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In this paper we solve the poisedness problem for a bivariate interpolation intro-
duced by B. Bojanov and Y. Xu. The authors were informed the problem was solved
earlier, by a different method, also by B. Bojanov and Y. Xu (to appear, On a
Hermite interpolation by polynomials of two variables, SIAM J. Numer. Anal.).
Parameters of the original interpolation from I7,, are the values of a function and its
radial derivatives up to some order k at 2k + 1 equidistant nodes of the unit circum-
ference. We also consider other closely related polynomial interpolations and prove
their poisedness. Meanwhile the poisedness of several general univariate Birkhoff
interpolation problems is proved to which the above problem is reduced. At the end
we consider the corresponding useful cubature formulas.  © 2002 Elsevier Science (USA)
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1. MAIN RESULTS

Denote by Z, = {z,} 2} = {(x,, »,)} %!, a set of equidistant nodes on
the unit circumference

St:={zeR*:|z|=1}.
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The directional derivative of F along ¢ = (a, b) € R* will be denoted by
DéF = an +be.

The radial derivative at z, € S' is D, F(z,).

The space of univariate polynomials of degree < m, and the correspond-
ing space of bivariate polynomials of total degree <m we will denote by
n,, and IT,,, respectively.

The following theorem gives an affirmative answer to the question
formulated by B. Bojanov and Y. Xu.

THEOREM 1. For any set of given numbers {c;} there exists a unique
polynomial p € I1,, such that

(D,)P(z;))=c;  forany i=1,..,2k+1; j=0,.. k. ¢))

This is an even degree polynomial interpolation (see the odd case in the
next theorem).

It should be noted that the poisedness of this interpolation is not simple
at all because of the following consideration. All known poised bivariate
interpolations (perhaps except the one arised from the Pascal theorem for
IT, and 6 points) have a characteristic trait that there are enough many
points on algebraic curves, in particular on straight lines, which enables to
use the Bezout’s theorem for the factorization (see [1]). In this case, both
on a line and on circumference, there are only about the half of number of
points needed:

(i) On circumference we have 2k+ 1 points while the corresponding
number in Bezout’s theorem is 2 x (2k)+1=4k+1 (i.e., the order of the
curve times the degree of the polynomial and plus one).

(i) On radial lines we have k+ 1 conditions while the corresponding
number is 2k + 1.

The next theorem states the poisedness of another closely related inter-
polation. This is the corresponding odd degree interpolation. Let us
mention that the formulation of this theorem is a result of discussions with
H. Gevorgian.

THEOREM 2. For any set of given numbers {c;} there exists a unique
polynomial p € II,,_, such that

(D) P(z))=c;  forany i=1,..,2k+1; j=0,...k—1. (2
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In the next theorem we show that the above type radial derivative con-
ditions are linearly independent for all polynomial spaces. Namely the
conditions

(D) P(z)=0, i=1,..,2k+1; j=0,..,s, 3)

are independent for 77, ,, where s > 0. Independence here means (see [2])
that the dimension of the space of polynomials satisfying (3) equals

dim 17, — (s + 1)(2k+1) = (k—s)(k—s—1)/2 =: .

Or, equivalently, one can add / simple nodes to Z, such that the resulted
set produces a poised interpolation. Here we are able also to specify the
conditions which are to be added. In the case s < k—2 those conditions are
quite arbitrary, while in the case s> k+1 they are in the form of radial
derivatives.

We are thus led to the following two strengthenings of the previous
theorems.

THEOREM 3. Assume that a set of nodes Z;={z)}"" V> e R*\S',
which is poised for II,,_,, is given, where 1 <m < k. Then for any given sets
of numbers {c;} and {d,} there exists a unique polynomial P € ITy, _,, such
that

(D) P(z)=c;  forany i=1,..,2k+1; j=0,...k—m, (4)
and

P(z)Y=d, forany i=1,..,m(m—1)/2. ©)

THEOREM 4. Assume that a set of nodes Z, = {z}}7_, € S'\ Z, is given,
such that Z, U Z, does not contain opposite pairs. Then for any given sets of
numbers {c;} and {d;} there exists a unique polynomial P € Il ,,(m >0)
such that

(D) P(z;))=c;  forany i=1,..,2k+1; j=0,...k+m, (6)
and
(D) P(z})=d;  forany i=1,...m; j=0,..,i—1. @)

Note that one can replace conditions (7) by m(m+1)/2 conditions at
simple nodes, near the S!, by using the continuity property of the poised-
ness of the polynomial interpolation with respect to the nodes. As we men-
tioned above this is a requirement in independence of conditions (6).
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Let us mention the following two special cases of Theorems 3 and 4,
where just one point z, is added to Z,.

COROLLARY 5. Let z, ¢ S'. Then for any given set of numbers {c;} and
Coo there exists a unique polynomial P € Il _, such that

P(z,) = cqo»
and
(D) P(z)=c;  forany i=1,..,2k+1;j=0,.. k-2

Note that in the following second case the restriction on the additional
point in the corollary is slightly less than in the respective Theorem 4.

COROLLARY 6. Let the node z, be outside the lines passing through the
origin and one of z;,i =1, ..., 2k+ 1. Then for any set of given numbers {c,;}
and cy, there exists a unique polynomial P € I1,, | such that

P(zp) = coo5
and
(D) P(z;))y=c;  forany i=1,..,2k+1; j=0,.. k+1.

We will see that the crucial step in proving all the previous results is the
following Factorization theorem:

THEOREM 7 (On Factorization). Let P be a bivariate polynomial of
degree k < m < 2k. Assume that

(D) P(z)=0  forany i=1,..,2k+1; j=0,...m—k (8)
Then we have that

P(x, p) = (x*+y*= )" Q(x, ),

where Qelly_, _,. In particular Q=0, if m=2k or m=2k—1, and
Q=c=const., ifm=2k—2.

We will use the following standard tool in the polynomial interpolation.

Assertion 8. To prove Theorems 1-4 it is enough to establish only the
uniqueness there when the given number sets are null; i.e., it is enough to
check that if the conditions (1)~(2) and (4)—(7) hold with ¢; =0, d;, = 0, and
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d; = 0, respectively, where P is from the respective polynomial space, then
P=0.

In view of this, Theorem 7 implies Theorems 1 and 2, immediately. To
check this for Theorem 3 we apply Theorem 7 for this case and get the
following factorization

P(x, y) = (x*+y*= D" O(x, y), (€)

where Q € II,,_,. We have that P satisfies the conditions (5) of Theorem 3
withd;, =0, i.e.,

P(Zil)zo forany i=1,...,m(m—1)/2,
where z! ¢ S'. Hence we get from (9) that
0(z))=0 forany i=1,..., m(m—1)/2.

Now the poisedness of nodes implies Q = 0 and therefore P = 0.

The proof of Theorem 4 (and Corollary 6) based on Theorem 7 needs
some preliminaries which will be developed later. We will present the proof
at the end of the following section.

2. THE REDUCTION OF THE FACTORIZATION THEOREM
TO A UNIVARIATE RESULT

We start this section with the formulation of the above mentioned uni-
variate result.

THEOREM 9. Let k be a nonnegative integer, 6 =0 or 1. Let also p be a
univariate polynomial of degree m, k—J0+1<m<2(k—9J)+1:

p(x) =3 a, x"
i=0
Assume that
p(t)=0  for i=9,..,k, (10)
where t; = cos(2in/(2k +1)). Also assume that
ay_, =0  for i=1,...m—k+9. (11

Then p=0.
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Note that, in view of Assertion 8, this is a statement of the poisedness of
a Birkhoff interpolation (see Theorem 12 and Remark 13). Let us mention
also that the forthcoming Corollary 18 is a strengthening of Theorem 9.
We will prove Theorem 9 in the next section.

To reduce the proof of the Factorization theorem to the above result we
introduce some notations. The homogeneous part of degree i of a polyno-
mial P e II; we denote by Hom,; P,i=0...,s. For the polynomial P € II,
we consider the operator D,: I1, — II,_, given by the following formula:

D*P(xo y) = VP(X, y)_D(x,y)P(xa y)

We have that D§: 11, - II, ,, where D{P = D! '(D,P), and we accept
that D,Pe Il,_, if P e Il,. Note that the constant v in the definition of D,
depends on the degree of the polynomial class.

We call the condition (3) the “zero s’ condition.

Let us mention the following two properties of the operator Dj.

(i) If P satisfies the “zero s condition, then D, P satisfies the “zero
s— 1"’ condition and D% P satisfies the “zero s— u” condition.

(i) We have
Hom; D,P =) Hom, P, for Pell,,

where A=5—i#0 and i=1,...,s—1. Thus the corresponding homoge-
neous parts of D, P and P are constant proportional.

We will often use the following Bezout’s theorem:

Assertion 10. Assume that
P(z)=0 forany i=1,..2k+1 (z;e8"),
where P is a bivariate polynomial of degree k. Then

P(x9 J/)=(x2+y2—1) Q(xa y)a

where Qe Il _,.

We will use also the following lemma concerning the operator D,. Let us
note that the univariate analog of this, with the usual differentiation
operator, is a well-known statement on the multiplicity of root.

LeMMA 11. Let P=(x*+y*—1) Q, and D,P = (x*+y*—1)* Q,. Then
P=(x2+y2=1)**'1 Q,, where Q,, Q,, and Q, are polynomials.
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Proof. We use induction on s> 0. The case s =0 is obvious. Assume
that the lemma is valid for s—1. We will prove it for s. By using the induc-
tion hypothesis we get

P=(x*+y*—1)"R,
where R is a polynomial. Now we have
(x24+y2=1)* Q, = D,P = (x*+ y*—1)* D,R+2s(x*+ y*—1)*"' (x?+y*) R.
Therefore
(x> +y?’=1) 0, = (x*+y?>—1) D,R+2s5(x*+y*) R.
We get from here that
Rlg =0,

where | means the restriction on S'. To complete the proof it remains to
use Assertion 10.
Now we can start

Proof of Factorization theorem T Based on Theorem 9. First we rotate
the set of points Z, = {z,} and reorder them so that

2in 2ir
= —  sin— =0, ..., 2k.
z; <cos 2k+1,sm 2k+1>’ i=0,...,

This can be done in view of the respective invariance of the polynomial
space I1,,. Now we have that

(x, y) € Z, implies (x, —y) € Z,. (12)

This implies that it is enough to prove Theorem 7 for polynomials which
are even or odd with respect to the variable y. Indeed, assume that the
theorem is proved for such polynomials and let P e I1,, satisfy the condi-
tion (8) of Theorem 7. Then, in view of (12), the following polynomials

Q(x= J’)=P(an’)+P(xa _y)7 -R(x7 y)=P(x9y)_P(x’ _y)a

which are even and odd, respectively, in above sense, also satisfy them and
therefore they can be factorized. Now, in view of the equality
P=(Q+R)/2, we get the desired factorization for P.

Let us now prove Theorem 7 by induction on m >k, in two cases: for
polynomials which are either even or odd in y. Assume that P satisfies the
condition (8); i.e., “zero m—k” condition. Then, in view of property (i) of
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the operator D,, we have that D7 P e II, satisfies “zero 0” condition.
Now, by taking into account Assertion 10, we get that

DyP=(x*+y"=1) Q,

for some polynomial Q € IT,_,. This completes the first step of induction.
Now assume that Theorem 7 is true for m—1 we shall prove it for m. Let
P e I1,, satisfy the assumptions in the theorem. Then D, P belongs to I7,,_;
and satisfies “zero m—k—1"" condition. Thus by the induction hypothesis
we have that

D,P=(x*+y*—1)"*Q, (13)

for some polynomial Q € IT,,_,,_,. This implies for i <m—1 that
Hom; D,P(x,y)= Z Cj Homj o(x, y),
j=0
where ¢; =0, —1,1, or a power of x>+ y>. We get from here, in view of
property (ii) of D,, that
Hom; P|goeIly,_,,_,, for i<m-—1. (14)

Case 1. Consider first the case when P is even with respect to y:

P(x, y) = _ZO Hom;P(x, y) = AZO Q,(x, y?). (15)

Let us check now, using Theorem 9, that
Pl =0. (16)

We get from (14)—(15) that

p1(x) 1= P(x,{/1=x%) = P(x, y)|s' = ¢:(x) + @, (x, 1 = x?),

where ¢, €mn,_,; and Q,e€ll,. Since Q,(x,1—x?) contains only
monomials x™ %, it follows that p, satisfies the conditions of Theorem 9
with 6 = 0. Whence p; = 0. Thus (16) is established. Now to complete the
proof, it remains to use Assertion 10 and then Lemma 11.

Case 2. Consider now the case when P is odd with respect to y:

m—1

Ri(x, y?). 17
=0

1

P(x,y)=) Hom;, P(x,y)=y
i=0

1
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Let us check now the condition (16). We get from (14) and (17) that

po(x) :=(1/y) P(x,\/1—x*) = ¢;(x)+R,,_,(x, 1 —x?),

where ¢, € 7y, _,,_, and R,,_, € IT,,_,. This means that p, satisfies the con-
ditions of Theorem 9, with J = 1. This completes the proof as in the pre-
vious case.

We end the section, as was promised, by

Proof of Theorem 4 Based on Theorem 7. We will prove Theorem 4 by
induction on m > 0. The case m =0 coincides with Theorem 1, which is
proved already. Assuming that Theorem 4 is true for m—1 we will prove it
for m. Let P e Ily,,, satisfy the conditions (6)—(7), where ¢;; =d; =0. In
view of property (i) of D,, we have that D,P € I1,,,,,_, satisfies these con-
ditions (6)—(7) with m replaced by m— 1. From the induction hypothesis we
obtain

D,P=0.
Therefore, in view of the property (ii) of D,, we get
Hom; P=0, for i<2k+m-—1.
Thus we have
P(z) = Homy,,,, P(z)=0  forall zeZ,uZ,cS"

Now since the set {Z, U Z,} does not contain opposite pairs and its cardi-
nality is 2k+m+1, we conclude that P=0. The condition on z, in
Corollary 6, can be verified in the same way.

3. THE PROOF OF THE UNIVARIATE RESULT

In this section we will prove Theorem 9 which, in view of Assertion 8,
implies the following result on the poisedness of a Birkhoff interpolation,
foro=0,1.

THEOREM 12. Let 6=0 or 1 and the integers m, k,k—d+1<m<
2(k—08)+1, be given. Let also t, = cosin/(2k+1)),i=0, ..., k. Then for
any given sets of numbers {c;} and {d;} there exists a unique polynomial
p €, such that

p(t)=¢ forany i=9,..,k, and
pm=EED(0) =4, forany i=1,...,m—k+9.
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Remark 13. (1) Note that for a fixed k=0, 1, 2..., the above theorem
states the poisedness of k+ 1 and &k Birkhoff interpolations connected with
the point sets {t,}¥_, and {,}5_, (¢, = 1), respectively.

(ii)) Let us mention that, since so far we did not use the values of
{t,-}f;l, all the previous results will remain true also in the following
general symmetric (not necessarily equidistant) case of the point set

Zy={(t,, £ J1-1t2)}*_,, where —1<t,<1, i=1,2,..,k,

provided that the Birkhoff interpolations listed in (i) are poised.

(iii)) Moreover, one can hope that the Factorization Theorem 7 is
true (and hence all the previous results are true) for the symmetric point set
described in (ii) if and only if the Birkhoff interpolations listed in (i) are all
poised.

Let us mention that Theorem 9 (or 12) is not true for m > 2(k—0d)+2.
To see this we consider

P =1 (=23

Note also that the cases of degree m=k—Jd+1, 2(k—0), and 2(k—J)+1
are the easiest ones in Theorem 9 (or 12). Indeed, in the first case we are to
show only that 3%_, ¢, # 0, while in the other two cases conditions (11)
imply that the polynomial p is either even or odd. In the even case p has
zeros {t,, —t;}¥_, and one more: 0 in the odd case. In both cases the
number of zeros is the degree of p plus one. Hence p = 0.

We start now

Proof of Theorem 9, which consists of two parts corresponding to
values 6 = 0, 1, and includes a theorem and several lemmas.

Outline of Proof of Theorem 9. The general scheme for proving the
theorem is the translation of the conditions (11) into a linear system where
number of equations is one more than the number of unknowns (which are
the forthcoming y;, i =1, ..., m—k—1+0) and the proving that the resulted
system is inconsistent.

Part 1. In this part we consider the case 6 = 0. Suppose, on the con-
trary, that Theorem 9 (in this case) is not valid; i.e., there exists a nonzero
polynomial pexn,, (k+1<m<2k+1),

p(x)=3 a, x,
i=0
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with
p(t)=0  for i=0,.. .k, (18)
and
a,_,=0 for i=1,...m—k. (19)

Note that we have m < 2k+ 1 which implies that 2(m—k)—1 < m; i.e., the
indices of a in conditions (19) are within the correct limits.

Without loss of generality we can assume that a, = 1. Denote by ¢, (the
index 0 here corresponds to the case é = 0) the polynomial

k+1

k
Go(xX)=]] (x=1,)=:Y oy _;x"
i=0 i=0

According to (18) there is a polynomial

m—k—1

_ i
r= z yk—ixr
i=0

such that p = g,r, i.e.,

k+1 m—k—1

P(x)=z ka+14xi z ym—k—l—ixia
i=0 i=0

where oy, =y, = 1.
Now conditions (19) are translating into the following linear system,
which was mentioned above, in the outline of the proof,

Y1 = —0g,
and

21
Vi%i—j—1 = —0_1, for i=2,..,m—k, (20)
-1

J

where o, =0, if #¢ [0, k+1] and y, =0, if ¢ [0, m—k—1].

In what follows, in this section, we will prove that this linear system (and
the linear system corresponding to the case J = 1, in Part 2) of m—k equa-
tions and with m—k—1 unknowns: y,, ..., 7,,_s_; is always inconsistent,
thus proving the theorem. It may seem that it will be difficult to carry out
such a plan since we have a system of general dimension, where the coeffi-
cients depend on k and m, but as we will see the fine set of roots {z,} will
enable us to succeed.
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Step 1. Here we develop a representation of coefficients {a;} of the
polynomial g,.

THEOREM 14. Let

k+1

go(x) =IT§_o(x—1;) =: Z Hppq i X',
iz0

where t; = cos(2in/(2k+1)),i =0, ...k. Then we have

_(=D)"k+1 <k—v>

% = 4v v \v—1
and
(-D)""k/k—v—1
= 21
0oyt 1 2.4 v—1 > (21

v=0,..., [(k+1)/2].
In particular we have
=1, o =—1/2, o, =—(k+1)/4, and oy =k/8.

To prove this theorem we need some lemmas. The following lemma
presents an identity involving the coefficients and roots of a polynomial,
which can be readily checked.

LemmA 15. Let
k+1 )
q(x) ={_o(x—1;,) =: Z Qg1 ;X'
i=0
Then we have for | < u<k+1,
u

ﬂa’ﬂ = z (_1)1 (xy—iﬁi’ (22)

where B; =>%_, th.
LemMA 16. Under the assumptions of Theorem 14 we have

ﬂZv—l 2%,
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g, e\ 1
2y — 24\; 2 ’721} 2

Proof. The following equalities

2inu

k
Z 2k+1_1/2 forall u=0,...,2k, (23)

can be checked readily, in view of the formula

k k+1 k
Zcosz’(p=[cos —; (psin%p]/sin%.

i=1
We will use also the following expansion
q
cos’x =) ¢, cos(vx). (24)
v=0

By taking x = 0 here we get

v=0
Also we have that
1 09 lf q=2v+1,
co=— cos?xdx= 2 (25)
0 nfo 1/4v< v), if g=2v.
v

Now, in view of (23), we get from (24)

Zk: =(k+1)c,+(1/2) Z ¢, =(k+1)co+(1/2)(1—cy).

V=

To finish the proof it remains to use (25).
The following lemma can be checked readily by induction.

LemMma 17. Let S, :=Y7_, o, for n=0..., k. Then we have

(=1 (k=
SZV - 4v < v >’
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and

-1 (k—v—1
sen=5a (07, (6)

forv=0, ..., [(k+1)/2], provided that Theorem 14 is valid.

In particular we have
5o =1, s =1/2, s, =—(k—1)/4, and s;=—(k—2)/8.

Now we are in a position to present

Proof of Theorem 14. We use induction on v. Assuming the formulas
hold for v—1; we will prove them for v. By making use of Lemma 16 we
can simplify (22) to

[x/21
:ua,u = _(1/2) Sy—l - Z a,u—Zi”Zi' (27)
i=1

Now, on the basis of the induction hypothesis, Lemma 17 is valid. Using it
and considering separately the cases 4 =2v+1 and g =2v reduces (27) to
the equality

k—v—1 ) 2\ Qe K (k== 1\ 2(v—10)
(i revram (D)2 o5 (CIO)

We need to prove that this is an identity, which can be done readily by
induction on k > 0. Indeed, in the case k =0 we are to check just that the
left hand side of the above equality is 0. Then assuming the equality is true
for k and subtracting it from the corresponding equality for k+ 1 we arrive
again to the case of k. This means that the equality is true also for k+1,
and the proof is complete.

Step 2. Now we turn to the linear system (20). We will prove that the
system is inconsistent by showing that:

(i) The subsystem consisting of all equations but the first has a
unique solution.

(ii) This unique solution is not a solution of the first equation.

The same we will do in Part 2. Notice that by this we actually establish the
following result of independent interest.
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CoROLLARY 18. Let 6=0 or 1 and k be a nonnegative integer. Then
there exists a unique nonzero polynomial of degree =m, k—d+1<m<
2(k—9)+1,

p(x) = Z am—ixia aO = 1a
i=0

such that
p(t)=0 for i=6,..,k,
and
ay_1=0  for i=2,...m—k+9,

where t, = cos(2in/(2k+1)).
Moreover we have that a, # 0.

We will prove the above mentioned point (i) by showing that the deter-
minant of the following matrix does not vanish

o oy 1 0 0 0 0 0 0

oAy 0 o, o 1 0 0 0 0
A=| o o5 oy o3 o o 1 o - 0 |,

0y Ky Xyp Q3 Oy g K5 Ky Ky_g o Oy

where n=2m—2k—2 and o, =0, if ¢ [0, k+ 1]. Note that here we have
;= 0_ji1- (28)
By the Cramer Rule, (ii) is equivalent to

det A, + o, det A #0, 29)

where A, is obtained from A by replacing its first column with the free
terms in the linear system:

- ((X3, Ky ones a’Z(m—k)—l)T'
Since a; = —1/2, we can rewrite (29) in the form

det A, #0,
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where A,, is obtained from A4 by replacing its first column with the follow-
ing column:

(2063 + 0y, 2065404y, -y 200 )1 Oy —2) -

In view of (21), we have for the general term here

(-1 k—1/k—v—1
206,41 + 04, = | v—2 /) (30)

Thus, it remains to show that
det A#0 and det 4,4, #0.

We evaluate each of this determinants by the Gauss Elimination Method.
The results are

m—1

det A = 4 2k=m+Dm—k)/2 <
- k

>, and det 4,, = +20-mm/2

where + = (—1)™9/2 if m—k is even, and (+1), otherwise.

These equalities follow from the forthcoming reduced upper triangular
forms B and B,, of the matrices 4 and A4,, in the Gauss elimination.
Namely, in the right hand sides of the above equalities we have the pro-
ducts of diagonal elements of matrices B and B,,, respectively. Here we
have the matrix B,

B=B(k)
by —1/2 1 0 0 0 00 0 0
0 by by —1/2 1 0 00 -~ 0 0

=l 0 0 by by by —1/2 10 0 0 ,
0 0 0 0 0 0 00 -+ 0 by ymis

(=D -1 J .
bi,Zj_ i2.4i-J 1—]—1 ket l_] g
(=1) j J+1Y\.
b; 2541 T |[\i—j-1 ket i—j g

It is interesting that

(€2

B, = B(0). (32)
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To prove that in fact these are the above mentioned reduced forms we
will use induction on n, which is the number of steps (or rows) in the Gauss
elimination. The case n = 0 is obvious since the first rows of the matrices 4
and B (or 4,, and B,,, respectively) coincide. We assume that after the step
n—1 in the Gauss elimination of 4 (B) we have a matrix whose first n—1
rows coincide with the corresponding rows of B (B,,). We will show that
after the step » here, the nth row will coincide with the corresponding row
of B (B,4). Let us do this separately for the cases of matrices 4 and B.

(i) Case of the matrix A4. In this case we show that
n—1
nth row of A— ) ¢, , x ith row of B = nth row of B, (33)

i=0

where

(=1)"i (k—n
Cip=—t .
- nd"" \n—i

The relation (33), for the odd column 2j+ 1, in view of (21), (28), and (31),
reduces to

e[ B O ] ()

This equality can be checked readily by using the following identity of

combinations:
r+s\ & [ > < ) >
( q ) igO (i q—i)

Similarly the case of even columns can be checked.

(i) Case of the matrix A4,,. In this case we show that

n—1

nth row of 4, — ). d, , x ith row of B,, = nth row of B, (34)
i=0

where

g, =Dk (k—n)

4" k—n\n—i
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The relation (34), for the odd column 2j+1 > 1, in view of (21), (28), (32),
and (31), reduces to

k+1/k—n+j _2”: k—i(j+1\/k—n
n—j\n—j—1) S k—n\i—jN\n—i)
This relation can be checked in the same way as the above one. Similarly

can be checked the cases of the first column (in view of (30)) and even
columns.

Part 2. In this part we consider the case = 1 (of Theorem 9). In this
case we have

k k
q:(x) = 1_[ (x—1t)=: Z oclt—ixi'
i=1 i=0
Hence g,(x) = ¢,(x)(x—1), which implies that
=, o=5s,.
i=0
Thus at once we get that Step 1 of Part 2 is completed already in Lemma

17, where we have a representation for s,,.

Step 2. Here the matrices 4 and A,,, which correspond to 4 and 4,
of Part 1, have elements s; instead of «; and have dimension m —k instead
of m—k—1 there. Thus we are to prove that

det A#0 and  det A4, #0,
where A,, is obtained from A by replacing its first column with the column:

T
(255 — 55, 285 — 54, ..., 2S2(m—k)+1 _SZ(m—k)) .

In view of (26) we have for the general term here

(=)' fk—v—1
2811 — 8 = T v—1 . (35)

In this part we will just evaluate these determinants since it is hard to find
the reduced forms of the Gauss elimination. First we simplify the determi-
nants, by means of elementary operations.

We start by factoring out the coefficients of the combinations in the
representation of s, in (26) from the considered determinants. This can be
done obviously for the coefficient 1/2, which results with the final factor
1/2", where n=m—k is the dimension of the determinant in this part.
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Next, for the case of (—1)’, we multiply the column nos. 2, 3,6, 7, 10, 11
and so on by (—1) after which elements in each row have the same sign. In
this way finally we factor out +1, namely (—1), if m—n=4i+1 for some
i; and (+1) otherwise. In the case of coefficient 1/4” we multiply column
nos. 2 and 3 by 1/4; nos. 4 and 5 by 1/4% nos. 6 and 7 by 1/43, and so on.
After this we get that such factors are the same in each row. Thus we can
factor out all of them from the first row. This will result to the following
final such factor 4"+?/4 Summarizing all the above factors we get the
factor +27""+3/2 Thus we have

—det A= +2*&mn—k+3/2 dot 4, (36)

where + = (=1)""**D/2 if m—k is odd, and (+1), otherwise. Here A
contains only the combinations in representation (26) of s,, namely it is the
following matrix,

GO I T T T T S S
() ) e o
(5) () (7)) () ()

() () ) () () () () () - ()

where r=k—n,n=m—k, () =0, if ] <0, and (}) is the combination in the
representation of s,,_;, .

Note that the matrices 4 and A, * differ only in the first column and the
coefficients of the combinations there, in view of (26) and (35), are oppo-
site. Thus, we have the following equality, which corresponds to (36),

(=1
(=1
(=1
(=1

Ju—
—_
(=}
(=}

det A, x = +2*=mm—k+3/2 dot 4 . (37)

Here A, is obtained from A by replacing its first column with the combi-
nations from (35), i.e.,

[(k52>’ <k13>’ <k;4>’ <2,LC:Z__11>T- (38)
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In the second step of simplification we are using the identity

(-)-C5) @

and perform the following elementary operations to evaluate det A, and
det 4,,: Choose two neighbour columns where the bottom items in the
corresponding combinations equal (such as 2nd and 3rd, 4th and 5th) and
subtract from the right column the left one. By doing this operation, each
time, first for the rightest possible pair one will arrive to the following
matrix 4, in the case of 4,

<kIl> 1 0 0 0 oE 0
<k;2> (k;Z) . 0 o . 0
<k;3> (k;3> <k;3> . o .. o |

k—n k—n k—n k—n k—n k—n
n n—1 n—2 n—3 n—4 1
where n =m—k.
In the above elementary operations we did not use the first column.

Therefore, the corresponding matrix A, ,, in the case of A4,,, differs from A
only with the first column which is (38) and we have that

det A=det A, and  det A, =det A,. (40)

Now, we evaluate det 4. To do this we subtract from the first column the
¢; X ith column, i =2, ..., m—k, succesively, to make the element in the first
column and in the row i — 1 to become zero each time.

Let us prove that after doing this with the vth column the first column
equals

We use induction on v, i.e., assuming that it is true for v we prove it for the
case of column v+ 1. Since the top nonzero element in that columns is 1 so
one has

= dv,v) = (-1 K <k+”‘1>.

v—1
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Thus we arrive to the following identity

do+1.0 = =cr (1) )

v
which can be cheked easely. After the finishing this procedure the only
nonzero element in the first column is the last one, which equals
d(m—k, m—k). It is easely seen then that we have, at the same time,

det A= (=1)""*"'d(m—k, m—k).

Thus we get, in view of (36) and (40), that

det A= +2("*m><mfk+3>m;2k m
+ 2k (),

where + = (—1)™"*+D/2 if ;m—k is odd, and (—1), otherwise.

Since in the case of 6 =1 we have, in Theorem 9, that m <2k—1 hence
2k—m # 0 and we get that det 4 # 0.

At the end we turn to det /il*, evaluate which will be easier. We subtract

from the first column the (—1)'xith column, i =2, ..., m—k. In view of
identity (39) after this first column equals

(—1)m! <k_v_1>, v=1,..,n,

vV—n

with n =m—k; i.e., the last element is the only nonzero one and equals to
(=1)"~*+1 Therefore

det A, =1.
Finally, we get, in view of (37) and (40), that
det A, = +20=men—k+3/2 £

This completes the proof of Theorem 9.

4. CUBATURE FORMULAS

In this section we consider three cubature formulas associated with
interpolations described in Theorems 1, 2, and Corollary 5.



ON A BIVARIATE INTERPOLATION PROBLEM 97

Let us start with the interpolation described in Theorem 1. Denote by
P, €lly,iy=0,...,2k; j,=0, ..., k the fundamental polynomials of this
interpolation, i.e.,

PYw

iojo

(z:) =035
where ¢ is the Kronecker symbol. In view of the rotational symmetry of
these fundamental polynomials with fixed j,, we get that the integral

[, Pueydxdy=iy; @)
x“+y°<1

i.e., it does not depend on i,.
Consider the following formula for the interpolating polynomial P, of a
function f,

Pi(x,y)=3 Y f9z) Py(x, y).

i=0 j=0

By integrating this formula, having into account (41), we get, in a standard
way, the cubature formula,

J\x2+yzsl

Sf(x, y)dxdy = ZO AL(f), 42)

where
2% 4
Lj(f) = Zo (Dzi)] f(z).

Since this is an interpolatory cubature formula we have that d, > 2k, where
d, is its algebraic degree of precision.
This cubature rule contains very small number of coefficients—the same
number as Gauss quadrature formulas of the same algebraic precision.
Now let us find these coefficients. We have that (42) is precise for IT,.
Hence we get by taking f(x, y) = (x2+ »?)",

2
2v4’:2 = Qk+ DA +20A + - +Q)*4],  v=0,..,k

Interestingly, these conditions just mean that the polynomial p,(x):=
k_,;x" is the interpolation polynomial of the function ¢,/(x+2)
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(co =27/ (2k+ 1)) with the knot system 0, 2, ..., 2k. Therefore, by using the
Newton form we get

(_1)v+l
nx) = 2k+1[ +Z x(x—=2)-- (x—2v)m]
Or, we have
(—1)"+!
p(2x) = [1+Z x(x—=1)---(x—=v) o1 ]

This gives a representation for the coefficients 4,.

Now, let us consider the interpolation described in Theorem 2. By
repeating each step above, for this case, we arive to the following cubature
formula

Jopon, SO0 dxdy= ze,LJ(f)

with the degree of precision d, > 2k—1.

For finding the coefficients this time we have that p,(x):= %2} 0,x" is
the interpolation polynomial of the function ¢,/(x+2) with the knot
system 0, 2, ..., 2(k—1), and we get as above

=5 [ 143 s SO
X x(x— x—v .
P +2)!

Finally let us consider the interpolation described in Corollary 5, where, for
the rotational symmetry, we take z, = (0, 0). Then in the same way as
above we get the cubature formula

L2+yz<l S, y)dxdy=nf(0, 0)+Z:: L),

with the degree of precision d; > 2k —2.

In this case we get that # =z, while for the other coefficients we have
that p,(x):=Y%-26,x" is the interpolation polynomial of the function
¢,/ (x+2) with the knot system 2, ..., 2(k—1), and therefore

(—1)v+1]‘

P =32 [124F om0
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