence, Pk (x) = K. We claim that K is closed. Suppose
that (u,) C E* withu, < y* oo — x, u} < x* forevery n € N and also u, convergestou € E
in norm of E. Now, by symmetry of E, passing to subsequence and relabelling if necessary we
obtain u, — u a.e.and u < y* oo — x a.e. and also u € E™. Moreover, by Lemma 3.2 [15] for
anyn € Nand ¢t > 0 we get

(g —u*)™ O | x0n | g < |uf —u*]| < luw —ullg.

Hence, since u, < x, by assumption |lu, — ull; — 0 and by the triangle inequality of the
maximal function we conclude that u < x andsou € K.

Case 2. Suppose y* # x*. Since x* and y* are decreasing and right-continuous, by
assumption x < y, there are 0 < y < B such that x* < y* on [0, y) and y* < x* on (y, 8) and

also
4 B
/(y*—x*>zf (" = y). 3)
0 14

Moreover, we may find an interval [a, b] C [0, y] and € € (0, x*(a)) such that
X < x*+ 200 <y" on[0,y] 4)

Since x* > y* on (y, B) there exist €] € (0, €) and § € (0, min{a/2, b — a}) such that

B B
f x* > / v+ 28€;.
B8 -5

Hence, by condition (3) we get for any # € [y, B — 4],

Y B B=8 B
0 Y Y B8

-5 '
> / (x* —y*) +28e; > / (x* — y*) + 28¢€;.
Y Y

Therefore, by the triangle inequality for the maximal function we obtain

t t t
/ y= / x* 4+ 28€; > / (x* + €1 Xa,a+s1)” + Se1 (5)
0 0 0
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for any ¢t € [y, B — &]. Furthermore, by condition (4) we have x* + €] {4,451 < ¥* on [0, y].
Then, for any ¢ € [0, y] we have

t t
/0 v 2/0 (x* + €1 Xa,a+s1)" - (6)

Now, consider that x* is not constant on (y, 8). Then, there is ¢,d € (y,B) such that
x*(c) > x*(d). Hence, by right-continuity and monotonicity of x* we may find 0 < § <
min{b —a,d — ¢, B — d} and € € (0, €] such that x*(d) < x*(c + 8) — €. Thus, we have

X (t) = (x + €1 X[a,a+8] _GIXLL—HS]) )

forall t € (8 — 6, o) and also

O* + €1 Xaa+s) ) = (x* + €1 X(a,a+6] — €1 X[e.ct81) (@)

for any ¢t € [0, y]. In consequence, since x < y, by condition (6) it follows that

t t
/ yi = / (X* + €1 X[a,a+81 — €1 Xic.c+61) @)
0 0

forany t € [0, y) U (B — 8, 00). Now, according to condition (5) and by the triangle inequality
for the maximal function, we conclude

t t t
/ v / (x* + €1 X(a,a+s1)” + Se1 = / (X* + €1 Xa,a+8] — €1 Xlc.c+61) (®)
0 0 0

forallz € [y, B—38]. If x* is constant on (y, B), then denoting A = sup{w > 0 : x*(w) = x*(y)}
we may assume without loss of generality that x*(A) < x*(A7). Indeed, because otherwise by
assumption x < y and by right-continuity of x* we are able to find 8 > A such that y* < x* and
x* is not constant on (y, B) and then we proceed as above. Now, assuming 8 = A it is easy to see
that there exist 0 < 8 < {b —a, 8 —y} and 0 < €| < min{e, x*(8 —8) — y*(B —38), x*(B7) —
x*(B8)} such that for all ¢+ > 0 we get

(x* + €1 Xaa+s1)” @) — €1x18-5.5) 1) = (x* + €1 X(a,at8] — €1X15—5.8)) ().
Hence, x* is constant and y* is decreasing on (y, 8), by condition (3) it follows that for all
IS (ﬁ - 87 OO),

4 14
f (y* = (x* + €1 x1a, a+5] (y —x¥) - f €1 X[a,a+3]
0 0
(x* _ * _ /3
) €1 X[B—5.8)
y
B3 B
=/ (X*—y*)+/ (x*—er—y"
Y )
~ ﬂ—s(x* L b, .
= Y+ s (™ —erxp—s.)" — ¥)
y _

B—s ¢
> / " — %) + / (5 = e1xips.0)" — 3.
Y B—3é
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Therefore, for any ¢ € (8 — §, 00) we have

t

t y B—6
/ v > / (X* + €1X[a,a+31)* +/ x* +/ (x* - GIX[ﬂ—S,ﬂ))*
0 0 y B—é
t

B / (x* + €100+ — €1 X18-5.5)) " ©
0

Moreover, by conditions (5) and (6) for any ¢ € [0, 8 — &] we obtain

t t t
/ = / (x* + €1 Xa,ats1)” = / (X* + €1 X[a,a+8] — €1 X(p-5.8)) " - (10)
0 0 0

Now, we define a function z by

€1 X[c,c458), 1 x* is not constant on (y, B),

— * _
E= X F €llaats) {61)([5_3,/3), if x* is constant on (y, B).

Furthermore, since [a,a + §] C [0, y] and (¢, ¢ + &) C (y, B) and by the Hardy-Littlewood
inequality (see [1]) for any t > O we have

t t t
/ 7> / (X™* + €1 X{a,at+6] — €1X[B—5.8)) = / x*.
0 0 0

Hence, by conditions (7)—(10), and by symmetry of E, in view of assumption || x|l = |yl z, we
get

x=<z=<y and |xllg=lzlg-. (11)
Denote

h— e _ Jeixie.crs), if x™ is not constant on (y, B),
= €1X[a.atd] €1Xp—s.p), if x* is constant on (y, B),
and
K={-Xuoo:1e[0,1]}.

Notice that |[uoo| < €1 < x*(a),§ < a/2 and so Au < x for any A € [0, 1], which means
that K < x. Moreover, by condition (11) and by definition of u# and z replacing €; by Ae; > 0
where A € [0, 1] we can easily observe

x<x*+Aiu<y
for any A € [0, 1]. Then, assuming v € K, there is A € [0, 1] such that v = —Au o ¢ and
Ix —vlg=lx+Auooly=|x"oo+ruoo|, =|x"+nru|, =lxlg.
Hence Pk (x) = K # () is no singleton. Obviously, K is closed. [

The immediate consequence of Theorems 3.2 and 3.3 are the following results.

Corollary 3.4. Let E be a symmetric space. If for any closed subset K of the space E and x € E
with x < K, the set Pk (|x|) is at most singleton, then E is strictly K-monotone.

Corollary 3.5. Let E be a symmetric space such that x*(co0) = 0 for any x € E. If for any
closed subset K of the space E and x € E with K < x the set Pk (|x|) is at most singleton, then
E is strictly K-monotone.
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The following example shows that the conditions in Corollaries 3.4 and 3.5 are not necessary
for E to be strictly K-monotone.

Example 3.6. Let us consider the Lorentz space I, ,, with a weight w > 0, fooo w < 00
and p > 0. Then, by Theorem 2.10 [10] it follows that I, ,, is strictly K-monotone. Denote
A =Jr2[2n,2n + 1). Define

1 1 1
=2 — X4, =1 , 14+—
X X1+H_ XA u XI+1+IXA <+1+t>X1

and denote an order interval X = [u, v]. Then, by Proposition 2.1 [6] we obtain that I, ,
contains an order-isometric copy of /°°, whence x € I', ,, and KC C I, ,,. Moreover, it is easy to
see that IC < x and (x — z)* = 1 for any z € K. Consequently,

Zlglg lx—=zllp, , =lx—ulp,  =lx—vlp

pow

which implies that the set Px:(x) = K is no singleton. Now, we define

1 1
(1+1_+t>)(1a u=72x v=I/l+l+ZXA, and K =[u,v].

Clearly, x € I'p w, K C I’y w,x < Kand (x—2)* = 1forany z € K, whence the set Pic(x) =
is no singleton.

Now, we investigate a relation between K-order continuity and proximinality of the best
dominated approximation with respect to <.

Theorem 3.7. Let E be a symmetric space and let A C E be a closed subset such that for any
a € Awe have a* € A. If x € E is a point of K -order continuity with x*(00) = 0 and A < x,
then the set P A(x™*) # 0.

Proof. Let A < x and (#,) C A be a minimizing sequence from A, i.e.

d= 1nf ||x —a||E = lim ||x — Uy (12)
ae

n—o00 ||E

Hence, by Lemma 3.2 [15] we may assume without loss of generality that u, = u]; for any
n € N. Since u, < x for every n € N, by symmetry of E it follows that

wr @) | xo.n| g < wy @ || xonll g <O | xon | < Ixllg

for any ¢+ > 0 and n € N. Thus, by Helly’s Selection Theorem [19] passing to subsequence and
relabelling if necessary there exists u = u™ such that u; converges to u* a.e. on I. Therefore,
since u, < x for each n € N and by Fatou’s lemma [18] we get

/u <hm1nf/u </
n—oo

for any ¢ > 0 which proves u < x. Thus, by assumption that x*(c0) = 0 and by Lemma 3.1, we
have u*(0c0) = 0. Define v,, = /\,fin up for any n € N. Then, v, = v;; < uj, foreveryn € N
and v} 1 u* a.e. on I. Therefore, foranyn € N, 0 < u* — v} <wu*and u* — v} | Oa.e.on .
Hence, applying the fact u™*(co) = 0 and property 2.12 [15] we obtain

w* —vH*@) —> 0 (13)
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for all # € I. Moreover, by assumption that x is a point of K-order continuity, since u* — v} < x
and by condition (13) we get

|lu* = vi] = 0. (14)

Now, we claim that ||u} — v}|, — 0. Let € > 0. Since u*(c0) = 0 and u}; — u* a.e. on I,
by monotonicity of decreasing rearrangement passing to subsequence if necessary we may find
te € I such that u}; () < e forany ¢ > . and n € N. Thus, since u}; — v — 0locally in measure
and 0 < u} — vy < u}; for any n € N it follows that u}; — vy — 0 in measure on /. Therefore, by
Property 2.11 in [15] we get (u); — v;)*(#) — O forall ¢ € I, whence by assumption that x is a
point of K-order continuity and by the inequality u) — v < x for any n € N we have

[z — U:”E — 0.
Hence, by condition (14) and by the triangle inequality of the norm in E we obtain

|

which implies that u* € A, in view of the assumption A is closed. In consequence, by condition
(12) we finish the proof. [

*_
n

u u*||E—>O

Theorem 3.8. Let E be a symmetric space and x € E™ be *regular. If for any closed subset A
of E such that A < x we have the set P (x) # {, then x is a point of K-order continuity.

Proof. Let us suppose for a contrary that there exists (x,) C E such that x; — 0 a.e. on /
and x, < x forany n € N and also § = inf,en [|x,[l; > 0. Since x is *regular, by Lemma
2.2 [8] there exists a measure preserving transformation o : supp(x) — supp(x*) such that
x* oo = x a.e. on supp(x). It is obvious that if p(supp(x)) < oo then we may construct the
measure preserving transformation o : I — I with x*oo = x a.e. on I (see [1,18]). Notice that

xF=xk A (X7t
for a.e. on / and for any n € N. Hence, by triangle inequality for any n € N we get

o= inf llxully < o A x| o+ e —x7F -
Therefore, we can easily see that

BT PEE T G DM P

2 2
for any n € N. Now, we consider two cases.
Case 1. Assume that there exist a subsequence (n;) C N and §; € (0, §/2] such that

inf [, Ax*] = 81

Now, passing to subsequence and relabelling if necessary we obtain ||x;1" Ax* || g = 61 forall
n € N. Define for every n € N,

1 1\ > N "
=5 1+; \/xk/\x.

k=n

Clearly, y,+1 < y, < x* a.e. on [ and for any n € N. Moreover,

1ynlle > Iynsrlle > inf iyl = 61/2 15)
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for any n € N. Denote A = {x —y, 00 :n € N}. By definition of y, we observe 0 <
X —y,0o0 < x forany n € N, and consequently A < x. Furthermore, by condition (15)
we have

x—(x—y,00 = > inf = inf |x —a
I x —ynoo)llg = lynllg keN“yk”E HGAII g

for any n € N. Hence, the set P4(x) = @. Now, we claim that A is closed. Indeed, taking a
subsequence (n;y) C N and y € E such that ||y,,k — y||E — 0, by symmetry of E passing to
subsequence and relabelling if necessary we conclude y, converges to y a.e. on I. Since x;; — 0
a.e. on / and by definition of y, this yields that y, — 0 a.e. on /, which implies y = 0 a.e.on I.
By assumption that Hx,’f A x* ||E > §; for any n € N we have

81 1 1
bl (1 + ;> A x| < vl

for all n € N, which contradicts with the fact ||y, || ; — 0 and finishes case 1.
Case 2. Assume | x} A x*| . — 0and there exist (n;) C Nand §; € (0, §/2] such that

inf [, =5 =51

Since (xf{k — x*)T > 0 for all k € N, passing to subsequence and relabelling if necessary we
may suppose without loss of generality that

inf

1
LIV ST S
neNx+2(x" *)

E=5223 and ”x:/\x*HE—>O
Now, by definition of infimum, passing to subsequence and relabelling again if necessary we
may assume that for any n € N,
> D = 8. (16)
E

1
x* 4+ E(x:;_H — X

1
x* 4+ i(x: —x

Denote

1\ x* 1 1

for every n € Nand also A = {y, oo : n € N}. It is easy to see that (x} — x*)* < x* < x for
any n € N, whence

1y x* 1 n ., 1, 1,
|yn|f l—; ?—FZ 1+; xnfixn—i—zx <X
for each n € N, which implies that A < x. Moreover, by symmetry of E and by condition (16)

we have

*)-‘r

1
x*+ E(x:f —x

1 1
Ik = ool =6 = oo, =5 <1+;>

1 4 1
> — JEE—
2 n+1

=llx —ynr100lg

& .
> —=inf ||x —a
2 aeA | I

E

1
x*+ E(x:_H —x*)*

E
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for all n € N. In consequence, P4(x) = {. Now, we show that A is closed. Suppose for a
contrary that it is not true, then there are (7;) C Nand y € E \ A such that ||y,, — y|, — 0.
Thus, by symmetry of E passing to subsequence and relabelling if necessary we get y, converges
to y a.e. on I. Moreover, by assumption x,; — 0 a.e. on / and by construction of y, it follows
that y, — x*/2 a.e.on I and so y = x*/2 a.e. on I. Hence, we have

- 0. (17)
E

x* 1 1
lyn = yllg = HE‘FZ <l+r_l) ()C;:—)C*)+

Furthermore, in view of the assumption that || (xF —xHt H g = 61 for every n € N and by the
triangle inequality we obtain
81 1 1 4
7512 (1 + ;) |Gy =x* ]z =

for any n € N. Thus, by condition (17) we obtain a contradiction and complete the proof. [J

lx*[l
E 2n

2 4

£ 1
x—+—(1+—> (= xy
n n

Immediately, by the previous theorems we obtain the following corollaries.

Corollary 3.9. Let E be a symmetric space with x*(c0) = 0 for any x € E and let A C E be a
closed subset such that for any a € A we have a* € A. If E is K-order continuous and A < x
with x € E, then the set P (x*) is proximinal.

Corollary 3.10. Let E be a symmetric space with x*(00) = 0 for any x € E. If for any closed
subset A of E and for any x € E with A < x the set P(x) is proximinal, then E is K -order
continuous.

A pointa € E is called a K -upper bound of a subset A C E if for any a’ € A we have a’ < a.
If there exists a K -upper bound of a subset .4 C E, then the set A is said to be K -bounded above.
Now, we discuss proximinality of the best dominated approximation under the additional notion
K-bounded above.

Theorem 3.11. Let E be a symmetric space, x € E and let A C E be a closed K-bounded
above subset such that x < A, a* € A for any a € A. If a K-upper bound of A is a point of
K -order continuity with finite distribution, then the set P 4(x™) # (0.

Proof. Let x € E and A C E be aclosed K -bounded above subset with x < A and let (u,) C A
be a minimizing sequence, i.e.

(18)

it [+ —al, = Jim " ]

Let b € E be a K -upper bound of A. Thus, u, < b foralln € N and so by symmetry of E we get
lunll; < lIb|l g for every n € N. Hence, proceeding analogously as in the proof of Theorem 3.7
we may assume that u,, = u; converges to u* a.e. on /.

Define v,, = /\Zozn uj for any n € N. Then, v, = v}, foralln € N and

O<u*—vf |0 and O0<u) —vi—0 (19)

a.e. on /. Hence, since 0 < uj; — vy < ujy < bforanyn € Nand b*(oo) = 0 and by Lemma 3.1
it is easy to see that u; — v — 0 in measure. Thus, by property 2.11 in [15] we obtain

(uy —v,)* (1) — 0,
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for any ¢ > 0. So, by assumption that b is a point of K-order continuity we conclude
|y = vz — O (20)

Now, according to condition (19), by Lebesgue Monotone Convergence Theorem (see [18]) we
obtain v}*(¢) — u**(¢) and in view of the following inequality (see [1]).

) —v)*™® | xo.n “E < fup = vy HE

forall # > 0 and by condition (20) we get u};*(¢) — u**(¢) forall ¢ > 0. Hence, since x < u, < b
for each n € N we conclude x < u < b. Therefore, by assumption b*(co) = 0 applying
Lemma 3.1 and by condition (19) we can easily prove that u; — «* in measure. Consequently,
according to property 2.11 in [15] we obtain (u) — u*)*(r) — O for all #+ > 0. Then, since
u) — u* < 2b and by assumption that b is a point of K-order continuity it follows that

Hu,ﬁ —u*”E — 0.

Finally, by assumption that A is closed and by condition (18) it follows that P 4(x*) £ @. O

Theorem 3.12. Let E be a symmetric space and x € E. If for any closed K-bounded above
subset A of E such that x < A and a* € A for any a € A we have the set P A(x*) # (, then x
is a point of K-order continuity.

We present the proof of the above theorem for the sake of completeness and convenience of
the reader although it is similar in some parts to the proof of Proposition 3.3 in [16].

Proof. Let (x,) C E and x € E be such that x; — 0 ae., x, < x forany n € N and
8 = infueN [[xx]lp > 0. By definition of § passing to subsequence and relabelling if necessary
we may assume that ||x,|lz > ||x441llg = 6 for any n € N. Denote y, = %(l + rll)x,*; for any
n € N. Clearly, y, = y; — Oae. and also |y,llg > llyss1ll > infpen lyullp = 8/2 for any
n € N. Define A = {x* 4+ y, : n € N}. Notice that x* < ¢ = a* for any a € A. Hence, x < A
and forany n € N,

g - alg,fal Ea a”E <lyallp = [« = ™ + y”)HE' 2D
Therefore, the set P4(x*) = (. We claim that A is closed. Suppose to a contrary that there
exists (a,) C Aand a ¢ A such that ||a, —all; — 0. So, by symmetry of E passing to
subsequence and relabelling if necessary we obtain a, — a a.e. Thus, since x* + y, — x* a.e.
we get a = x* a.e. Consequently, by condition (21) we conclude a contradiction which proves
our claim. Finally, since x,, < x for all n € N it follows that 4 < 2x, so the set .4 is K-bounded
above. [

The immediate consequence of Theorems 3.11 and 3.12 is the following characterization of
K -order continuity in symmetric spaces.

Theorem 3.13. Let E be a symmetric space with x*(co) = 0 for any x € E. Then, the following
conditions are equivalent.

(1) E is K-order continuous.
(ii) Forany x € E and A C E a closed K -bounded above subset such that x < A, a* € A for
any a € A, we have P (x*) # 0.
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