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Abstract

An approximation scheme is a family of homogeneous subsets (A;) of a quasi-Banach space X, such
that Ay C Ay & ... € X, Ay + Ap C Ag(n), and Up Ay = X. Continuing the line of research originating
at the classical paper [8] by Bernstein, we give several characterizations of the approximation schemes with
the property that, for every sequence {¢,} N\ 0, there exists x € X such that dist(x, A;) # O(ey) (in this
case we say that (X, {A,}) satisfies Shapiro’s Theorem). If X is a Banach space, x € X as above exists if
and only if, for every sequence {8, } \, 0, there exists y € X such that dist(y, A;) > §,. We give numerous
examples of approximation schemes satisfying Shapiro’s Theorem.
© 2012 Elsevier Inc. All rights reserved.
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1. Introduction and motivation

One of the most remarkable early results in the constructive theory of functions is Bernstein
Lethargy Theorem: if Xo C X; € X2 € --- € X is an ascending chain of finite dimensional
vector subspaces of a Banach space X, and {g,} \, 0 is a non-increasing sequence of positive real
numbers that converges to zero, then there exists an element x € X such that the n-th error of best
approximation by elements of X, satisfies E(x, X,,) = &, for all n € N. Here and throughout the
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paper, we write E(x, A) = inf,e4 ||x—a|| (x and A are an element and a subset of a quasi-Banach
space X, respectively, (for the concept of quasi-Banach space, see Definition 1.2). Furthermore,
the notation {or;,} N\ 0 means that the sequence (¢;,) is non-increasing, and lim «;, = 0.

The result quoted above was first obtained in 1938 by Bernstein [8] for X = C([0, 1]) and
X, = II,, the vector space of real polynomials of degree < n. The case of arbitrary finite
dimensional X, is treated, for instance, in [28, p. 94{f], [61, p. 40ff], [57, Section I1.5.3].

There are very few generalizations of Bernstein’s result to arbitrary chains of (possibly infinite
dimensional) closed subspaces X; € X» C ... of a Banach space X. The results due to
Tjuriemskih [62] and Nikolskii [46,47] (see also [57, Section 1.6.3]) assert that a sufficient (resp.
necessary) condition for the existence of x € X verifying E(x, X,,) = ¢, is that X is a Hilbert
space (resp. X is reflexive). These results were proved independently and by other means by
Almira and Luther [3,4] and Almira and Del Toro [1]. Moreover, in [2] it was shown that if X
is a reflexive Banach space and {0} C X; C X, C --- is an infinite chain of closed subspaces
of X, then for every pair of sequences of positive numbers {g,} \( 0, {8,} \y 0, there is an
element x € X such that E(x, X,)/e, converges to zero, but E(x, X,)/e, # O(3,). Also,
Bernstein Lethargy Theorem has been generalized to chains of finite-dimensional subspaces
in non-Banach spaces (such as SF-spaces) by Lewicki [37,38]. These two approaches were
successfully combined by Micherda [44].

Thanks to the work by Plesniak [54], the lethargy theorem has become a very useful tool for
the theory of quasi-analytic functions of several complex variables.

In 1964 Shapiro [56] used Baire Category Theorem to prove that, for any sequence X; C
Xo € ... € X of closed (not necessarily finite dimensional) subspaces of a Banach space X,
and any sequence {g,} \ 0, there exists an x € X such that E(x, X,,) # O(g,). This result was
strengthened by Tjuriemskih [63] who, under the very same conditions of Shapiro’s Theorem,
proved the existence of x € X such that E(x, X,,) > ¢,,n =0, 1,2, .... Moreover, Borodin [9]
gave an easy proof of this result and proved that, for arbitrary infinite dimensional Banach spaces
X and for sequences {¢,} N\ O satisfying ¢, > Z,finH er,n=0,1,2,..., there exists x € X
such that E(x, X,) =¢,,n=0,1,2,....

However, approximation by linear subspaces of a Banach space is very restrictive. There are
many other choices of approximation processes such as rational approximation, approximation
by splines with of without free knots, n-term approximation with dictionaries of different kinds,
and approximation of operators by operators of finite rank, just to mention a few of them. Do the
results of Bernstein, Shapiro and Tjuriemskih hold in this setting, too? The following startling
result of Brudnyi can be found in [12, Theorem 4.5.12]:

Theorem 1.1. Suppose {0} = Ao C A1 C --- C A, Cis an infinite chain of subsets of a Banach
space X, satisfying the following conditions: A, + A, C Apqm foralln,m € N; LA, C A, for
alln € N and all scalars A; | J, oy An is dense in X ; and

y = inf sup E(x, A, > 0. (1.1)

n€NxeA, 1, lxl<1

Then here exists a constant ¢ = c(y) such that for every non-increasing convex sequence
{En}f,o:o N\ O there exists x € X such that E(x, Ap) > e, foralln € N, and E(x, A,) < ce, for
infinitely many values of n.

Recall that a sequence ¢, is called convex if, for every n,e, < (&,—1 + €n4+1)/2. By
[25, pp. 113-114], for any sequence {e,} \( O, there is a convex sequence {§,} \, O such
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that £, > ¢, for all n € N. Thus, we do not need to assume the convexity of {¢,} to show the
existence of x € X satisfying E(x, A,) > ¢, forany n € N.

In this paper, we are concerned with generalizations of results of Brudnyi and Shapiro quoted
above for general approximation schemes, defined by Pietsch [51] to produce a unified approach
to diverse phenomena of approximation theory. Instead of working with Banach spaces, we work
with a more general class of quasi-Banach spaces.

Definition 1.2. Let X be a real or complex vector space. We say that the map || - || : X — R7T is
a quasi-norm over X if it satisfies the following three properties:

(1) |lx|l = 0if and only if x = 0.
(ii) There exists a constant Cy > 1 such that ||x + y|| < Cx(||x|| + ||y|])) forall x, y € X.

@iii) ||Ax|| = |A] lx]|| for all x € X and all scalar A.
We say that (X, || - ||) is a quasi-Banach space if it is complete in the (metrizable) topology,
determined by || - ||

Note that, if (X, || - ||) satisfies the above conditions with Cx = 1, then it is a Banach space.
An important class of quasi-Banach spaces is formed by p-normed spaces, for 0 < p < 1. These
are spaces (X, || - ||) which satisfy (i), (iii), as well as

(i) Forany x,y € X, [lx + y[IP < lx[I” + [IylI?.

Aoki—-Rolewicz theorem states that any quasi-normed space can be equipped with an equivalent
quasi-norm || - || for which there exists p € (0, 1] such that ||lx + y[|” < [|x||” + [|¥||” for any
x,y € X (see e.g. [20, Theorem 2.1.1] or [35, pp. 7-8]).

Quasi-normed spaces were introduced by Hyers in 1938 [33], under the name of pseudo-
normed spaces. There, it was shown that a topological linear space X is locally bounded if and
only if its topology can be generated by a quasi-norm on X. The term “quasi-normed” was
introduced in 1943 by Bourgin [11] (see also [52]).

The best known examples of quasi-Banach spaces are the Lebesgue spaces £, L,({2), the
Hardy space H,(0 < p < 1) (these spaces are p-normed), as well as Lorentz spaces (see
e.g. [12, Section 1.9] for the definition of these spaces). Quasi-Banach spaces have been widely
used in functional analysis—for instance, in the study of operator ideals [53], and in interpolation
theory [12] Abstract approximation spaces (introduced in [51], and studied in, for instance,
[3,4], as well as in Section 5 of this paper) are quasi-Banach. We refer the reader to [34] for
an up-to-date survey of quasi-Banach spaces.

Definition 1.3. Suppose X is a quasi-Banach space, and let Ag C A} C --- C X be an infinite
chain of subsets of X, where all inclusions are strict. We say that (X, {A,}) is an approximation
scheme (or that (A,) is an approximation scheme in X) if:

(i) There exists amap K : N — Nsuch that K(n) > nand A, + A, € Ag) foralln € N
(we can assume that K is increasing).
(i) AA, C A, forall n € N and all scalars A.
(iii) (J,eny An is dense in X.

Note that part (ii) of this definition implies that, for any n € N and A # 0, we have
AA, = A,. Indeed, we already have the inclusion LA, C A,. To prove the converse, note
that A, = A - A~1A, C AA,, since "L A, C A,.
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One example of an approximation scheme is an increasing chain of linear subspaces of X,
whose union is dense. Then we can take K (n) = n. Further examples of approximation schemes
can be found throughout the paper.

Definition 1.4. Following e.g. [1,2], we say that the approximation scheme (X, {A,}) satisfies
Shapiro’s Theorem if for any non-increasing sequence {&,} \ O there exists some x € X such
that E(x, A,) # O(g,). In other words, for each ¢ > 0, we have E(x, A,) > ce, for infinitely
many values of n.

Section 2 is devoted to describing approximation schemes satisfying Shapiro’s Theorem
(Theorems 2.2 and 2.6). In Section 3, we prove that for an approximation scheme in a Banach
space X, satisfying Shapiro’s Theorem is equivalent to (a weakened version of) Brudnyi’s
Theorem 1.1 (Theorem 3.4, Corollary 3.7). Section 4 shows some examples of “pathological”
approximation schemes failing Shapiro’s Theorem. Section 5 studies the relationship between
approximation schemes that satisfy Shapiro’s Theorem, and those verifying the abstract versions
of Jackson’s and Bernstein’s inequalities. Section 6 contains many examples of approximation
schemes which do satisfy Shapiro’s Theorem. Finally, Section 7 examines the related question
of controlling the rate of decay of the best approximation errors.

2. Shapiro’s Theorem

Throughout this paper, we work with approximation schemes in infinite dimensional quasi-
Banach spaces. The proposition below shows that a finite dimensional space cannot “host” an
approximation scheme.

Proposition 2.1. Suppose X is a finite dimensional space, and the family of its subsets Ag C
Ay C---CA, C---C X satisfies (1)—(iii) of Definition 1.3. Then there exists N € N such that
Ay = X.

Proof. For each n, X,, = span[A,] is a closed subspace of X. Then X; C X, C ---. AsU, A,
is dense in X, we conclude that X,, = X for some n. By Caratheodory’s Theorem, and by the
homogeneity of the set A,, any x € X can be represented as x = Z,iv’: | akag, with ai € A,
and oy € R (here M = dim X + 1). Therefore, X = Ay, where N = K(---(K(n))---)
(M times). [

Note that if ((X, ||-]|), {A.}) satisfies Shapiro’s Theorem, and || -|| is an equivalent quasi-norm
on X, then ((X, || - D, {A,}) also satisfies Shapiro’s Theorem. This remark will be particularly
useful for quasi-normed spaces X, as it allows us to deploy Aoki—Rolewicz theorem (stated in
Section 1): any quasi-normed space can be equipped with an equivalent quasi-norm || - || for
which there exists p € (0, 1] such that [|x + y[|” < [|x||” + [|y]|? for any x, y € X.

Theorem 2.2. Suppose (A,) is an approximation scheme in a quasi-Banach space X. The
following are equivalent:

(a) The approximation scheme (X, {A,}) satisfies Shapiro’s Theorem.

(b) There exists a constant ¢ > 0 and an infinite set Ny C N such that for all n € Ny, there exists
Xn € X \ Ay, which satisfies E (x,, Ap) < cE(Xn, Ak n))-

(¢c) There is no sequence {&,} \, 0 such that E(x, A,) < &,||x|| forall x € X and n € N.

For the proof we need:
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Lemma 2.3. Let h : N — N be a map such that h(n) > n for all n, and let {€,} "\ 0. Then there
exists a sequence {£,} \( O such that &, > &, and &, < 2&(,) for every n.

Proof. Passing from the original function A to (say) A’ (n) = maxj<k<n h(k) + n, we can assume
that (i) 2(n) > n for every n, and (ii) the function 4 is strictly increasing. Set my = 0, and, for
k > 1,my = h(mg_1). Set By = &1, and By = max{e,,,, Bx—1/2} fork > 1. For n € N, find
k > O such that n € [my, my11), and set &, = Bx.

Then the sequence (£,) has the desired properties. For n € [my, mi41), &, = Bk > &m, = &n.
Furthermore, as / is increasing, h(n) € [myy1, mry2), hence &,y = Brr1 = Br/2 = &,/2. It
remains to show that lim&, = 0, or in other words, that lim gy = 0. If B = &, for infinitely
many values of k, then lim g = lime,,, = 0. Otherwise, B = Br_1/2 for any k > ko. In this
case, too, lim By = 0. [

Proof of Theorem 2.2. As X is a quasi-Banach space, there exists a constant Cx such that
lx + yll = Cx (x|l + Iyl forany x, y € X.

(b) = (a): As a first step, we prove the existence of x € X satisfying E(x, A,) # O(ep)
under the additional assumption that &, < 2&g(,4+1)—1 for all n € N. Assume, for the sake
of contradiction, that E(x, A;) = O(g,) for all x € X. Then X = Ufnozl I, where
Iy ={xeX:Ex,A) <ag,,n =0,1,2,...} (@ > 0). The sets I}, are closed subsets
of X. Furthermore, E(—x, A,,) = E(x, A,) for all n, hence I, = —1I7}, for all m. Finally,

conv(l}y,) C Ionucy 2.1

(here, conv(S) stands for the convex hull of a set S). Indeed, suppose x, y € I},, and A € [0, 1].
Recalling the inclusion A, + A, C Ak @), we see that, for every n,
EQx+ (1 -2y, Akm) = inf |ax+ (1 =2y —gl
8€EAK®)

a,liJI;g,, [A(x —a) + A =2y =D

A

IA

Cx |: inf [A(x —a)|| + inf [[(1 —X)(y — b)||:|
acA, beA,
= ACxE(x,Ap) + (1 = AM)CxE(y, Ay) < mCxe,y.

For an arbitrary j, find n such that K(n) < j < K(n + 1) (for simplicity, we set K(0) = 0).
Then

EQx+A—=20)y, Aj) S EQx+ (1 =21y, Akw) <mCxe, < 2mCxegnt1)—1

=
< ZmCXEj,
which implies Ax + (1 — A1)y € %, ¢y, thus proving (2.1).

By Baire Category theorem, there exists some m¢ € N such that I, has non-empty interior.
That is, there exists a ball B(x,r) C I},, with r > 0. By symmetry, —B(x,r) C I},,. By (2.1),

B(0,r) C %(B(—x, r)+ B(x,r)) C Iamycy-

Hence, mx € Iypycy for every x € X, and the inequality

X
E(x, Ap) < u2””LOCXSn
r

holds forall x € X and alln € N.
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Forn € Ny, find a, € A, such that ||x, —a,|| < 2E(x,, Ay,), where {xt}ken, is the sequence
of elements of X given by condition (b). Take y, = x,, — a,,. Then

1 1
lvn — bull = X0 — (an + b))l = E(xp, AK(n)) > EE(xm Ay) = Z”yn”
for all b,, € A,,. Hence

[[yn I 2moCye,
r

1
o lyull < E(yn, An) <
C

and consequently, 1/(2¢) < 2moCxe,/r for all n € Ny. This contradicts &, — 0. Thus, for
every sequence {&,} \( O satisfying &, < 2egu+1)—1 (n € N), there exists x € X such that
E(x, Ap) # O(en).

Now suppose the sequence {e,,} “\ 0 is arbitrary. Applying Lemma 2.3 to {g,}7°, and the
map h(n) = K(n + 1) — 1, we obtain a sequence {&,},2, satisfying &, < & < 2&kut1)-1
for all n € N. By the above, there exists x € X such that E(x, A,) # O(&,), which implies
E(x, A;) # O(gy,). This ends the proof of (b) = (a).

(@ = b):IfX=U7, A, then both (a) and (b) are false, since in this case, for any x € X
there exists n € N such that E(x, A,)) = 0. Suppose X # U?,CJ:() ‘A,,, and (b) is false. Then the
sequence {c,},- C [0, o), given by

o = inf E(X,An)
" cex\arg EG Akm)

has no bounded subsequences, hence lim;,_, o, ¢, = 00. Setey = 1/c, for K(n) <k < K(n+1)
and let {e)} denote the non-increasing rearrangement of the sequence {¢,} € co(N). For any

x e X\UX A, andany k € [K(n), K(n + 1)), we have

1 1
E(x, Ax) < E(x, Ak@m)) < C—E(x, Ap) < —llx|l = exllxll < efllx|l, (2.2)
n n
hence E(x, Ay) = O(SZ), and (a) is also false.
(a) = (c) is clear. On the other hand, if (a) is false then (b) is also false, so that (2.2) holds
true. This implies that E (x, Ax) < &f|lx||, for the sequence {&;} \ 0 described above. [J

Remark 2.4. It follows from Theorem 2.2 that every non-trivial linear approximation scheme
(i.e., every approximation scheme verifying K (n) = n and A,, # X for all n) satisfies Shapiro’s
Theorem. In particular, this extends Shapiro’s result to the quasi-Banach setting.

A different proof of Theorem 2.2 was given by Almira and Del Toro in [1,2]. That proof used
some general theory of approximation spaces, introduced by Almira and Luther in [3,4]. The
proof presented here is self-contained, avoids the theory of generalized approximation spaces,
and follows a more classical line of thinking.

One of our main tools for verifying that an approximation scheme satisfies Shapiro’s Theorem
is property (P).

Definition 2.5. We say that an approximation scheme (X, {A,}) satisfies property (P) (with
constants a, b > 0) if for every n € N,n > 0, there exists an element x € X with ||x|| = 1
such that E(x, A,) > -1
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Theorem 2.6. Suppose an approximation scheme (X, {A,}) satisfies property (P), and there
exists ¢ > 1 such that A, + A, C Acp for any n € N. Then (X, {A,}) satisfies Shapiro’s
Theorem.

Proof. Assume, for the sake of contradiction, that (X, {A,}) fails Shapiro’s Theorem. By
Theorem 2.2, for any C > 1 there exists N € N such that E(x, A,) > CE(x, A¢,) for any

x € Xandn > N. Pick C > ¢’ and select k to satisfy aN? < (% (here, a and b are as in

Definition 2.5). Take x € X with [|x|| = 1 and E(x, Auy) > W Then

1= |lx|l > E(x, Ay) > CE(x, Acn) = C*E(x, Apy) = -+ > CFE(x, Ay,
so that
—k
W SEMXx,Auy) =CTF,
hence a(c*N)? > C*, which contradicts our choice of k. [

Section 6 contains several examples where Property (P) is used to show that an approximation
scheme satisfies Shapiro’s Theorem.

3. A comparison with Brudnyi’s Theorem

To proceed, we need to introduce some notation. Recall that, for x € X and A C X, we
define E(x, A) = inf,ca ||x — al|. Furthermore, for subsets A, B of X, we define E(B, A) =
sup,cp E(b, A) (note that E(A, B) may be different from E(B, A)). We denote by S(X) the unit
sphere of a quasi-Banach space X.

Definition 3.1. We say that the approximation scheme (X, {A,}) satisfies Brudnyi’s condition if
y = inf sup E(x, Ay) > 0. 3.1

neN xed, 1, lxl<1
We say that (X, {A,}) satisfies weak Brudnyi’s condition with constant ¢ € (0, 1] if E(S(X),
A,) > cforalln € N.

Note that Brudnyi’s condition implies the “jump condition” from Theorem 2.2(b), that is, the
existence (for each n € N) of x, € X satisfying E(x,, A,) < CE(x,, Ak (n)). This implication
holds for general approximation schemes, and not just for the case K(n) = 2n, covered by
Brudnyi’s Theorem. Indeed, applying (3.1) to Ak (n), we obtain x, € Ag ;)41 such that |lx, || = 1
and E(x,, Axn)) = y. Then

E(xp, Ay) <1 =Cy < CE(xp, AK(n))»

where C = 1/y.
However, there exist approximation schemes failing Brudnyi’s condition (3.1), for which one
can obtain a prescribed rate of decay of (E(x, Ay)).

Theorem 3.2. There exists an approximation scheme (Ay,) in the space co, such that Ay, + A, C
Amax{m,n)+1 for any m,n € N, and:

(1) Brudnyi’s condition (3.1) is not satisfied.
(2) For any {e,} \y O, there exists x € cqo such that E(x, Ay,—1) = &, for any n € N.
Consequently, (co, {A,}) satisfies Shapiro’s Theorem.
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Proof. We introduce the sets B, : By = {0}, B; = {(x1,0,...,0,...) : x; € R} and, forn > 1,

sup | x|
n k<n
Buy1r =11, oo x041,0, .00 2 (X1, ..o, x) € R and |x,41]| <
n—+1
Let us also introduce the sets I, = {(x1,...,x,,0,...) : (x1,...,x,) € R"}. Consider the

approximation scheme (X, {A,}72 ), where Ag = By, Ay = By = II},Ay = B, A3 =
IhH, Ay = B3, As = Iz, ---. Clearly, Ag C A1 C A2 € --- Cco, Ay + Ay C Amax{n,m}—H -
Apym forany m and n, and U,, A, = c¢g. Furthermore, if {¢,} \( 0, then x = (&g, €1, €2, ...) € ¢
satisfies E(x, Az,—1) = &, for any n.

However, there is no y > 0 such that E(S(X) N A,+1, An) > y for every n. Indeed, it is easy
to see that

1
k+1
Thus, the approximation scheme (A,) has the desired properties. [

E(S(X) N Ay, Aog—1) = E(S(X) N By, IIy) =

The following definition is inspired by the recent papers by Deutsch and Hundal [18,19]:

Definition 3.3. Let (X, {A,}) be an approximation scheme. We say that the distance functional
E(-, A,) converges arbitrarily slowly to 0 if for every sequence {e,} \, O there exists x € X
such that E(x, A,,) > &, for all n.

Theorem 3.4. Suppose (A,) is an approximation scheme in a Banach space X. Then the
following claims are equivalent:

(1) (X, {A,}) satisfies Shapiro’s Theorem.
(1) The distance functional E(-, A,) converges arbitrarily slowly to 0.

For the proof we need two lemmas. The first one will be stated for the quasi-Banach setting
because we will use it later (see Corollary 3.7) to give a new characterization of approximation
schemes that satisfy Shapiro’s Theorem.

Lemma 3.5. If X is a quasi-Banach space, and an approximation scheme (X, {A,}) satisfies
Shapiro’s Theorem, then E(S(X), Ay) = 1forn=0,1,2,....

Proof. Suppose otherwise. Then there exists n € N such that E(S(X), A,) = ¢; < 1. Find
¢ € (c1,1). Then every x € X admits a decomposition x = y; + z; with y; € A, and
lz1]l < cllx||. Furthermore, z; = y» 422, with y» € A,, and ||z2]| < ¢|lz1]] < ¢?||x]|. Continuing
in the same way, for any £ € N we get a decomposition x = y; 4+ y» + --- + yk + 2k, with
Vi, Y2, ..., Yk € Ap, and ||zx|| < ck||x||. Now, the sum y; + y2 + --- + Yy belongs to AKk(n)
(here, KX(n) = K(K(...K(n)...)) (k times), so that E (x, Agkmy) =< ckfork=0,1,2,...and
lx]] < 1.1t follows that

E(x, Agkp)) = ck||x|| fork=0,1,2,... andx € X. 3.2)
Now let g; = c* for Kk’l(n) <i< Kk(n). For suchi,and x € X,
E(x, Aj)) < E(x, Aginy) < Flixll = ilx].

As {g;} \{ 0, this contradicts our assumption that (X, {A,}) satisfies Shapiro’s Theorem. []
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Lemma 3.6. Suppose X is a Banach space, and (A;) is an approximation scheme in X, satisfying
Shapiro’s Theorem. Then there exists a sequence of natural numbers so = 0 < 51 < 520 < --+,
such that (X, {Ay,}) satisfies the hypotheses of Brudnyi’s Theorem 1.1.

Proof. Throughout, we are assuming that the function K appearing in the definition of an
approximation scheme (Definition 1.3) is non-decreasing. It suffices to select so = 0 < s1 <
§7 < ---insuch a way that the sets B; = Ay, satisfy (i) B, + By C Bmax{n,m}+1 foralln,m € N,
and (ii)) E(Bp+1 N S(X), B,) = 1/2 for any n € N. Suppose so = 0 < 51 < --- < s have
already been selected in such a way that the (i) and (ii) are satisfied for 0 < m,n < k — 1.
By Lemma 3.5, E(S(X), Bx) = 1. AsUy Ay = X, there exist £ > K(sg) and x € Ay, N S(X)
such that E(x, By) > 1/2. Then sx4+1 = £ works for us. Indeed, E(S(X) N Bk+1, By) > 1/2.
Furthermore,

By + Bi = Ay + Ag C Ak(s) C Ae = By
Proceeding inductively, we obtain 0 = sg < s1 < - - - with the desired properties. [

Proof of Theorem 3.4. The implication (i) = (i) is trivial. Let us prove that (i) = (ii). By
Edwards [25, pp. 113—-114], there exists a convex sequence (§,), convergent to 0, such that
8, > &, for every n. By Brudnyi’s Theorem, there exists x € X such that E(x, A;;)) > §;
fori =0,1,2,.... But A; € A;;, hence E(x, A;) > E(x, Ay;) > ¢ foreveryi. O

Corollary 3.7. For any approximation scheme (X, {A,}) the following are equivalent claims:

(@) (X, {An}) satisfies Shapiro’s Theorem.
(b) (X, {A,}) satisfies the weak Brudnyi’s condition with constant c for every ¢ € (0, 1].
(©) (X, {Ap)}) satisfies the weak Brudnyi’s condition with constant c for a certain ¢ € (0, 1].

Moreover, if X is a Banach space, then (a)—(c) are equivalent to:
(d) The distance functional E (-, A,) converges arbitrarily slowly to 0.

Proof. (a) = (b) follows from Lemma 3.5. (b) = (c) is trivial. To prove (c) = (a), assume
¢ € (0, 1) is such that sup, .y E(S(X), Ay) > ¢ > 0. Then for every n € N there exists x, € X
with |[x,]| = 1 and E(x,, Agm)) > ¢, 50 E(xy, Ap) < llxull = 1 < cE(xp, Aky)- This, in
conjunction with Theorem 2.2, implies that (X, {A,}) satisfies Shapiro’s Theorem.

Finally, the claim that (a)< (d) holds for Banach spaces is just a reformulation of
Theorem 3.4. [J

As a consequence, we show that the approximation schemes satisfying Shapiro’s Theorem are
stable under perturbations.

Proposition 3.8. Suppose, for a quasi-Banach space (X, || - |), there exists p € (0, 1] for which
any x1, xp € X satisfy ||x1 + x2||” < ||x1||” + || x2||”. Suppose the approximation schemes (A,)
and (By) in X are such that (A,) satisfies Shapiro’s Theorem, and liminf,, E(S(X) N By, A,) <
1. Then (X, {B,}) also satisfies Shapiro’s Theorem.

Proof. Pick C € (liminf, E(S(X) N By, A,), 1). Then for any N € N there exists n > N such
that E(S(X)NB,, Ay) < C.Find 0 < ¢ < 1 suchthatc?4+C?(1+c”) < 1. By Corollary 3.7(c),
it suffices to show that, for such n, E(S(X), B,) > c, since the sequence (E(S(X), Bk)),fio is
non-increasing.
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Suppose, for the sake of contradiction, for every x € S(X) there exists b € B, with
lx — b < c.Asbh = x — (x —b), bl < (Ix|I” + llx = b|?)/P < (1 + ¢P)!/P Then
there exists a € A,, such that ||b — a|| < C(1 + ¢”)!/?, hence

lx —al” < b —al” +lx —=blI” <P+ CP(1 +cP),
which contradicts Corollary 3.7(b). [

Another useful consequence of Corollary 3.7 is:

Corollary 3.9. Let X be a quasi-Banach space and let us assume that for each r € N, the
family (Ay )52, defines an approximation scheme in X that satisfies Shapiro’s Theorem and
ny < ng,r1 <ryimply Ay, € Ap,.ry. Then for every pair of increasing sequences {n;} — oo,
{ri} — oo, the approximation scheme (A, ;) satisfies Shapiro’s Theorem.

Proof. Let us denote B; = A, »,,i =0,1,2,.... Obviously, (B;) is an approximation scheme
in X. By hypothesis and by Corollary 3.7, for each n, r € N we have that E(S(X), A,.,) = 1.
Hence, for each i € N, we also have E(S(X), B;) = 1, and the result follows as a direct
application of Corollary 3.7. U

Finally, we generalize a result of Tjuriemskih, mentioned in Section 1.

Corollary 3.10. Suppose X is a quasi-Banach space, and (A;) is a strictly increasing sequence
of closed subspaces of X, so that U; A; = X. Then the approximation scheme (A;) satisfies
Shapiro’s Theorem. If X is a Banach space, then, in addition, the distance functional E(-, A;)
converges arbitrarily slowly to 0.

This result follows immediately from Corollary 3.7, and the following lemma.

Lemma 3.11. Suppose Y is a subspace of a quasi-Banach space X, with Y C X. Then for every
& > 0 there exists w € X such that |w|| < 1, and dist(w,Y) > 1 —¢.

Proof. Take x € X \7. Then d = E(x,Y) > 0, and there exists yo € Y such that
d <|x—yol < ﬁd' Setz =x — ygpand w = z/||z]| € S(X). Then

1 1
lw—=yl="—————=lx=0o+yIzDI = ——=Ex,Y) = (1 —¢)
llx = yoll llx = yoll

foranyyeY. 0O
4. Approximation schemes that do not satisfy Shapiro’s Theorem

Section 6 gives many examples of approximation schemes satisfying Shapiro’s Theorem.
In this section, we present some examples of schemes failing this condition, and explore their
properties.

For an approximation scheme (X, {A,}), define its density sequence d,, = d, (X, {A,}) by
setting, forn > 0,d, = E(S(X), A,). Clearly, dy > d; > --- > 0. Moreover, if Ag = {0}, then
dy = 1. Corollary 3.7 immediately implies:

Corollary 4.1. An approximation scheme (A,) in a quasi-Banach space X satisfies Shapiro’s
Theorem if and only if d,, = 1 for any n € N.

To analyze the behavior of a density sequence, we establish:
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Proposition 4.2. Suppose (A,) is an approximation scheme in a quasi-Banach space X, and the
Sfunction L : N x N — N is such that Ay, + A, C Apgn,n for any m,n € N (we can take
L(n,m) = K (max{n, m})). Then dy(n,n) < dpd, foranym,n € N.

Proof. Consider x € X. Fix § > 0,m, and n. Write x = a + y, with a € A,, and
Iyl < (14 8)d,|x||. Furthermore, write y = b + z, with b € A,, and

Izl < (A + &)dnllyll < (1 + 8)*dypd, | x]l.
Thenx = (a +b) +z, witha + b € A, n). As 8 > Ois arbitrary, we are done. [

As a particular case of Proposition 4.2, consider an approximation scheme arising from a
dictionary. We say that a set D is a dictionary in a quasi-Banach space X if span[D] = X.
Define the approximation scheme (X, 3, (D)) by setting

LMD ={0) D= |J span[F] forn> 1. 4.1
FCD,|F|<n

Then X, (D) + X (D) = Xy4m (D) for every n, m > 0 (hence we can take L(m, n) = m + n).
We thus have:

Corollary 4.3. Suppose an approximation scheme (X, (D)) is constructed as described in the
previous paragraph. Then d,, 4, < d,,d,, for any m and n. In particular, if d,, < 1 for some m,
then the sequence (d,) decays exponentially or faster.

In Section 6, we shall see many dictionaries (some quite redundant) for which d,, = 1 for any
n. These dictionaries cannot be “too redundant”. Indeed, if a dictionary D is a c-net of the unit
sphere S(X) for some ¢ < 1, thend; < ¢, hence d, < ¢" for every n.

Below we consider an “extreme” case of d,, becoming 0 for n large enough.

Proposition 4.4. Ler (X, {A,}) be an approximation scheme. The following are equivalent:

(a) QA_,, = X (equivalently, for all x € X there exists n = n(x) € N such that E(x, A,;) = 0).
(b) A, = X for some n € N (equivalently, E(x, A,,) = 0 forall x € X).

Consequently, | J A, # X ifand only if d,, > 0 for all n.

Proof. The implication (b) = (a) is obvious. To prove the converse, suppose X = U, A,. By
Baire Category Theorem, for some 7, there exii x € X and ¢ > 0 such that ﬂx, ¢) (the ball
with the center at x, and radius c) lies inside of A,,. By symmetry, B(—x, c) C A,. Then

B(0.¢) C B(x.c) + B(~x.¢) C A, + A, C Ag).

But Ak n) = Ak (n) for any scalar A and m, hence Axn) = X.
To prove the last claim of the proposition, note that X # A, if and only ifd, > 0. O

Corollary 4.5. Suppose D is a Hamel basis in a Banach space X. Then there exists n € N for
which 3, (D) is dense in X.

Note that there are no uniform bounds for the values of n with the property outlined in
Proposition 4.4(b) and Corollary 4.5. Indeed, by [7], any Banach space has a dense Hamel basis
D. In particular, X1 (D) is dense in X. On the other hand, consider a space X = Z]OVO Sy Y. If
‘H is a Hamel basisin Y, then D = {¢; @ h : 1 <i < N,h € H} ((e;) is the canonical basis
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in Iiévo) is a Hamel basis in X. Then, for any n < N, there exists a norm one x € X such that
E(x, 2,(D)) = 1 (indeed, (e1 + - - - + en) @ 0 has this property).
Another corollary deals with Hamel bases indexed by positive reals.

Corollary 4.6. Suppose D = {e;}ic[0,00) is a Hamel basis of a separable Banach space X, and
A, = span({e;};<,]. Then there exists ng € N such that A, is dense in X. In particular, A, is
an infinite codimensional dense subspace of X.

Next, we present an example where the “slowest possible” rate of approximation E(x, A,) is
precisely controlled.

Theorem 4.7. Suppose X is Lyo(0,1), €oo, or C(A) (where A is the ternary Cantor set).
Suppose, furthermore, that 1 > €1 > & > --- > 0, and lim, &, = 0. Then there exists an
approximation scheme (A,) in X such that the d,, < ¢, for any n, and there exists x € S(X)
with the property that E(x, A,) > e, /(1 + &) > %”for any n.

The above theorem is stated for real Banach spaces. Similar results (with different constants)
can also be obtained in the complex case.

Proof. We start by presenting the construction of (A,) in the case of X = L (0, 1). Find
a sequence of positive integers m(l) < m(2) < ---, such that, for any n, 1/m(n) < g, <
1/(m(n)—1). Define A, as the set of (equivalence classes of) functions in L4, (0, 1) assuming no
more than m(n) different values. In other words, A, consists of all functions a = Zlm:('l') o XE;»
where (E,-);":('f) is a partition of (0, 1) into measurable sets.

(1) For a norm 1 function x € Ls(0,1) and n € N, we shall find a € A, such that
lx —all < 1/m(n). To this end, let s; = 2j — D)/m@m) — 1 (1 < j =< m(n)). Let
L =[-1,-1+2/m(m)],and [; = (=1 4+2(j — 1)/m(@n), =1 +2j/m(n)] for2 < j < m(n).
Note that s; is the midpoint of /;. For ¢ € (0, 1), define a(¢) = s; if x(¢) € I;. Then a is defined
almost everywhere, a € A,, and ||x —a| < 1/m(n) < &,.

(2) We claim that the function x(¢) = 2t — 1 is such that ||x —al| > 1/m(n) > &,/(1 + &,).
Indeed, suppose a takes values a; < ay < ---ag, withk < m(n), and ||x —al| = c < 1/m(n).
Then x(¢) € UIJC.=1 [aj —c, aj + c] almost everywhere, which, in turn, implies a; < —1+c¢, a; +
2¢c >ajyiforl < j <k—1,and a; > 1 — c. This, however, is impossible.

The case of X = {4 is handled the same way, w@th minor mo_diﬁcations. For X =
C(A), consider elementary intervals Ty = [Zl;zl 5;377, ZI;=1 5;37/ 4+ 37K (k € N,s =
(s1,...,8) € {0, 2}]‘). Define A, to be the set of functions a on A such that (i) a attains no

more than m(n) different values, and (ii) there exists k& € N such that the restriction of a to
Ts x N § is constant for any s € {0, 2}k To show E(x, a) < |x||/m(n) for any x € C(A), take
into account the uniform continuity of x. A version of the “Cantor ladder” gives an example of
x with E(x, Ay) > 1/m(n) > ¢,/(1 +¢&,) foranyn. [0

The theorem above implies that many Banach spaces contain an approximation scheme with
controlled rate of approximation.

Corollary 4.8. Suppose X is an infinite dimensional Banach space, and either (1) X is injective,
or (2) X is separable, and contains an isomorphic copy of C(A). Then there exists a constant
¢ > 0 such that, for every sequence 1 > g1 > &y > --- > 0, satisfying lim, &, = 0, there
exists an approximation scheme (A,) with the property that d,, < &, for any n, and there exists
x € S(X) with the property that E(x, A,) > ce, for all n.
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Proof. (1) Suppose X is injective. Then (see [39, Theorem 2.f.3]), there exists a subspace Y of
X, aprojection P from X onto Y, and an isomorphism U : Y — £, with contractive inverse. By
Theorem 4.7, there exists an approximation scheme (B,) in £, such that E(z, B,) < §,]z|| for
any n and z € £, Where 6, = ¢, /(||U|| || P||). Furthermore, there exists zg € £~ With ||zo]| = 1,
and E(zg, By) > 8,/2 for any n. We claim that the family A, = ker P + span[U‘l(Bn)] has
the desired properties.

Note first that, for any x € X,

E(x, Ap) < E(Px, U (By)) < E(UPx, By) < 8, |UPx|| < 8, | U |1P] x]| = enllx]I.

On the other hand, find zo € S(€s) such that E(zg, B,) > §,/2 for any n. Then xo = U~z
has norm not exceeding 1. To estimate E(xq, A,), consider b € A,,. Then

llxo — bl = ”_;)HHP(XO =b)|l = ﬁllm — PD|.
Furthermore,
llxo — Pbll = LIIUxo —UPbH| = LIIZO —UPDH| = LE(zo, By > 1.
1ol 1ol 1ol 21U

This leads to the desired estimates on E (xg, A,).

The proof of (2) is very similar, except that now, we rely on the fact that any separable Banach
space containing a copy of C(A), must also contain a complemented copy of the latter space
(seee.g. [55]). O

Remark 4.9. A weaker version of Theorem 4.7 holds in the space co. More precisely, suppose

1>e1>¢e >--->0,and lim, &, = 0. Then there exists an approximation scheme (A;) in co,

with the following properties:

(1) e = d, > &,/3.

(2) For any non-increasing sequence {8,} € cp there exists x € cq such that E(x, A,) > 8,&,
for every n.

As the construction is similar to the one presented above, we do not describe it here.
5. Connection with central theorems of approximation theory

In this section we examine the connections between the so called central theorems of
approximation theory — that is, the classical Jackson’s (direct) and Bernstein’s (inverse) results
for the speed of approximation by a given approximation scheme — and Shapiro’s Theorem.
Throughout this section, we consider the setting where (X, ||-||x) and (Y, ||-||y) are quasi-Banach
spaces, and jy is a continuous embedding (that is, there exists C > 0 so that || jyy|lx < Cllylly
for any y € Y). All embeddings are assumed to be injective. For convenience, we often omit the
embedding operator jy, and identify y € Y with its image in X. This way, we regard Y is as a
linear subspace of X, equipped with its own norm || - ||y. Note that the norms || - ||x and || - ||y
need not be equivalent on Y, as examples below show.

Definition 5.1. Suppose X and Y are quasi-Banach spaces, and Y is continuously embedded into
X. We say that an approximation scheme (X, {A,}) satisfies (generalized) Jackson’s Inequality
with respect to Y if there exists a sequence (c,) such that lim,,_, », ¢, = 400 and

) 1
E(y,Ap)x = inf ||y —alx < —lylly forallyeY. 5.D
acA, Cn
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The approximation scheme (X, {A,}) is said to satisfy (generalized) Bernstein’s Inequality with
respect to Y if UZO:O A, C 7, and there exists a sequence (b,) such that lim,,—, », b, = 400 and

Ixally < ballxnllx forall x, € Ap. 5.2)

To provide an illustration, consider the classical case of approximation by trigonometric
polynomials on the unit circle T. Suppose X = C(T) is equipped with its canonical norm ||-||x =
I-llc0- Let A, be the subset of X, consisting of trigonometric polynomials of degree not exceeding
n.Let Y = C"(T) be the space of r times continuously differentiable functions, equipped with
the norm || flly = I flloo + | f“|loo. Then the well-known Bernstein’s Inequality states that
Iflly = (" + DI flix [20, Chapter 4]. By Jackson’s Theorem, E(f, Ay)x < 1/(Crn")|| flly
forany f € Y [20, Chapter 7]. In this case, the assertions of Definition 5.1 hold, with b, = n" 41,
and ¢, = C,n".

Remark 5.2. Suppose X, Y, and Z are quasi-Banach spaces, equipped with the norms || - || x, || -
lly, and || - ||z, respectively. Suppose, furthermore, that Jy : ¥ — X and jz : Z — X
are continuous embeddings, and Jy(Y) C jz(Z). Then the embedding of Y into Z, given by
=z ! Jv, is continuous. Indeed, by Closed Graph Theorem [35, Corollary 1.7], it suffices
to show that, if y, — Oin || - ||y, and jy, — zin | - |z, then z = 0. But, if z # 0,
then jzz = jz(lim, j, ! Jjryn) = lim, jyy, # 0, which contradicts the continuity of the
embedding jy.

This reasoning shows that Jackson’s Inequality passes to subspaces. More precisely, suppose
(A,) is an approximation scheme in a quasi-Banach space X, and quasi-Banach spaces Y and
Z are continuously embedded into X in such a way that ¥ C Z. If (A,) satisfies Jackson’s
Inequality with respect to Z, then it also satisfies Jackson’s Inequality with respect to Y. In
Corollary 5.5, we show that Bernstein’s Inequality passes to subspaces as well.

The following proposition demonstrates that Jackson’s Inequality is satisfied for a sufficiently
large space Y C X if and only if Shapiro’s Theorem fails.

Proposition 5.3. For an approximation scheme (X, {A,}), the following are equivalent:

(1) (X, {A,}) does not satisfy Shapiro’s Theorem.
(1) (A,) satisfies Jackson’s Inequality with respect to some finite codimensional subspace
Y C X, so that the quasi-norm of Y is equivalent to that of X.
(iii) (A,) satisfies Jackson’s Inequality with respect to every subspace Y C X.

In particular, if (X, {A,}) satisfies Shapiro’s Theorem and Y is a subspace of X, equipped
with a norm equivalent to that of X, such that (A,) satisfies Jackson’s Inequality with respect to
Y, then Y must be of infinite codimension.

Note that, if Y is a closed subspace of X, then their quasi-norms are equivalent, by Open
Mapping Theorem (see e.g. [35, Corollary 1.5]). Therefore, if (A,) satisfies Jackson’s Inequality
with respect to a closed finite codimensional subspace ¥ C X, then assertion (ii) of the above
proposition holds.

By [24, Theorem 5.6(c)], if X and Y are Banach spaces, and T € B(Y, X) is such that 7' (Y)
is of finite codimension in X, then 7'(Y) is closed. Thus, if X and Y appearing in Proposition 5.3
are Banach spaces, and Y is embedded in X as a subspace of finite codimension, then the norms
of X and Y are equivalent on Y. We do not know whether the finite codimensionality of ¥ implies
Y being closed in a more general quasi-Banach setting.
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Proof. (iii) = (ii) is trivial.

(i) = (iii): By Corollary 3.7, there exists a sequence {e,} \y O such that E(x, A,) < &,||x|Ix
for any x € X. The space Y is continuously embedded into X, hence there exists a constant C
such that ||y||lx < C|ly|ly for any y € Y. Therefore, E(y, A;) < Ce,||y|ly forany y € Y, which
is (5.1) with ¢, = (Ce,) ™.

(i1) = (i): By Corollary 3.7, it suffices to find m € N for which E(S(X), A;;) < 1. For the
sake of brevity, we use the notation || - || for || - | x. By renorming Y if necessary, we may assume
that | - ly = || - |on Y. Let N = dim X/Y.If N = 0 (that is, X = Y), there is nothing to
prove. Otherwise, consider the quotient map g : X — E = X /7. Find x1, ..., xy in X, such
that the vectors e; = gx; form a normalized basis in E, and ||x;|| < 2 for every i. Then there
exists a constant C{ > 1 such that Cl_1 maxi<i<n || < || ) <j<n @igxil for any N-tuple of
scalars («;).

Recall the existence of a constant Cx > 1 such that ||x 4+ y|| < Cx(||x|| 4+ |l¥|]) for any
x,y € X. By induction,

m m
oz =y izl (5.3)
j=1 j=1
for any z1, ..., zn € X. We claim that any x € S(X) has a representation

N
: N
xX=y +;a,x,, with lléliz;xN loi| <C1, yeY, and |y <Co=2C1Cx. (54)
Indeed, ||gx|| < 1, hence one can write gx = ZlN:l aje;, with (o;) as above. Then y = x —ZlN:l
a;x; € Y, and (5.3) yields the desired estimate on the norm of y.

Pick ¢ € (0, 1), and show the existence of m € N for which E(S(X), A,;) < c. Start by
using (5.1) to find n € N such that E(y, A,) < c||y||/(2NC2C§') holds for every y € Y. Then
find k > n such that, for every i € {1,..., N}, there exists a@; € Ay satisfying ||x; — a;|| <
c/(2NC1C§'). We claim that E(S(X), A;;) < ¢, wherem = K(K(...(k)...)) (N + 1 times).
Indeed, any x € S(X) can be represented as in (5.4). Find ay € Ay satisfying ||y — ap| <
cllyl/@NC2C¥) < ¢/(2NCE). Thena = ap + Y| aja; € A, and, by (5.3),

N N N
(y + Za,-x,) - (ao + me) < c,@“(ny —aoll + ) lei ||a,-||)
i=1 i=1

i=1
< C;(V LN + NC[;N <cC
aNCh 2NC,CY

Thus, E(S(X), Am) < ¢ < 1. An application of Corollary 3.7 completes the proof. [

lx —all = ‘

Now we concentrate on Bernstein’s Inequality.

Theorem 5.4. Let (X, {A,}) be an approximation scheme that satisfies Bernstein’s Inequality
with respect to a certain proper quasi-Banach subspace Y of X. Then (X, {A,}) satisfies
Shapiro’s Theorem.

Proof. We show that if the approximation scheme does not satisfy Shapiro’s Theorem, and it
satisfies Bernstein’s Inequality with respect to a certain space Y, then the norms of Y and X are
equivalent. So, let us assume that (X, {A,}) satisfies (5.2) for a certain sequence of positive
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real numbers (b,), and a quasi-Banach space Y continuously included in X. By renorming
X and Y if necessary (see Section 2), we may assume the existence of px, py € (0, 1]
such that: (i) for any x1,x2 € X, [lx1 + x2|¥* < il + lx2ll5¥, (i) for any yi, y» €
Y, Iy + 205 < Ivilly” + lly2ll5" . Letting p = min{px, py}, we see that, for any x1, x> € X
and y1, y2 € Y, |lx1 + 220l < Ilx1llg + Ix2ll%. and ly1 + 2115 < lIy1lly + lly21l}. For the sake
of brevity, we shall denote || - |x simply by || - ||.

If (X, {A,}) does not satisfy Shapiro’s Theorem, Corollary 3.7 guarantees the existence of
ng € N for which E(S(X), A,)) < (1/2)1/”. Therefore, for any x € X, there exista € A, and
x’ € X such thatx = a + x/, and ||x'|| <2~ Y7|x].

Now pick x € B(X) \ Y. By the above, we can find ay € A, and xo € X such
that x = ag + xo, with ||xo| < 2~ Y7. Furthermore, we can write xg = a; + x1, with
ar € Ay, and |x1] < 272/P_ Proceeding further in the same manner, we write, for each
m,x = ap+ay + -+ am + Xm, with ag, ar, ... € Ay, and |x,| < 27™/P. Note that
am = Xm—1 = Xm, hence an|l < (1Xn—1117 + 5 |P)/7 < 31/P27m/P,

Let z,, = x — x;,. As lim,, ||x;,, || = O, the sequence (z;,) converges to x in the space X. We
shall show that (z,,) is a Cauchy sequence in Y. Indeed, forn > m,z, — z, = ZZ:m 41 Gk-
Furthermore, |laklly < bn, llakll, for each k. Therefore,

n n n
—(k+1 —
lzn —zmlly < D Narlly <bhy Y llal” <365, Y 27* D < 3pfom,
k=m+1 k=m+1 k=m+1

As Y is a subset of X, the sequence (z;;) must converge to x in the space Y. This leads to a
contradiction, since x was selected in such a way thatx € Y. O

Combining Theorem 5.4 with Remark 5.2, we conclude that the property of satisfying
Shapiro’s Theorem is, under certain conditions, inherited by subspaces.

Corollary 5.5. Suppose the approximation scheme (X, {A,}) satisfies Bernstein’s Inequality for
a proper subspace Y of X. Suppose, furthermore, that Z is another quasi-normed subspace of
X, properly containing Y, and such that | J72 ) Ay is dense in Z (in the topology determined by
the norm of Z). Then (Z, {A,}) satisfies Shapiro’s Theorem.

Section 6 contains some examples where the fact that a given approximation scheme satisfies
Shapiro’s Theorem is deduced from a Bernstein’s Inequality.

Below we consider Bernstein’s Inequality with respect to so called “smoothness spaces”
(or “abstract approximation spaces”). If (A;) is an approximation scheme in X (with Ag = {0}),
we define, for0 < g < ocoand 0 < r < o0,

Ay = ALXAAD = {x € Xt x|y = {0+ 1) "VIE(x, Al < oo} (5.5)

If A, + A, € A, for a constant ¢ > 1, then A; is a quasi-Banach space [4]. It was
shown by DeVore and Popov (see [20, Th. 9.3, p. 236]) that A}, satisfies Bernstein’s Inequality:
|x|A(r] < Cn'"|x| x forall x € A,.

To apply Theorem 5.4 with ¥ = A/, we need Y to be a proper subspace of X, which does not
always hold. For instance, suppose D is a dictionary in a Banach space X, which is 1/2-dense
in S(X) (i.e., such that sup,cgx) E(x, D) < %). Let A, = 2, (D). Clearly, A, + A, C Ag,.
By Corollary 4.3 and the discussion following it, E(x, A,) < 27"|x| for any x € X. Therefore,
A, = X for any g, r (with equivalent norms).

On the other hand, there are many classical results in Approximation Theory devoted to the
characterization of the approximation spaces A(’] as smoothness spaces of functions (Besov, etc.),
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and these are always proper subspaces of the ground space X. In this setting, one can apply
Theorem 5.4 to show that the corresponding approximation scheme satisfies Shapiro’s Theorem.
The same applies to the situation when X is a space of operators, and membership in Ag reflects
the “degree of compactness” (see e.g. [51]).

Below, we show that the spaces A; form a scale of subspaces of X if the approximation
scheme (A,) satisfies Shapiro’s Theorem. We also present other results on the spaces A;.

Corollary 5.6. Let (X, {A,}) be an approximation scheme such that A,,+A, C Ac, for a certain
constant ¢ > 1. Then the following are equivalent:

(@) (X, {Ap}) satisfies Bernstein’s Inequality for some proper subspace Y of X.
(b) (X, {An}) satisfies Shapiro’s Theorem.

(¢c) For everyr > O there exists x € X such that E(x, A,) Z O(n™").

(d) For a certain r > 0, there exists x € X such that E(x, A,) # On™").

(e) Forany q € (0, 00] and r € (0, 00), A; is a proper subspace of X.

(f) For some q € (0, 0c] and r € (0, 00), A; is a proper subspace of X.

Moreover, if any of these conditions is satisfied, then for every q,r > 0, Ag is an infinite
codimensional subspace of X.

Proof. The implication (a) = (b) is a reformulation of Theorem 5.4. (b) = (c) = (d) and (c) =
(e) = (f) are trivial.

(d) = (a): If E(x, Ay) # O(m™") for some x € X and r > 0, then x & Al_. Then A is
strictly contained in X, and (X, {A,}) satisfies Bernstein’s Inequality for ¥ = A[_. Theorem 5.4
yields (a).

(f) = (c): consider x € X \ A;. By (5.5),x ¢ Al foranys > r.

To prove the final claim, suppose, for the sake of contradiction, that (b) holds, while Y = Ag
is a finite codimensional subspace of X. By Almira and Oikhberg [5, Theorem 2.9], for every
sequence {g,} \, O there exists y € Y so that E(y, A,)x # O(e,). On the other hand, for
every y € Y and n € N we have E(y, A,)x < n”|y|AlrI, hence E(y, Ay,)x = O(n™"). Taking

/2 we arrive at the desired contradiction. [

En=n—
Proposition 5.7. Suppose the approximation scheme (X, {Ay}) satisfies Shapiro’s Theorem, and
A, + A, C Agy for some c. Then (B!, {A,}) satisfies Shapiro’s Theorem. Consequently,
Ag“ (X, {A,}) is an infinite codimensional subspace of A} (X,{A,}) forall e > 0, all 0 <
q <ooandall) <r,u < oo.

Proof. A small modification of the proof of (a) = (b) in Theorem 2.2 shows that there exists
a constant C > 1 and a sequence {x,},en, (Where Ng C N is an infinite sequence) such that
E(x,, Ay) < CE(x,, AKZ(n)) for all n € Ny. By the density of |, A, in X, we can find another
sequence {dy}nen, C U, An C B; such that E(an, An) < CE(an, Ag2(,)) for all n € No.
Hence foreveryn € Noandm € {n,n + 1, ..., KZ%(n)} we have E(ay, Ap) < E(ap, Ay) <
CE(a,, A Kz(n)). Furthermore, by Lemma 3.16 from [4], there exist A, B > 0 (depending only
on X and the parameters ¢, ) such that, for every n € N,

IA

_1
A ” {(k + l)r 7 E(ay, Amax{k,K(n)})} E(ay, An)A;

B

IA

ro 1
B|{ee+ 17 E@, Amaian], -
q
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Therefore,

1
Etan, An)gy < B ||+ 11 EG@n, Amasien) ]|
q

_1
E(an, Ak(n))B; = A H {(k + 1) 79 E(a,, zﬁ\nm{k,KZ(n)})}Hz .
q

It follows that

E(ana An)Bg

IA

_1
B[ o+ 10 B, A He
q

K2(n)

B[ Y (k+ 1)1 CIE @, Agay)?
k=0

IA

1
00 q

+ > kDT E(an, A
k=K2(n)+1

CBA™'E(ay, Ak )8y

IA

By Theorem 2.2(b) = (a), (B, {A,}) satisfies Shapiro’s Theorem.
To prove the second part of our proposition, recall the reiteration theorem: if an approximation
scheme satisfies A, + A, C A, for a certain constant ¢, then

AR (A (X, {An]). (An)) = DX, (An)

(this is proved in [51] for the particular case of A, + A,;; € A, 4m, and in [4, Example 3.36] in
full generality). Hence,

ATYE (X, {An)) = A5 (AL (X, (An)), {An) = A% (AL, {A)).

As u < 00, the first part of our proposition shows that (A}, {A,}) satisfies Shapiro’s Theorem.

By Corollary 5.6, A; (A7, {An}) is an infinite codimensional subspace of A}, (X, {A,}). O

Finally, another consequence of Theorem 5.4 is the following

Corollary 5.8. Suppose (X, {A,}) is an approximation scheme such that, for everyn € N, A, +
A, C Agp (¢ > 1isindependent of n), and A,, is boundedly compact in X (that is, any bounded
subset of Ay is relatively compact in X). Then (X, {A,}) satisfies Shapiro’s Theorem.

Proof. If each A, is boundedly compact in X, then, for every » > 0, the natural inclusion
A’ — X is a compact operator (see [4, Theorem 3.32]). In particular, A7 is a proper subspace
of X. We apply Theorem 5.4 with ¥ = A’  to complete the proof. [

6. Examples of schemes satisfying Shapiro’s Theorem

In this section, we present a collection of examples of approximation schemes satisfying
Shapiro’s Theorem. The main tools involved are (i) Property (P), (ii) Bernstein’s Inequality
and (iii) the characterization of approximation schemes satisfying Shapiro’s Theorem given in
Corollary 3.7. Many examples involve the order of the best n-term approximation with respect
to a dictionary.
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6.1. Biorthogonal systems and their generalizations

Suppose X is a quasi-Banach space, I is an infinite index set, and (X;);c; are non-trivial
subspaces of X. We say that (X;) form a complete minimal bounded decomposition of X
(CMBD, for short) if X = span[X; :i € I], and, for every i € I, there exists x € X; such
that £(x, span[X; : j #i]) > c|lx| (c > Ois independent of i).

A CMBD can be regarded as a generalization of a complete minimal system. Recall that a
family (x;);es in a Banach space X is called minimal if, for any i € I, x; does not belong to the
closure of span[x; : j € I'\{i}]. A minimal system is called complete if span[x; : i € I]is dense
in X. It is easy to see that a minimal system gives rise to a biorthogonal system (x;, f;), where
x; € X, fi € X*,and (f;, x;) = §;; (Kronecker’s delta). A biorthogonal system is bounded it
sup; [lx; [l fill < oo.

It is easy to see that, if (x;, f;) is a bounded complete biorthogonal system, then the
family of spaces X; = span[x;] forms a CMDB. It is known that every separable Banach
space has a complete bounded biorthogonal system (x;, fi)ie; such that N;c; ker f; = {0}
[30, Theorem 1.27]. Certain non-separable spaces also possess complete bounded biorthogonal
systems (see e.g. Sections 4.2 and 5.2 of [30]).

In addition to biorthogonal systems, CMBDs arise when one considers a dictionary consisting
of two or more bases, possessing certain “mutual coherence”. Several examples can be found in
Section 4 of [29]. For instance, the union of Haar and Walsh bases works very nicely.

The following two theorems show that the approximation schemes arising from CMBDs or
biorthogonal systems have Property (P). Furthermore, as the approximation schemes described
there satisfy A, + A, C Aj,, both schemes satisfy Shapiro’s Theorem.

Theorem 6.1. Consider a quasi-Banach space X such that, for a certain fixed p > 0 and for
any xi, ..., xm € X,

lxr =+ +xml” < CPUxtll? + - + lxm 7).

Suppose (X;)ier is a complete minimal bounded decomposition of X, with E(x,span[X; : j #
i]) > cllx|| for any i € I, and x € X;. Suppose, furthermore, that E is a finite dimensional
subspace of X, and an approximation scheme (Ay) is defined by setting, for n € N,

A, =E+UpcyFri<pspan(X; :i € F].

Then the approximation scheme (A,) has Property (P), and consequently, satisfies Shapiro’s
Theorem.

Theorem 6.2. For a complete minimal system (x;j)ic; in a Banach space X, consider the
approximation scheme A, = {ZieF aixi + F C I, |F| < n} (n = 0). Then for every n there
exists a norm one 'y € X such that (in the above notation) E(y, Ap—1) > 1/(2n). Consequently,
the approximation scheme (A,) satisfies Shapiro’s Theorem.

Proof of Theorem 6.1. For i € I, denote by P; : X — X by setting P;x = x if x € X;, and
Pix =0ifx e span[X; : j € I \ {i}]. Then Co = sup; || P;|| is finite. Let m = dim E + 1. We
shall find y € X such that ||y|| < 1, and E(y, Ap—1) = (2C?Com'/Pnl/P)=1,

To this end fix disjoint subsets Sy, ..., S, € I, of cardinality m each. For 1 < k < n, set
Y, = span[X; : i € Si]. Then Qy = ZieSk P; is a projection onto Yy, satisfying Qspan[X; :
i &S] =0.By the assumptions about X, || Q|| < C(Y,cg, | Pi[I7)!/? = CCom'/?. Moreover,
for each k, dim Qk(E) < m, while dim Y; > m. By Lemma 3.11, there exists a norm one y; € Yi
such that E(yx, Ok (E)) > 1/2.
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Now consider y = (y1 + - - + yn)/(Cn'/P). Clearly, ||y|| < 1. It remains to show that, for
any e € E,any F C I of cardinality not exceeding n — 1, any family of scalars (¢;);cF, and any
family x; € X; (once again, i € F), we have |ly — (e + > ;cpaix))| > 2C2Comt/Ppt/py-1

Find k SuCh tha.t Sk F - Q’ Then
( ( l l)) H
ieF

1Ol ||y — (e - Zam)
1
= 1 Qky — Qrell = CnWE(yk, 0u(E) 2 707

ieF

We complete the proof by recalling that | Qx| < CCom!'/P. O

The following lemma (necessary for the proof of Theorem 6.2) may be known to experts,
although we could not find its statement anywhere. Throughout, we use S(X) and B(X) to denote
the unit sphere, respectively the closed unit ball, of X.

Lemma 6.3. Suppose X is a Banach space, E is a weak*-closed subspace of X**, and Z is a
subspace of X, such that dim X/Z < oo, and dim X**/E > dim X/Z (E can be of finite or
infinite codimension). Then for every ¢ < 1 there exists x € S(Z) such that dist(x, E) x= > c.

Proof. Suppose, for the sake contradiction, that the statement of the lemma is false. Then there
exists ¢ € (0, 1) with the property that, for every x € B(Z), there exists e € E such that
lx—ellx+ < c.By the triangle inequality, ||e|| x= < 14c, hence B(Z) C (14+c)B(E)+cB(X**).
The set on the right is weak™ closed (even weak™ compact). Taking the weak™® closure of the left
hand side, we obtain

B(Z'Y) c (1 + 0)B(E) + ¢ B(X™). 6.1)

Let W = Z1+ N E, and consider the quotient map g : X** — X**/W. This map takes Z11 and
EtoZ = Z/W and E' = E/W, respectively. Then dim E’ < oo, and dim Z’' > dim E’. By
the well-known result by Krasnoselskii, Krein, and Milman (see e.g. [30, Lemma 1.19]), there
exists 7' € Z' such that ¢ < dist(z’, E')x+»/w = [|Z'llx»/w < 1. Find z € Z+L such that
lzl < 1, and g(z) = Z'. For every e € E, we then have ||z — e|x= > llg(z — &) x=/w >
dist(z’, E")x=,w > ¢, which contradicts (6.1). O

Proof of Theorem 6.2. By Hahn—Banach Theorem, there exist linear functionals f; € X%,
satisfying (x;, f;) = &;; for i, j € I. Throughout the proof, we consider the functionals f;
as acting on X**, and their kernels ker f; as subsets of X**. We also identify X with its canonical
image in X**.

We shall construct a sequence of finite disjoint sets S; C I such that for any j there exists
anorm one y; € spanlx; : i € S;] with the property that E(y;, span[x; : i ¢ S;]) > 1/2.
Once this is done, let y = (y; + -+ + yn)/n. Clearly ||y|| < 1. It remains to show that
ly = > icp @ixill > 1/(2n) for any F C I of cardinality less than n. As the sets S; are disjoint,
there exists j such that §; N F = §. Then

—Zaix,- };j + - Zyk_zalxl

ieF k;éj ieF

1
> E(y,,span g8 > 5
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We construct the sets S; and vectors y; inductively. Let So = . Suppose the sets S; have
already been obtained for all j < m —1 (m € N). Let us construct S, and y,,. Let T = U, S;.
Introduce the spaces Eg = N;esker f; < X**, and Er = span[x; : i € T] < X. Define
the projection Q7 from X** onto E7 by setting Q7x = Y ;.7 (fi, x)x;. Clearly, Eq is weak™
closed, and E7 is weak™ closed due to being finite dimensional. As Ey C ker Q7, we conclude
that E = Ep + E7 is also weak™ closed. Note that the set (f;) is linearly independent, hence
dim X**/Ey = 00

Now set Z = X N (Njer ker f;). As dim X/Z < oo, Lemma 6.3 implies the existence of
z € B(Z) satisfying dist(z, E)x+= > 5/6. As span[x; : i € [I] is dense in X, there exists
z1 € S(span[x; : i € I]) such that ||z — z1|| < 1/(12]|Q7|), and dist(zy, E)x= > 5/6. Let
72 =z1 — Qrz1. Then

lz2 =zl = 1Qrz1ll = 1Q7(z1 — D) = 1Q7ll lz1 — zll < 1/12,

hence |z2]| < 13/12, and dist(zo, E)y+ > 5/6 — 1/12 = 3/4. Letting y = z2/||z2|l, we
conclude that dist(y, E)x > 2/3.

By our construction, there exists a finite set S C 7 \ T such that y € span[x; : i € §]. Let
I’ =1\ (T US), and show that there exists a finite set ¥ C I’ such that

E(y,span[x; :i e TU('\ F)]) > 2/3.

Once such a set is found, then we can take y,, = y,and S,,, = SU F.

Suppose otherwise. Then, for every F as above, there exists yr € span[x; :i € TU(I'\ F)],
satisfying ||y — yr| < 2/3. Observe that the set F(I’) of finite subsets of I’ forms a net,
ordered by inclusion. More precisely, for Fy, F» € F(I'), we say F| < F, if F| C F,. For
any Fy, F, € F(I'), there exists F3 € F(I’) such that F; < F3 and F» < F3 (in fact, we can
take F3 = F) U F). By the triangle inequality, ||yr|x= = ||yrl < 5/3 for each F. As the
unit ball of X** is weak™*-compact, there exists a subnet A of F(I’) such that the net (yr) re4
converges weak™ to some x € X™. Then ||y — x||x= < supg ||y — yrll < 2/3. Note that, for
any j € FUS, (f;, yr) = 0. Moreover, for every F € F(I'), there exists G € A containing F.
Therefore, (f;, x) = Oforany j € I'US = I\T.Then (f;, x — Qrx) = 0forany j € I, hence
x — Qrx € Eyp, and therefore, x € E. This, however, contradicts dist(y, E) x= > 2/3. [

As an application, consider a compact set K C C, such that {2 = Int(K) is a Jordan domain,
and C = 0K is a rectifiable Jordan curve. Define the family of Faber polynomials {F,(2)}7 .
associated with K. Let ¢ be the Riemann mapping function defined from C\ D onto C\ K. Then

L AC)N
270 Jpujer p(w) — 2
These polynomials play a main role in complex approximation theory, so the dictionary D =
{Fn};’loz0 is of interest (see [60,17] for more information on Faber polynomials).

Fu(z) =

Corollary 6.4. Let K be a closed Jordan domain of bounded boundary rotation, such that the
boundary C = 0K has no external cusps. Let D = {F,}°° neo» Where Fy,(z) denotes the n-th Faber
polynomial associated to K. Then D satisfies Shapiro’s Theorem on A(K).

Proof. We show that, for K as in the statement of the theorem, the Faber polynomials form a
complete minimal system in A(K). An application of Theorem 6.2 completes the proof.

On K = D, the Faber polynomlals are the monomials ¢, (e, (z) = z") It is well known that
span[e, : n > 0] is dense in A(DD). Moreover, the functionals f +> f (n) are biorthogonal to
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the e;,’s. In the general case, by Gaier [27, Chapter 1, Section C], there exists a bounded injective
operator T : A(D) — A(K), such that Te, = F, for any n > 0. By Anderson and Clunie [6],
the range of T coincides with A(K), and ||[T~!|| < co. As an isomorphic image of a complete
minimal system is again a complete minimal system, we are done. [

6.2. Generalized Haar schemes

In this section we introduce and investigate the class of generalized Haar families in spaces
of functions (numerous examples will be given below). Suppose, for each n, A, is a set of
continuous functions on (2. We say that the family {A,} is generalized Haar if there exists a
function ¥ = vr(4,) : N — N such that no non-zero function of the form 3ig (g € A,) has more
than ¥ (n) — 1 zeros on 2. Finally, the approximation scheme (X, {A,}) is named “generalized
Haar” if {A,} is a generalized Haar system.

Very often, we consider the approximation schemes arising from dictionaries (see (4.1) for
the definition). We say that a dictionary D is a generalized Haar system if the family {X,, (D)} is
Haar.

In the four examples below, we exhibit some generalized Haar dictionaries. The space X is
either C([a, b]), or L ,(a,b) (0 < p < 00), and ¥ (n) = n.

(1) The dictionary D, consisting of the functions f; () = t* (A € R) on an interval [a, b] with
0 < a < b. Indeed, these functions form a generalized Haar system [10, Section 3.1]. As
polynomials are dense in C([a, b]), span[D] is dense in X.

(2) The dictionary D, consisting of functions f;(¢) = ¥ (k e NU{0}) on arbitrary [a, b]. Indeed,
the family ( f) forms a generalized Haar system on subintervals of (0, co), and of (—o0, 0).

(3) The dictionary D, consisting of functions f5(f) = exp(At) (A € R), with arbitrary
[a, b]. In this case, the density of span[D] in C([a, b]) can be deduced, for instance,
from Stone—Weierstrass theorem. Furthermore, D is a generalized Haar system, by
[10, Chapter 3].

(4) The dictionary D, consisting of functions fi(t) = t* on R. Consider a weight W—that is,
an Lq function W : R — [0, 1]. Consider the measure u, defined by u(E) = fE W(x)dx.
Take X to be either L, (1) (1 < p < 00), or a set of continuous functions f on R satisfying
lim;_, o0 f(#)W(t) = 0. For certain weights W, span[D] is known to be dense in X. For
instance, this is true for W(x) = exp(—|x|*), for any « > 1. See [43] for this and other
results on the density of polynomials in the weighted spaces X.

Moreover, the sets of trigonometric functions
T, = span[{1, cos(¢), sin(¢), ..., cos(nt), sin(nt)}]

define a Haar system on [0, 27). A somewhat more complicated example of generalized Haar
system involves rational functions. For 2 C C, denote by R,({2) the set of all rational
functions p(z)/q(z), where the polynomials p(z) = Y j_,axz* and q(z) = Y j_, bkz" have
complex coefficients and degree < n, such that g(z) does not vanish in {2. We also consider
the set E,({2) of trigonometric rational functions of degree less than n, consisting of functions
t > pleih)/q(e'), where p(z) = Y {__, axz* and q(z) = Y }__, bkz¥, and g(z) # O for
all z € 2.

Proposition 6.5. If 2 C R, then {R, ({2)} is a generalized Haar system. Moreover, if {2 C 9D =
T then {E, (£2)} is a generalized Haar family.
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Proof. We handle {R,(2)} first. If g = p/q € R,(§2),then p = Np + (Ip)i, g = Rqg + (Jq)i,
and Rp, Rq, Ip, Jg are polynomials of degree < n. Hence Hg = N (IZ_?Z) = mpm‘fq#. As
t = Np()Ng(t) + Ip(t)Iq(t) is a polynomial of degree not exceeding 2n, Rg must vanish if
it has more than 2n zeros.

Now consider ¢ = p/q € En(£2), with 2 C 9D. Then p(r) = X<, ajel, q(t) =

Y )ji<n bje'/. and

n . 2n
Z aketkt Z ak—nZk
k=— k=0 i
s =————="7 L k=eh, 62)
Z bkelkl Z bk—nZk
k=—n k=0
so that
2n 1 2n k 2n
3 ag—nz > bk—nz” Y ok
k=0 k=0 k=—2n it
Ng(@) =N =R — (z=¢€").

2 2

2n
> br_nzt
k=0

2n
Y br_nzt
k=0

Representing ¢ = o + ik (ak, Br € R), we see that the zeros of Mg(¢) are the zeros of

2n
m( PG +i,3k)e”");

k=—2n

x(1)

2n
m( > (o + i) (cos(kt) + i sin(kt)))

k=—2n

2n
= > (axcos(kt) — B sin(kt))
k=—2n
2n
=ao+ ) ((o +a—g)cos(kt) + (B—r — Br) sin(kt)).
k=1

Thus, x € T3,, and we are done, since {7,}°° | is a Haar family. [

The next result shows that “many”” generalized Haar approximation schemes satisfy Shapiro’s
Theorem. Below, Co (/) denotes the closure of continuous functions with compact support in the
Il - loo norm. In particular, C(I) = Co([l) if I is a compact set.

Theorem 6.6. Suppose I is either a finite or infinite interval in R, or the unit circle T. Suppose,
furthermore, that | is a finite atomless Radon measure on I, and X is a quasi-Banach space of
functions on 1, satisfying L,(u) 2 X 2 Co(I) with some p > 0. Then any generalized Haar
approximation scheme (X, {A,}) satisfies Shapiro’s Theorem.

Proof. Without loss of generality, we can assume w(/) = 1, and f [f1Pdu < ||f ||§ for any
f € X. By Closed Graph Theorem, there exists a constant C such that, for any f € Co(I), we
have || fllx < Cll flloo-
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For every n € N, we find a continuous function 2 : I — [—1, 1] with compact support,
such that ||hlloc = 1, and [ |h — g|Pdpn > 1/5 for any g € A,. Indeed, if such an h exists,
then |C~'h|x < 1and E(C'h, A,)x > 1/(5C)'/P. By Corollary 3.7, (A,) satisfies Shapiro’s
Theorem in X.

As the measure p is Radon, 1 = p(l) = sup{u((e, B]) : [, B] C I}. Pick ¢ < B
in I such that A = u([e, B]) > 4/5. Let N = ¥y(n) + 1. Set t9 = «a,t4ny = B. As
the map s +— u((a,s)) is continuous, we can find 7o < #; < --- < 4y such that, for
1 <j<d4n,u(tj-1,t;)) = A/(4N) > 1/(5N). Recall that, for any a < b, u((a, b)) is the
supremum of f p du, taken over all non-negative continuous functions p, supported on (a, b),
and such that |p]lc < 1. So, for 1 < j < 4N, we can find continuous /#; : R — [0, 1],
supported on (¢j_1, 7;), such that ftj’_l hjdu > 1/(5N).

We shall show that 4 = Zjﬁl(—l)jh;/p satisfies [ |h—g|P du > 1/5forany g € A,. As the
function A defined above is real-valued, it suffices to prove the inequality [ |h —Rg|? du > 1/5.
If Mg is identically 0, the desired inequality follows from the definition of /. Otherwise, denote by
S the set of points where ig changes sign. As |S| < N,theset F = {1 <k < 2N : (tpp—2, top)N
S = 0} has the cardinality larger than N. Note that, for k € F, ft;ik_z |h —NRg|?du > 1/(5N).
Indeed, if ¢ < 0 on (t2r—>, t2x), then

573 ok ok 1
f Ih—gl”duZ[ Ih—fﬁgl”duz/ hoxdpt > —.
k-2 k-1 k-1 5N
The case of g > 0 is handled similarly. Thus,

bk
[in—eran=>" [ h-gran=17-
k-2

keF

| -

>

)

=
| —

completing the proof. [

A similar result holds in the analytic case. Below, A and H), refer to the disk algebra and to
the Hardy space, respectively.

Proposition 6.7. Suppose X is a quasi-normed space of analytic functions on T, such that
A C X C H for some p > 0. Suppose (X, {An}) is a generalized Haar approximation scheme.
Then (X, {Ay}) satisfies Shapiro’s Theorem.

Sketch of the proof. We identify T with [0,1]. Let N = (n), and consider h(r) =
—iexp(dmr Nit). As in the proof of the previous theorem, it suffices to show that, for any g €

Ay, fol IRA(E) — Rg(®)|P dt > c/4, where ¢ = fol | sinu|? du. Note that Rh(t) = sin(4mr Nt).

For0 < j <4N,settj = j/(4N). Then f;’ . IRA|P = c/(4N) for any j. If Ng is identically 0,
. i

then

1 4N tj
/ |Mh — Rg|P dt = Zf IRA|P = c.
0 =17t

Otherwise, denote by F the set of all k € {I,...,2N} such that ig does not vanish on
(trk—2, t2x). As |F| < N, we complete the proof as in Theorem 6.6. [
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Another interesting Banach space is CBVy(a, b) = {f € C([a,b]) : f(a) =0, Via.p(f) <
o0}, equipped with the norm || fllgy = Vja,p(f) (here Vi, ) (f) denotes the total variation
of f).

Theorem 6.8. Let D be a dictionary on CBVy(a, b). Suppose D C C Ya, b)), and D' =
{¢g' : ¢ € D} is a generalized Haar system on [a, b]. Then D satisfies Shapiro’s Theorem in
CBVy(a, b).

Proof. We work with the case of [a, b] = [0, 27 ]. By Corollary 3.7, we only need to prove that

1
sup E(f,2,(D))> - forn=0,1,2,....
Ifllpy=1 3

Let N = 64 (n), and consider f(t) = (1—cos Nt)/(4N). Then || fl|lpy = 4-! fozn |sin Nt|dt =
1. We show that, for any g € X, (D),

W | =

2
If —gllsy = /0 1f/(6) — Rg' (Old1 >

For such a g, define F as the setof all £ € {1, ..., N} with the property that fig’ does not change
signon 27 (£ —1)/N, 27 ¢/N). Note that | F| > N —¢(n) = 5N /6. Furthermore, f’ is positive
on 2r({ — 1)/N,n(2¢ — 1)/N), and negative on (7(2¢ — 1)/N,2m€¢/N). One of these two
intervals, | f'| > | f' — Ng|. Furthermore,

w(2¢-1)/N 2ml/N 1
f '1dr =f e =
22(C—1)/N 7(20—1)/N 2N

Thus, for £ € F,

2wt/ N , , 1
|ff—Ng'ldt > —,
/2n(€1)/N 2N

and therefore,

2 2wt/ N 1 5N
If =gy = [ 170 -wg o= Y [ g = 5
0 = Jor—1yn

1
>—-. O
3
6.3. Approximation by rational functions

The problem of describing the possible sequences of best rational approximations for a given
function dates back at least to Dolzhenko [22]. Certain Bernstein-type results have been obtained
for approximations in the uniform norm. For instance, if & > &, > --- and lim¢,, = 0, then
there exists f € C(T) such that E(f, E;(T))c(r) = &m for every m [58] (see also [45,49] for
related results). Evidence suggests that the condition that the sequence {¢,,} is strictly increasing
can be weakened. By [59], for every sequence {g,} \, O there exists f € C[O0, 1] such that
E(f, Rym_1([0, 11))cl0,1] = &m for every m. On the other hand, Bernstein’s Lethargy Theorem
cannot be perfectly replicated for rational approximation in L : by [36], for any f € L,(0, 1),
the sequence E(f, Ry, ([0, 1]))1 » is either strictly decreasing, or eventually null.

This section attempts to (partially) answer Dolzhenko’s question by proving Shapiro’s
Theorem for rational approximations in a variety of function spaces.



J.M. Almira, T. Oikhberg / Journal of Approximation Theory 164 (2012) 534-571 559

Theorem 6.9. Tuke 0 < p < oo. The following approximation schemes satisfy Shapiro’s
Theorem:

(1) (X, {Rn(I)}), where I is a real interval and Co(I) € X C L,(I), and Coh* = x.
(2) (X, {En(I)}), where is a real interval and Co(I) € X C L,(I), and Coh" = x.
(3) (X, {E(T)}), where C(T) € X C L,(T), and T’ = x.

4) (X, {R,(3D)}), where C(dD) € X C L,(3D), and cOD)” = X.

(5) (X, {R,(D)}), where AC X C H,, and A" = X.

Proof. We start noting that the densities Co(/ )X =X, T’E)X = X and ZX = X are assumed
to guarantee that, if our approximation scheme (A;,) is dense, for example, in Co(/), then it
is also dense in X. To prove this, take x € X, e > 0 arbitrarily small and C > 0 such that
|- llx < CJ - lloo- Look for f € Co(I) such that ||x — f||§( < S and a € J, Ay such that
If —ald < 567 Then ||x —aly < llx — fI% + 1 f —al% < §+Clf —alk <e.

Now (1)—(3) are direct consequences of Proposition 6.5 and Theorem 6.6.

To deduce (4) from (3), consider a map U, taking a function f : dD — C to f T — C,
where f (1) = f(e'). Clearly, U is an isometry from C(3D) onto C(T), and from L »(3DD) onto
L ,(T). Hence it is clear that U maps the space X isometrically onto a space Y which satisfies
C(T) C Y C L,(T). Moreover, the equality (6.2) implies that U maps R, (3ID) onto E; (T).

To establish (5), note that the elements of A or H), are uniquely determined by their restrictions
to 0D (see e.g. Appendix 3 of [42]). Thus, we identify our functions on D with functions on D).
The density of U, R, (D) in X follows from the proof of Theorem 1.5.2 of [42] and the density
of A in X. Identifying oD with T, we complete the proof by applying Proposition 6.7. [

Corollary 6.10. Suppose X is either C(R) (the set of continuous functions f on R for which
lim; s 1 o0 f(t) and lim,_, _ f(t) exist and are equal), or L,(W,R), where 0 < p < 00, and
the weight W is given by W(x) = 2/(1 + x2). For n € N, denote by R, (E) the set of rational
functions p/q, where deg p < degq < n, and q has no real roots. Then the approximation
scheme (X, {R, (@)}) satisfies Shapiro’s Theorem.

Proof. In this proof, we use some ideas of [42, Section 1.5]. As before, identify T with [—7, 7].
Considerthemap @ : T — R : ¢ + tan(¢/2) (—m ~ wistakento 0o). ThemapUg : f > fo®
is then an isometry from Y onto X, where Y is either C(T) or L ,(T).

Denote by R, (R) the set of all functions p/g € R, (R) for which all the roots of g are distinct.
Similarly, let E/, (T) the set of all functions p/g € E,(T) for which all the roots of ¢ are distinct.
A small perturbation argument shows that R, (E) (E}(T)) is dense in R, (E) (resp. E,(T)).

Any f € R/ (R) can be written as f = apl + Y18, withm < n. Here, 1(x) = 1,
and g.(x) = (1 —ix)/(x —¢) (¢ € R). By formula (5.13) of [42], g. o & = «f;, where
z=({—c)/({ +c), o is anumerical constant, depending on z, and f,(t) = 1/(6” —z). Thus, &
implements a 1 — 1 correspondence between R/, (E) and E; (T).

It is established in [42, Section 1.5] that (Y, {E;(T)}) is an approximation scheme. By
Theorem 6.9, (X, {E, (T)}) satisfies Shapiro’s Theorem. As Ug is an isometry, (X, {R), @)}
is also an approximation scheme, satisfying Shapiro’s Theorem. The density of R}, (R) in R, (R)
completes the proof. [

Remark 6.11. Below we outline some alternative approaches to the results of Theorem 6.9.
For instance, one can show that (C([a, b]), {R,([a, b])}) satisfies Shapiro’s Theorem, one can
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use a Bernstein-type inequality due to Dolzhenko [23]: the total variation of f € R,([a, b])
satisfies Vig.p(f) = fab [f'(Oldt < 2n| fllca,p)- The space of continuous functions of
bounded variation ¥ = CBV[a, b], equipped with the norm || flly = [ fllcla,p] + Vie.n1(f) <
00, is a proper dense linear subspace of C([a, b]). An application of Bernstein’s Inequality
(Theorem 5.4) to || - ||y completes the proof.

For L,(a,b), (1 < p < 00), we may use a result by Pekarskii [50] (see also Theorem 1.1
in [42, page 300]): for k = 1,2,...,1 < p < oo,and y = (r + %)_1, the approximation
scheme (R, ([—1, 1])) satisfies a Bernstein-style inequality:

1F O, 1 = Coon I fll,rn  (f € Ra(=11D), n=1,2,....

Hence we can use Theorem 5.4 for (L,(—1,1), {R,([—1,1D}) with Y = {f € L,(-1,1) :
[ € Ly (=1, D} (with the norm | 1| = 11 fllp + | f® NIz, —1,1))-

One can also tackle L, by using the strong relation between rational approximation and
approximation by spline functions with free knots. By Theorem 6.8 from [42, page 340], for
l <p<o00,0<gqg <o0and0 < o < r, the approximation spaces Rg’q ={feLy,©01):

{na_éE(f, Ry (0,1))r,} € ¢4} and S%,q ={feLy01): {na_éE(f, Snr(0, 1)), } € £y} are
the same (with equivalent norms). Theorem 6.12 guarantees that R}L 0 = Szln o 18 @ strict subset
of L, (0, 1). Hence there exists a function f € L, (0, 1) such that E(f, R, (0, 1))L,, #* orn
and the result follows from Corollary 5.6.

We next sketch an argument showing that (C (dD), {R, (8D)}Z‘;0) satisfies Shapiro’s Theorem.
That is, by Corollary 3.7, we have to find f € C(3dD) such that the sequence E(f, R,(0D)) > «,,
for a prescribed sequence {or;,} N\ 0. Having already shown that (C ([0, 1]), {R, ([0, 1])}) satisfies
Shapiro’s Theorem, we conclude that there exists & € C([0, 1]) such that E(h, R, ([0, 1])) > «;,
for every n. Extend h to a bounded continuous function g on R, for which lim;_, 4 g(¥) =
lim;, o g(t) exist and are equal. Clearly, E(g, R,(R)) > E(h, R, ([0, 1])) > «y for every n.
Finally, consider the linear fractional transformation w(t) = %, mapping R onto 9D.
Define f = gow™! € C(D). Note that R € R, (R) if and only if Row™! € R, (3D). Therefore,

E(f, Ri(M)cem = E(f ow, Ry(R))cw) = E(h, R, ([0, 1]D))clo,1] = o

for every n. We conclude that (C(0ID), {R,,(dID)}) satisfies Shapiro’s Theorem. To deduce from
this that (C(T), {E, (T)}Zio) satisfies Shapiro’s Theorem, observe that (6.2) guarantees that
E(f, Ex(T))c(m = E(f, R2,(0D))com).

6.4. Approximation by splines

In this subsection, we show that some “very redundant” approximation systems based on
splines satisfy Shapiro’s Theorem. Let us denote by S, (/) the set of polynomial splines of
degree less than r with n free knots (nodes) on the interval /. For any pair of sequences
0<r<rn<---andl <n; <npy <---thesets A; = S, r,([a, b]) form an approximation
scheme in Cla, b] or L (a, b), with 1 < p < oo (in the case of C[a, b], we assume that the
splines in question are continuous).

Theorem 6.12. The approximation scheme defined above (either in C([a, b]), or in Ly(a, b),
for 0 < p < 00) satisfies Shapiro’s Theorem.

Proof. The case of C([a, b]) follows from [2, Theorem 3.1]. When working with L ,(a, b) (0 <
p < 00), assume with no loss of generality that [a, b] = [0, 1]. For a fixed r € N, consider
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the approximation scheme (L, (0, 1), {By ,};2,), where B, , = &,,([0,1]). Pick 0 < o <
min{r, 1/p}, and find ¢ > O satisfying 1/t = o + 1/p. By Theorem 8.2 of [20, page 386], a
Bernstein’s Inequality holds:

I fllBe L, 0.1 < Cn®ll fllL,01) (f € Buy)s n=12,.... (6.3)

Here, B(‘; (Lp(§2)) denotes the classical Besov space on [0, 1] (defined using the modulus of
smoothness w, (f, ) ,). By De Vore and Lorentz [32, Corollary 3.1], B (L;(0, 1)) embeds into
the classical Lorentz space L ;(0, 1). Furthermore, as ¢t < p, L, ; embedsinto L, , = L, (see
e.g. [12, Theorem 1.9.9]). It is easy to show that the last embedding is proper. By Theorem 5.4,
the approximation scheme (L, (0, 1), {Bn,r},‘f: 1) satisfies Shapiro’s Theorem. We complete the
proof by applying Corollary 3.9. [

6.5. n-term approximation

In this section we study Shapiro’s Theorem for n-term approximation. More precisely,
suppose D is a dictionary, and X, (D)is the associated approximation scheme (defined in (4.1)).
Then X, (D) + X, (D) = 25,(D), so that Theorem 2.6 is applicable in this context. Obviously
the properties of the sequence of errors E(x, X, (D)) strongly depend on the dictionary D. For
example, if 5X = X, then E(x, 2,,(D)) = 0 for all n > 1 and the dictionary is “too rich” to be
of interest.

For the sake of brevity, we say that a dictionary D satisfies Shapiro’s Theorem in a quasi-
Banach space X if the approximation scheme (X, {X,,(D)}) satisfies Shapiro’s Theorem.

Proposition 3.8 implies that the dictionaries satisfying Shapiro’s Theorem are stable under
small perturbations:

Corollary 6.13. Suppose a quasi-Banach space X is such that there exists p € (0, 1], for which
any x1, xy € X satisfy ||x1 + x2||? < ||x1||” 4 ||x2]|P. Consider the dictionaries D1 = {u;}ict
and Dy = {e;}ics in X, such that D satisfies Shapiro’s Theorem. Suppose, furthermore, that
there exists . € (0, 1) such that || Y_; ai(u; — e;)| < Al Y_; aie;ill for any family (a;)icr with
finitely many non-zero entries. Then Dy satisfies Shapiro’s Theorem. In particular, D; satisfies

Shapiro’s Theorem in the following two situations:

OE lai|P)V/P < ¢ > aje;|| for arbitrary scalars a;, and sup;; |lu; — e;ll < ¢l

(2) supla;| < c|l Y_aie;ll for arbitrary scalars a;, and (3_;; |lu; — e |1PHVP <=1,

Note that the inequality sup |a;| < c|| Y_ a;e; | (with an appropriate constant c) is satisfied if
(e;), or even if (e;) arises from a bounded biorthogonal system.
Below we give several examples of redundant dictionaries satisfying Shapiro’s Theorem.

Proposition 6.14. Let D = {xwu.p) : 0 < a < b < 1} be the set of characteristic functions of
subintervals of [0, 1]. Then (L (0, 1), {%,(D)};2) satisfies Shapiro’s Theorem for 0 < p < oo.
Remark 6.15. Consider the dictionary D’ C D, consisting of characteristic functions of binary
intervals in L, (0, 1). By Livshitz [41], the greedy algorithm in this setting converges “very fast”,
when f € L,(0, 1) is such that the sequence (E(f, X,(D’))) decreases in a certain controlled
manner. The result above shows that, in general, (E(f, 2, (D’))) may decrease arbitrarily slowly.

Proof. It is not difficult to prove, by induction on n, that any element of X, (D) can be written as a
linear combination of at most 2n+-1 characteristic functions of intervals with non-empty interiors.
This, in turn, implies 2, (D) € S4n+2,1(0, 1), and the result follows from Theorem 6.12. [
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Shapiro’s Theorem also holds for the dictionary of imaginary exponentials D = {t
exp(irt) : A € R} on any interval [a, b]. Indeed, the theorem below deals with ridge functions,
and includes these exponentials as a particular case (see e.g. [16] for an introduction to ridge
functions). Suppose II = ]_[lN: 1[A;, B;]1is a parallelepiped in RY, and the dictionary D consists
of functions f(t) = exp(—i(a,t)), witha € RN and ¢ € IT (o, t) = ZIN=1 a;t; denotes the
usual scalar product of RV).

Theorem 6.16. Suppose II is parallelepiped, and X is a Banach space of functions on II such
that L1(Il) D X D C(Il), and that span[D] = X. Then D satisfies Shapiro’s Theorem.

The spaces X with the properties described above include L, (II) (1 < p < oo) and C(II).
Indeed, span[D] is closed under multiplication, and separates points in /7. By Stone—Weierstrass
Theorem, span[D] is dense in C(II). Furthermore, C(II) is dense in L ,(I]) for 1 < p < o0.

Proof. By scaling, we can assume II = [0, 27]", and that I is equipped with the Lebesgue
measure (27) " Ndt ... dty. Renorming X, we assume that || f]l;, < [|f] for any f € X.
Let C be a constant for which C| fllc > |l fIll. The dictionary D consists of functions

fu®) = exp(i{a, 1)) (@ € RY). We shall show that D has Property (P). To this end, fix n € N,
and let x = Zzz l( l)kf(k 0,.. 0)/n (note that f(k 0,.. ())(l‘], ..., ty) = exp(ikty)). Clearly,

x|l < C. Consider a family o) = (01(1) . (1)) eRYN (1 <j<m<n-—1),and scalars
ai,...,ay.Lety =x +z, where z = ij ajfa(_,). We shall show that ||y|| > 1/n?.
Perturbing the a/)s slightly, we can assume that all the quantities afj ) are different, and non-

integer. To estimate ||y, recall that, for a multi-index k = (ki, ..., ky) € Z¥, and a function ¢
defined on II, we define the Fourier coefficient

. 1 2 2

b = (6, fi) = —— / [T gy exp(iGat £ i)

(2m) 0
dty ---dty.

We shall show that, for at least one value k € {1, ..., nz}, (—l)kﬂ’i(i(k, 0,...,0)) > 0. Once
this is done, we conclude that

Iyl = Iyl = [, 0,...,0) = |X(k,0,...,0) +2(k,0,...,0)

(—D* (~1 )k >
+2(k,0,...,0)| > |R +2(k,0,...,0) || > 1/n",
n? n2
which is what we need.
A straightforward calculation shows that, for ¢ = («q, ...anN),
A Cay -+ Cay exp(ip) — 1
k,0,...,0) = , h = —
Jal ) (a1 —k)ay...ay where ¢ 2mi
Leth; = Eﬁ(a JCLD - ca( j)). Suppose, for the sake of contradiction,
1
" 1 1
R(Z(k,0, .. = Zb, (j) PR
j=1 o) Ay
has the same sign as (—1)¥*! for every value of k. As m < n, there exists L € {1, ..., n(n — 1)}

such that [L, L +n — 11N {a", ..., ™} = 0. Indeed, {a\", ..., ™} partitions [1, n?] into
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no more than m 4 1 subintervals. If each of these subintervals contains less than n integer points,
then the total number of integer points on [1, n?] cannot exceed (n — 1)(n + 1), which is clearly
false.

Fort € [L, L + n — 1] define

s 1 1 1
$t) =D bj—— .
e S RN )

By assumption, ¢ (k) is positive when k is an odd integer, and negative if k is an even integer.
Therefore, for s € {1,...,n — 1} there exists t; € (L +s — 1, L + s) such that ¢(z;) = 0.
Now consider the m x m matrix

m
= [( 1 1 1 ) }
o ) G0 ) ’
o — I AN/ js=1

and the vector b = (by, ..., by)". Then Ab = 0, hence the matrix A is singular. However, by
Cauchy’s Lemma (see e.g. [15, p. 195]), the determinant of the matrix with entries ((x; — y j)_l)
equals ]_[i<j (xi —x)i —yj)/ ]_[i’j(xi + y;j), hence A is non-singular.  [J

Theorem 6.16 can be connected to the problem of approximation by elements of a frame (see
e.g. [13] for an introduction to the topic). By Corollary 3.10 of [31], any normalized tight frame
F in a Hilbert space of the form (U"n),cz (U is a unitary operator) is unitarily equivalent to
the set D of the functions t > exp(2mit)|g, where E is an essentially unique measurable subset
of [0,2x]. If E contains an interval, Theorem 6.16 shows that D (and therefore, F) satisfies
Shapiro’s Theorem. We do not know whether this remains true for general sets E.

In general, a frame D need not satisfy Shapiro’s Theorem. For instance, we can find a family
of vectors (ul(]))i,jeN, dense in S(£3), such that (HEJ))ieN is an orthonormal basis for every j. If
> laj|?> = 1, then D = (ajulgj)),-,jeN is a tight frame (that is, }_,.p [(f, )|* = || £ || for any
f € £), yet clearly D fails Shapiro’s Theorem. Frames which are “not too rich”, however, do
satisfy Shapiro’s Theorem. For instance, suppose a frame has finite excess—that is, the removal
of finitely many elements turns it into a basis (see e.g. [40] for some remarkable properties
of frames with finite excess). Theorem 6.1 shows that such frames satisfy Shapiro’s Theorem.
Another class of interest is that of Riesz frames—that is, of frames (fj);c; for which there exist
positive constants A < B such that, for every J C I, and every f € span[f; :i € J], A||f|I> <

Yies Ifis /)P < BIFIP

Proposition 6.17. If a dictionary D is a Riesz frame in €3, then it satisfies Shapiro’s Theorem.

Proof. By Casazza [14, Theorem 2.4], we can represent D as a union of two disjoint subsets:
an unconditional basis (g;);en, and a family (h;);cr (I" may be finite or infinite), such that, for
every i € I, there exists a set A; such that h; € span[g; : j € A;], and K = sup;.j |4;| < oo.

By Casazza [13, Proposition 4.3], there exist 0 < C < D (depending only on A and B)
with the property that C2 Zj |ozj|2 < Zj ozjgj||2 < D? Zj |on~|2 for any (at;) € £. Consider

y = Z?nj gj/(D+/2nK) and

z= Z(xihi +Zﬂjgj

icA jeB
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with | A| 4+ |B| < n. Then ||y|| < 1. We show that ||y — z|| > C/(D~/2). As (gj) is a basis, we
can write y — z = 3% ; ;. Note that, for

JjeC={1,....,2nK}\ (BU (Uica 4)),

yj = 1/(Dv/2nK). As |C| > nK, we conclude that ||y — z|| > C/(D+/2). Since this inequality
holds for any z € X, (D), Corollary 3.7 completes the proof. [J

Certain approximation schemes related to MRA wavelets also satisfy Shapiro’s Theorem.
In the exposition below, we follow the notation of [66]. Suppose ¢ is a scaling function in
L>(R). More precisely, suppose [|¢|| = 1. For k, j € Z, let ¢y j(x) = 2K2¢(2%x — j). Let
Vi = span([{¢y, ; : j € Z}]. We are assuming that V; C Vi4 forany k € Z,U; Vi = Ly(R),
and N Vi = {0}. Moreover, we assume that {@,;} ez is an orthonormal basis for V. Now we
consider the dictionary D = {¢ ; : k, j € Z} in L,(R), for 1 < p < oo and its associated
n-term approximation scheme A, = 3, (D).

Theorem 6.18. In the above notation, suppose the scaling function ¢ has compact support.
Then:

1) (L2(R), {A,}) satisfies Shapiro’s Theorem.
(ii) Suppose, furthermore, that ¢ € Loo(R). Then (L, (R), {A,}) satisfies Shapiro’s Theorem for
1 <p<oo

Note first that the orthogonal projection from L (IR) onto Vj is given by

Pf =Y e / £ ;) dr. (64)
JEL R
If ¢ € Loo(R), then this family of projections is also uniformly bounded on L ,(R), for any
p € [1,00) (see [66, Section 8.1] for the proof of this fact, and for further properties of these
projections).
Define the map Dy by setting Dy f(x) = f (2kx). Then Vi, = Di(Vy) for any k, and
Py = Dy PyD_y.

Lemma 6.19. Suppose ¢ is a scaling function in Ly(R) with compact support. Then, for any
n € Nand ¢ > 0, there exists N € N with the property that, forany S C{N,N +1,...,} X Z
of cardinality n or less, and any f =) _gass, |PofIl < el fI.

Proof. Let T ={r e R: ¢(t) #0},and T}, ; = 27k/2(T + j). By assumption, T is (up to a set
of measure zero) a subset of a certain interval /, of length |/|. Then T} ; belongs to an interval
of length 27K/2|]|. Thus, there exists a constant K such that

{eeZ:|TjNToel >0} <K

forany k > Oand j € Z.
Consider f = Z?:] oy, j.» with k; > 0. Let Ty = U; Ty, ;. Then

{eeZ:|TfNTpyl > 0} < Kn.

Find N € Nsuch that |(g, ¢)| < ¢||gll/Kn whenever g differs from O on a set of measure at most
n2~Nd. Then, for any f = p a;iPr;, ji» with k; > N, [{f, ¢o, ;)| < el fIl/(Kn). Moreover,
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(f, ¢o,;) # O for at most Kn different values of j. To complete the proof, recall that, by (6.4),
Pof =Y (f.d0j)¢0,. O

JEZ
A variant of the previous lemma (with identical proof) also holds for 1 < p < oco.

Lemma 6.20. Suppose ¢ is a scaling function in L, (R) with compact support, and 1 < p < oo.
Then, for any n € N and ¢ > 0, there exists N € N with the property that, for any
SC{N,N+1,...,} X Zof cardinality n or less, and any f =) . _gosds, IPofllp <€l fllp.

Proof of Theorem 6.18. We prove part (i) only, since part (ii) is handled in the same manner,
with minimal changes. By Theorem 2.6, it suffices to show that this approximation scheme has
Property (P). To this end, fix n € N. Let c = 1/(84/n 4+ 1). By Lemma 6.19, there exists N € N
such that || Py f|| < c||f|l for any f = Y " | cidy,,j, whenever k; > N — 1 for each i. It is
easy to see that, for any m € Z, we have || P, f|| < cl|| f]| for any f = Z;l:l a; Px;, j; Whenever
ki >m + N — 1 foreachi.

Find norm 1 vectors x; € Vin41 © Von (0 < s < n). Letx = (xo + - + x,)/~/n+ 1.
We show that E(x, A,) > c. Indeed, consider f = Z?:l ajPy;.j; € An, and suppose, for the
sake of contradiction, that |[x — f|| < c. By Pigeon-Hole Principle, there exists s € {0, ..., n}
with the property that no k; belongs to {sN,...,(s + )N — 1}. Let f_ = Zkin i Pk, jis
and fy = Zk;z(s+l)N a;¢x;, j;- Note that, by our choice of N, || Py f4|| < cll f+| whenever
m<sN +1.

In this notation,

x‘y+...+xn

Jn+1

By the triangle inequality, ||(I — Psy) f+1 < 1 + c. Therefore, || f1|| < 2. Indeed, otherwise we
would have

L+c> (I = Pon) foll Z I1f4l = 1Psv foll = (1 = Ol fll = 2(1 — o),

which contradicts the fact that ¢ < 1/8.
Similarly,

c>llx=fll == Pn)x—fll = — (I = Pn) f+

Xs+1+ -+ Xy

c>lx = fll= I = PovyD(x — Ol = NCES]

- = Pong) [+

Thus, by the triangle inequality,

(u - PsN)f—i—) _ <xS+1+—+xn - - PsN+l)f+>

2c >

We know that || Py, fi || < cllf+ll < 2¢ for any m < sN + 1. Recall that ||xs41/+/n + 1| =
8c = 1/+/n + 1. The previous centered inequality then implies 2¢ > 8¢ — 2¢ — 2¢ = 4c, a
contradiction. [

Jn+1 vn+1
Xs+1 Xs+1
= H «/nHT + PN fr — Pong1 fo| 2 \/nS—Jr?H — IPsn foll = 1 Psnvrr foll

Next we deal with the dictionaries in L, (R) or Co(R) arising from translates of a single func-
tion. More precisely, for ¢ € L,(IR), consider the set D = {¢. : ¢ € R}, with¢.(t) = ¢ (t —c). It
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is a well known result by Wiener (see [65, pp. 97-103], or [25, Chapter 8]) that span[D] is dense
in L1 (R) if and only if the Fourier transform of ¢ does not vanish on R, and span[D] is dense in
L>(R) if and only if the Fourier transform of ¢ vanishes only on a measure O subset of R. This

. . . cp . . a2
condition is satisfied, for instance, if ¢ is a Gaussian function ¢ (¢) = e~ % /2 for some a > 0.

Theorem 6.21. Suppose X is either L ,(R) (0 < p < o0) or Co(R), and ¢ is a function in X.
Denote by D the set of translates {¢. : ¢ € R}. Then the approximation scheme (X, {X,(D)})
satisfies Shapiro’s Theorem in each of the following two cases:

(1) ¢ has compact support, and the linear span of its translates is dense in X.
(2) ¢ is a Gaussian function.

Proof. (1) We consider the case of X = L,(IR). The space Co(R) can be tackled in a similar
fashion. By Corollary 3.7, it suffices to show that, for any n € N and ¢ > 0, there exists
f € L,(R) such that E(f, 2,,(D)) > 1 — ¢. To this end, pick m € N such that n/m < e.
Find a finite interval I such that ¢ vanishes outside of 1. Set f = m™!/P Yo" Xiai.ai+1]> Where
a = |I| +2,and m > n. Consider g = Z?:l ajpc; € 2n(D). Then g vanishes outside
S = U;?zl(l + ¢j). By definition of a, [ai,ai + 1] NS = @ for at least m — n values of i.
Therefore, || f — gll > ((m — n)/m)"/P, which is what we need.

(2) By Zalik [67, Theorem 2], span[D] is dense in Co(R), hence alsoin L ,(R) (0 < p < 00).
A Bernstein-type inequality from [26] shows that, for any f € X,(D), we have | f'||, <
en'2|| £l p» forany p € (0, oo]. An application of Theorem 5.4 completes the proof. [

Finally we consider approximation schemes in tensor products and operator ideals. Suppose
X and Y are Banach spaces. A cross-norm o on the algebraic tensor product X @ Y is a norm
satisfying [|lx ® y|| = ||x|| ||y|| for any x € X and y € Y. The completion of X ® Y with respect
to this norm is denoted by X ®, Y (this is a Banach space). The reader is referred to e.g. [21,53,
64] for information about tensor norms.

Proposition 6.22. Suppose X and Y are infinite dimensional Banach spaces, and o is a cross-
norm. Denote by A, the set of sums Z';:l xj®yjinZ = X ®q Y. Then (A,) is an approximation
scheme in Z, satisfying Shapiro’s Theorem.

Proof. Obviously, A, = X,(D), where D = X ® Y is, by definition of Z, a dense subset of
Z. To tackle Shapiro’s Theorem, we show that (A,) has Property (P). Fix n. Find unit vectors
(xi)?_; and (y;)!_; in X and Y, respectively, forming Auerbach bases in their respective linear
spans. That is, for any scalars y1, ..., ¥,

ZVkYkH] <Y Inl

Letz =Y 7_; Xk ® yx/n. Then ||z|| < 1. We show that E(z, A,—1) > 1/n°.

Suppose, for the sake of contradiction, that ||z — ¢|| < 1/n? for some ¢ = Z?;} aj ®
bj € A,—1. By Hahn—-Banach Extension Theorem, there exist norm one linear functionals
(fx) and (gg) in X* and Y*, respectively, which are biorthogonal to (x;) and (yg). For 1 <
Pq < n,{fp ®8g.2) — {fp ® &g, )| < 1/n2. However, (f, ® g4.2) = 08pq/n, hence
(fr ® gq, z));’ g=1 = I/n, where I is the n x n identity matrix. On the other hand, the matrix
d = ((fp®8q. )}, ,— hasrank less than n. Indeed, for each j, the rank of ((f,, a;){8q. b)) p.q

)

max |yx| < min { HZ Vi Xk

does not exceed 1. Asd = Z'};i((f,,, a;j){gq,b;j))p,q, we conclude that rankd < n.
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Now equip the space of n x n matrices with the Hilbert—Schmidt norm. It is well known that,
for any matrix A of rank less than n, ||[I — A||gs > 1. On the other hand, ||I/n — d”%qs =

> =118 — dpgl? < n?-1/n* = 1/n?, a contradiction. O

Now suppose A is a quasi-Banach operator ideal, equipped with the norm | - || 4 (see
[21,53,64] for the definition and basic properties of operator ideals). Define the A-approximation
numbers by setting

a(T) = f IT — ull 4.

in
ueB(X,Y),ranku<n

Denote by A (X, Y) the set of A-approximable operators — that is, the operators T for which
lim,, a,(lA) (T) = 0 - equipped with the norm || - || 4. One can easily see this is a quasi-Banach
space (a Banach space if A is a Banach ideal). Note that, if A is the ideal of bounded operators
(or compact operators), with its canonical norm, we obtain the usual definitions of approximation
numbers, and approximable operators, respectively.

Let D be the dictionary of rank 1 vectors in A (X,Y), where X and Y are infinite

dimensional Banach spaces. For any T € B(X, Y), we have E(T, X;(D)) = ai(f])(T).

Corollary 6.23. In the above notation, the approximation scheme (X;(D)) satisfies Shapiro’s
Theorem.

Proof. It is well known that AXY (X, Y) can be identified with X* ®, Y, for the appropriate
cross-norm «. An application of Proposition 6.22 completes the proof. [

For certain ideals .4, this theorem can be strengthened: it is possible to construct T € B(X, Y)
for which the sequence (a,gA) (T)) “behaves like” a prescribed sequence (). This result appears

in the paper [48] of the second author.
7. Controlling the rate of approximation

In the previous sections of this paper, we proved that, for a number of approximation schemes
(A;), we can find and element x in the ambient space, for which the sequence (E(x, Ay))
decreases arbitrarily slowly. In some situations, we can go further and guarantee a prescribed
behavior of (E(x, Ay)).

Recall that an approximation scheme (X,) in a Banach space X is called linear if the sets
X, are linear subspaces of X. By a classical result of Bernstein (see Section 1), if all the X,,’s
are finite dimensional and {e,} \, O, then there exists x € X such that E(x, X;) = ¢, for
every n > 0. Without the finite dimensionality assumption, things are different. It was shown
in [46] (see also [57, Section 1.6.3]) that a Banach space X is reflexive if and only if for any
finite sequence of closed subspaces {0} = Xo C X1 € X2... € X, € X,4+1 C X, and for any
gy > €1 > -+ >¢g, >0, there exists x € X, such that E(x, X;) = ¢x forany 0 < k < n. An
inspection of the proof shows the following:

Proposition 7.1. Suppose X is a Banach space, {0} = Xo € X1 C Xo--- C X, S Xp41 C X
is a sequence of its closed subspaces, and ey > €1 > --- > &, > 0. Then there exists x € X, 41
such that E(x, Xy) = e forany 0 < k < n.

If the chain of subspaces (X},) is infinite, we obtain a somewhat weaker result.
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Theorem 7.2. Let {0} = Xo € X1 € Xa... be a sequence of closed subspaces of a Banach
space X. Then for every {e,} \ 0 and every {8,} \( O there are x € X, C > 0 and {n(m)};°_
sequence of natural numbers verifying n(m) > m for all m, such that

(Smgn(m) < E(x, Xn(m)) = Cen(m), m=0,1,2,....
Moreover, there exists an strictly increasing sequence of natural numbers {h(m)}>°_ such that

Snomyenmy < E(x, Xpm)) < Cepmy, m=0,1,2,....

Proof. Assume, without loss of generality, that &9 = 1. Define A9 = Ao({e,}) as the set
(xeX: {E(x X")}"oo € co}, equipped with the norm || x| 4, = sup,,cy E(x X1) (see [4, Prop. 3.8,
Theorems 3.12 and 3. 17]). It is easy to see that A is a Banach space, and the natural embedding
of Ag into X is contractive. We claim that, for any x € X and m > 0,

E(x, X,)
E(x, Xm) Ag(e}) = Sup —————. 7.D
n=m 8”
Indeed,
E(x - ya Xﬂ)
E(x, Xm)ag(e) = 1nf lx — ylla, = 1nf sup ———. (7.2)
Y& YE€EXm n &n

For n < m, we trivially have E(x — v, X)) <|lx—=yl|l.Form >n, E(x —y, X,) = E(x, X;).
Taking the infimum over y € X,, in (7.2), and recalling that &g > ¢; > - - -, we obtain (7.1).
Note that limy, sup,,, &, V'E(x, X,) = 0, hence (X,) is an approximation scheme in Ag.
Moreover, this scheme is non-trivial: for each n, the inclusion of X_nAO into Ag is strict. Thus,
(Ao, {Xn}) satisfies Shapiro’s Theorem. By Corollary 3.7, for every {5,} \, O there exists

x € Ag(ey) such that
E(.X, Xn)
sup ——
n>m En

= E(x, Xm)Ao(s,,) >28, (m=0,1,2,..).

In other words, for every m € N there exists n(m) > m such that E(x, X,(n)) = 8mé€n(m). Taking
C = |lx|l 4y, we establish the first claim of this theorem. To prove the second claim, it is enough
to take a strictly increasing subsequence h(m) of n(m), and to recall that {§,,} is decreasing. [

Recall the density sequence d; = E(S(X), A;), defined in Section 4. There, it was observed
that {d,-}?io is non-increasing, and (X, {A,}) satisfies Shapiro’s Theorem if and only if d; = 1
for every i. The following result is a “mirror image” of Brudnyi’s Theorem.

Theorem 7.3. Suppose that {¢;} is a sequence of positive numbers converging to 0, (X, {An}) is
an approximation scheme in a Banach space X, and d; > 0 fori = 0, 1, .... Then there exists
x € X\ (U; Aj) such that 0 < E(x, A;) < ¢&; for each i.

Lemma 7.4. Suppose (X, {A,}) is an approximation scheme in a Banach space X. Suppose,
furthermore, that i € N satisfies dgy > 0. Then for any ¢ € (0, 1) there exist j > i and yg €
Aj, such that || yo|l = 1, and E(x + ayo, A;) > cla|dg) for any x € A;, and any scalar o.

Proof. As S(X) ﬂ(Uj Aj) is dense in S(X), we can find j € Nand yp € A; N S(X) insuch a
way that E(yo, Ak ()) > cdg). Then, forany x, z € A;,

l(x +ayo) —zll = llayo — (z — ) || = |«|E(yo, Ak y) > clo|dk),

which is what we wanted to prove. [
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Proof of Theorem 7.3. We are going to find a “rapidly increasing” sequence 0 = ip < 1 =ij <
ir < i3 < ---,a“rapidly decreasing” sequence §; > §» > --- > 0, and a sequence of elements
xj € A;;, in such a way that the following holds for every j:

§j < min{e;; /2, 8;—1dki;_,)/4}, lx; —xj—1ll <4y,
E()Cj, Aij—l) > 45jd1((,'j_])/5. (7.3)

As§j < §;1/4, {x;} is a Cauchy sequence in X. Let x = lim; x;. We claim that x ¢ U; A; and
E(x, Ag) < g for each £. Indeed, fori;_| < £ < i},

o
E(x,A0) < E(, A ) <) 8 <8,y 475 <28 <& <&

k>j s=0
On the other hand,
4dK i S 4dK 8 dK 5
E(r, 42— Yy x TR g 24‘ —
k> j
> 0.

Thus, it suffices to show the existence of the sequences {i;}, {x;}, and {§;} with desired prop-
erties. Set xg = 0. Let §; = ¢1/2, and pick an arbitrary x; € A with ||x1|| = §;. Now suppose

Xj € A,'j, 8; > 0,and n; € N have been defined for j < k, in such a way that (7.3) are satisfied.

By Lemma 7.4, we can find s such that there exists y € As with ||y|| = 1, for which E(x;—1 +
8y, Aj,_,) > 48dk;,_,)/5hold forany 6 > 0. Setiy = K(s),and 8y = min{e;,, Sx—1dgi,_,)/4}.
Then xp = x¢—1 + 8y € Ai, lxk — xj—kll = &, and E(xx, Aj_)) > 4dg_dk/5. U
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