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Abstract: The main goal of this paper is to study shape preserving properties of univariate Lototsky-
Bernstein operators L,(f) based on Lototsky-Bernstein basis functions. The Lototsky-Bernstein basis
functions b, (x) (0 < k < n) of order n are constructed by replacing x in the i factor of the generating
function for the classical Bernstein basis functions of degree n by a continuous nondecreasing function
pi(x), where p;(0) = 0 and p;(1) = 1 for 1 <i < n. These operators L,(f) are positive linear operators
that preserve constant functions, and a non-constant function /% (x). If all the p;(x) are strictly increas-
ing and strictly convex, then y5(x) is strictly increasing and strictly convex as well. Iterates LY (f) of
L,(f) are also considered. It is shown that LY (f) converges to £(0) + (f(1) — f(0)yh(x) as M — oo.
Like classical Bernstein operators, these Lototsky-Bernstein operators enjoy many traditional shape p-
reserving properties. For every (1,y%(x))—convex function f € CJ[0, 1], we have L,(f;x) > f(x); and
by invoking the total positivity of the system {b,, x(x)}o<k<n, We show that if f is (1, yP(x))—convex, then
L,(f; x) is also (1, % (x))—convex. Finally we show that if all the p;(x) are monomial functions, then for
every (l,ygﬂ(x))—convex function f, L,(f;x) > L,4+1(f; x) if and only if pj(x) = --- = p,(x) = x.
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1 Introduction

The primary goal of this paper is to study the shape preserving properties of the Lototsky-
Bernstein operators. The Lototsky-Bernstein operators are generalizations of the classical poly-
nomial Bernstein operators. The classical polynomial Bernstein operators are defined by

- k
Bu(fix) = Zf(;)b'z(x),
k=0

where f € C[0, 1] and {b](x),0 < k < n} denotes the Bernstein basis for the space of polynomials
of degree at most 7n:

bi(x) = (Z)xk(l )t 0<k<n

The Bernsetin operators B, have been the object of intense research, and have been generalized
in several directions, for example, the g—Bernstein operators [26] and the 4—Bernstein operators
([31]). The polynomials B,(f) converge uniformly to f, although the convergence might be very
slow ([10], p.166). Moreover the operators B, reduce the variation and preserve the shape of f.
Also the derivative of B,(f) of a function of class C' converges uniformly to f’ (see [10]). For all



these reasons Bernstein bases and Bernstein operators are fundamental in approximation theory
and computer aided geometric design (CAGD).

In Approximation Theory and CAGD one is often interested in approximating functions, and
rendering curves and surfaces not given by polynomial functions. Thus it is natural to try to extend
polynomial methods to nonpolynomial settings, while keeping as many of the good properties of
Bernstein bases and Bernstein operators as possible.

From the binomial theorem, we can derive generating functions for the classical Bernstein
basis functions

(ow + (1= )" = " bLowk, (1.1)
k=0

We can generalize these generating functions for the classical Bernstein basis functions b}(x) to
generating functions for the Lototsky-Bernstein basis functions b, x(x) (0 < k < n). Let {p;(x),0 <
i < n} denote a sequence of real-valued functions on [0, 1]. Define

boo(x) = 1, box(x) = 0,k >0, (1.2)

[ [(wpi0)+ 1= pj(x) = )" bus(ow, (1.3)
k=0

J=1

By simple computations from (1.3) it is straightforward to confirm that

b= | Ja=patn | | P, (1.4)

KUL={12, 1} meL leK
|Li=n—k,|K|=k
Thus the Lototsky-Bernstein basis functions b, (x) are generalizations of the classical Bernstein
basis functions b7 (x).
The Lototsky-Bernstein operators L, are defined for each function f € C[0, 1] by

: k
umm:Zf&ﬁmn (1.5)
k=0

Throughout this paper, we always assume that p;(x) € C[0,1] (1 <i < n) and that 0 < p;(x) < 1
for x € (0,1) and p;(0) = 0, p;(1) = 1. The canonical and most important examples of such
functions are the monomials p;(x) = xVi (1 < i < n), where N; is a positive integer. We impose the
assumption p;(0) = 0, p;(1) = 1 in order to guarantee that the operators L,(f) satisfy the endpoint
interpolation property. Indeed we observe immediately from (1.5) that with these assumptions,
L,(f;0) = f(0) and L,(f;1) = f(1). When it is necessary to emphasize the dependence of L,(f)
upon p;(x), we will replace L,(f; x) by L,(f; x;P,), where P,(x) := (pi1(x),- -+, pu(X)).

Several authors have studied these operators. King [21] discusses conditions on the sequence
of real-valued functions p;(x) that ensure the uniform convergence of L,(f;x) to f(x). Eisen-
berg and Wood [12] discuss uniform approximation of analytic functions by means of Lototsky-
Bernstein operators. Several other authors also discuss convergence properties of the operators
L,(f) in special cases. Whenever all the p;(x) are equal to a suitably chosen function r;(x) such
that lim 7} (x) = x, the operators L,(f) reduce to the King-type operators K,(f) [22]. The King-

n—oo

type operators K,(f) converge to the identity on C[0, 1] and preserve e;(x) = x',i = 0,2. For
different choices of r;(x), many approximation properties of K,(f) such as rates of convergence,
shape preservation, fixed points, asymptotic behavior and saturation have been investigated (see
[5, 6, 7, 14, 15]). However, a systematic study of the general operators L,(f), especially shape



preserving properties of L,(f), has yet to appear, except for some basic convergence results in
[12, 21].

The present paper is devoted to investigating the shape preserving properties of the operators
L,(f). A systematic treatment of the general convergence properties of the operators of L,(f) (eg.,
Voronowskaja Theorem, and convergence in terms of p;(x)(1 < i < n)) will appear in a separate
paper [34].

We proceed in the following fashion. In Section 2 we describe some basic properties of the
Lototsky-Bernstein basis functions b, x(x) (0 < k < n). We study the first and second derivatives
of the Lototsky-Bernstein operators L,(f) in Section 3. In Section 4, we find a non-constant
fixed point y% (x) of the operators L,(f), and we discuss approximation properties of the functions
¥h(x). Limits of the iterates of L,(f) are also derived in terms of the functions y.(x). In Section
5, we prove that for a strictly increasing and convex function ¢ on [0, c0), the function L,(f) is
p—total variation diminishing. We also show that the operators L,(f) enjoy many traditional shape
preserving properties. For example, for every (1, y%)-convex function f € C[0, 1], we have L,(f) >
f. If fis (1,y5)-convex, then L,(f) is (1,y5)-convex as well, and if f is convex in the standard

sense, then L,(f) is (1, >, pi(x))-convex. In addition, in Section 5.2 we discuss total positivity

and the variation diminishling property for special cases of the Lototsky-Bernstein basis functions.
In Section 6, we show that if f is increasing, then the operators L,(f) behave in a natural way
when we vary some p;(x), i.e., given P,(x) = (p1(x),- -+, pu(x)) and Q,(x) = (g1(x), -, ga(x)),
if pi(x) > gi(x) for all i, then L,(f; x;P,) > L,(f; x; Q,); moreover v-(x) > v/(x). In Section 7,
we give a general result on the monotonicity of {L,(f; x)},>1 with respect to n. If all the p;(x) are
monomial functions, we show that for every (1,75 ,1(x))—convex function f we have L,(f;x) =
L,.(f;x) if and only if pi(x) = --- = p,(x) = x. Some additional results on the fixed points of
L,(f; x) are also derived. In particular, if for all n, y5(x) = yﬁ .1(x), we show that all the p;(x)
(i > 2) must interpolate the same point (1/2,1/2) and the zeroes of all the p;(x),i > 1 possess the

same multiplicities at x = 0; in addition, ), pi(x)/n must converge to o(x) = x. Furthermore if for
k=1

all n, pi(x) = --- = p,(x) are convex, then y,(x) >y’ (x).
2 Lototsky-Bernstein bases

We now present some basic properties of the Lototsky-Bernstein bases b, x(x) (0 < k < n),
which we shall need later in this paper. We shall see shortly that the Lototsky-Bernstein bases
b, 1(x) (0 < k < n) are related to elementary symmetric functions.

Definition 2.1. The rth (1 < r < n) elementary symmetric function o(xy,--- ,X,), is the sum of
all products of r distinct variables chosen from n variables. That is

o) = D X, 2.1)

1<i;j<<iy<n
and we define oo(x1,- -+ ,x,) = 1.

Now we list some basic properties of the Lototsky-Bernstein bases b, x(x) (0 < k < n).

i)Ifxe(0,1),then b, (x) > 0,0 <k <n.

i1) Each b, x(x) has a zero of order at least k (1 < k < n) at 0 and a zero of order at least n — k
(O<k<n-1)atl,and b,,(0) = 1,b,,(1) = 1.

i) 3 bog(x) = 1.
k=0



iv) The functions {b, o(x), b, 1(x), - - - , b, ,(x)} are linearly independent.

v) The functions {b, o(x), b, 1(x), - ,b,,(x)} form a non-negative, normalized basis for the
space

Uy := span{oo(pi(x), -+, pu(X)), -+, 0u(p1(X), - -+, pu(X))}.

vi) The Lototsky-Bernstein basis of order n + 1 may be generated from the Lototsky-Bernstein
basis of order n through the recurrence relation

b1 k(X) = Pra1(0)Dp-1(xX) + (1 = pps1(x))Dn 1 (), (2.2)
for 0 < k < n+ 1, where we define b, x(x) = 0 if kK < 0 or k > n, and initiate the recursion with
bo’o(x) = 1.

vii)
TP (), pa) = ) (]]{)bn,ﬂx),k =0, ,n. (23)
j=k
viii)
Bus(x) = Z(—l)f"‘(,’c)cr,(pl(x), < ). (2.4)
=k

Properties 1)-vi) are straightforward from (1.3) and (1.4); properties vii) and viii) can be derived
from the Lototsky-Bernstein blossom (see [13] for an introduction to blossoming, for more details
see [33]).

Remark 2.2. Theorem 5.4 in Section 5 provides an example where the system (b, o(x), - -+ , by ,(x))
is a Chebyshev system. But by ii), the Lototsky-Bernstein basis function b,;(x) (0 < k < n)
may have more than n zeros (counting multiplicities) in [0, 1]; therefore the system need not be
an Extended Chebyshev system. Thus L,(f) are positive linear operators not necessarily in the
framework of Extended Chebyshev systems. For Bernstein operators in the framework of Extended
Chebyshev systems, see [1, 2, 3].

3 Derivatives

We are now going to compute the first and second derivatives of L,(f;x). To simplify our
notation, let

@ = > [ |a-p ]| [P0 1<i<n0<k<n-1, @D

KJL={1,2,- n}\{i} meL ek
|LI=(n—1-k),|K|=k

and

va@i= > [Ja-pen[[pw1sizj<nosksn-2. (32

KU L={1,2,+ n)\{i,j} meL leK
|L|=(n-2-k),|K|=k

Proposition 3.1. Let p;(x) be differentiable on [0, 1] for 1 < i < n. Then the first derivative of
L,(f;x) is given by

n—1 k 1 k n
L(f;x)= Z (f( ;: ) - f(;)) ; PV ki) (3.3)

k=0



Proof. By equation (1.3)

n

D buswt = [ | (wps0) + 1= ().
k=0

j=1

Differentiating this equation with respect to x yields:

D B = 3 i) w= D[ [0+ 1= pi0)
k=0 i=1

J#i
n-1 n n-1 n
= > Byt = 3 plvicowt
k=0 i=1 k=0 i=1
= 30 PO o13) = i)W,
k=0 i=1

Noting that v; _; ;(x) = v1,(x) = 0 and equating the coeflicient of w* on both sides of this equality
yields

b;’k(x) = Z pl/'(x)(Vl,k—l,i(x) = V1 k(X)) (3.4)

i=1

Thus

L(f:%)= >0 Pl 1x) = vixs(0))fk/n)

k=0 i=1
n—1 n

= > (F(+ 1)/m) = fe/m)) D PV (). (3.5)
k=0 i=1

O

Remark 3.2. Suppose that f(x) is increasing and that p;(x) is differentiable and p/(x) is nonneg-
ative on [0, 1] for all 1 < i < n. Then from (3.3) L/ (f; x) > 0 on [0, 1]. This inequality implies that
L.(f; x) is increasing on [0, 1]. Also, by assumption, p;(0) =0, p;(1) =1 (1 <i < n), so the first
derivatives at the endpoints

L(f:0)= )" pi(0) (f(%) - f(g)) L) = pih) (f(%) - f(”; 1)) (3.6)
i=1 i=1

are proportional to the slopes of f at the two first and last two abscissae.

Proposition 3.3. Let p;(x) be twice differentiable on [0,1] for 1 < i < n. Then the second
derivative of L,(f, x) is given by

n—1 k 1 I n
L/(f;x)=) ( f(%) _ f(;)) S e
k=0 i=1
(o (k+2 k+1 K\ & ’
’ k=0 (f(T) - Zf(T) + f(;)) ; pi(x) ; Pj(x)Vz,k,i,j(x). (3.7)

Proof. The proof proceeds by differentiating (3.3), using arguments identical to those used in the
proof of (3.3). O



Remark 3.4. Suppose that f(x) is increasing and convex, and that p;(x) is twice differentiable
nondecreasing and convex on [0, 1] for 1 <i < n. Then from (3.7), L)/(f; x) > 0. This inequality
implies that L,(f) is convex in [0, 1].

Also, the second derivatives of L,(f; x) at the end points of [0, 1] are given by

C 1 0 : 2 1 0
L0 = Ym0 (r() - £(3)+ Yoo T oo r(2) -2 (7] e (3):
i=1 i=1

i
- -1 - n n—1 n—2
L) (f;1) = P§'(1)(f z —f(n )) + ) pi(D) p"(l)(f = —2f( )+f( ))
; (n) n ; Z / (n) n n
The divided difference f[0, 1/n,2/n] is given by

f[()%%] -~ (f(%)—zf(%)”(E))'
=zt o [52)

Therefore we have the following proposition.

Similarly,

Proposition 3.5. Suppose that all the pi(x) (1 < i < n) are differentiable of order 2, and p}'(0) =
0, p”(1) = 0. Then the second derivatives of L,(f; x) at the endpoints of [0, 1] are given by

SAOAO
L/(f;0) = —————Ff 0,—,—],
n | non
WAOPN AN
L;l'(f;l):l:1 ;&z f n—2,n—1’ﬁ].
n | n n on

Thus the second derivatives at the endpoints are proportional to the second order finite differences
of f at the first three and last three abscissae.

4 Fixed points and iteration
Iterates of the Lototsky-Bernstein operators L,(f) are defined recursively by
L)Y (30 = Lo (L) (505 %), M = 1,2,

where (L,)" ( f3x) = L,(f;x). For the classical Bernstein polynomials, the iterates converge to
linear end point interpolation on [0, 1]. Kelisky and Rivlin [20] consider this problem both when
M depends on n and when M is independent of n. Iterates of Bernstein operators are also studied
from the point of view of operator semigroups by Karlin and Ziegler [19] and by Micchelli [24].
Cooper and Waldron [9] investigate iterates of Bernstein operators using their eigenvalues and
eigenvectors. Corresponding results for g—Bernstein operators can be found in [25]. In [29]
the authors use a contraction principle to study the iterates of a class of positive linear operators
preserving affine functions. The results in [29] can be applied to any finitely defined operators.
Before we state the main theorem of this section, we recall the Banach Fixed Point Theorem.



Lemma 4.1. (Banach Fixed Point Theorem [35]) Let (X,d) be a complete metric space and let
T : X — X be a contractive transformation. Then T has a unique fixed-point x* in X (i.e.
T(x*) = x*). Furthermore, x* can be found as follows: start with an arbitrary element x, in X and
define a sequence {x,} by x, = T(x,_1); then x, = x* asn — oo.

Theorem 4.2. The operators L, possess a unique nonconstant fixed point y(x) with respect to
pix) (1 <i<n),ie.

L,(yy: %) = v, (x), (4.1)

with y7(0) = 0,v2(1) = 1. Moreover, for f € C[0, 1]
Mm (L) (f; ) = fO) + (fF(1) = fFO) V5 (). (4.2)

Proof. We shall prove this result by invoking the Banach Fixed Point Theorem. Consider the
complete metric space (C[0, 1], || - ) ([11]), where || - || is the max norm on [0, 1]. Let X, 5 := {f €
C[0,1]: f(O) =, f(1) = B},a,B € R. Then:

(a) X, g 1s a closed subset of C[0, 1];

(b) X, 4 is an invariant subset of L, for all ,8 € R, i.e.,if f € X, 3, then L,(f) € X, 3;

(©) C10,1] = Uaper Xap-
Now we will prove that L, |, , : Xop — X, p 1s a contraction.

First, note that for 0 < x < 1

O0<m:= ()I?i?l{b”’O(x) + by a(x)} < 1.

Now for all f,g € X,z

ILa(f)(x) = Lu()(0)] = [L(f = (0| =

n-1 k

D bua(F - 9) (;)l

k=1

< |1 = Bo(x) = Bua@)| 11 — gl < 1L = mllIf — gll.

Therefore

LA (F)(x) = La(@)(I < [T = ml[|f = glI.

Thus L, is a contraction from X, g to X, 4.
Since L,(f) interpolates at the endpoints O and 1, it follows by applying the Banach Fixed
Point Theorem on the space Xo; that there exists a unique function y/(x) such that

L,(¥%; %) = ¥ (x), (4.3)

where v2(0) = 0 and y7(1) = 1. Moreover, by the Banach Fixed Point Theorem applied to the
space X, s, the operators L,(f) also have a unique fixed point function y” ’a’ﬁ(x) =a+(B-a)y (x)
such that

Lo(y) 055 %) = Vo g2,
with v, ,(0) = @, ¥} ,(1) = B. Therefore since each f € C[0, 1] lies in some space X, it

follows by the Banach Fixed Point Theorem that the iterates (L, )" (f; x) converge to f(0)+(f(1)—
f(0)yr(x) as M — co. O



From (4.1), the fixed point function y%(x) depends on the basis functions b, ;(x) (0 < k < n).
Moreover, we can compute an explicit expression for the function y%(x) in the following way.
Note that y2(0) = 0,y7(1) = 1; therefore equation (4.3) becomes

n—1

k
Zﬁ&%mmmmpﬂm. (4.4)

k=1

To derive ! (x) from (4.4), we assign x different values k/n,k = 1,--- ,n — 1. Thus we generate
the following system of linear equations

ol e 52
Qe o Ehef)

-1 1 -1 2 -1 -1 -1
G e LA e 1 A O e B o e
n n n n n n n

Let Q,—; denote the determinant |g; ;| where

b, (i) y )
n
qgij = (4.6)

i

bn,j(;) - 1,1 = J

In addition, let Q;’Zl denote the determinant identical to Q,_, except that the i-th column of Q,_;

is replaced by
T
(_bn,n (1) ) _bn,n (%) sy _bn,n (n — 1)) .
n n n

Notice that the coefficient matrix {g; ;} of the system (4.5) is strictly diagonally dominant-that is,
for every row of the matrix, the magnitude of the diagonal entry is larger than the sum of the
magnitudes of all the other (non-diagonal) entries in that row. More precisely

. . n—1 .
1 1 l
i\ i3 > § J\5

IS

Therefore by the Levy-Desplanques theorem [17], the coefficient matrix in (4.5) is nonsingular,
and hence (4.5) has a unique solution.
Solving (4.5) for v (i) (1 <i <n—1)by Cramer’s rule, we find that
n

iy 0V,
ﬁﬁ%@: @7
Combining equations (4.4)-(4.7), we find an explicit expression for y,(x)
n—1 k)
ﬁm:;ngm+%w. (4.8)



Remark 4.3. Explicitly, y}(x) = pi(x),

Y@ = pr(x)pa(x) + P1E)P) (P10 + pa(x) = 291 (D)2
? 1= pi(D) = pa3) +2p1(DHpa (L)

and (1) (2)
YE(x) = ==b3 1 (x) + ——b3(x) + p1(xX)p2(x)p3 (),
0} (0}
where
1 2 2 1
O, = (b3,1 3] 1 (b32(§) - 1) — b3, (§)b32(3),
2 1 1 2
Q(zl) =b 3 b3, 5) — b33 (g) (1732 (g) N 1),
1 2 2 1
Q(zZ) = b33 3 b3, 5) — b33 (5) (193,1 (g) - 1)

7
It is straightforward to verify that when p;(x) = x (i = 1,2,3) (0> = — Q(l) = — (2) )

¥5(x) = x. This result coincides with the result for classical Bernstem operators In fact when
pi(x) = x (1 < i < n), we also have yi(x) = x. Indeed affine functions are the unique fixed
points for the classical Bernstein operators. (This result can also be derived from the fact that
f(x) = B,(f,x) = o(1/n) iff f is affine, see [4]). For the classical Bernstein operators y;(0) =
0,v2(1) = 1, and v (x) = x, so

Yn (i) = i (4.9)

Thus we have derived the seemingly nontrivial identities for the classical Bernstein basis func-
tions:

nQ?” =iQ, ,i=1,,n—1. (4.10)

Almost all classical positive linear operators (such as the classical Bernstein, g—Bernstein,
BBH, Baskakov, Szasz, Stancu operators) preserve linear functions. Since properties of linear
functions are clear, no literature is devoted to the study of fixed point functions of positive linear
operators.

Next we discuss some approximation properties on y%(x).

Proposition 4.4. The fixed point functions y.(x) for L,(f; x) satisfy the following properties:
1)0<yP(x) < 1;

2)if pi(x) >00n(0,1) for 1 <i<n(ie., all the p(x) are strictly increasing), then Yh(x) is strictly
increasing as well, i.e. (Q(k) Q(k 1))/Qn 1>0@2<k<sn-1)

3)if pi(x) > 0,p’(x) >00n(0,1)for 1 <i < n(ie., allthe pi(x) are strictly increasing and strictly
convex), then vi(x) is strictly convex as well, i.e. (Q(k) Q(k 1))/ 0,1 > (Q(k b Q(k 2))/ 0,1
B<k<n-1).

Proof. Since the matrix {g; j}1<; j<, 18 strictly diagonally dominant

n—1

sgn@u) = sgn | [ [pus(5) = 1] = =0, @1

i=1



By (4.7) to prove 1), it is enough to prove that sgn(Qﬁfil) = sgn(Q, ) for1l <i<n-1.1Itis
not difficult to derive the sign of Qi’il. We shall only derive the sign of QSJI (other cases may be
similarly verified). Thus we need only show that

sgn(Q\Y) = (=1y"". 4.12)

Indeed, subtracting column 2, column 3, - - -, column n — 1 from the 1st column, yields

bn,O(l/n) +bn,1(1/n) -1 bn,Z(l/n) bn,3(1/n) bn,n—l(l/n)
buoQIm) + b @In)  bua@in) =1 bas2fn) e b (2/0)
00 =|  buo3im) + by 3in) baain)  busGi)—1 - byl |,
Buo(t = 1) + bys(n = 1/n) bpa(n— 1/n) bus(a—1/n) - bunr(n—1/n)— 1

which is another strictly diagonally dominant matrix. Therefore,

n—1 4
sgn(QL) = sgnlbuo(1/m) + baa(1m = 11- [ | [bus (%) = 1] = =1y
i=2
Moreover
Qn—l - Q;l_)l
bn,l(l/n) +bn,n(1/n) -1 bn,Z(l/n) bn,3(1/n) bn,n—l(l/n)
bn,l(z/n) + bn,n(z/n) bn,Z(z/n) -1 bn,?(z/n) e bn,n—l(z/n)
| b/ + bun/n) bua/n)  busim—1 - buua(3/n)
bus(n = 1) + byn(n = 1/n) bpa(n— 1/n) bus(n—1/n) - bupr(n—1/n)—1

Since this matrix is also strictly diagonally dominant, again
sgn(Qu-1 = 0,2 = (=", (4.13)

From (4.11) and (4.12), we derive that Qfll_)l /QO,-1 > 0, and from (4.11) and (4.13), we conclude
that 1 — 0" /0wt = (Qu1 = 0V)/Qut > 0. Therefore, 0 < Q'V,/Q,-1 < 1. Similarly,
0< Q" /0,1 < 12 < i <n— 1); therefore from (4.7)
i (i)
y5(0)=0<y5( ):QL”<1:75(1),13i5n—1. 4.14)

n n—1

Thus, the normalization of the basis functions b, ;(x) ((see 1i1) in Section 1) and (4.8) yields 0 <
yn(x) < 1.
In order to prove 2), recall that y%,(x) = L,(y?; x). Therefore by Proposition 3.1, we need to
] [+ 1
prove only that (i) <y 7 ) forall 0 < i < n— 1. Moreover from (4.14), we need only
n n

n-—1

1 2
S et
n n
Choose an increasing function f € C[0, 1] such that f(0) = 0, f(1) = 1. If pi(x) > 0 on
(0,1) for 1 < i < n, then by Remark 3.2, L,(f; x) is also increasing. Repeatedly using Remark
3.2, we find that (L,)*(f; x) is increasing as well. Continuing this process, we find that for any
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positive integer M, (L,)(f; x) is increasing. Since Aldim (L)M(f; x) = y£(x), it follows that ¥/ (x)

75(1)S75(%)S...375(”‘1), 4.15)
n n n

-1
Next, we need to prove that vy, ( ) # Vn ( ) whenever i # j. From (4.14) v, ( ) > Yy (n )
n

is nondecreasing, i.e.

Moreover, since by assumption pi(x) > 0, we conclude from (3.3) and (4.15) that L(yh:x) >0
for x € (0, 1); hence y%(x) = L,(y%; x) is strictly increasing. Thus none of the equalities in (4.15)
hold. Substituting (4.7) into (4.15) yields (0%, = 0% ")/0,-1 > 0 (2 < k < n—1). This complete
the proof of 2).

To prove 3), suppose that pi(x) > 0, p/’(x) > 0 on (0,1) for 1 < i < n. Choose an increasing
and convex function f € CJ[O0, 1] such that f(0) = 0, f(1) = 1. We know by Remark 3.4 that for
any positive integer M, LM(f) is increasing and convex. Thus y%(x) is convex as well by the same
arguments as in the proof of 2), i.e.

75(k+2) yn(k;rll) yn(kzl)—Yﬁ(g)(OSkS”_z)' (4.16)

n

1 0
Moreover, since Y% (E) > >y ( ) > Yy ( ) as in 2), we conclude from (4.16) and (3.7) by
n

an argument similar to the proof of 2) (note that L (y%; x) > 0 for x € (0, 1)) that y%(x) is strictly

convex, that is
k+2 k+1 k+1 k
yﬁ( ) Vn( )>7n( )—Yﬁ(—)(OSkén—D (4.17)
n n n n

Substituting (4.7) into (4.17) yields (', — 0*“"")/ 0,1 > (Q*)" - 0%“ )/ Q0,1 B <k <n—1).

n—1 n—1

This complete the proof of 3). O
Remark 4.5. Notice that if pi(x) (or even p'(x)) has a finite number of zeros in [0, 1] and p’(x) > 0
(or p!'(x) = 0), then Proposition 4.4 2) and 3) may also be true. The most important such p;(x)
are monomial functions (p;(0) = 0 and even p?(0) = 0 if possible). Another such p;(x) are the
Jfunctions defined in Proposition 5.8 (in this case p;(0) = 0, pi(1) = 0 and even p?(0) = 0, p/(1) =
0 if possible).

Corollary 4.6. Suppose that all the p)(x) > 0,x € (0,1)andn— 1> s >t > 1. Then sgn(Q”, —
0" ) = (=1y""". If. in addition, all the p!'(x) > 0,x € (0,1), then Sgn(Q(k+2) Q(kH) + fo_)l) =
-1 <k<n-3).

An interesting question is what will be the corresponding result if pgr)(x) > 0,x € (0,1)
(1 £i < n) for some integer r < n — 1. We mention in passing that we can prove by induction that

sgn(A"(Q'") = (=1,

where A is the difference operator A(Ql(f_)l) Q(k) fo]” and where the entries, for example, in

A3(Q,(1k_) ) are identical to the entries in AZ(QEl—)Q except that the 4-th column in AZ(QSC_)I) is replaced

by .
1 2 -1
(_bn,k (_)’_bn,k (_)7 : 7_bn,k (n )) )
n n n

for some k. Continuing this process, we can derive the sign of the determinant A’(Q(k)l)
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5 Shape preservation

In this section we study shape preserving properties of Lototsky-Bernstein operators from
several different points of view, including bounded variation, total positivity and convexity.

5.1 Bounded variation

In order to study bounded variation of the Lototsky-Bernstein operators, we introduce a prob-
abilistic interpretation for the Lototsky-Bernstein operators L, similar to the probabilistic inter-
pretation of the classical Bernstein operator B, [23]. Let &y, - - , &, be a sequence of independent,
and on the interval [0, 1], uniformly distributed random variables and let

Sn(X) = L <pioy + Leazpaon + 7+ + Lgyzpaios
where /- denotes the indicator function of the event C. Then L,(f) can be represented in the form

Sa(x) )

(5.1)

n

L,(f;x) = Ef(

where E denotes expectation. Let @ be the set of all real-valued strictly increasing convex func-
tions ¢ defined on [0, co) such that ¢(0) = 0. For ¢ € ® and any real-valued function f defined on
[0, 1], the p—variation of f on [0, 1] is defined by

V() 1= sup »" o (1F(x) = fxiD),
i=1

where the supremum is taken over all finite sequences 0 = xp < x; <--- < x, = 1.

Theorem 5.1. Let f have bounded p—variation on [0, 1] and suppose that all the p;(x) (1 <i < n)
are nondecreasing. Then

Vo(La(f)) < Vo (f). (5.2)
Sn(x)

n

X0 X1 . X
ARYARSNE YA

Proof. Let0<xp<x;<x3<---<x,<landsetZ) := . Then

Therefore, using the fact that ¢ is non-decreasing together with Jensen’s inequality (i.e., if X is a
random variable and ¢ is a convex function, then ¢(E[X]) < E[¢(X)], see [28], p.61), yields

D ULF;x) = Lu(fsx:0) = ) @ (EFZY) = EFZ3)
i=1 i=1
< D e (EIFZ) - fZi)
i=1

<E| ) e (f@) - fZi)
i=1
< V().

O

Remark 5.2. Observe that (5.2) is an extension of the total variation diminishing property (¢(x) =
X).
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5.2 Total Positivity and the Variation Diminishing Property

Here we focus on shape preservation based on total positivity and the variation diminishing

property.
A system of functions (uo(x), u;(x),-- -, u,(x)) is (strictly) totally positive in an interval I if
every collocation matrix
uop(to) -+ uy(fo)
M( MO ’ b un ) :: : : ,
tO s tl’l ) )
Mo(fn) U un(tn)
with

th<---<t,t;€1,0<i<n,

is (strictly) totally positive, that is all its sub-determinants are (positive) nonnegative.

Totally positive systems lead in a natural way to the variation diminishing property. For any
real sequence c, finite or infinite, we denote by S ~(c) the number of strict sign changes in ¢. For
f € C[0, 1], we define S ~(f) to be the number of sign changes of f, that is

S7(f) = supS~(f(x0), =, fxm)),

where the supremum is taken over all increasing sequences 0 < xy < -+ < x,, < 1 for all positive

integers m. We say that a sequence of positive linear operators {L,},>; is variation diminishing if
for all functions f € C[0, 1]

ST (La(f) =S (. (5.3)

Theorem 5.3. ([16]) If (b, o(x), - - - , b, ,(x)) is totally positive on [0, 1], then the Lototsky-Bernstein
operator L, is variation diminishing.

The connection between total positivity and shape preserving properties of bases is a classical
subject that has been widely studied ([16, 18]). In Section 5.3, we shall use the total positivity
of {b, ;(x)} to prove that the corresponding operators are generalized convexity preserving. Next
we study the total positivity of certain Lototsky-Bernstein basis functions, where the functions
pi(x) = xVi(1 < i < n) are monomials whose exponents N; satisfy some special conditions.

Theorem 5.4. Suppose that pi(x) = xi (1 < i < n) are monomial functions, such that Ny < -+ <
N,, and

N, < N; + N,
Nn +Nn_1 < Nl +N2 +N3,
: (5.4)
N,+N,_1+-++N, <N +Ny+---+N,.
Then the corresponding set of Lototsky-Bernstein basis functions (b,o(x), b, 1(x), -+ , b, (X)) is

totally positive on [0, 1].
In order to prove Theorem 5.4, we need to invoke the following lemma.

Lemma 5.5. (Fekete’s Lemma) Suppose that C is an m X n (m < n) matrix such that all (m — 1)st
order minors are strictly positive and the mth order minors composed from consecutive columns
are also strictly positive. Then all mth order minors of C are strictly positive. (see [27], Lemma
2.1)
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Proof of Theorem 5.4

Proof. First we prove that every collocation matrix on (0, 1) is strictly totally positive. We proceed
by induction on the order of the minors of the collocation matrix (bn,i(x j))0<i i The fact that all

minors of order 1 of the collocation matrix (bn,i(x j)) are positive follows from the positivity

0<i, j<n
of the system (b, o(x), - - - , b, ,(x)) (see i in Section 2). We now assume that all the minors of order
r > 1 are positive, and proceed to show that all the minors of order r + 1 are positive. By Lemma
5.5, it suffices to show that all minors of order r + 1 with consecutive columns are positive, i.e.,

Ji(xo,x1-+,x,)>0fork=0,--- ,n—r,withO < xyg < x; <--- < x, <1, where

bn,k(-x) bn,k+1(x) e bn,k+r(x)
bn, X ) bn, (X ) e bn, r(x

Al xys e x) = "‘.(. O 4 (5.5)
bn,k(xr) bn,k+1(xr) o bn,k+r(xr)

Note that p;(x) = xV,1 <i <nand N; < --- < N,. Removing common factors in (5.5), we get

Cn,k(x) Cn,k+l(x) e Cn,k+r(x)
boi(x1) bpiaa(x1) o burrx

Bty o x,) = NN (] ke x(x1) b (xr) | &er(X1) , (5.6)
bn,k(xr) bn,k+l(xr) e bn,k+r(xr)

where b, j(x) = xM*+ V(1 = x)"*7¢, i(x) (k < j < k + r). Denote the determinant in (5.6) by
gr(x, x1,- -+, x,). Now expand the determinant in (5.5) along the first row and denote by a;.,, 0 <
t < r the determinant of the submatrix formed by deleting the first row and (z + 1)* column. Since
all the a;,, are minors of order r, they are all positive by the inductive hypothesis. Thus

fe(x, xp, X)) = arbyu(X) — Ak 1 b1 (X) + - -+ + (= 1) Qs by e (). (5.7)

Substituting (2.4) into (5.7), we derive

k k+1 k+1
filoxi, %) = ak(k)crk<p1<x>,--- , pn(x»—(ak( Z )+ak+1(k: 1))o-k+1<p1(x),--- a0+

e (=1 (ak(’;) + akﬂ(kﬁ 1) T ak+,(k Z r))(rn(m(x), e paX)).

(5.8)
Therefore we can write f; as a polynomial
S 21, x) = Nig(Ny A+ N g N (N -+ N, (5.9)

where Ny (N, + --- + N,) is the coeflicient of the highest power of f;, so

Nio(Ni + -+ N,) = (=1)"* (ak(’;) + am(k Z 1) T ak+r(k Z r)) : (5.10)

and N, (N + - -- + Ny) is the coefficient of the lowest power of f;, so
Nk7r(N1+---+Nk):C0-ak,Co>O. (511)

The constant Cy, appears in (5.11) since there may be integers i; < --- < iy that satisfy Ny + --- +

Ny = N;, +---+ N,,. The coefficients of the other powers of f; are not important to our proof.
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By equating the coefficients of the highest power and the lowest power on both sides of equa-
tion (5.6) and by invoking equation (5.9), we derive the following expression for g.(x, x,- - , x,)

gi(x, X1, %) = Ny (Np + -+ + Ny)xWNer et @amber o NE (N + -+ N, (5.12)

where

, A (n n n
Np, (N1 +---+N,) = (=1 (ak(k) + ak+1(k N 1) +eet ak+r(k ) r))
N];r(Nl + .- +Nk) = Nk,r[Nl + .- +Nk].

From Descartes’ law of signs, the number of positive roots (counting multiplicities) of the
polynomial fi(x, xy,-- -, x,) is less than or equal to the number of sign changes between consecu-
tive nonzero coefficients. Now notice that H; := N, + -+ + N,_j;; and L; := N, + --- + N; are the
highest power and the lowest power of x in o ;(pi(x), -+ , p(x)) (k < j <n). By (5.4) H; < Lj,,
(k<j<n-1).Ifforall k < j <n-1we have the strict inequalities H; < Lj,;, then by (5.8) the
number of sign changes between consecutive nonzero coeflicients of f; is n — k. Suppose that for
some k < jo < n—1wehave Hj, = Lj .. In this case, set A; equal to the absolute value of the
coefficient of o j(p(x), -+ , pa(x)) (k < j < n)in (5.8). Then

Selx, xp,-+0 ,x,) =

e (S A 0 (P10, () = Ay 0ot (Pr(X), - pa()|

Thus the coefficient of xo is (—1)7%(C 1A, — C2A,+1), where the constants Cy, C, appear here
for the same reason that the constant Cy appears in (5.11). If C1A ;) — CA 41 > 0, we merge the
term (— 1)1 CrA ; , xbo+t into (=1)07%A o5 otherwise, we merge the term (—1)707*C1 A, x"io
into (—1)/07k+14 jo+10 jo+1. In either case, the number of sign changes between consecutive nonzero
coefficients of f; does not change. If, however, for some k < j, < n—2 we have H;, = Lj .», then
Ljs1 = Hj ,1. Thus

Ljpjsn =N+ + Njpog SNy + -+ Njoip <o S Nyjy + 00+ Ny = Hijpy
> No=Np)+--+Njys2=Njps1) =+ = (Ny—jy = Np—jo-1) + -+ + (N, = N,oy) = 0. (5.13)

By (5.13) and the fact that N; < --- < N,,, it follows that N; = --- = N,,. In this case, the proof
of total positivity is similar to the classical case (see [16]). Therefore the number of positive roots
of fi(x,x;,-++,x,) is less than or equal to n — k. Furthermore, fi(x,x;,---,x,) = M+ V(1 -
x)"*"g (x,x1, -, x,). Hence, the number of positive roots of the polynomial g.(x, x1,--- , x,) is
less than or equal to r. From (5.5) and (5.6) we know that g(x, xy, -+ ,x,) = -+ = ge(X,, X1, -+, X,) =
0. Therefore, g;(x, x1,- - - , x,) has no positive root(s) other than xy, - - - , x,. Thus for 0 < xyp < x; <
-+ < x, < 1, it follows that g;(xo, x1,- - - , x,) 1s either strictly positive or strictly negative. More-
over since

Nij+-+N, —k—
Ji(xo, X157+, x,) = x01+ A = x0) T gi(x0, X1, LX),

it follows that for 0 < xp < x; < --- < x, < 1, we also have that f;(xo, x1,- - , x,) is either strictly
positive or strictly negative. It remains then to show that these signs are positive. But by (5.12),
we have g;(0, x;,--- ,x,) > 0. Thus for 0 < xo < x; <--- < x, < 1, we have gi(xop, X1, ,x,) >0,
so fi(xg, X1, ,x,) > 0.

Finally total positivity of the basis (b, o(x), b, 1(x), -+ ,b,,(x)) in [0, 1] follows by continuity
from the strict total positivity in (0, 1). O

Similarly, we can prove that the system of functions {oo(p(x), - - , pu(X)), -+ , 0n(p1(x), - -+, pa(x))}
is totally positive under the assumptions in (5.4).
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Lemma 5.6. Under the same hypotheses and with the same notation as in Theorem 5.4, the system
of functions {To(p1(x), -, pu(X)), - -+, Tu(p1(X), - - - , pu(x))} are totally positive on [0, o).

Proof. The proof is an almost verbatim extension of the reasoning given in Theorem 5.4. For
0<x0<x; <--<x, <oo,set the determinant in (5.5) to f7(x, x1,--- ,x,) (1 < r < n), where
for all u in (5.5) the functions b, j(u) are replaced by the functions o ;(p;(u),- - , p,(u)). Then
expanding this determinant, we get an equation similar to (5.7), i.e.,

f}(o'(x, X1, ’xr) =
a; ok (p1(x), -+, pp(x) — @y Tk (P1(X), - -+, pu(X) + - + (=1) @, 01 (P1(X), - -+, pa(X)),
(5.14)
where a (k < v < k + r) have meaning similar to (i.e. cofactors) a, (k <v < k +r)in (5.7). Thus
by (5.4), (5.14) and Descartes’ law of signs, the number of positive roots of f7(x,xy,- -+, x,) is
less than or equal to r. But f7(x;, x1,---,x,) = 0 (1 <i < r). Therefore f(x, x1,--- ,x,) has no
positive root(s) other than xy, - - - , x,. Moreover, we can rewrite f,”(x, x;,- -, x,) as
FTGxy, e x) = XN T (e Xy, x). (5.15)
It is not difficult to see that g7 (0, xq,- - -, x,) > 0. Therefore g7 (xo, x1,- -, x,) > 0, so from (5.15)
we conclude that f7(xo, X1, -+, x,) > 0. m|

The following lemma can easily be derived from the definition of total positivity (see [16]).

Lemma 5.7. Suppose that (¢o, - , $,) is totally positive on an interval 1. If f is an increasing
Sfunction from an interval J into I, then (¢ o f,--- ,¢, o f) is totally positive on J.

Using Theorem 5.4, we can deduce

KN

(1 = x)Ni 4 xNi°
Then the Lototsky-Bernstein system (b, o(x), b, 1(x),- - , b, ,(x)) is totally positive on [0, 1].

Proposition 5.8. Let N; (1 < i < n) satisfy the conditions in (5.4), and set p;(x) =

Proof. By observing that p;(x)/(1 — pi(x)) = (x/(1 — x))¥ and invoking the increasing function
f(x) = x/(1 — x), we can apply Lemma 5.6 and Lemma 5.7 to show that for all sequences of
abscissae X, = {0 < xy < -+ < x,, < 1} the following determinant is nonnegative:

: pi(x)) DPn(X))
det(b, (x,)) = 1- (1= p, d (e
et(byi(x)) ];0[« Pr) (1= PuCseroi(— s )
= [ [« = preo) -+ (1 = puxodet(@i(F (), -+, FGE)).
k=0
O
XN

Remark 5.9. It is evident that for every positive integer N, the functions p(x) =

ti fyp'( )—_N . ](1 )N 1 >0 [ 1] ] p( ) trictly incr ) P( )— p(l) =
sartis X = Uon 0, , L.é., X) 1S Strictly increasing, and 0 (),

[(1 )C)N )CN]Z 8
1.

(1= )V + 1V

If Ny = --- =N, = 1,ie pi(x) =x,1 <1< n, then (b,o(x),b,1(x),--+ ,b,,(x)) are the
classical Bernstein basis functions. If Ny = --- = N,_; = 1,N,, = 2, then

k _ n—k _ —
by gy = 4 =D ((” ) 1)(1 — 0+ (” ) i)x) 0 <k <n).

(1-x)?2 + 22 k
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We believe that if all the p;(x) (1 < i < n) are monomial functions, the Lototsky-Bernstein
basis functions are totally positive even though we can not currently prove this result.

Conjecture 5.10. Suppose that all the p,(x) (1 < i < n) are monomial functions. Then the
Lototsky-Bernstein basis functions (b, o(x), b, 1(x), - -+ , b, (X)) are totally positive on [0, 1].

Proposition 5.11. Assume that Conjecture 5.10 is correct. Suppose p;(x) = x*', 1 <i < n are pow-
er functions where all the p; are positive rational numbers. Then the system (b, o(x), b, 1(x), -+ , b, ,(X))
is totally positive on [0, 1].

Proof. Since all the p;, 1 < i < n are positive rational numbers, there must exist a positive integer
no such that for all i, the numbers ng - p; are positive integers. Thus by Conjecture 5.10, the
system (bZ’O(x), bZ’l(x), -+, b}, (x)) with respect to g;(x) = x™*i is totally positive on [0, 1] . Set
f(x) = x!/™_ Then f(x) is an increasing function on [0, 1]. Therefore by Lemma 5.7

(b o(FCO), D) (F (X)), -+ DL (F (X)) = (Bro(X)s b1 (), <+, D)),
is totally positive on [0, 1]. |

Corollary 5.12. Assume that Conjecture 5.10 is correct. Suppose p;(x) = x*,a; € R (1 <i < n).
Then the Lototsky-Bernstein system (b, (x), b, 1(x),- -+, b, ,(x)) is totally positive on [0, 1].

Proof. This result follows from Proposition 5.11 by taking the limit of rational powers for all the
pi(x). o

5.3 Convexity

We begin our study of convexity by using the well known Abel transformation (5.16) to rewrite
formula (1.5). Suppose {x;} and {y,} are two real sequences, then

n

D50k = Y1) = (o = K Yne) + D Voot (et = %0). (5.16)

k=m k=m

Using (5.16) first with x; = f(k/n) and y; = i b, j(x) and then with x; = f((k + 1)/n) — f(k/n),
=k

n-1 n
andy, = 3, 2, bni(x), it follows that

Jj=k i=j+1
L.(f;x)
n—1 k 1 k n
= fO) + (f(L) - f(—)) > b
’=0 n (A=t
1 ISR L (k+2 k+1
:f(0)+(f(—)—f(0))z bm<x>+Z( ( - ) f( - ) ( ))Z S buuto
5 j=0 i=j+1 Jj=k+1i=j+1
(5.17)

To simplify our notation, we define

Vias(®) = > byj(x) (O<k<n-1),

Jj=k+1

and
n—1 n

Vs 3 Y b= Y (k= Db (1 <k<n-2)

Jj=k+1i=j+1 Jj=k+2
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Remark 5.13. It is not difficult to show that Vi ,;(x) is increasing if all the p,(x) € C'[0, 1] are
increasing. This result follows by setting f(j/n) = 0(0 < j <k), f(j/n) =1(k+1 < j < n), so that
Viax(x) = Ly(f; x) and then using (3.3). Moreover Vs, (x) is convex if all the p;(x) € C*[0, 1] are
increasing and convex. This result follows by setting f(j/n) =00 < j<k+1),f(j/n)=j—k-1
(k+2 < j < n), so that Vs, (x) = L,(f; x) and then using (3.7). Thus, if all the p;(x) € C[0,1]
are increasing and convex, and if f(x) is increasing near the left end point of the interval [0, 1]
and convex on [0, 1], then by (5.17) for n sufficiently large, L,(f) is convex.

Next we are going to study general convexity preserving properties. To investigate this topic,
we begin with a few definitions.

Definition 5.14. The functions (fy, f1) form a Haar pair on E C R if fo > 0 and f,/ fy is strictly
increasing on E.

Definition 5.15. A function f : E — R is called convex on E C R with respect to a Haar pair
(fo, f1), if for all xy, x1, x5 in E with xo < x1 < X, the determinant

Jo(xo)  fo(x1)  fo(x2)
Det, . ,(f) = det| fi(xo) filx1) fi(x2) |,
f(xo)  f(x1)  f(x2)

is non-negative. We shall also use the shorter expression ”(fy, fi)-convex”. Likewise, we say that

fis (fo, fi)—concave if —f is (fo, f1)-convex.

From Definition 5.15, it follows that (1, x)—convex is standard convexity.
The following theorem can be proved in a manner similar to the proof of Theorem 15 in [1],
see also Theorem 2 in [36].

Theorem 5.16. Suppose that p(x) € C[0,1] (1 < i < n) are strictly increasing and p;(0) =
0, pi(1) = 1. Then for every (1,y5)-convex function f € C[0, 1], we have L,(f; x) > f(x).
Moreover, by the positivity of L,

FO) + (f(1) = fFO)VEx) = -+ = L)Y (f) 2 -+ = L) () 2 Lu(f) = f, (5.18)

Remark 5.17. One of the standard definitions of convexity stipulates that the graph of f between
any two points must lie below the line segment joining these two points. From (5.18), an analo-
gous characterization holds for (1,y}(x))—convex functions, but with affine functions replaced by
(1, y%(x))—affine functions f(0) + (f(1) = f(0))y%(x). This result is a straightforward consequence
of iteration.

In general, we have

Proposition 5.18. Suppose that p,(x) € C[0,1] (1 < i < n) are strictly increasing and p;(0) =
0, pi(1) = 1. If fis (1,5 (x))—convex, then for all 0 < x; < x, < 1

Yn(X) = ya(x1)

J(x) < f(x) + (f(x2) - f(m))yg(xz) o

€ [x1, x2]. (519)

P _ AP
Proof. Let L:(f; x) = f(x1) + (f(x2) —f(xl))y,?(x) y"p(xl)-
yn(XZ) - ’)/n(xl)

points x; < Xy, X1, X, € [0, 1]. From Definition 5.15, if f is (1, y%(x))—convex
Det,, . ,(f) = Dety, « o, (f — L,(f)) = =(f(x) = L,(f; X))(¥5 (x2) = ¥4 (x1)) = 0, (5.20)
Thus f(x) < L;(f; x). O

Then L;(f; x) interpolates f at the
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To state our next convexity result, let X and Y be two subsets of R. A function K : X XY — R
is called positive of order m if det(K(x;,y)i<ij<n = 0 for all x; < --- < x, in X and all
y1 < - <yuinY (see [18]). Now let C(X) and C(Y) denote the spaces of continuous functions
on X and Y. Adopting the notation of [1], the following result is well known ([1], p.18); for more
details see [18] (p. 284).

Theorem 5.19. Suppose that X and Y are two subsets of R. Let (Fy, Fy) form a Haar pair on Y

andlet K : X XY — R be continuous and positive of order 3. Furthermore let u be a non-negative
sigma-finite measure and let Bx : C(Y) — C(X) be defined by

By (F)(x) := f K(x, y)F(y)du(y).
Y

Then (BxFy, BxF,) constitute a Haar pair on X. Moreover, if F is (Fy, F1)-convex, then Bx(F) is
(BxFo, BxF)-convex.

Put X = [0,1]and Y = {0,1,--- ,n}. Then every F : ¥ — R is continuous. Set u = )’ &,
k=0
where J; 1s the Dirac measure at the point k € {0, 1, -- - , n}. With K(x, k) = b,,x(x), define

BUF)) = [ Ky)FOMu0) = Y Flbu(o)
k=0

Y

Now define the strictly increasing function ¢ : ¥ — X by ¥(k) := k/n (k = 0,--- ,n). Then for
f: X —> R, weknow foy: Y — Ris continuous, and

. k
Bi(f o 4)(x) = Zf(;)bn,ku) = Ly(f3 ). (5.21)
k=0

If fis (fo, fi)—convex, then f oy is (fy o ¥, fi o Yy)—convex. (This result follows from Definition
5.15, since for every xy < x; < X, we have ¥(xy) < ¥(x;) < ¥(x;) ). Applying Theorem 5.19 it
follows that if {b, x(x)} is positive of order 3, then Bg(f o ¥) is (Bx(fy o ¥), Bx(fi o ¥))—convex.
Since f is (fo, fi)—convex, it follows by (5.21) that L, (f; x) is (L,(fo), L,(f1))—convex. Therefore,
we have the following general shape preserving property for the operators L,.

Theorem 5.20. Suppose that all the pi(x), 1 < i < n, satisfy one of the following two conditions:
1) pi(x) = xM;
2) pi(x) = ————.
) pi(x) A= b 14
where all the N; (1 < i < n) satisfy the conditions in (5.4).

If fis (1,y))-convex, then L,(f; x) is (1,y5)-convex. More generally, for a Haar pair (fy, f1)
in C[0, 1], if f is (fo, f1)-convex, then L,(f; x) is (L,(fo), L,(f1))-convex. Thus, it follows that if f

is convex in the standard sense, then L,(f; x) is (1, >, pi(x))-convex.
k=1

i

Proof. From Theorem 5.4 and Proposition 5.8, we know that K(x, k) := b, x(x) is totally positive,
so it is positive of order 3. Therefore these results follows from Theorem 5.19 (see also Theorem
22 in [1]). O

Remark 5.21. In Theorem 5.20, we use L,(e; x) = i pi(x)/n, where e (x) = x. (see [21]).
k=1
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6 Dependence on p;(x)

In order to study the dependence of the operators L,(f) on the functions p;(x), we intro-
duce the following notation. Given two sequences P,(x) = (pi(x), -+, py(x)) and Q,(x) =
(g1(x), -+ ,qu(x)), if forall i € {1,---,n}, pi(x) > g;(x) for all x € [0, 1], then we write P,(x) >
Qu(x).

Theorem 6.1. Consider two sequences of functions P,(x) and Q,(x) such that P,(x) > Q,(x). If f
is increasing, then

L,(f; x;Py) > L, (f; x;Qp). (6.1)

Proof. Since L,(f; x;P,) is a symmetric function in the functions p;(x),1 < i < n, we take, for
example p,(x) > g,(x) and p;(x) = gi(x),1 <i < n— 1 to explain the main idea of the proof.
By (2.2)

Ly(f; B0 = D bar(0 f(k/)
k=0
= > a1 41 (0 + (1 = P01 4 (X)) f (K /)
k=0

n—1 n
= > ba kO F K1) + pa(x) D (Bu1 i1 () = b1 () f /)
k=0

k=0

n—1 n—1

= > bk f K+ pale) D (F(Ck + 1)/m) = fk/ )byt 4(x)
k=0 k=0

n—1 1
> kZ: bu1x(0) f(k/n) + Gu(x) ;( F(e+1)/n) = FU/n)byi 4(x)

= Z(qn(x)bn-l,k—l(X) + (1 = gu(xX)by-14(x) f(k /1) = Ly(f; x; Qu),
k=0

where the inequality follows because f is increasing. O

Corollary 6.2. If P,(x) > Q,(x), then y£(x) > yl(x). Thus, if pi(x) < x, (or pi(x) > x) for all
1 <i<n,then vi(x) < x (vE(x) > x).

Proof. Set LE(f;x) := L,(f;x;P,). If pi(x) > gi(x),1 < i < n, then by Theorem 6.1 LY (f; x)
LI(f; x) for every increasing function f. Choose an increasing function f such that f(0)
0, f(1) = 1. By repeatedly using (6.1) combined with the positivity of L,, we find that

v

LE(f; %) > Li(f; x) = (L2 (f; x) = LP(LD(f; %) = (LD(f; %)
= (IOM(f 20 = (LHY(f; x). (6.2)

Taking the limit of both sides of 6.2 as M — oo, yields y5(x) > yi(x). |

Remark 6.3. Suppose that p;(x) € C[0, 1] (i > 1) are strictly increasing with p,(x) < x for all i
and p;(0) = 0, p;(1) = 1. If f € C[O0, 1] is strictly increasing, then L,(f; x;P,) < B,(f;x). If, in
addition, f is (1,y}(x))—convex, then by (6.1) and (5.18)

fx) < L,(f; x;P,) < By(f; x). (6.3)
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Thus f is approximated better by the Lototsky-Bernstein operators L,(f; x,P,(x)) than by the
classical Bernstein operators. This conclusion generalizes Theorem 1 of [6] and Theorem 9 of
[5]. Moreover, if for all n, f is (1,v5(x))—convex, then from (6.3) lim L,(f; x;P,) = f(x). In this

case, by the strict monotonicity of f, we will see later by using Theorem 7.6 that

,}Lrgo (P1(X) + -+ + pa(X))/n = x.

7 Nesting

The space U, := span{oo(pi(x),:--, pu(X)), -+ ,0,(p1(x), -, pa(x))} defined in Section 2
is not generally nested, ie., U, C U,,; does not hold except when all the p;(x) (1 < i < n) are
identical. Therefore, in general, we do not have a degree elevation formula like

bui(x) = Abpir k(x) + (1 = A1) bt g1 (). (7.1)

Temple shows in [32] that for every standard convex ((1, x)—convex) function f the monotonicity
property

B,(f;%) 2 By (f; %), (7.2)

holds for the classical Bernstein operators B, (f; x). By using a degree elevation formula like (7.1)
Aldaz, Kounchev and Render [1] show for Bernstein operators B, (f; x) satisfying B,(f;; x) = fi(x)
with f; € U, (i = 0,1) in Extended Chebyshev spaces U, which satisfy U, c U,,; ¢ C"™'[0,1]
that if f is (fy, fi)—convex, then (7.2) holds as well.

However, for Lototsky-Bernstein operators L,(f; x) we have following proposition.

Proposition 7.1. Suppose that p;(x) € C[0, 1] (i > 1) are strictly increasing and p;(0) = 0, p;(1) =
1. If for every (1,7" ., (x))—convex function f

L,(f5%) 2 Lyn (f; %), (7.3)

then v, (x) =y’ (x).

Proof. Suppose that (7.3) holds for every (1,7, (x))—convex function f. By Theorem 5.16
L,.1(f;x) > f. Therefore

Ly(f5 %) 2 Ly (f3%) 2 f. (7.4)

So for every (1,y”, (x))—convex function f, L,(f;x) > f. Since both y”  (x) and —y”  (x) are
(1,9”,,(x))—convex functions, (7.4) implies that

Lyl ;0 =0, (%), (7.5)
Ly(=y},50) = =y, (). (7.6)
Inequalities (7.5) and (7.6) yield
Lyl 3 %) = ¥, (). (7.7)
But by Theorem 4.2 v, (x) is the unique fixed point of L,(f; x). Thus, v, (x) = y"_ (x). m|

Remark 7.2. From the proof of Proposition 7.1, we see that one necessary condition for (7.3) to
hold is that for all n the fixed points of L,(f; x) must be identical.
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Next we discuss conditions on the sequence of real-valued functions p;(x) (i > 1) which ensure
that for all n the fixed points y%(x) of L,(f; x) are identical.

Proposition 7.3. Suppose that p(x) € C|0, 1] is strictly increasing with p;(0) = 0, p;(1) = 1.
Then all the p;(x) (i > 2) are uniquely determined by the recursive formula

% [pi(k/m) = pi(k/(n + 1)] by()
P () = —— , (7.8)
3 [Pu(Ck+ D/ 1) = prhfn + 1)] ()

if and only if yi(x) = yfl 1 (x) for all n. Moreover, in this case, all the pi(x) (i > 2) satisfy
0< pi(x) <1,x€(0,1)and p;,(0) =0, p,(1) =1, p;(1/2) = 1/2.

Proof. Suppose that v (x) =" (x) for all n. By Remark 4.3 and equation (4.4)

Vo) = pr(®) = ) pil/mba(x). (7.9)
k=0

Moreover, by (2.2),

n+1

Vo0 = " pilk/(n+ D)yt ()
k=0

n+1
= Z pitk/(n + 1)) (Ps1 ()b s-1(x) + (1 = prs1 ()b s(X))
k=0
= Pn+1(X) Z pillk+ 1)/(n + 1D)bui(x) + (1 = pps1(x)) Z pik/(n+ 1)byi(x).  (7.10)

k=0 k=0

Therefore,
75(x) = 7,1;_1()5) =

D P mbyi(0) = pua () ) pi(Ck + 1)/ (1 + 1)byix) + (1= (1) Y prk/(n+ 1)),
k=0 k=0 k=0

(7.11)

Now (7.8) follows since (7.8) is equivalent to (7.11).
Conversely, suppose that (7.8) holds, or equivalently for all n, (7.11) holds. We proceed by
induction on n to prove that y,(x) = y" ,(x) for all n. Recall from Remark 4.3 that p;(x) = ¥ (x).

Now suppose that p;(x) = yf (x) = --- = v2(x),n > 1. Then by the induction hypothesis and (7.11)
we find that
n n+1
Pr®) = 0(0) = D prl/mbu(x) = > pr(k/ 1+ D)t i) = Lyt (pi; ). (7.12)
k=0 k=0

Equation (7.12) implies that p;(x) is a fixed point of L,.(f; x). But by Theorem 4.2 7}‘1’ L1 (x) 1s the
unique fixed point of L,.;(f; x). It follows that p;(x) = v, (x) =" (x).

Since by assumption p(x) is strictly increasing, p;((k + 1)/(n + 1)) > p(k/n) (0 < k < n).
Therefore by (7.8) 0 < p;(x) < 1,x € (0,1) and p;(0) = 0, p;(1) = 1 (i = 2).

22



In order to prove p;(1/2) = 1/2 (i > 2), we also proceed by induction on n. For n = 2 since
¥} (x) = ¥4(x), again by Remark 4.3,

P1(3)pa(3)

-2 . (7.13
== palh 4 2pi Dy 71 P07 2R O

pi1(x) = pi(x)p2(x) +

1
Setting x = > it follows that

1 1 1 1 1 1 1 1
pl(i)(l - pl(i) - ZPZ(E) + 21?1(5)192(5)) = pl(i)(l - Pl(i))(l = 2P2(§)) =0.

Since p;(x) is strictly increasing with p{(0) = 0, p;(1) = 1, we have p;(1/2) # 0, p;(1/2) # 1;
therefore py(1) = 1. Thus equation (7.13) simplifies to

1
p1(x) = p1(x)pa(x) + pl(i) [p1(x) + p2(x) = 2p1(x)p2(x)] . (7.14)
Now suppose that p;(1/2) = 1/2,2 < i < n. Then by the induction hypothesis and (1.4)
n-—1 n—1\\__,
b, (1/2) = p1(1/2) 1 + (1= p1(1/2)) L 27", 0<k<n. (7.15)

Since p,;+1(1/2) is uniquely determined by (7.8), it suffices to prove that substituting x = 1/2 in
the right-hand side of (7.8) yields 1/2. Equivalently, since (7.8) is equivalent to (7.11), it suffices
to prove that

pi1/2) = 1/22 (P1((k + 1)/ (n + 1)bui(1/2) + pi(k/(n + 1)), 1(1/2)) (7.16)
k=0

=1/2 Z pi((k + 1)/ (n+ D)(ys(1/2) + by pr1(1/2)).
k=0

But, by (7.15), for 0 < k < n,

Dni(1/2) + bpjs1(1/2)
n—1 n—1
-(ran G20 ()

_ ~—-n+l n _ n
=2 (P1(1/2)(k)+(1 1?1(1/2))(/,“r

-1 -1
+ (1= py(1/2)) [(” ) )+ (’;+ 1)])2‘"“

)) = 2bn+l,k+l(1/2)-

1

Substituting this result into the right-hand side of (7.16), we obtain
1/2 Z pi(k+ 1)/(n+ 1))2bps1 441 (1/2) = p1(1/2), (7.17)
k=0

as required. O

Proposition 7.4. Suppose that all the p;(x) (i > 1) are monomial functions. Then for all n
V() =y, () (7.18)

if and only if p;(x) = x (i > 1).
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Proof. ” < 7 is straightforward.
” = 7. We shall prove that all the p;(x),i > 1 must be identical. We proceed by induction on
n. Setting p(x) = X", po(x) = x",m, r € N, it follows from (7.14) that

Xm — xm+r + Pl(%)[xm + xr _ 2xm+r]
1 1 1
= (1- pl(i))xm - pl(i)xr - (- 2p1(§))x’"+’ =0. (7.19)

If m # r, then the system {x”, x", x"*"} is linearly independent. From (7.19) it would then follow
that pl(%) = 1,p1(%) = 0 and pl(%) = %, yielding a contradiction. Thus p(x) = p(x) = x™.
Combined with pz(%) = % it follows that p;(x) = p,(x) = x.

Now assume that p;(x) = --- = p,(x) = x. Since for all n,y;(x) =", (x) = pi(x), it follows
by equation (2.3) with k = 1 that

n k n+l1 k
Z D1 (—) byi(x) = Z )41 ( )bn+l,k(x)
— n — n+1

N P10+ -+ pu(x)  pi(X) + -+ pu(x) + puri(x)
n B n+1
= Pur1(x) = x. (7.20)

Combining Equation (7.2), Proposition 7.1, Remark 7.2 and Proposition 7.4, we have

Proposition 7.5. Suppose that all the p;(x) (1 < i < n+ 1) are monomial functions. For every
(1,75 .1 (X))—convex function f

Ly(f3%) 2 Ly (f3 %) (7.21)

forall nif and only if p1(x) = -+ = puy1(x) = x.

To prove part (ii) of Proposition 7.7, we shall need to use the following theorem. To prove
this theorem, we shall make use of the following identities (see [21] ((9),(10), see also (2.3) with
k =1): Let e;(x) = x and e(x) = x, then

n n 2 n n
Li(er;0) = ) pix)/n,  Lylex;x) = (Z pi(x)] /n? =" i/ + ) pix)/n’. (1.22)
i=1 i=1 i=1 i=1

Theorem 7.6. Suppose that p;(x) € C[0, 1], 0 < p;(x) < 1 for x € (0, 1) and p;(0) = 0, p;(1) =1
@2 D. If (pi(x) + -+ + p(x))/n converges, then for f € C[0,1] the sequence {L,(f;x)},
converges to a bounded function L (f; x), where

i PO+ pn(X))' (7.23)

Leo(f3x) = lim L,(f;x) = f( 1
n—oo n—oo n
Moreover, if lim(p;(x) + --- + p,(x))/n converges uniformly on [0, 1], then the convergence in

(7.23) is uniform on [0, 1].
Conversely, if for some strictly monotone function fy € C[0, 1], the sequence {L,(fo; X)},
converges, then (py(x) + - -+ + p,(x))/n also converges.
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Proof. The following proof is standard. Since f € C[O0, 1], there exists a positive number M > 0
such that [ f(x)| < M for x € [0, 1]. Moreover, given any € > 0, we can always find a ¢ > 0 such that
for any x,y € [0, 1], we have | f(x)— f(y)] < € whenever [x—y| < 6. If 0,(x) := (p1(X)+- - -+ p(x))/n
converges, set u(x) := 31_}12 0n(x); then ¥,,(x) := 0,(x) — u(x) — 0 as n — oo. Therefore, for a fixed

x €[0,1]

ILa(f52) = F(0)
< D0 kI = Fbx) + > /) = FGIby()

k/n—pu(x)l<é |k/n—p(x)[26

oM
<e busl) + D kfn = p(0))buu(x)

[k/n—p(x)l<6 lk/n—p(x)|26

2M <
<e+ = ;(k/n — 1(x))*b, 4(x)

n 2 n
2M
- [[Z(pk(X)/n) - u(X)] + " (L~ pula) /i
k=1 k=1

oM
<&+t y(lﬁn(x)z +1/4n),

where the last two steps are derived from (7.22) and from the fact that 0 < pi(x) < 1 implies
pr(x)(1 — pr(x)) < 1/4. From this inequality, we see that |L,(f; x) — f(u(x))| < 2¢& for n sufficiently
large. Since ¢ is arbitrary, (7.23) follows.

Suppose now that gi_)rg(pl(x) + -+ 4+ pu(x))/n converges uniformly on [0, 1]. Then 6, :=

sup [¥,(x)] = 0 as n — oo. Thus the previous inequality is independent of x and the conver-
x€[0,1]
gence to f(u(x)) is uniform in [0, 1].

Conversely, suppose that lim L,(fy; x) exists for some strictly monotone function f; € C|[O0, 1].
If the sequence 0,(x) = (p1(x) + - - + p,(x))/n does not converge for every x € [0,1] asn —
oo, then since 0 < p,(x) < 1 is bounded for all n, it follows that for some x, € (0, 1), the
sequence ©,(xp) has at least two limit points, say o'(xy) # 0*(xo). Therefore, there exist two
sequences of natural numbers n;, n; such that ]}im 0 (X0) = 0'(xp),i = 1,2. By performing the

same arguments as in the first paragraph, we find that ]}im L( fosxo0) = folo'(xp)) (i = 1,2).
But, by assumption, lim L,( fy; x) exists for every x € [0, 1]; hence f(0'(x0)) = f(0*(x0)). Since
fo is strictly monotone o'(xy) = 0?(xo), a contradiction. Therefore if lim L,(fy; x) exist, then

lim 0,(x) = lim(p(x) + - - - + p,(x))/n also exists.

n n D
Proposition 7.7. Suppose that p,(x) € C[0, 1] is strictly increasing, and all the p;(x) (i > 2) are
determined recursively by (71.8), or equivalently for all n, v, (x) = y" _(x). Then

(i) if p1(x) € C™[0, 1], the roots at zero of all the p;(x),i > 1 have the same multiplicities, i.e.
pP0)=0,0<k<m—1,p" () #0,i> 1.

(ii) lim i pr(x)/n = x.
n—00 k=]

Proof. First we prove that the roots at zero of all the p;(x),i > 1 have the same multiplicities.

We proceed by induction on n. By assumption vy, (x) = y}(x) = pi(x). Forn = 2, set p;(x) =
xX"r1(x), pa(x) = x'ry(x),m, 1 > 1, with r1(0) # 0, 7,(0) # 0. Invoking (7.14), we find that

1
Xri(x) = X (0 (x) + P ri(x) + xX'ry(x) = 223" r (0 ra(x)]. (7.24)
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If m < [, dividing both sides of (7.24) by x™ and then setting x = 0, we derive pl(%) =1,a
contradiction, since by assumption p;(x) is strictly increasing. If m > [, dividing both sides of
(7.24) by x' and then setting x = 0, we derive pl(%) = (, yielding yet another contradiction. Thus
m =1l

Now assume that p;(x) = x"ri(x),1 < i < n, with r,(0) # 0, and let p,,;(x) = x°r,,1(x) with
ra+1(0) # 0. Again since ¥, (x) = y*_ (x) = py(x), it follows that

1 - k
P (;)bm(x) + ;pl (Z)bn,,xx)

1 n+1 k
= pi (n n l)bn+1,1(-x) + ; Di (m) by j(x). (7.25)

Therefore, by (2.4), (7.25) implies that there must exist suitable P(x), Q;(x), Q,(x) with P(0) #
0, 0;(0) # 0,i = 1,2 such that

Pl(’%)(xmh(X) + o+ X () + X P(x)

= pi( Y (X) + -+ X1 (0) + X7 (20) + X701 (x) + X705 (x). (7.26)

n+1

If m < s, dividing both sides of (7.26) by x™ and then setting x = 0, we derive pi(3) = p;(-17),

a contradiction. If m > s, dividing both sides of (7.26) by x* and then setting x = 0, we derive
r.+1(0) = 0, yielding yet another contradiction. Thus m = s.
Again since v} (x) = pi(x)

- k
Ya(X) = Z p (Z)bn,k(x) = Lu(p1; x). (7.27)
k=0

Therefore, taking the limit of both sides of (7.27), we get
pi(x) = Tim y2(0) = L(pi; ). (728)

Since, by assumption, p;(x) is strictly increasing, it follows by the last part of Theorem 7.6 that
u(x) := lim(p(x) + - - - + p,(x)/n exists. Furthermore, again by Theorem 7.6

p1(x) = pr(u(x)). (7.29)

Since p;(x) is strictly increasing, we conclude that u(x) = x. O

2
3 2x+ 1.Sinfu'larly, by using
X
10x* + 542 ) 7x22x* + D(Ex* + 10x% + 1)
———— ., pu(x) = .
4+ 102+ 17 16x% + 120x° + 148x* + 30x% + 1
In general, if pi(x) = x*, we have the recursive formula

Remark 7.8. Set pi(x) = x°. Then from (7.14), we can derive p(x) =

(7.8) recursively we can also derive p3(x) =

S (k2/n? =K/ + 1) bus()

k=0

pn+l(x) = n
2 ((k+ 1)2/(n+ 1)2 = k2/(n + 1)?) by (%)
k=0

Qn+1) 3 K2/nby i(x) .
_ _ k=0 _ (2n -I;Z 1)x , (7.30)
3@+ Dbu() 1+2 3 puto)
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where the first equality follows by (7.8), and the third equality follows by (7.27) and by equation
(2.3) with k = 1. Moreover by Proposition 7.7 lim(pi(x) + - -+ + p,(x))/n = x. Combining this

result with (7.30), we conclude that lim p,(x) = x.

Corollary 7.9. i) Suppose that p;(x) € C[0, 1] is strictly increasing and all the p;,(x) (i > 2) are
determined recursively by (1.8), or equivalently for all n, y,(x) =y’  (x). If f € C[0,1], then
lim L,(f; x) = f(x) uniformly on [0, 1].

ii) Given any p(x) € C[0, 1] such that p(x) is strictly increasing and p(0) = 0, p(1) = 1, there
exist Lototsky-Bernstein operators L,(f; x) that fix 1 and p(x), and lim L,(f; x) = f(x) uniformly

on [0, 1] for any f € C[0, 1].

Proof. 1) is straightforward by Proposition 7.7 (ii) and Korovkin’s Theorem (see [21]). ii) follows
by setting p;(x) = p(x) and computing p;(x) (i > 2) recursively using (7.8). |

Proposition 7.10. Let r(x) € C[0, 1] be increasing and convex in [0, 1] with r(0) = 0,r(1) = 1.
Suppose that all the p;(x) = r(x),i > 1. Then

Y0 2y, (%) (7.31)
Moreover, y,(x) = y" ., (x) for all n if and only if r(x) = x.
Proof. From the assumptions of the Proposition, the operators L,(f) are King-type operators [22],
1.e.

- k
Lifix)= [ (;) (Z)rkma — ()", (132)
k=0

By applying the same method as in [32], we can prove that for any convex function f

L(f5%) 2 Lya(f3 %). (7.33)

Let f be increasing and convex in [0, 1] with f(0) = 0, f(1) = 1. Since r(x) is increasing and
convex, it follows from Remark 3.2 and Remark 5.13 that both L,(f) and L,,(f) are increasing
and convex on [0, 1]. Repeatedly using 7.33 and the positivity of L,(f), we have

Ly(f) 2 Ly () = L)*(f) 2 Lusi (La(f)) = Ly ()

=2 (L)Y = L)Y (). (7.34)
Taking the limit of both sides of (7.34) as M — oo, yields y%(x) > ’yﬁ L (0.
If for all n, y;,(x) = ¥”_,(x), then by Proposition 7.7 (ii), r(x) = x. m|
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