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Abstract

Using Casorati determinants of Charlier polynomials (ci ), we construct for each finite set F of positive
integers a sequence of polynomials c,f , n € op, which are eigenfunctions of a second order difference
operator, where o is certain infinite set of nonnegative integers, o C N. For suitable finite sets F' (we
call them admissible sets), we prove that the polynomials c,f ,n € of, are actually exceptional Charlier
polynomials; that is, in addition, they are orthogonal and complete with respect to a positive measure.
By passing to the limit, we transform the Casorati determinant of Charlier polynomials into a Wronskian
determinant of Hermite polynomials. For admissible sets, these Wronskian determinants turn out to be
exceptional Hermite polynomials.
© 2014 Elsevier Inc. All rights reserved.
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1. Introduction

Exceptional orthogonal polynomials p,, n € X ¢ N, are complete orthogonal polynomial
systems with respect to a positive measure which in addition are eigenfunctions of a second order
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differential operator. They extend the classical families of Hermite, Laguerre and Jacobi. The last
few years have seen a great deal of activity in the area of exceptional orthogonal polynomials
(see, for instance, [9,17,18] (where the adjective exceptional for this topic was introduced),
[19,20,22,28,30,31,35,36,38] and the references therein).

The most apparent difference between classical orthogonal polynomials and exceptional
orthogonal polynomials is that the exceptional families have gaps in their degrees, in the sense
that not all degrees are present in the sequence of polynomials (as it happens with the classical
families) although they form a complete orthonormal set of the underlying L? space defined by
the orthogonalizing positive measure. This means in particular that they are not covered by the
hypotheses of Bochner’s classification theorem [4]. Exceptional orthogonal polynomials have
been applied to shape-invariant potentials [35], supersymmetric transformations [19], discrete
quantum mechanics [31], mass-dependent potentials [28], and quasi-exact solvability [38].

In the same way, exceptional discrete orthogonal polynomials are complete orthogonal poly-
nomial systems with respect to a positive measure which in addition are eigenfunctions of a
second order difference operator, extending the discrete classical families of Charlier, Meixner,
Krawtchouk and Hahn. As far as the author knows the only known example of what can be
called exceptional Charlier polynomials appeared in [39]. If orthogonal discrete polynomials on
nonuniform lattices and orthogonal g-polynomials are considered, then one should add [31-34]
where exceptional Wilson, Racah, Askey—Wilson and g-Racah polynomials are considered.

The purpose of this paper (and the forthcoming ones) is to introduce a systematic way of
constructing exceptional discrete orthogonal polynomials using the concept of dual families of
polynomials (see [27]). One can then also construct examples of exceptional orthogonal poly-
nomials by taking limits in some of the parameters in the same way as one goes from classical
discrete polynomials to classical polynomials in the Askey tableau.

Definition 1.1. Given two sets of nonnegative integers U, V C N, we say that the two sequences
of polynomials (p,)ucv, (qv)vev are dual if there exist a couple of sequences of numbers
(6w)uev, (Cv)vev such that

§upu(v) = CLoqy(u), uelU,veV. (1.1)

Duality has shown to be a fruitful concept regarding discrete orthogonal polynomials, and
its utility will be again manifest in the exceptional discrete polynomials world. Indeed, it turns
out that duality interchanges exceptional discrete orthogonal polynomials with the so-called Krall
discrete orthogonal polynomials. A Krall discrete orthogonal family is a sequence of polynomials
(Pn)neNs pn of degree n, orthogonal with respect to a positive measure which, in addition, are
also eigenfunctions of a higher order difference operator. A huge amount of families of Krall
discrete orthogonal polynomials have been recently introduced by the author by means of certain
Christoffel transform of the classical discrete measures of Charlier, Meixner, Krawtchouk and
Hahn (see [10,11,14]). A Christoffel transform is a transformation which consists in multiplying
a measure u by a polynomial r. It has a long tradition in the context of orthogonal polynomials:
it goes back a century and a half ago when E.B. Christoffel (see [7] and also [37]) studied it for
the particular case r(x) = x.

In this paper we will concentrate on exceptional Charlier and Hermite polynomials (Meixner,
Krawtchouk, Hahn, Laguerre and Jacobi families will be considered in the forthcoming papers).

The content of this paper is as follows. In Section 2, we include some preliminary results
about symmetric operators, Christoffel transforms and finite sets of positive integers.
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In Section 3, using Casorati determinants of Charlier polynomials we associate to each finite
set F of positive integers a sequence of polynomials which are eigenfunctions of a second order
difference operator. Indeed, write the finite set F of positive integers as F = {f1,..., fk},

fi < fix+1 (k is then the number of elements of F' and f; the maximum element of F). We
k+1

define the nonnegative integer up by up = »_ rer f— ( ) ) and the infinite set of nonnegative
integers o by
or ={ur,ur+Lur+2,. . J\{ur+ f, f € F}.

Given a € R\ {0}, we then associate to F' the sequence of polynomials CZ;F, n € or, defined by

Cpoup ) Cuoy,x+ 1) oy, (x+ k)
% (x) A x+1D - Lx+k)
wrwm= " " T (12)
) G+l e h k)

where (c$), are the Charlier polynomials (see (2.24)) orthogonal with respect to the discrete
measure
o

Pa = Z ‘;_);‘Sx-

x=0

Consider now the measure

ol = = fi)-- (x — fi)pa- (1.3)

Orthogonal polynomials with respect to p/" are eigenfunctions of higher order difference op-

erators (see [10,14]). It turns out that the sequence of polynomials CZ;F, n € o, and the se-
quence of orthogonal polynomials (qf )n With respect to the measure ,o{f are dual sequences (see
Lemma 3.2). As a consequence we get that the polynomials cﬁf;F ,n € of, are always eigenfunc-
tions of a second order difference operator Dr (whose coefficients are rational functions); see
Theorem 3.3. Charlier-type orthogonal polynomials considered in [39] corresponds with the case
F = {1, 2} (duality is also used in [39]).

In Section 4, we study the most interesting case: it appears when the measure ,of (1.3) is
positive. This gives rise to the concept of admissible sets of positive integers. Split up the set F,
F = Ulel Y;, in such a way that ¥; N'Y; = @, i # j, the elements of each ¥; are consecutive
integers and 14+max Y; < minY;11,i = 1,..., K—1; we then say that F' is admissible if each Y;,
i =1,..., K, has an even number of elements. It is straightforward to see that F is admissible
if and only if ]_[fep(x — f) > 0, x € N, or in other words, (if a > 0) the measure p‘f (1.3)
is positive. This concept of admissibility has appeared several times in the literature. Relevant
to this paper, because of the relationship with exceptional polynomials are [25,1] where the
concept appears in connection with the zeros of certain Wronskian determinants associated with
eigenfunctions of second order differential operators of the form —d?/dx? + U. Admissibility
was also considered in [24,39].

We prove (Theorems 4.4 and 4.5) that if F' is an admissible set and a > 0, then the
polynomials cz;F , n € of, are orthogonal and complete with respect to the positive measure

o x

a
Wq: F = - - Sy,
F );)x!QF(x)QF(x—i-l) x
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where (2, is the polynomial defined by

c;'cl (x) C?‘i x+1 - c’}l x+k—-1)
Qpx)=| : : . (1.4)
c‘}k(x) c‘}k(x +1 - c‘}k(x +k—1)

In particular we characterize admissible sets F' as those for which the Casorati determinant
(2% (x) has constant sign for x € N (Lemma 4.3).

Casorati determinants like (1.4) for Charlier and other discrete orthogonal polynomials were
considered by Karlin and Szegd in [24] (see also [23]). In particular, Karlin and Szegé proved
that when F is admissible then {27 (x) (a > 0) has a constant sign for x € N.

Although it is out of the scope of this paper, we point out here that the duality transforms the
higher order difference operator with respect to which the polynomials (q )» are eigenfunctions
in a higher order recurrence relation for the polynomials ¢}’ “F This higher order recurrence
relation has the form

up+k+1
ey = Y u f gfj (x)

j=—up—k—1

where £ is a polynomial in x of degree ur + k + 1 satisfying h(x) — h(x — 1) = £2{(x), and
uflf, j=—-ur—k—1,...,ur + k+ 1, are rational functions in n depending on a and F but
not on x.

In Sections 5 and 6, we construct exceptional Hermite polynomials by taking limit (in a
suitable way) in the exceptional Charlier polynomials when a — +o00. We then get (see
Theorem 5.1) that for each finite set F of positive integers, the polynomials

Hyoup ) Hy_ () o HE, ()
N I TR H“”(x) s
n X)) = . . . ) .
Hp()  HpG) - H“"(x)

n € o, are eigenfunctions of a second order differential operator.
When F is admissible, the Wronskian determinant {2 defined by

Hp(x) Hj(x) - H{ ”()
Qr(x)=| : (1.6)
/ (k 1)
Hp(x) Hj(x) - @)

does not vanish in R. For admissible sets F, we then prove that the polynomials H,f ,n € OF,
are orthogonal with respect to the positive weight
e
wr(x) = ———, xelR.
EREIES)
Moreover, they form a complete orthogonal system in L?(wp) (see Theorem 6.4). The
exceptional Hermite family introduced in [15] corresponds with F = {1,2,..., 2k} (for the
case k = 1 see also [9,5]). Simultaneously with this paper, exceptional Hermite polynomials as
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the Wronskian determinant of Hermite polynomials have been introduced and studied (using a
different approach) in [22].

We guess that the non vanishing property of the Wronskian determinant (1.6) in R is actually
true for orthogonal polynomials with respect to a positive measure. Moreover, we conjecture that
this property characterizes admissible sets:

Conjecture. Let F = { f1, ..., fr} and u be a finite set of positive integers and a positive measure
with finite moments and infinitely many points in its support, respectively. Consider the monic
sequence (py), of orthogonal polynomials with respect to n and write .Qﬁ for the Wronskian

determinant defined by Qﬁ x) = |p§c{7])(x) |f.‘ =1 Then the following conditions are equivalent.
1. F is admissible.
2. For all positive measures u as above the Wronskian determinant Q# (x) does not vanish in R.

Wronskian determinants like (1.6) for orthogonal polynomials were considered by Karlin and
Szegd in [24] for the particular case of finite sets F' formed by consecutive positive integers. In
particular, Karlin and Szegd proved the implication (1) =, (2) when F is formed by an even
number of consecutive positive integers.

When F is an admissible set and a > 0, exceptional Charlier and Hermite polynomials c};’
and HnF , n € oF, can be constructed in an alternative way. Indeed, consider the involution 7/ in
the set of all finite sets of positive integers defined by

I(F)={L2,.... il \{fi = f. f € F}.

The set I (F) will be denoted by G: G = I (F). We also write G = {g1, ..., gn} With g; < gi+1
so that m is the number of elements of G and g,, the maximum element of G. We also need the
nonnegative integer v defined by

k—1)(k+2
UFZZf+fk_$~
feF

F

For n > vp, we then have

e ()
oy Ty e EEEED m
P e R I CEOT ci(=x+m—1) Can
CU—x—1)  c-x) e ¢ (—x +m—1)
Hyoop(6) —Hyoypt (1) o (=1 Hy ()
P L K (18)
Hy(—ix)  H, (—ix) - HO (—ix)

where B, and y;,,, n > vF, are certain normalization constants (see (3.37) and (5.5)).

We have however computational evidence that shows that both identities (1.7) and (1.8) are
true for every finite set F of positive integers.

Both determinantal definitions (1.2) and (1.7) of the polynomials cz;F, n € or, automatically
imply a couple of factorizations of its associated second order difference operator D in two first
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order difference operators. Using these factorizations, we prove that the sequence cZ;F, neor,

and the operator Df can be constructed in two different ways using Darboux transforms (see
- . JF|

Definition 3.5). If we consider (1.2) the Darboux transform uses the sequence cZ Wone OFyy»

where Fiiy = {f1,..., fk—1}. On the other hand, if we consider (1.7) the Darboux transform

a; Fy
uses the sequence ¢,” “,n € OFy, where

F _{@, iftF={(1,2,...,k},
YTV fp —sEe s fo—sE), PEF £ {1,2,...,k),

and for F # {1,2,...,k}, we write s = min{s > 1 : s < f;}. The second factorization seems
to be more interesting because the operator F' — F preserves the admissibility of the set F.
The same happens with the determinantal definitions of the exceptional Hermite polynomials
H,f (1.5) and (1.8). This fact agrees with the Gémez-Ullate—Kamran—Milson conjecture and
its corresponding discrete version (see [21]): exceptional and exceptional discrete orthogonal
polynomials can be obtained by applying a sequence of Darboux transforms to a classical or
classical discrete orthogonal family, respectively.

We finish this Introduction by pointing out that there is a very nice invariant property of
the polynomial 2% (1.4) underlying the fact that the polynomials ¥ n e op, admit both
determinantal definitions (1.2) and (1.7) (see [12,13,8]): except for a sign, Qj‘, remains invariant
if we change F to G = I (F), x to —x and a to —a; that is

28(x) = (=D Q- (—x).

This invariant property gives rise to the corresponding one for the Wronskian determinant (1.6)
(see (5.9)).

2. Preliminaries

Let i be a Borel measure (positive or not) on the real line. The nth moment of p is defined
by fR t"du(t). When p has finite moments for any n € N, we can associate it a bilinear form
defined in the linear space of polynomials by

(p.q) =/pqdu~ 2.1

Given an infinite set X of nonnegative integers, we say that the polynomials p,, n € X, p, of
degree n, are orthogonal with respect to u if they are orthogonal with respect to the bilinear form
defined by u; that is, if they satisfy

/pnpmdlizof n#*m, n,meX.

When X = N and the degree of p, is n, n > 0, we get the usual definition of orthogonal
polynomials with respect to a measure. When X = N, orthogonal polynomials with respect to a
measure are unique up to multiplication by non null constant. Let us remark that this property is
not true when X # N. Positive measures p with finite moments of any order and infinitely many
points in its support has always a sequence of orthogonal polynomials (p,),en, pn of degree n
(it is enough to apply the Gram—Schmidt orthogonalizing process to 1, x, x2, .. .); in this case
the orthogonal polynomials have positive norm: (p,, p,) > 0. Moreover, given a sequence of
orthogonal polynomials (py),en With respect to a measure pu (positive or not) the bilinear form
(2.1) can be represented by a positive measure if and only if (p,, p,) > 0,n > 0.
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When X = N, Favard’s Theorem establishes that a sequence (p,,),en of polynomials, p, of
degree n, is orthogonal (with non null norm) with respect to a measure if and only if it satisfies a
three term recurrence relation of the form (p_; = 0)

xXpn(x) = apppy1(X) +bupn(x) + cupp—1(x), n =0,

where (a;)neN, (bn)nen and (c,)nen are sequences of real numbers with a,,—1¢c, # 0, n > 1.
If, in addition, a,—1c, > 0, n > 1, then the polynomials (p;),cn are orthogonal with respect
to a positive measure with infinitely many points in its support, and conversely. Again, Favard’s
Theorem is not true for a sequence of orthogonal polynomials (p,),ex when X # N.

We will also need the following three lemmas. The first one is Sylvester’s determinant identity
(for the proof and a more general formulation of Sylvester’s identity see [16], p. 32).

Lemma 2.1. For a square matrix M = (m,',j){?’j:l, and for each 1 < i, j < k, denote by Ml]
the square matrix that results from M by deleting the ith row and the jth column. Similarly, for
1 <1i,j,p,q < k denote by M; P4 the square matrix that results from M by deleting the ith
and jth rows and the pth and qlh columns. Sylvester’s determinant identity establishes that for
io, i1, jo, 1 withl <ig <ij <kand1 < jy < j1 <k,

det(M) det(M?*/1) = det(MfO) det(M“) det(M,.f(}) det(M,{").

i0,i1

The second and third lemmas establish some (more or less straightforward) technical proper-
ties about second order difference operators.

Lemma 2.2. Write A, B and D for the following two first order and a second order difference
operators

A = ap$o + a151, B =b_15_1 + boSo, D = f_16-1 + foSo + f151,
where 9, denotes the shift operator S;(p)(x) = p(x +1). Then D = BA if and only if

_ ) _ i) _ miaix =1 fil)ao(x)
= e -y MY am PO ey T aw
On the other hand, D = AB if and only if
wiey = IO L AW b | Ao G+
TR om Y T e+ b_1(x) box +1)

Lemma 2.3. Let D and D be two second order difference operators with rational coefficients.
Assume that there exist polynomials pi, p2 and p3 with degrees d,, dy and d3, respectively, such
that D(p;) = D(pl) i=1,2,31fdi>0and d; #dj,i # j, then D = D.

Proof. Since d; # d;, i # j, we deduce from Lemma 3.4 of [14] that the polynomial

pix+1) pix) pix—1)
P(x)=|p2(x+1) pa(x) p2ix—=1)
p3x+1) p3x) p3x—1)

has degree d = di + d +d3 —3 > 0. Hence P(x) # O for x ¢ X p, where X p is formed by at
most d complex numbers. Given any three rational functions gi, g2, g3, write Y for the set formed
by their poles. Then, for each x &€ Xp U Y, the linear system of equations D(p;)(x) = g;(x)
defines uniquely the value at x of the coefficients of the second order difference operator D. Since
D(p;) = D(pi), i =1,2,3, we can conclude that D = D since their coefficients are equal. O
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Given a finite set of numbers F = {fi,..., fx} we denote by Vg the Vandermonde
determinant defined by
ve= ] fi—s. 22)
l=i<j=k

2.1. Symmetric operators

Consider a measure p with finite moments of any order (so that we can integrate polynomials
with respect to ©). Let A be a linear subspace of the linear space of polynomials P. We say
that a linear operator T : A — P is symmetric with respect to the pair (u, A) if (T (p), q), =
(p, T(q)), for all polynomials p, g € A, where the bilinear form (-, -), is defined by (2.1). The
following lemma is then straightforward.

Lemma 2.4. Let T be a symmetric operator with respect to the pair (i, A). Assume we have
polynomials r, € A, n € X C N, which are eigenfunctions for the operator T with different
eigenvalues, that is, T (rp) = Iprp, n € X, and Ay, # Am, n # m. Then the polynomials ry,
n € X, are orthogonal with respect to [L.

When p is a discrete measure, the symmetry of a finite order difference operator D =
Y i—_, hiS; with respect to a pair (14, A) can be guaranteed by a finite set of difference equations
together with certain boundary conditions. The proof follows as that of Theorem 3.2 in [10] and
it is omitted.

Lemma 2.5. Let p be a discrete measure supported on a countable set X, X C R. Consider a
finite order difference operator T : A — P of the form T = Y_,__. hS;, where A is a linear
subspace of the linear space of polynomials P. Assume that the measure | and the coefficients

hy, l = —r,...,r, of T satisfy the difference equations

hix =Dux =D =h_j(x)ukx), forxe(l+X)NXandl=1,...,r, 2.3)
and the boundary conditions

hix—-0)=0, forxe((+X)\Xandl=1,...,r, 2.4

h_j(x)=0, forxeX\(+X)andl=1,...,r. 2.5)

Then T is symmetric with respect to the pair (i, A). (Let us remind that for a set of numbers A
and a number b, we denote by b + A the setb+ A ={b+a :a € A}.)

On the other hand, when w has a smooth density with respect to the Lebesgue measure (i.e.
du = f(x)dx), the symmetry of a second order differential operator with respect to a pair (i, A)
can be guaranteed by the usual Pearson equation. The proof follows by performing an integration
by parts and it is omitted.

Lemma 2.6. Let ju be a measure having a positive C>(I) density f with respect to the Lebesgue
measure in an interval I C R. Consider a second order differential operator T : A — P of
the form T = ax(x)8% + a1(x)d + ag(x), where A is a linear subspace of the linear space of
polynomials P, 3 = d /dx and ay and ay are C'(I) functions. Assume that f and the coefficients
ay, ay of T satisfy the Pearson equation

(@) ) =ar(x) f(x), xel,
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and the boundary conditions that the limit of the functions x"a>(x) f (x) and x"(az(x) f (x))’
vanish at the endpoints of I for n > 0. Then T is symmetric with respect to the pair (i, A).

2.2. Christoffel transform

Let « be a measure (positive or not) and assume that u has a sequence of orthogonal
polynomials (p,)nenN, pn With degree n and (p,, pn) # 0 (as we mentioned above, that always
happens if u is positive, with finite moments and infinitely many points in its support). Favard’s
theorem implies that the sequence of polynomials (p,), satisfies the three term recurrence
relation (p—; = 0)

Xpn(xX) = af puar (¥) + bF pu(x) + ¢ pu_i(x). (2.6)
Given a finite set F of real numbers, F = {fi, ..., fx}, fi < fi+1, we write &,, n > 0, for

the k x k determinant
P = 1Pntj—1 (fDli j=1,...k- 2.7

Notice that @,,, n > 0, depends on both, the finite set ' and the measure 1. In order to stress this
dependence, we sometimes write in this section i F for D,.

Along this section we assume that the set 0 = {n € N : T = 0} is finite. We denote
95 = max 95' If 95 = () we take 65 =—1.

The Christoffel transform of w associated to the annihilator polynomial pr of F,

pr(x) =& — fu)---(x — fo),

is the measure defined by ur = pru.
Orthogonal polynomials with respect to i f can be constructed by means of the formula

pn(x)  pnp1(x) o+ Ppyi(x)
1 (1) Pt (f1) - Pak(f1)
gn(x) = —— det . . . . (2.8)
pr(x) : ; . :
Pn(f)  Pot1(fi) oo Pk (fi)
Notice that the degree of g, is equal to n if and only if n ¢ (95 . In that case the leading coefficient

)\,IQ of g, is equal to (—l)kkf Tk ®,,, where Af denotes the leading coefficient of p,,.

The next lemma follows easily using [37], Th. 2.5.

Lemma 2.7. The measure jur has a sequence (qn),~, qn 0f degree n, of orthogonal polynomials

if and only if 95 = (. In that case, an orthogonal polynomial of degree n with respect to
is given by (2.8) and also (qn, qn)u, # 0, n = 0. If 6, # O, the polynomial g, (2.8) has still
degree n for n ¢ OF, and satisfies (qy, rup = 0 for all polynomials r with degree less than n

and (Gn, gn)ur # 0.

The three term recurrence relation for the polynomials (g,), can be derived from the corre-
sponding recurrence relation for the polynomials (p,), (2.6). In addition to the determinant &,
(2.7), n > 0, we also consider the k x k determinant

Pn(f1) pn1(f1) - Purk—2(f1D)  Putr(f1)
v=| S a 29)
Pn(fi)  pne1(fi) - Puvk—2(fi)  Pntr(fr)
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Lemma 2.8. Forn > 95 + 1, the polynomials q, (2.8) satisfy the three term recurrence relation

xqn () = a2qni1(x) + b2¢,(x) + c2qn_1(x),

where
P 4P
0 _ P)\'VH-l)"n—l—k Py
a; =a, —AP)»P D
n Aptky1 Sntl
P P
Q _ P )”n+k J/n+l )“n+k—l 7y,
i =bwt p g T
ntk41 - ntl ntk N
0 p@n+l
o =c¢, .
P,
Moreover,
P

A k
<Qn7qn>ﬂp = (_1)k;_;¢11¢11+1(pna pn);u n > 95 + 1.

n

If 95 =0, then (2.10) and (2.11) hold for n > 0, with initial condition g—1 = 0.

Proof. We can assume that p,, are monic (that s, A,f = 1). Write g, (x) = g, (x)/k,lQ,

It is then enough to prove that

XGn(X) = anqny1(X) + bngn(x) + cngn—1(x)

with

a, =1,
Y, +1 Wn

by =br  + L =

" ntk ¢n+l an
P ¢n—1¢n+1

Cn n F) ,
n
(Pns Pn)p Pnyi

(Gns @n)up = %

n

(2.10)

@2.11)

>9MF+1.

(2.12)

(2.13)
(2.14)

(2.15)

We write u,(x) = x" forn < GMF + 1, and u,(x) = §u(x) forn > 95 + 1. Then the
polynomials u,, n > 0, form a basis of P. From the previous lemma, we also have for n > oF
that (g, ujl)up = 0,j =0,...,n— 1. Taking this into account, it is easy to deduce that the

polynomials g, n > 05 + 1, satisfy a three term recurrence relation

qun(x) = anén+l(x) + bnén (x) + qu,\n—l(x)-

Since they are monic, we straightforwardly have a,, = 1, that is, (2.12). We compute ¢, as

(XC}naén—l)p,p _ (XC?mpn—l)uF
<én—l» én—l>up (én—la én—l)up

n =
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Using (2.8), we get

(XPns Pn—1)p XPu+1, Pn—1)p *+* {XPntk> Pn—1)p
. (=% | pa(fD) Pr+1(f1) P+ (f1)
<an9 pn71>up = o : . . .
Pn(fr) Pn+1(f1) e Pn+k(f)
oy Pa—tsPn-tdy O o0
_(=Df pn(f1) Pn+1(f1) o Pk (f1)
Rz : P
Pn(fi) pnt1(fi) o Pk (fi)

— (_1)kcr}z)<pn—l, pn_l)ﬂ Dyt
P, :

In a similar way, one finds that

(Pn—1, pn—1>ﬂ D,
dsn—l .

(2.14) and (2.15) can now be easily deduced. (2.13) can be proved analogously. U

(Gn—1s Gn-1)pp = (=DF

For 85 = {J, the previous lemma has already appeared in the literature (see for instance [39]).

2.3. Finite set of positive integers

From now on, F' will denote a finite set of positive integers. We will write F = {f1, ..., fx},
with f; < fi+1. Hence k is the number of elements of F and f is the maximum element of F.

We associate to F the nonnegative integers ur and vr and the infinite set of nonnegative
integers o defined by

k+1
UFZZf—( ; ) (2.16)

feF
k—1D(k+2
vr=) [+ fi— % (2.17)
feF
or ={up,ur+l,up+2,.. }\{ur+ f, f € F}. (2.18)

The infinite set o will be the set of indices for the exceptional Charlier or Hermite polynomials
associated to F.
Notice that vp = ur + fx + 1; hence {vp, vF + 1, vF + 2, ...} C oF. Notice also that ur is
an increasing function with respect to the inclusion order, that is, if ' C F then u F<ug.
Consider the set 7" formed by all finite sets of positive integers:

Y = {F : F is afinite set of positive integers}.
We consider the involution 7 in 7" defined by

I(F) ={12,..., it \{fx — f. f € F}. (2.19)
The definition of 7 implies that /> = Id.
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For the involution I, the bigger the holes in F (with respect to the set {1,2,..., fi}), the
bigger the involuted set / (F'). Here it is a couple of examples
I1({1,2,3,...,k}) = {k}, I{1L, kD) =1{1,2,...,k—2,k}.

The set I (F) will be denoted by G: G = I (F). We also write G = {g1, ..., gn} With g; < gi+1
so that m is the number of elements of G and g, the maximum element of G. Notice that

fe=8m, m=fr—k+1.
We also define the number s by
1, if F =0,

sp= k41, ifF=(1,2,... kb, (2.20)
min{s > 1:s < fi}, if F#{1,2,... k.

For 1 <i <k, we denote by F;) and Fy the finite sets of positive integers defined by

Fuy = F\{/fi}, (2.21)
@, if F={1,2,...,k},
Fy = . 2.22
v {{fv,,—sF,...,fk—sF}, ifF # (1.2, k). (222
The following relation is straightforward from (2.19), (2.21) and (2.22):
Fy=1 (G{m}) (2.23)

(where as indicated above G = I (F) and m is the number of elements of G).
2.4. Charlier and Hermite polynomials

We include here basic definitions and facts about Charlier and Hermite polynomials, which
we will need in the following sections.

For a # 0, we write (c3), for the sequence of Charlier polynomials (the next formulas can be
found in [6], pp. 170-1; see also [26], pp., 247-9 or [29], ch. 2) defined by

u 1 & Y ANE A
c,,(ﬂz;Z(—a) ’(J.)(.)J!. (2.24)
1y

J

The Charlier polynomials are orthogonal with respect to the measure

oo X

pa=D) 0 a0, (2.25)

x=0

which is positive only when @ > 0 and then

(c?, %) = —e. (2.26)

n’>-n
The three-term recurrence formula for (cy,),, is (¢? | = 0)
xc, = @m+ ey + (n+a)e, +acy,_y, n=0. (2.27)
They are eigenfunctions of the following second-order difference operator

D, =—x5_14+ (& +a)Sg— a5, Dy(cp) =ncs, n=>0, (2.28)
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where §;(f) = f(x + j). They also satisfy

d
Aley) = ¢y, %(c,‘i) =—Ch_1 (2.29)
and the duality
(=D™Ma"nlcy (m) = (=1)"a"m!c;,(n), n,m > 0. (2.30)

We write (H,), for the sequence of Hermite polynomials (the next formulas can be found
in [6], Ch. V; see also [26], pp. 250-3) defined by

Hy(x) =

[n/2] n—2j
Z( b/ @x) " (2.31)

Jin=2)!

The Hermite polynomials are orthogonal with respect to the weight function e’x2, x € R. They
are eigenfunctions of the following second-order differential operator

D=23%>-2x3, D(H,) = —2nH,, n>0, (2.32)

where 0 = d/dx.
They also satisfy H, (x) = 2nH,_1(x).
One can obtain Hermlte polynomials from Charlier polynomials using the limit

lim (—) ch(v2ax +a) = —H (x) (2.33)
a—>o0 \ a

see [26], p. 249 (take into account that if we write (C;;), for the polynomials defined by (9.14.1)
in [26], p. 247, then ¢f} = (—a)"C?/n!). The previous limit is uniform in compact sets of C.

3. Constructing polynomials which are eigenfunctions of second order difference operators

As in Section 2.3, F will denote a finite set of positive integers. We will write F = {fi,

. fi}, with fi < fi4+1. Hence k is the number of elements of F and f; is the maximum
element of F.

We associate to each finite set F' of positive integers the polynomials cZ;F, n € o, displayed
in the following definition. It turns out that these polynomials are always eigenfunctions of a sec-
ond order difference operator with rational coefficients. We call them exceptional Charlier poly-
nomials when, in addition, they are orthogonal and complete with respect to a positive measure
(this will happen as long as the finite set F is admissible; see Definition 4.2 in the next section).

Definition 3.1. For a given real number a # 0 and a finite set F' of positive integers, we define
the polynomials cF neop, as

@) e A+l e (x+k)
¢ (x) Ax+1D - S (x+k)
F(x) = fI: f | . fi | 7 G
G Gt D e Gt h)

where the number u r and the infinite set of nonnegative integers o are defined by (2.16) and
(2.18), respectively.
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To simplify the notation, we will sometimes write ¢/’ = c,al;F.
Using Lemma 3.4 of [14], we deduce that c,f ,n € op, is a polynomial of degree n with

leading coefficient equal to

k

[T(fi—n+up)
i=1 VF
m—up)! IT f!

feF

(3.2)

where V is the Vandermonde determinant (2.2). With the convention that ¢ = 0 for n < 0, the
determinant (3.1) defines a polynomial for any n > 0, but for n ¢ o we have c,ll: =0.

Combining columns in (3.1) and taking into account the first formula in (2.29), we have the
alternative definition

CZ;uF(x) cZ;uF—l(x) T C:ll;uF*k(x)
Foyo| A @ ) (33)
G Ga@ e @

The polynomials ¢!, n € o, are strongly related by duality with the polynomials g/, n > 0,
defined by

cnx —up) ch(x—ur) - ch(x —ur)
cn (f1) 1 (D) e (D)
F cn (fi) 1 (f) e (i)
= 34
g5 () o —7—un (3.4)
feF
Lemma 3.2. If u is a nonnegative integer and v € o, then
qn (v) = E,5ve) (u), (3.5)
where
(_a)(k+1)u (_a)_v(v —ur)! fl;[F f!
su = k—v Cv = — —
TT u + i) fl;[F(v f~ur)
i=0

Proof. Itis a straightforward consequence of the duality (2.30) for the Charlier polynomials. [J

We now prove that the polynomials ¢!, n € oF, are eigenfunctions of a second order dif-
ference operator with rational coefficients. To establish the result in full, we need some more
notations. We denote by {2f.(x) and A% (x) the polynomials

Qi) =1 e+ = DI oy (3.6)
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67‘1 (x) cjcl x+1 - c“f1 x+k—=2) c“f1 (x +k)
Ay = ; : (3.7)
cf}’ck (x) cf}k x+1 --- cf}k (x+k—2) cf}k (x +k)

To simplify the notation, we will sometimes write 27 = 2% and A" = A%.
Using Lemma 3.4 of [14] and the definition of ur (2.16), we deduce that the degree of both
2 and Af is up + k. From (3.1) and (3.6), we have

2r () = DTt @), (3.8)

where the finite set of positive integers F) is defined by (2.21).
As for c,f (see (3.3)), we have for {2F the following alternative definition

Qr(x) = |c5_ @I - (3.9)
From here and (3.3), it is easy to deduce that
L (X) = 0p, (x), (3.10)

where the finite set of positive integers F is defined by (2.22).
A simple calculation using the third formula in (2.29) shows that

d
A% (x) = k02f(x) — EQ}(}C). (3.1D)
We also need the determinants (Pf and W,f ,n > 0, defined by

br = ety (DI (3.12)
cn(f1) i (f1) o o (fD) ek (f1)

wh = : . : (3.13)
cn(fi) cnp1(f) - (i) e (i)
Using the duality (2.30), we have
k=1
[T+ )
_ i=0 F
2r(n) = Cak-Dur [ ﬂdi,,, (3.14)
fer
k=2
n+! ]+
_ i=0 F
Ar(n) = oD T ] /1 v (3.15)
feF

According to Lemma 2.7, as long as @,f # 0, n > 0, the polynomials q,f, n > 0, are orthogonal
with respect to the measure

F_y Cfeup
p“_x;FfUF(x f = up) e (3.16)

Notice that the measure ,of is supported in the infinite set of nonnegative integers or (2.18).
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Theorem 3.3. Let F be a finite set of positive integers. Then the polynomials C,Il: ,neop, (3.1)
are common eigenfunctions of the second order difference operator

D =h_1(x)S_1 +ho(x)So + h1(x)S1, (3.17)
where
_ Qr(x+1)
h_1(x) = _X—QF(x) , (3.18)

_ Ap(x+1)  Ap(x)
ho(x)—x+k+a+up—aQF(x+l) +aQF(x)’ (3.19)

2 (x)
hi(x) = m (3.20)

F

Moreover DF(cF) =nc,,n € of.

Proof. Consider the set ©/ of nonnegative integers defined by OF = {n € N: & = 0}. Using
(3.14), we get OF = {x € N : 2p(x) = 0}. Since 2 is a polynomial in x, we conclude that
OF is finite. Define then 6 = max OF, with the convention that if ©F = @ then §F = —1.

Write p,(x) = ¢4 (x —ur) and g, (x) = q, F(x) (see (3.4)). With the notation of Section 2.2,
we have

p_1  Lo_ D97
" ’ T 4k

n!
Using the three term recurrence relations (2.27) for the Charlier polynomials and (2.10) for g,
n > 0F + 1, we conclude after an easy calculation that for u > 6 + 1 and v € R

Vg, (v) qu_H(v) +b qu (v) + c % 1 (v), (3.2
where
@F
al = (n+k+1)—~ (3.22)
n+1
F F
0 Wn-‘rl Wn
bf=m+k+at+urp)+m+k+1) 7 —(n—l—k)—F, (3.23)
gpn-i—l Q”
@F
0 _ n+1
¢ =a oF (3.24)

Assume now that v € of. Then, using the dualities (3.5), (3.14) and (3.15), we get from (3.21)
after straightforward calculations

uck )y = hy@yel (u+ 1) + howe! ) + h_y@)ef @ - 1), (3.25)

for all nonnegative integers u > 6F + 1, where hy, ho and h_; are given by (3.18)—(3.20),
respectively. Since cUF , UV € oF, are polynomials and %1, ho and h_; are rational functions, we
have that (3.25) holds also for all complex numbers u. In other words, the polynomials c,f R

n € o, are eigenfunctions of the second order difference operator Dr (3.17).

The determinant which defines {2 (3.6) enjoys a very nice invariant property with respect
to the involution I defined by (2.19). Indeed, for a finite set F' = {fi,..., fx} of positive



A.J. Durdn / Journal of Approximation Theory 182 (2014) 29-58 45

integers, consider the ~involute~d set I(F) =G ={g1,...,8&m} With g; < gi+1. We also need the
associated functions (27 and A% defined by

Q800 = leg* (=x +j = DIy, (3.26)
gl (=x) cgl(—x+ 1) o gl —x+m=2) c; (—x+m)

Ay =| : : . (327
Cor(—=X) cpl(=x+1) -+ c(—x+m—2) c,*(—x+m)

Using the definition of the involution /, we have that both f)j‘, and ]1% are polynomials of degree
ur + k (this last can be deduced using Lemma 3.4 of [14]).

The invariant property mentioned above for 2% (3.6) is the following: except for a sign, 2,
remains invariant if we change F to G = I (F), x to —x and a to —a. In other words, except for
a sign, 2 and f)}? are equal:

2%(x) = (=Dr Q4(x). (3.28)

For finite sets F' formed by consecutive positive integers this invariance was conjecture in [12]
and proved in [13]. The proof for all finite set of positive integers will be included in [8].

According to this invariant property, we can rewrite as follows the second order difference
operator D for which the polynomials ¢/, n € o, are common eigenfunctions.

Theorem 3.4. Let F be a finite set of positive integers. Then the coefficients h_y, ho, h1 of the
operator Dp (3.17) can be rewritten in the form

Qr(x+1)
hoj(x) = —x———~, (3.29)
Y M

ho(x) =x +m+a+ug+a Ar(e + 1) _Ar® (3.30)
Qr(x + 1) r(x)

2r (x)
h = —q—" 3.31
1(x) St D (3.31)

Proof. Using (3.28) and (3.11), we straightforwardly get (3.29), (3.30) and (3.31) from
(3.18)-(3.20). O

We next show that the polynomials ¢!, n € o, (3.1) and the corresponding difference
operator D (3.17) can be constructed by applying a sequence of at most k Darboux transforms
to the Charlier system (where k is the number of elements of F).

Definition 3.5. Given a system (7', (¢,,),) formed by a second order difference operator 7' and a
sequence (¢, ), of eigenfunctions for T', T (¢,) = m,¢y,, by a Darboux transform of the system
(T, (¢n)n) we mean the following. For a real number A, we factorize T — Ald as the product of
two first order difference operators T = BA + Ald (Id denotes the identity operator). We then
produce a new system consisting in the operator T, obtained by reversing the order of the factors,
T = AB + AI d, and the sequence of eigenfunctions qbn = A(¢y): T(¢n) = nnqﬁn We say that
the system ( T, (qbn)n) has been obtained by applying a Darboux transformation with parameter
A to the system (7', (¢n)n)-
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Lemma 3.6. Let F = {fi,..., fx} be a finite set of positive integers and write Fyy =
{fi,..., fi—1} (see (2.21)). We define the first order difference operators Ar and Bf as
Qr(x+ 1) 2 (x)
Ap = S0 — 51, 3.32
P O+ D Qg+ (3-32)
.ka x+1) .QF ()C)
Bp=—x—9" 5 | +a—8""g,. (3.33)
2F(x) QF(X)

Then c,f (x) = Ap(c:g",‘-’{+k)(x), n € op. Moreover

Dryy = BrAr + (fi +ury))1d,
Dr = ApBr + (fi +up)ld.

In other words, the system (DF, (c,f Jnear) can be obtained by applying a Darboux transform to

).

Fir)
the system (DFy, (¢n" neory,

Proof. First of all, we point out that o = fk —k+ OFu (that is an easy consequence of (2.16)
and (2.18)). In particular up = up,, + fi —

If we apply Sylvester’s 1dent1ty with ip = jo = 1,i1 = j1 = k (see Lemma 2.1) to the
determinant (3.1), we get

_Qp(x+1) i Op(x) i

F _ —
Cn (x) = (x+1) Cn— fk+k( X) ( +1) Cn— fk+

(e + 1D

AF(Cn_fk+k)(x)o

Write now Dp,, = hf{f)ﬁ—l + hg‘k)ﬁo + hf‘k}ﬁl. Using Lemma 2.2, the factorization Dp, =
BrAF — (fx +ury,)1d will follow if we prove

Fiy Fy .QF()C - 1) Fuy -QF(X + 1)
_ - _h b A A T
(@) = e +umy) = = 0= O=005
This can be rewritten as
w (92F) = (fk +ur,) 2F. (3.34)
But this is a consequence of the identity 2 (x) = (— k= lcﬁflub (x) (3.9).

We finally prove the factorization D = Ap Br — fiId. Since DF (cF) = nc ,n € oF, using
Lemma 2.3, it will be enough to prove that AFBF(CF) =mn- fr— up)c neor:

F F
ApBr(cy) = ArBrAr(c,”, ) = ApID™W — (fi + upy)1d1,", )
Fi
= Apln — fi —up)(c," (P1= (0 = fr —up)ey . O

Analogous factorization can be obtained by using any of the sets F;), 1 <i < k (see (2.21))
instead of Fy)

When the determinants 2 (n) # 0 (3.6), n > 0 (or equivalently, @,f # 0(3.12), n = 0), the
following alternative construction of the polynomial q,f: (3.4) has been given in [14]. For a finite
set F = {f1,..., fr} of positive integers, consider the involuted set I (F) = G = {g1,..., &m}
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with g; < gij11, where the involution [ is defined by (2.19). Assuming that 2r(n) # 0,n > 0,
using the invariance (3.28) and Theorem 1.1 of [14], we have

cp(x —vp)  —cp_(x—vp) - (=D"cp_,,(x —vp)

Cg(=n —1) o (=n) s g (=n+m—1)
o= " o , (335)

c;ma(—n -1 cgjé—n) e cgma(—n +m-1)

where «;,,, n > 0, is the normalization constant

ak(n—l)—up 1—[ f'
feF
an — (_1)k(n+l) p

]_[(n—f—l)‘

i=1

The duality (3.5) then provides an alternative definition of the polynomial cf ,n > vr. Indeed,
after an easy calculation, we conclude that

cf(x)
X x—m+1)
Cppp (X) ;cZ?UF(x -1 —mm Cpyp (X —m 1)
—p o (=x = 1) cgl“(—x) ol (=x +m—1) (336)
g"l( x_l) gm( x) C;:(_x+m_1)
where B,, n > 0, is the normalization constant
k
an—vp)!Vr [] &' T1(fi —n+ur)
G i=1
— (—]1)"Tktur 8¢ 3.37
Bn=(=D n—up)Ve [ f! ( )
feF

When the cardinality of the involuted set G = I(F) is less than the cardinality of F, (3.36)
will provide a more efficient way than (3.1) for an explicit computation of the polynomials c,f ,
n > vr. For instance, take F' = {1, ..., k}. Since I(F) = {k}, the determinant in (3.36) has
order 2 while the determinant in (3.1) has order k + 1.

Applying Sylvester s identity to the determinant (3.36), we get an alternative way to construct
the system (D, cI') by applying a sequence of at most m Darboux transforms to the Charlier
system.

Lemma 3.7. Given a real number a # 0 and a finite set F of positive integers for which
27.(n) # 0, n > 0, define the first order difference operators Cr and Ef as

Cr = — xQF(x+1) P QF(x) So. (3.38)
afp, (x) Qp, (x)
2 1 0]

—a Fy (X + ) S0 — Fy (X) 5. (3.39)

Qr(x +1) Qp(x-i-l)
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where F\ is the finite set of positive integers defined by (2.22). Then Dpy = EpCp + (up —k —
1)Idand Dp = CFEp + upld. Moreover

Crie,bpop) = (D" = ). = vy, (3.40)

where n, is the number of elements of F.

Proof. Write Dp, = hfulﬁ_l + hguﬁo + hf”ﬁ 1. Using Lemma 2.2, the factorization Dp, =
ErCr — (fr + ur,)Id will follow if we prove
F a. F r(x) _x+1F Qr(x +2)
ho' (0) = (up —k = 1) = ——h_§(x)= hyt 0 = . (34D
Qp(x+1) a Nr(x+1)

If we seta — —a, x — —x — 1 and use the invariant property of {2 (3.28), this can be rewritten
as

Dg,,,(926) = (gm +ugG,) 2.
where Gy is the finite set of posmve 1ntegers defined by (2.21). (3.41) then follows by taking
into account that 26 (x) = (—1)’"’] gm+uc (x) (3.8).
For n > vp, the identity (3.40) follows by applying Sylvester’s identity to the determinant

(3.36) and using (2.23).
The factorization Dr = CrEF 4+ uplId can be proved as in Lemma 3.6. [

We have computational evidences which show that (3.40) also holds forn € op, n < vF.
4. Exceptional Charlier polynomials

In the previous section, we have associated to each finite set F' of positive integers the
polynomials c,f ,n € or, which are always eigenfunctions of a second order difference operator
with rational coefficients. We are interested in the cases when, in addition, those polynomials are
orthogonal and complete with respect to a positive measure.

Definition 4.1. The polynomials CZ;F, n € or, defined by (3.1) are called exceptional Charlier
polynomials, if they are orthogonal and complete with respect to a positive measure.

We next introduce the key concept for finite sets F' such that the polynomials c,f ,N € OF, are
exceptional Charlier polynomials.

Definition 4.2. Let F be a finite set of positive integers. Split up the set F, F = |JX, ¥;, in
such a way that ¥; N'Y; = @, i # j, the elements of each Y; are consecutive integers and
I+max(Y;) <minY;;1,i =1,..., K—1. We say that F' is admissible ifeach ¥;,i =1, ..., K,
has an even number of elements.

Admissible sets F' can be characterized in terms of the positivity of the measure p‘f (3.16)
and the sign of the Casorati polynomial {2F in N.
Lemma 4.3. Given a positive real number a and a finite set F of positive integers, the following
conditions are equivalent.

1. The measure ,o[f (3.16) is positive.
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2. The finite set F is admissible.
3. 25(n) 2% (n + 1) > O for all nonnegative integers n, where the polynomial (2}, is defined by
(3.6).

Proof. It is clear that the definition of an admissible set F is equivalent to || rer(x — f) =0,
for all x € N. The equivalence between (1) and (2) is then an easy consequence of the definition
of the measure p!'.

We now prove the equivalence between (1) and (3).

(1) = (3). Since the measure ,05 is positive, the polynomials (q,llE )n (3.4) are orthogonal with
respect to the measure pf and have a positive L?-norm. According to (2.11) in Lemma 2.8, we
have

(gl qfy = (=¥ (ch chdfor . 4.1

(n + k)!

We deduce then that (—1)* @f @5 41 > 0 for all n. Using the duality (3.14), we conclude that
N2r(n)2F(n + 1) > 0 for all nonnegative integers n.

(3) = (1). Using Lemma 2.7, the duality (3.14) and proceeding as before, we conclude that
the polynomials (q,‘:7 )n are orthogonal with respect to pf and have a positive L?-norm. This
implies that there exists a positive measure p with respect to which the polynomials (q{ )n are
orthogonal. Taking into account that the Fourier transform of p! is an entire function, using
moment problem standard techniques (see, for instance, [2]), it is not difficult to prove that . has
to be equal to pf". Hence the measure p[ is positive. ~ [J

In the two following theorems we prove that for admissible sets F the polynomials c,f ,
n € of, are orthogonal and complete with respect to a positive measure.

Theorem 4.4. Given a real number a # 0 and a finite set F of positive integers, assume that
27.(n) # O for all nonnegative integers n. Then the polynomials CZ;F, n € or, are orthogonal
with respect to the (possibly signed) discrete measure

o0 ax
Wa:F = 8. (4.2)
aF ;Mﬁ%@)()g@—&—l) x

Moreover, for a < 0 the measure wg. p is never positive, and for a > 0 the measure w,.r is
positive if and only if F is admissible.

Proof. Write A for the linear space generated by the polynomials an ,n € or.Using Lemma 2.5,
the definition of the measure w,.r and the expressions for the difference coefficients of the
operator D (see Theorem 3.3), it is straightforward to check that D is symmetric with respect
to the pair (w,; r, A). Since the polynomials ¢!, n € o, are eigenfunctions of Dy with different
eigenvalues, Lemma 2.4 implies that they are orthogonal with respect to w,. .

If a < 0 and the measure w,. F is positive, we conclude that 2r(2n + 1)2r2n +2) < 0
for all positive integers n. But this would imply that {27 has at least a zero in each interval
(2n + 1, 2n + 2), which is impossible since {2 is a polynomial.

If a > 0, according to Lemma 4.3, F is admissible if and only if 2y (x)2r(x + 1) > 0 for all
nonnegative integers x. [

Theorem 4.5. Let a and F be a positive real number and an admissible finite set of positive
integers, respectively. Then the linear combinations of the polynomials CZ;F, n € of, are dense
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in L2(a)a;p), where wq. F is the positive measure (4.2). Hence c,al;F, n € or, are exceptional
Charlier polynomials.

Proof. Using Lemma 4.3 and taking into account that F is admissible, it follows that the measure
p,f (3.16) is positive. We remark that this positive measure is also determinate (that is, there is
not other measure with the same moments as those of p, ). As we pointed out above, this can
be proved using moment problem standard techniques (taking into account, for instance, that the
Fourier transform of paF is an entire function). Since for determinate measures the polynomials
are dense in the associated L? space, we deduce that the sequence (qn / ||qn 2) (wWhere qn
the polynomial defined by (3.4)) is an orthonormal basis in L2(,oa ).

X =9

F
For s € oF, consider the function hy(x) = {(1)/ Pa (). Zs where by p, F(s) we denote the

mass of the discrete measure p/ at the point s. Since the support of pl is GF, we get that
hs € L*(pl). Its Fourier coefficients with respect to the orthonormal basis (¢ /|lg} [12), are
+ ()/llg; 12, n = 0. Hence

F F
1
Z 9n (8)g, (r) TR —— @.3)
n=0 ||q;1 ||2 “ lOa (s)

This is the dual orthogonality associated to the orthogonality

> af gl w el w) = qf. qF)snm

UEor

of the polynomials qf , n > 0, with respect to the positive measure ,of (see, for instance, [3],
Appendix III, or [26], Th. 3.8).
Using (4.1), (2.26) and the duality (3.14), we get

1
lgf 13

where x;, is the positive number given by

= Wq. F (M) Xy, 4.4

X 2
4 [T+
i=0
= | @ T 4-5)
feF
Using now the duality (3.5), we can rewrite (4.3) for n = m as
a—ur—kea [1m—f—ur)
. . feF
(o F caly = ) (4.6)

@ (n—ur)!

Consider now a function f in Lz(a)a;p) and write g(n) = (—1)”f(n)/x,1/2, where x;, is the
positive number given by (4.5). Using (4.4), we get

00 2 e
> % =Y warmIf P = £15 < oo.
=0 (6],, »qy >p,f n=0
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Define now

Z g(n)qf ()

$an . an)
Using Theorem II1.2.1 of [3], we get
o 2
g ()]
5= ——— = 2 ol (. 4.7
= an )

On the other hand, using the duality (3.5) and (4.4)—(4.6), we have

=D’ Cr
v = (pF(r))l/QZf()|cr n wa; F ().

This is saying that (—1)" (,oa Y 20,1 € oy, are the Fourier coefficients of f with respect to
the orthonormal system (cj;’ F /Nl F [l2). Hence, the identity (4.7) i 1s Parseval s identity for the
function f.From where we deduce that the orthonormal system (cj;’ / llci: ||2)n is complete in

Lz(a)a;F)- O

5. Constructing polynomials which are eigenfunctions of second order differential
operators

One can construct exceptional Hermite polynomials by taking limit in the exceptional Charlier
polynomials. We use the basic limit (2.33).

Given a finite set of positive integers F, using the expression (3.3) for the polynomials CZ;F ,
n € o, setting x — +/2ax + a and taking limit as ¢ — 400, we get (up to normalization
constants) the polynomials, n € o,

anup(x) Hy/, up(x) Hrgk)up(x)
| 0 H 0w o
n X) = . . . . .
Hp(x)  Hp@) (") (x)

More precisely

allr-‘,liloo (;) c, (\/ 2ax + (l) = mHn (x) (52)
uniformly in compact sets, where
/s+l
v =2l ﬂ L. (5.3)

feF
Notice that H, F is a polynomial of degree n with leading coefficient equal to

)y, [T —n+up.

feF

where VF is the Vandermonde determinant defined by (2.2).
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Assume now that F is admissible (4.2). According to Lemma 4.3, this gives for all a > O that
27(x)27(x + 1) > 0 for x € N, where (2} is the polynomial (3.6) associated to the Charlier
famlly In particular 2§ (x) # 0, for all nonnegatlve integers x. Hence, if instead of (3.3) we use
(3.36), we get the followmg alternative expression for the polynomials H, F ,n > vF, (i denotes

the imaginary unit i = +/—1)

H, (x) —IHy ypt1 x) - (—=)"H,— vE+m (x)
. Hy (=ix)  Hg(=ix) - <'">< i)
Hi@=wm| . : . . : (5.4)
H,, (—ix)  Hj (=ix) - Héfr’:)(—ix)

where y;, is the normalization constant

Vn=i”G2( ) )VF H(f—n+uF) (5.5)

feF

and as in the previous sections G denotes the involuted set G = I (F) (see (2.19)).
We introduce the associated polynomials

Hp(x) Hp@) - H{E D)
Qp(x)=| P C (5.6)
Hp(x) Hj(x) - H 1>()
Hg (—ix) Hj (—ix) --- H" l>( ix)
Qp(x) = jvetm : : ) (5.7)
H,, (—ix) Hj (—ix) - H;;j*“(—ix)

Since ug +m = ur + k, we have that both 27 and 2F are polynomials of degree ur + k.
The invariant property (3.28) gives

Op(x) = 2(8)-() F9F<x> 5.8)

We also straightforwardly have

k—sp+1
HE )= 2 o ), (5.9)
Vv Fy
where the numbers vy and s are defined by (5.3) and (2.20), respectively, and the finite set of
integers F is defined by (2.22).
Proceeding in a similar way, we can transform the second order difference operator (3.17)
into a second order differential operator with respect to which the polynomials H,, , n € oF, are
eigenfunctions:

Theorem 5.1. Let F be a finite set of positive integers. Then the polynomials HnF ,n € OF, are
common eigenfunctions of the second order differential operator

Dp = —0% + h1(x)d + ho(x), (5.10)
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where 0 = d/dx and

hl(x)=2(x+ QF(X)), (5.11)

2r(x)

(5.12)

ho(x) =2 (k +up — QF(X)) r ()

x - )
F(x) QF(x)
More precisely Dp(HF) = 2nHF (x).

Proof. The proof is a matter of calculation using carefully the basic limit (2.33), hence we only
sketch it.
We assume that k is even (the case for k odd being similar).

Using that cii (x +k) = Zﬁ:o (lj‘) co_ i (x), the basic limit (2.33) and the alternative definition
(3.9) for 2%, we can get the limits

2 (up+k)/2 zkg
lim <—) 2% (xy) = ﬂ, (5.13)
a—oo \ a VE
2 (up+k—1)/2 2k71‘(2/ X
lim <—> (R (xa + 1) — 27(x0)) = —F() (5.14)
a—oo \ a VF
2 (up+k—2)/2 2k—29// X
lim <—> (5 (xa + 1) = 2025 (xa) + 25 (xg — 1) = —F()
a—oo \ a VF
where v is defined by (5.3) and x, = v/2ax + a.
Taking into account that ¢*% (x) = 0f (x), where F, = {f1, ..., fi,n — ur}, we can get

similar limits for the polynomials cj;’ F (x),n € oF.
We next write the spectral equation D% %y = ne®F (where we write D%, for the second
order difference operator (3.17)) in the form

he | (x) [c,f(x +1) —2¢F (o) +¢F (x — 1)] + (h(x) — h | (x)) [c,f(x +1)— an(x)]
+ (h§ (x) + B (X) + B (X)) (x) = neyy (x),

where h? |, hi and h{ are given by (3.18)—(3.20), respectively. It is then enough to set x — x4
and take carefully limit as @ — oo using (3.18), (3.19), (3.20) and the previous limits. [

We can factorize the second order differential operator Dr as a product of two first order
differential operators. As a consequence the system (D, (H,fV )neor) can be constructed by ap-
plying a sequence of k Darboux transforms to the Hermite system.

Lemma 5.2. Let F = {f1, ..., fx} be a finite set of positive integers and write Fyy = {fi1, ...,
Jfr—1}. We define the first order differential operators Ar and Bf as
2 (x) 25 (x)
Ap = — 0+ , (5.15)
\QF(k) ()C) ‘QF(k) (.Xf)
/
_ Oy ), 2600+ Oy () (5.16)

2r(x) 2F(x)
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Then HnF (x) = AF(H ) (x), n € of. Moreover

fk+
DF{k} = BrAr +2(fk +MF{k})Idv
Drp =ApBr +2(fi +up)ld.

Proof. The lemma can be proved applying limits in Lemma 3.6, or by applying Silvester’s
identity (for rows (1, k) and columns (k — 1, k)) in the definition (5.1) of the polynomials HnF ,
neor. O

When F is admissible, using the alternative expression (5.4) for the polynomials HnF ,n € OF,
we get other factorization for the differential operator DF.

Lemma 5.3. Let F be an admissible finite set of positive integers and write F for the finite set
of positive integers defined by (2.22). We define the first order differential operators Cr and Efr
as

Qp(x) f)%(x) + 2x02F (x)

Cr = _ , (5.17)
" 2r, ()

2, (x)
Ep=— QF“(X) L (5.18)
QF (x) 2r(x)

Then Dp, = ErCr +2(up —k —1)Id and Dp = CrEp + 2upld. Moreover

2m+(k JF+2> (k+1) m]_[l(gm _gj)

]_

Cr(H, " )= Hf(x), n>vp, (519

F—l
[1G-DG—n+ur) I (f=J)
j=1 feF:f>sp

where G = [ (F) = {g1, ..., &gu} and sF is defined by (2.20).
6. Exceptional Hermite polynomials

In the previous section, we have associated to each finite set F of positive integers the
polynomials H,f ,n € of, which are always eigenfunctions of a second order differential operator
with rational coefficients. We are interested in the cases when, in addition, those polynomials are
orthogonal and complete with respect to a positive measure.

Definition 6.1. The polynomials H, n € o, defined by (5.1) are called exceptional Hermite
polynomials, if they are orthogonal and complete with respect to a positive measure.

As it was mentioned in the Introduction, simultaneously with this paper, exceptional Hermite
polynomials as Wronskian determinant of Hermite polynomials have been introduced and
studied (using a different approach) in [22]. In that paper, exceptional Hermite polynomials are
defined for a given non-decreasing finite sequence of non-negative integers A = (Ag, ..., A7), and
are denoted by HJQ") (x); the degree of HJQ) (x)is2 le=1 Aj—21+ j. The relationship between the
exceptional Hermite polynomials introduced in [22] and the ones in this paper is the following:
given a non-decreasing finite sequence of positive integers A = (A1, ..., A;), we form a finite set
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of positive integers F as follows: F = {f1, f2,..., fa—1, fu}, where fo;_1 =A; +2j —2and

C— P s . @) _ ygF
fj=xj+2j 1,]—1,...,l,thenHj (X)_HZZGZI)LJ'—ZI‘F]'(X)'

The following lemma and theorem show that again the admissibility of F will be the key to
construct exceptional Hermite polynomials.

Lemma 6.2. Let F be a finite set of positive integers. Then F is admissible if and only if the
Wronskian determinant 2r (5.6) does not vanish in R.

Proof. Consider a second order differential operator T of the form T = —d? /dx*+ U, and write
¢n, n > 0, for a sequence of eigenfunctions for T, where U and ¢, satisfy suitable boundary
conditions. For a finite set of positive integers F = {f1,..., fx}, consider the Wronskian
determinant Q; x) = |¢%_1)(x)|f’ =1 For operators defined in a half-line, Krein proved [25]

that F is admissible if and only if QIZ does not vanish in the real line. A similar result was proved
by Adler [1] for operators defined in a bounded interval. Adler’s result can easily be extended to
the whole real line (in fact, he considered in [1] the case of Wronskian determinant of Hermite
polynomials). The lemma is then an easy consequence of this result for the functions H, (x)e_xz.
Anyway, for the sake of completeness, we prove by passing to the limit from Lemma 4.3 the
implication = in the lemma (which it is what we need in the following theorem).
For a > 0, consider the positive measure t, defined by

. _d & at@y W) 5y
7 ea =X 280) 2f (x + 1)
where
Yax = (x —a)/~2a. (6.1)

We also need the following limits

% (V2ax +a) 2502 Qp (x)

a—lir—{—loo ak+urp)/2 - VF 62)
4(2ax+a+1) 2k-un2(

lim ZE20xtatl) rx) 6.3)
a——+00 a(k‘HlF)/2 VF

. CZ;,F( /_2ax + a) 2k—MF/2—SF+1 -QFu (x)

lim = , 6.4)
a——+00 aMF/2 vFll

2 \/ﬂx—y—a
lim ad NS (6.5)

a—>+00 ed ['(\/2ax +a + 1) B

uniformly in compact sets. The first limit is (5.13). The second one is a consequence of (5.14).
The third one is a consequence of (5.2) and (5.9). The fourth one is a consequence of Stirling’s
formula.

We proceed by complete induction on s = max F. Since F' is admissible, the first case to be
considered is s = 2 which it corresponds with F = {1, 2}. Then 2r(x) = 8x2 + 4 which it
clearly satisfies 2 (x) # 0, x € R.

Assume that 2r(x) # 0, x € R, if max F < s and take an admissible set F with
max F' = s+ 1. The definition of Fj (2.22) then says that max F|; < s. The induction hypothesis
then implies that 25 (x) # 0, x € R. We now proceed by reductio ad absurdum. Hence, we
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assume that the polynomial 2F vanishes in R. Write xg = max{x € R : 2p(x) = 0}. Take
real numbers u, v with xo < u < v and write I = [u, v]. Since 2r(x) # 0, x € I, applying
Hurwitz’s Theorem to the limits (6.2) and (6.3) we can choose a countable set X = {a, : n € N}
of positive numbers with lim,, @, = +o0 such that 2 (v 2ax +a) 2% (V2ax+a+1)#0,x €1
anda € X.

Hence, we can combine the limits (6.2)—(6.5) to get

lim  h,(x) =dsh(x), uniformlyin/, (6.6)
a——+oo;aeX
where
B () ak Zaamx“L“(cg;FF(«/Zax +a))?
a

T e I(V2ax +a+ )% (V2ax + a)2%(V2ax +a+ 1)
e Q%U (x)

M= 0

’

and dz = 2"_2”*21)12@/(\/?1)12%). We now prove that

lim (1) = d3/h(x)dx. 6.7)
I

a—+o00;aeX

To do that, write I, = {x € N : a + u+v2a < x < a 4 v+/2a}. The numbers y, x, x € I,
form a partition of the interval I with y, x4+1 — ya,x = 1/+/2a (see (6.1)). Since the function £ is
continuous in the interval I, we get that

/h(x)dx = lim S,
I a——+oo;aeX
where S, is the Cauchy sum
Sq = Z h(ya,x)(ya,x+l - Ya,x)-
xel,
On the other hand, since x € I, if and only if u < y, x < v (6.1), we get

ak a*(ct, (x)? 1

W)= ) i gi e 7 D v 2 a0

xel, xel,

Z ha(ya,x)(ya,x+l - ya,x)~

xel,

The limit (6.7) now follows from the uniform limit (6.6).
The identity (4.6) for n = urp says that 7,(R) = dF, where the positive constant dr =
I1 feF f does not depend on a. This gives 7,(I) < dr. And so from the limit (6.7) we get

dr
h(x)dx < —.
/1 (X)x_d

3
That is

x <

/-v e 27, () dr
w o R) T d3
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On the other hand, since 2r(xo) = 0 and 2p (x) # 0, x € R, we get

2
ve ™ 02 (x)
li / —_hTy
u

m 2
u—xg -Qp(x)

which is a contradiction. [
Corollary 6.3. Given an admissible finite set F of positive integers, we have for n € of,

(HY HD ) op = Va2 —up) [ [0 = f = up). (6.8)
feF

Proof. The proof is similar to that of the previous theorem (using (4.6)) and it is omitted. [

Theorem 6.4. Let F' be an admissible finite set of positive integers. Then the polynomials HnF ,
n € of, are orthogonal with respect to the positive weight

—x2

e
—_ e R, 6.9
22.(x) * ©9)

wp(x) =

and their linear combinations are dense in L2(a)F). Hence HnF , n € of, are exceptional Hermite
polynomials.

Proof. Write Ar for the linear space generated by the polynomials HnF , n € of. Using
Lemma 2.6, it is easy to check that the second order differential operator D (5.10) is symmetric
with respect to the pair (wr, Ar) (6.9). Since the polynomials H', n € o, are eigenfunctions
of Dr with different eigenvalues Lemma 2.4 implies that they are orthogonal with respect to wr.

The completeness of H,f ,n € op, in L*(wF) can be proved in a similar way to that of
Proposition 5.8 in [22] and it is omitted. [
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