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Abstract

Let u be a finite positive Borel measure with compact support consisting of an interval [c, d] C R plus
a set of isolated points in R\[c, d], such that 4’ > 0 almost everywhere on [c, d]. Let {wo,},n € Z4, be a
sequence of polynomials, deg wy, <2n, with real coefficients whose zeros lie outside the smallest interval
containing the support of ;. We prove ratio and relative asymptotics of sequences of orthogonal polynomials
with respect to varying measures of the form du/wjy,. In particular, we obtain an analogue for varying
measures of Denisov’s extension of Rakhmanov’s theorem on ratio asymptotics. These results on varying
measures are applied to obtain ratio asymptotics for orthogonal polynomials with respect to fixed measures
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on the unit circle and for multi-orthogonal polynomials in which the measures involved are of the type
described above.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
1.1. Motivation

Two main developments in the general theory of orthogonal polynomials over the past 25 years
are E.A. Rakhmanov’s theorem on ratio asymptotics of orthogonal polynomials (see [20—22]) and
the extension of Szegd’s theory, by A. Maté, P. Nevai and V. Totik, concerning the comparison
of two systems of orthogonal polynomials whose measures do not satisfy Szegd’s condition (see
[15-18]). We recommend the reader to look at Chapters 9 and 13 of Barry Simon’s recent excellent
monograph [24]. Besides the proofs you will find at the end of each section historical notes with
original sources and later developments.

Last year, S. Denisov [7] established an important extension of Rakhmanov’s theorem. It
includes all measures pu whose support consists of an interval [c, d] on the real line on which
W > 0a.e. plus a set of isolated mass points on R\ [c, d]. He used operator theoretic arguments.
Later, P. Nevai and V. Totik [19] found an alternative proof that does not involve operator theory.

In connection with applications to rational approximation, we have extended these theorems
on ratio and relative asymptotics to polynomials orthogonal with respect to varying measures
(the measure of orthogonality depends on the degree of the polynomial) with no mass points
outside the continuous part of their support. Such results are relevant for the proof of asymptotic
properties of orthogonal polynomials with respect to fixed measures as well (see [1-3,5,12,14]).

In this paper, we obtain a version of the Denisov—Rakhmanov theorem on ratio asymptotics
for varying measures containing infinitely many mass points outside the continuous part of their
support. We also give a result on relative asymptotics for such measures. This is new even when
the measures are fixed. Finally, we apply these theorems to obtain some results for polynomials
orthogonal with respect to fixed measures on the unit circle and for so-called multi-orthogonal
polynomials which share their orthogonality conditions with a system of measures.

1.2. Definitions and statements

Let {wo, }nen be a sequence of polynomials with real coefficients such that, for eachn € N,
deg(wa,) = iy, 0<i, <2n. We denote by {xn,i}izi1 the set of zeros of wy, whenever i,, = 2n.
If i, < 2n, we define x,; = cofori = 1,...,2n — i, and denote by {x"vi}l'zQZn—in-i-l the set
of zeros of wy,. We assume that the zeros are enumerated so that |x, ;| > |x,;+1]. Let {1, }nen
be a sequence of finite positive Borel measures whose supports supp(y,,) contain infinitely many
points and are all contained in a compact set S C R. For each n € N, the polynomial wy, is
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non-negative on S and
d
/ M _ o
s W2n

We can construct the table of polynomials {/,, ;}, degl, ; = j, j € Z*, that are orthonormal
with respect to du,, /wo,; that is, these polynomials have positive leading coefficient and satisfy

2n

dj
/ln,kln,s all = 5/{,5, k,s e Z+1
Ky w

where 0y ; denotes the Kronecker delta.

Given a finite positive Borel measure u supported on R, 1/ (x) will stand for the Radon—Nikodym
derivative of u with respect to the Lebesgue measure dx. By p, = U, n — oo, we denote
the weak™ convergence of {u,} to p. This means that for every real continuous function f with
compact support

tim [ a0 = [ 700 duce)
R R

n—o0

It is obvious that the support of the measure p will also be contained in the compact set S. Let
[a, b] be any interval of the real line, we will denote by ‘¥'(, ;) the conformal mapping of C\ [a, b]
onto {|z| > 1}, such that W[, ,)(c0) = oo and lI’Ea,b](oo) >0, 1i.e.

2x —a—>b 2x—a—b\’
Yo === To=a ) 7F

where the square root is taken so that /7 > 0 for # > 0. As an abbreviation, we will denote by
W(x) the function W[ 1j(x) = x + v/x2 — 1.

Let f be a Borel measurable function on [0, 27], such that log f € L0, 27]. The Szegd
function D(f, -) associated with fis given by

elt+Z
T

1 2
D(f,z):exp!E/O log 1 (1) dt}, lz] < 1.

Keeping in mind the definitions and notations above, we introduce the following connections
between the measures {u,,} and the polynomials {w2,}.

Definition 1. Let k € Z be a fixed integer. We say that ({du,,}, {w2,}, k) is admissible on S if
(i) There exists a finite Borel measure z on R, such that SN W, n — o0.
(i1) In case that k is negative, then fS _]_[k ’1 — x/)c,,,,-|_l du,(x) <My < oo, n € N, where
XX = 0if x5 = 00. =
2n

(i) lim ) (1 — |‘{’[a,b](x,,,,-)|_1) = 00, where [a, b] is the convex hull of S.
n— o0 i=1
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Definition 2. Let k € Z be a fixed integer. We say that ({du,,}, {w2,}, k) is strongly admissible
on S if ({dw,}, {w2,}, k) is admissible on § and

1,(0) = 1 ()] dx = 0.

iv) lim
( ) n—oo fS
We need to impose certain additional restrictions on the measures p,, as well as on the set S.

Definition 3. Let {1, }, n € N, be a sequence of finite positive Borel measures supported on the
compact set S C R. We say that {¢,,} is a Denisov-type sequence on S if

(a) There exists a finite positive Borel measure yu, such that supp(u) = S and u,, = L, n — oo.
() [—1,1] C Sandforeache > 0, S\ (—1 — ¢, 1 + ¢) is a finite set.
(¢) W'(x) > 0ae.on[—1, 1] and for all sufficiently large n, 1,(x) > 0 a.e. on [—1, 1].

In many applications du,, = h, du, where supp(u) = Sisasin (b)of Definition 3, lim, . h, =
h > 0 uniformly on S, and the zeros of {w»,} lie on a compact set disjoint from S. In this case all
the assumptions in these definitions are satisfied if ¢/ (x) > 0 a.e. on [—1, 1].

From the classical theory of orthogonal polynomials it follows that the polynomials {/, . ;}, 7,
j € N, are related by the recurrence relations

Ap . n+k—1 ln,nJrk(x) =(x— bn,n+k7]) ln,n+k71 (x) — Ap n+k—2 ln,n+k72(x)» (1)
n>—k+1, ln,OEIa ln,_le

(notice that the three polynomials appearing in the formula correspond to the same measure). The
so-called Jacobi parameters verify b, ; € R, a, j > 0. The monic polynomials are

Ln,j(x) = (an,O . 'an,j—l)ln,j(x), n, jeN. 2)

The following result extends to varying measures Denisov’s theorem (see [7,19]) on ratio asymp-
totics. When the measures have no mass points outside of [—1, 1] it appears as Theorem 6 in [5].

Theorem 1. Suppose that, for each k € Z, ({du,}, {wan}, k) is strongly admissible on S and {1, }
is a Denisov-type sequence on S. Then, for each fixed k € 7

m ap k= 1/2,
n—oo

lim bynik = O 3
n—oo
and
I
lim kg (4)

n—00 ln,n-i—k—l (x)

uniformly on each compact subsets of C \ S.

(4) is a direct consequence of (3) (see [11, Theorem 2.1]). Therefore, we limit ourselves to the
proof of (3).

Regarding relative asymptotics, the next result extends Theorem 3.2 of [6] and is new even
for the case of fixed measures (1, = u, wo, = 1,n € Z,). If there are no mass points outside
[—1, 1] the result for fixed measures appears in [18].
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Theorem 2. Suppose that for each k € Z, ({dw,}, {w2,}, 2k) is strongly admissible on S and
{1} is a Denisov-type sequence on S. Let h be a non-negative Borel measurable function on S
verifying:

(1) There exists an algebraic polynomial Q, such that Oh*! € L>(S).

(2) Foreachk € Z, ({hdu,}, {wa,}, 2k) is strongly admissible on S.

Let {gn}neN be a sequence of continuous functions on S which converges to g > 0 uniformly on
S. Foreachn € N, set h, = hg, and let {q, u}mecN. be the sequence of orthonormal polynomials
with respect to hy du, /wa,. Then, for each fixed k € Z,

Qn,n-i-k(x) _ 1
n—=00 Iy nyrk(x)  D(hg, 1/¥(x))’

uniformly on compact subsets of C\ S, where E(@) = h(cos 0) and g(0) = g(cos 0), 0 € [0, 2x).

One can obtain the following corollaries on ratio and relative asymptotics of orthogonal poly-
nomials with respect to fixed Denisov-type measures on the unit circle. Corollary 1 is a version
of Theorem 13.4.4 of [24]. Corollary 2 is new.

Corollary 1. Let g be a finite positive Borel measure on the unit circle I whose support S consists
of an arc v plus isolated mass points in T\ 7. Assume that ¢’ > 0 a.e. on ). Let {¢,, }en e the
corresponding sequence of orthonormal polynomials and ¢, (z) = f,2" +---, B, > 0. Assume
that ' > 0 a.e. on y, then

lim MZ ! i
n—oo B, Cap(y)

where Cap(y) denotes the logarithmic capacity of y. Moreover,

. ¢n+1 (C)
1
=00 ¢ (0)

=G,

uniformly on each compact subset of C\ S, where G denotes the conformal mapping of C\ vy onto
the exterior of the unit circle, such that G(c0) = oo and G'(00) > 0.

Corollary 2. Let g be a finite positive Borel measure on the unit circle I whose support S consists
of anarcy plus isolated mass points in T'\y. Assume that ¢ > Qa.e. ony and let h be a non-negative
measurable function on S, such that there exists a polynomial Q for which Qh, Qh™' € Lo ().
Let {¢p, }nen and {},, (h; )} nen be the sequences of orthonormal polynomials with respect to o
and hda, where ¢, (z2) = p,2" + -+, B, > 0,and ¢,,(h; 2) = B,(W)7" + -, B,(h) > 0. Then

i ¢n(h; )
m ——

= Dy (h; (),
SRR

uniformly on each compact subset of C \ S and

i Pn ™)
m —-

n—o00

= D, (h; 00),

n
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where Dy (h; {) is the unique function which satisfies the conditions:

(i) Dy(h; () € H(C\ y) and

lim Dy (i rl) = Dy(hi Ly), lim Dy(hi r) = Dy(h: L),

r—1+

Sfor almost every { € v,
(i) Dy(h; ) #0,{ € C\ 7y, Dy(h; 00) > 0, and
(iii) |Dy(h; C+)|2 = |Dy(h; (2 = ﬁ almost everywhere on 7.

The assumptions of Corollary 2 imply that log % is integrable with respect to the Lebesgue
measure on }. The construction of D, (h; {) and its uniqueness is easy to reduce by conformal
mapping to the case of the unit circle.

We will not prove these two corollaries since they are obtained following step by step the
proofs of Theorems 1 and 2 in [2] and using at appropriate places Theorems 1 and 2 stated above,
instead of the weaker versions employed in [2]. The basic idea is to translate the problem to
the real line by using a bilinear change of variables. The orthogonal polynomials with respect
to the measure given on the unit circle are connected with orthogonal polynomials with respect
to varying measures on the real line whose varying part depends on the bilinear transformation
used.

Another application of Theorems 1 and 2 is to obtain ratio asymptotics of multiple orthogonal
polynomials for the so-called Nikishin systems of measures in which the measures involved in
the construction are of Denisov type. When the measures do not have mass points outside the
interval containing the continuous part of their support the corresponding result was proved in
[1]. To avoid introducing at this stage more notation, we leave the statement of these results for
the final section.

Section 2 is dedicated to the proof of some auxiliary results for varying measures on the unit
circle. In Sections 3 and 4, we prove Theorems 1 and 2, respectively. Section 5 is devoted to some
applications. In the sequel, we maintain the notations introduced above.

2. Auxiliary results on the unit circle

In order to prove Theorems 1 and 2, we start out from the unit circle. Here, we give definitions
analogous to those of Section 1. Let {dp, },en be a sequence of finite positive Borel measures
on the interval [0, 2x], such that for each n € N the support of dp,, contains an infinite set of
points. Let {W,,},,cn be a sequence of polynomials such that, for each n € N, W, has degree n
(deg W,, = n) and all its zeros {w, ;}, 1 <i <n, lie in the closed unit disk. We assume that the

indices are taken so that if w = Ois a zero of W, of degree mthenw, 1 = wy2 = ... = wy,m = 0.
Set
dp, (0 :
do, (0) = L)z 7= ez(?_
Wi (2)]

Assume that, for each natural number n, fozn do, (0) < +o00. This assumption guarantees that for
each pair (n, m) of natural numbers we can construct a polynomial ¢,, ,, (z) = f,, ,,z" +- - - thatis
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uniquely determined by the relations of orthogonality

1 . . .
7 | Foam@don® =0, j=0,1,....m—1, z=e"

1
E / I(Pn,m(z)|2d0'n(0) =1, deg Ppm =M, ﬁn,m > 0.

Definition 4. Let k € Z be a fixed integer. We say that ({dp, }, {W,}, k) is admissible on [0, 27]
if

(I) There exists a finite Borel measure p on [0, 2x], such that p, N p,n — 00.
—k )

(IT) In case that kis negative, we have f I1 |e’0 — Wy, |_2 dp, (0) < My < +o0, foreachn € N.
i=1

n
I lim i; (I = wn,i]) = +o0.

Definition 5. Let k € Z be a fixed integer. We say that ({dp, }, {W,}, k) is strongly admissible
on [0, 2] if ({dp,}, {Wx}, k) is admissible on [0, 27] and

V) lim [2% [, (0) — p'(0)|d6 = 0.
n—oo

Let®y n(2) = 2"+ = (Bym) '@y m(z) and set @ | (z) = 2" @y, (1/2). The next formula
is a simple reformulation of a known result (notice that # is fixed) and its proof may be found in
[15]. For all n, m € N we have

2

Z
Pum@ |

_nm = do, z=¢". 5)
q’n,m—&-l(z)

1 21
|%muw<7/
T Jo

The next lemma is Theorem 1 of [5].

Lemma 1. Let ({dp,,}, {Wy}, k) be admissible on [0, 2], then

|W, (2)|?

md@ —*> dp(@), neN, z= Eie. (6)
n,n+k

Given aBorelset B C R, | B]| stands for the Lebesgue measure of B. In the proof of the following
lemma, we follow the arguments used in [7] to prove a statement similar to (7).

Lemma 2. Assume that ({dp,}, {Wy}, k) is strongly admissible on [0, 2x] for all k € Z. Set
K =1{0¢€[0,2n]: p'(0) > 0}. If |K| >2% — 0, then, for each fixed integer k

1 2 2 ~ o~
lim sup — Pk @ T 0 < 7B, %)
n—oo 2T 0 q)n,n+k+l(z)
2n 2
. Pn n+k(Z) ’ 5
1 — _ 0) — 1] dO<Ly(0 8
1313;p 2 ), W, @) P, () 2(0) (8)




230 D.B. Rolania et al. / Journal of Approximation Theory 139 (2006) 223256

and for each f € L*°([0, 2x])

2n
(Pn n+k(Z)
), oS

1 2n
dp, (0) — b f(0)do
T Jo

lim sup
n—oo

I fll0.2mL3 (D),
where E,- (5) tend to O as 5 tendsto0,i=1,2,3,and z = el

Proof. Set z = ¢'?. Notice that, for each fixed k € Z, we have

1 2| @ppi(@ ’ 1 (7 (] @pp(@ 2
_/ Ptk 17 ) < L <L_1> 40
2 Jo |1 Pn gkt (2) 2 Jo Ponir1(@)
1 2n 2
X — (—"’"*”“‘(Z) +1> do.
2 Jo ¢n,11+k+1(z)
Since
<‘ Pntk(2) i1>2: Pnik(2) ‘ Pnntk@ |
Pponir1(2) P12 P12 ’
integrating (10) and using (see [9, (1.20)])
1 [ Pk (2) 2 1/2n 2
— _TRTRT Vg0 = — 1) (2)|" dap(0) =1,
2 Jo [ @nntit1(2) 2 Jo [ornss @I don
we obtain
1 [ z 2 2 [ w2
L <‘ (/)n,nJrk( ) + 1> do=2+ 2 (pn,1+k( ) d@,
27 Jo Pponi+1(2) 2 Jo [ Pnntit1(2)
where
) 1/2
L] nnnr @ | o (1 / T @ 7N
2n 0 @n,n+k+l(z) 275 0 q)n,n+k+l(z)

Taking (11)—(12) into account and using the Cauchy—Schwarz inequality, it follows that

(pn,n+k (Z) 2 o
Pnnri+1(2)

Onii@)
Ppntkt1(2)

1 2n 2 1 2n
—/ 11d0) <8|1-— —/
271 0 2n 0

Using twice the Cauchy—Schwarz inequality, we have

/zn Pp ()2 d0 < </2n’M
’ 0

de) |

(Pn,n—i-k (Z)
Wi (2)

172
do
@n,n+k+l(z)
o 2 1/4
(o n+k(z) /
x Ptk D1 ) a6
(~/O ’ W, (2) Pl )

) 2 1/4
7 (/’nn+k+1(z) ,
—— T 0)do .
X(/o ‘ W | P )

©))

(10)

(1)

12)

(13)
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2n 2 2n
?y m(Z) ’ 2 dpn(H)
- (0)do< (@) =2m,
/0 Wao) | P , @ P
it follows that
1 21 , 2
limsup — —(P"’"Jrk(Z) — 1| d0O
n—oo =T Jo @n,n+k+l(z)
) N 12
1 s
<82 [ 1 —liminf —/ Punk(2) pl(0)'?do
n—00 2n Jo W, (2)

Consider an arbitrary non-negative continuous functi

L 0’01/4d02< L[
%fo (F O, 0) < ﬁfo

(1 2n
(5
2n 0

on f defined on [0, 27]. Then

(pn,n+k (Z)

(V2 40
W, | @ d)

Wi (2)
@n,n—&-k(z)

f(())l/2d0> .

Using (6) and the condition (IV) of strong admissibility, we obtain

4
1 [ o 1/4 . L (2 9pnik(@)
(z/o @ @) "9) < lmaf (%/o Ny

1 21
X <2— 10 dp(@)) .
T Jo

From [16, Theorem 3.2] (cf. also Corollary 3.3), we get

q’n,n+k (Z)
W, (2)

1 2n
liminf | — /
n—00 21 Jo

Taking into account (15), we have proved (7) with

N
£1(3) := 81/2 (1 - (1 - i) ) .
27

To prove (8), we use that
2 2
T
d0) < /
0

([

n,n () 2 /
Pnn+k2) pl(0) — 1

W (2)

< ” (e
0 Wh(2)

where

i 2m (‘ (,Dn,n+k(z)
27 0 Wn(Z)

2 ~\ 3
o0 d0> > <@>
2n

2
2
Pl (O £ 1) d0<2+ —

WV
—
|
S
SN—
(98]

(‘ (pn,n+k(z)
W, (2)

(pn,i1+k (Z)

2n
‘ W (2)

271'0

2
P (0)'72 de)

2
oL/ — 1> do

2
Pl ()% + 1) do,

P (0)'/%d0

231

(14)

s)

(16)
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and (see (14))
S / 2H‘M y
27 0 Wn(Z) n
Hence,
1
8_2/2n d0< I_L/ZTE %Lk(z) pl
21 0 X o A Wn(z) :

Taking limit, as n tends to infinity, and using (16), we obtain (8) with
fg 3/2
Lr(0) =821 (1 - —)
27
Finally, we prove (9). Taking m = n + k on the right-hand side of (14), we have
1 2n z 2 1 2n z 2
L ‘%,Hk( ) dpﬁf)(f)) _ _f 1 ‘(pn,nJrk( ) 0L 0)) do
27 Jo Wi (2) 27 Jo Wy (2)

where dp,(f) (0) stands for the singular part of dp,, (0) with respect to the Lebesgue measure. Letting
n tend to infinity, and using (8), we obtain

"2 d0<1.

1

2
(0)”%10)

2
‘@n,n+k(z) p;(@) 1

Wi (2)

12

2
m (Pn,n+k(z)

) (0) < L5 (D). 17
W, @) dp,’ (0) < L2(0) (17)

lim sup —
n—>oop 21

Then, for any f € L*°([0, 2x]),

. (Pn n+k( ) 1 mn
hflscgp f()‘ W, dn(())—gfo f(0)do
2n
<timsap |- [ 1¢ )‘q)%kgz) ') (0)
. 2m (/7}1 n+k(Z) 1 2m
+ lim sup f f( )‘ e (0)d0—£ \ £(0)do|,

which proves (9) using (8) and (17). O

Lemma 3. Under the same conditions as in Lemma 2, for each fixed k € 7, we have

(i) On{z:lz] <1}

q)n n+k( )

<L4(z, ), (18)
gDn n+k( )

lim sup
n—od

where Z4 (z, 5) tends to 0 as 0 tends to 0, uniformly on compact subsets of {z : |z| < 1}.
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(i1)
. Py nt-k+m (Z) 2 s =
limsup ||| ——————| —1 <Lg(m, 0), (19)
n—00 q)n,n-i-k(z) o=
z|=1
where for each fixed m € Z, Eﬁ (m, 3) tends to 0 as O tends to 0 and Il - lljz1=1 denotes the
uniform norm on the unit circle.
Proof. Consider the well-known formulas
(Dn,n-l-k+1 (2) =z (I)n,n—i-k (2) + q)n,n+k+1 (O)(D:,n_;_k (2), n=z—k (20)

and
cI):,n+k+l ()= (DZ‘nJrk(Z) + ch,n+k+l (O)Z(I)n,n—i-k (z), n=—k.
Dividing one by the other, it follows that

Zén,n+k (2) + (I)Il,n+k+l 0)
1+ @y ikt 1028 k(@

(Dn,n+k+l (2) .
q’:,n+k+1(2)

= én,n—&—k—i—] (z2) = lz] < 1.

Since @y, (0)| <1 and [, ,(2)I<1,m e N, for |z] g}T we obtain
ettt @< 3180 n 1k @1+ 51Dk 1 O)].
Applying this inequality N times, we obtain
N\ AR
nnrir1 D1 < (3) enmev1 @1+ (3) 7 31Pnntions200)
N2y 4
+(3) 4Ok O+ + 3P O, [2I<1/4,

Take N sufficiently large so that (%)N < Zl (S). Let N1 > max{N, —k} be such that for all n > N
andi =2,...,N+1

Dy kN1 (0)] 2L ().

Then, for all n > N; and |z] <}1
Enitr1 QIS L1(0) + ((%)N‘1 OV 1) 821(3)/3<501()

which gives (18) if the compact set is contained in {z : |z|< 4—1‘}. Since |, y4x+1(2)I<1 on

{z : |z| <1} and is analytic in the ring {z : zlt <|z| <1}, from the two constants theorem, it follows
that

~ ~ \ —log|z|/log4
Enniir1 DI (SL1D))

which completes the proof of part (i).
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Let us prove (ii). Rewrite (20) as

q)n,n+k+1(Z) 1 q):,n_t,_k(z)

= @p ntik+1(0),  [z[=1.
Z(Dn,n+k(z) Zq)n,n—i—k(z) e

Use (5), (7), and the fact that @;, ., (2)/(z @p.n+(2)) is an analytic function in the region {z :
|z| > 1}, such that

o (2)
k| whenever |z] = 1,
Zq)n,n-i—k(z)
to obtain
() ~ ~
lim sup | Skt @ 1‘ <Timsup @y k1) <Li @), Izl=1.
n— 00 Z (I)n,n—‘,-k(z) n— oo

In addition to this, we have
Ppntk+1() _ 1 <<Dn,n+k+1(z) _ 1)
Z(pn,n+k(Z) \/1 _ |(Dn,n+k+l (0) |2 Zq)n,n—i—k(Z)
1

+ = n> —k.
\/1 — | Dy k41 (0)]
Thus,
1 ~ o~ 1—\/1—21(3)2
lim sup Pnntit1@) _ ’ S—/———Li0O)+ —F/———.
n—oo | Z §0n,n+k(z) /1 — L1(5)2 V1—=L (0)?
Therefore
lim sup Punti1 @) 1‘ <L5(0),
n—oo |2 (Pn,nJrk(Z)

where Zs (3) tends to 0 as 3 tends to 0. Hence,

@n,n—i—k-&-l(z) DPnon+k+1 (2)

1 — £5(3) < lim inf
n— 2P 4k (2)

o0

< lim sup <1+ Ls5(3)

ZQDn’,H_k(Z) n—00

for |z| > 1. In particular, for |z| = 1, we have

2

0<u(d, m) < liminf
n—

P n+k+m (Z)
00

(Pn,n+k (Z)
P n+k+m ()
(/)n,nJrk (Z)

’ < (1 n ZS(S))M

< lim sup ‘
n—oo
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for each fixed m € Z+, where u(s, m) tends to 1 as 3 tends to 0. Then

. 1)
~ o~ \2m

~1) < (14 5®)" -1

for each fixed m € Z™. Therefore, we have proved (19) for each fixed m € ZT. An analogous
argument may be used form € Z—. O

u(d, m) — 1 < liminf
n—oo

(‘ (Pn,n+k+m (Z) 2

(pn,n+k(z)

(‘ (Pn,n+k+m (Z) 2

(/)n,n+k(z)

< lim sup
n—0oo

The next lemma plays a key role in the proof of Theorem 2. We use the fact that given an
arbitrary Riemann integrable function f(60) on [0, 27], for each > 0 (see [25, Theorem 1.5.4]),
there exist two trigonometrical polynomials R,, (0) and Ty, (0) of the same degree m (m depends
on 1), such that

it £(0) = n<Ru(O)< fO)<Tu(O)< sup £(0)+7 @)
0e[0,2m] 0€[0,27]
and
1 2
L / (T (0) = Ru(6)) dO < 1. 22)
27 0

In parts (i) and (ii) of Lemma 4, {{},, ,,, }men stands for the sequence of orthonormal polynomials
with respect to i, da,.

Lemma 4. Let{dp, },cN be a sequence of finite positive Borel measures supported on the compact
setS C [0, 27]. Let h be anon-negative Borel measurable function on S. Let {80} nen bea sequence
of continuous functions that converges to 2(0) > 0 uniformly on S. Set hn (0) = g,(0) h(()) 0 e
S n € N.

(i) Suppose that ({ﬁdpn} {Wn}, k) is strongly admissible on [0, 2n] for each k € Z. Set K=
0eS:p "(0) > 0} with |IC| >2n — 0. Assume that there exists an algebraic polynomial
Q(z) such that Q(e‘e)h(H) I e LOO(S) Then, for each n > 0, for any Riemann integrable
function fon [0, 2n], and each fixed k € Z,

. mo W@ P 7 FO010R)1P
1 2 | Vnntk(2) e
fim sup FOIQQ) Pr i @) C2n h(O)Z(0) @
<LrGm. f), z=e". =

(i1) Suppose that ({dp,}, {Wa}, k) is strongly admissible on [0, 2n] for each k € Z. Set
={0¢e S: 0’ (0) > 0} with |IC| >2n— 5. Assume that there exists an algebraic polynomial
Q(z), such that Q(e’e)h(Q) € LOO(S). Then, for each n > 0, for any Riemann integrable
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function fon [0, 2n], and each fixed k € Z,

. 2 q)n,n-i-k(z) ’ o A 27 0N Y
lim sup BT T dO — F(O)]0((2)°h(0) g(0) dO
n—00 0
<2nls@.n. f), z=e" (24)

Each bound Z, (S, n, f) tends to Cin as 5 tends to 0, where C; >0 is a constant, i =7, 8.

Proof. We will only prove part (i), since part (ii) is deduced analogously. Set z = ¢'?. From
hypothesis we know that ({h, dp, }, {W,}, k) is strongly admissible on [0, 27] for each k € Z.

We can assume that ?z,,(@) >0 for each 0 € S and é(ei(’)ﬁn(ﬂ)’l € L°°(§), n e N.
On one hand, we have
1 2n ) )
2 |18 s do@)
1 2”( 101 10@)
S 2mlo \h©Z.(0)  h(OFO)

L[ 10@)P )~
+2_n[0 mhﬂ,wk(z” h, (0)do,(0).

Take limit, as n tends to infinity, in the expression above. Using the orthonormality of the sequence
{Vn.mImeN and the convergence of the sequence {1} nen it follows that

) Wik @] Trn (0) do, (0)

) 1 2n 5 2 §2
limsup — | 1O@ [V x| donO) < || == (25)
n—00 T Jo 5
On the other hand, fix # > 0 and use (21) to obtain
1 2 | Vi@ T IOI0@P
2n Pnn+k(2) 2n h(O)Z(0)

1 ~ o V@ L [ Ru(0)|Q2)
<— T (0 2 | Dnth e - — L= a4 26
52 ), g pnec@| T3 Ny TRORO) 20

Furthermore, for any j € Z
O Ia 2 doy (0
o ), T@IQ@I Wintj @ don(0)

L 1017 27
= — Tm 9 ~—— n.n+i hn 0 d n 0
2n/0 ( )h(e)g(e)W i @7 (0) day (0)

2n A 2 ) 2
+i 10 (220 _ 100
27 HOYROBRIOYIC)

) Wons ;@ (0) doy (0)

107 101
hg,  hg

REPNLIO]; N
< / h(@) (0)|wn,n+j(2)| hn(0)do, (0) +

ITnll5-
s
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Therefore, on account of (9) and the convergence of the sequence {g,,},,cn, We have
1 27
lim sup e Tu(0)10@) 1Y, it @ doy(0)
0

n—o00
Q2

27n 2

<L [Pr0 208 4, |2
h(H)g(H) he |5
Now, let us consider the first term on the right-hand side of (26). Set g = deg(é), then
1 [ ~ S W@

2 | g [P
2n Jo @n,n—i—k(z)
l/jn,n+k—m—q(z) ?
(Pn,n-i-k(z)
@

(pn,n+k(z)

1T ll10.21£3 (5). 7)

do

1 2n -
=2—/ T8 () do
T Jo

1 2n
+%/0 m

1 21 -
<2—/ Tn (0|0
n Jo

lpn,n—i—k (Z)

2
—1]do
lpn,n+k—m—q ()

lpn,n+k—m—q (Z) 2
qon,n+k(z)

2 1 2n
_1 _/
2n 0

[0,27]

do

'ﬁn,n—&-k 2 do

+

lpn,n+k—m—q ¢n,n+k(z)

Now, we take limit, as n tends to infinity, in the expression above and use (19) and (21) to obtain

1 21 - o 2
limsup — | = T,(0)|Q(2)I? Ynnt@ " g
n—soco 2T 0 (pn,n+k(z)
1 2r ) 2
<£6(m+q,5)(|IT lIt0,271) lim sup — 10(2)] do
n—oco 2T 0 (pn,n+k(Z)
1 2m ~ nntk—m—q'\< 2
+limsup — | T,,(0)| Q) Ynsiem=a@ " 4 (28)
n—soo 2T 0 q)n,n+k(z)
Since (see [9, (1.20)])
2n ) 2 2n 5 )
106 40 = [ 18P [ss @I don(0),
/0 Pnn k(@) 0 nrtion—a @)
from (25) it follows that
2 "2
—m—g(Z
limsup — 2 [Vnntkom—q(2) do< 9—~ (29)
n—oco 2T (/)n,n+k(z) hg 5
Analogously, using (27) instead of (25), we have
2n - o (z 2
lim sup / T @90 2| Lrnthom=a @[ 4
n—oo JO Pk (2)
Lo 0@ Q? ~ =
<— ~ d0+ || == T L3(9). 30
Zn/o ()h(G)g(H) 77| I T ll0,271£3(0) (30)
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From (28)—(30) it follows that

1 21 - 2
timswp — [ T @18 | L2 E ] g
n—oo 2T Jo @tk (2)
- » A2
<Le(m + q, )| Tullfo.2m)
5
2n 2 a2
10()] 0 5
— Tn(0)=————dO0+ |==|| 1 Tull0.2mL3()
/ nogo gl
1 N - -
=5;/ mwwzébfw+£am+qﬁmnmmhh 31)

where /3’6 (m+gq, 5) tends to 0 as o tends to 0. Finally, from (26), (3 1), and (22) we conclude that

. 1 (7 . Vs (@ | 1 10(2)]?
1 — 0 2| Dot 20 g — — do
Ti?(mco‘ﬂ)@@” @) 2 ), f(%wmw>
1 [ 10(2)? ~ %
<— T, (0 R, (0)) = do+ L , O T -
<2nﬁ (T(0) = RO 51200+ Zyton +.0, DIz
1012
| n+Lim+q.0( sup IfOI+n). O
hg ||z 0e[0.27]

3. Proof of Theorem 1

As pointed out after the statement of Theorem 1, in proving this result we can limit ourselves
to the proof of (3). Let us begin with some elementary facts. Fix k € Z. The n + k simple zeros
of the monic orthogonal polynomial L, ,, 1 lie in the smallest interval containing the support of
the measure du,, /wy, with respect to which it is orthogonal. Moreover, between two consecutive
mass points of y,, contained in S \ [—1, 1] there may be at most one zero of L, ,4+k. These are
well-known properties of polynomials orthogonal with respect to a fixed measure, and nothing
changes here because the parameter # is fixed. Let x(") - < x:ﬁ)k be the zeros of L, ;1«.

Lemma 5. We have

n+k (”)
p(x;7)
/ p(x) dun(x) = Z )vn, —(n))

w2, (x) =0 o (x

for any polynomial p of degree <2n + 2k — 1, where

2
Ly nvi(x) W2p (X;n)) d,un (x)
o = ) o) >0
Lz/a,n+k(xj )(x — xj ) W, (x)

Proof. Since n is fixed, the Gauss—Jacobi quadrature formula gives

n+k

[ o) _ 5 h !

w2, (X)
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with

2
Ln,n—i—k(x) d/JLn(x)
Anj = / (n) (n) x)’
Ln,n+k(xj )(x — xj ) Wan (X
We only have to take 4, ; = wa, (xj."))A”, ;j and observe that for each j, wa, (xi.”) ) has the same
sign as wo,(x),x € §. O '

From this lemma, we obtain.

Lemma 6. Suppose that, for each k € Z, ({du,}, {wan}, k) is admissible on S. Then, for any
function f, continuous on the convex hull [a, b] of S

n+k

[f(X)du(x) = lim > )Ln,jf(xj("))_
j=0

Proof. Using the quadrature formula, it follows that

n+k

/ FEdpe) =" i F)
Jj=0
_ p(x)
= | f@du) — [ ) dp, )+ | (fG) - d, (x)
w2, (X)

n+k (n)
plx;)
+ Z < ’ (n))

- f(xj"b) I,
j=0 \W2n ()Cj
where deg p <2n + 2k — 1.

It is well known that the condition (iii) of admissibility implies that the rational functions of
the form p/w», are dense in the space of continuous functions on [a, b] (see, for example, [4,
Corollary 1]). Let ¢ > 0 be arbitrary. Take p/wo, so that | f(x) — p(x)/wa,(x)| < &, x € [a, b].
From the previous equality we see that

n+k

/ F@dpee) =Y dnj M)
=0
n+k
< ’ / FO)dpx) — f F@)dp, ()] +¢ / dity) + Y I
j=0
From the condition (i) of admissibility, it follows that
n+k n+k
lim sup / fx)du(x) — Z ;t,,,jf(xj(.")) L<e |1+ /du(x) + lim sup Z An,j
n—oo n— o0

J=0 J=0
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If £ > 0 one can take p = w, in Lemma 5 and get Z;’ig Jn,j = [ du,. When k<0, using the
quadrature formula we can still eliminate 2n + 2k — 2 factors of w», and from (ii) it follows that

n+k
D dnj<Maya (sup{l +|x/y| : x € [a,b],y € R\ [a, b]} < 00)> .
Jj=0

This and the inequality above complete the proof taking into consideration that ¢ > 0 is arbitrary.
O

Remark 1. An immediate consequence of Lemma 6 is that each point in supp(x) \ [—1, 1] is a
limit point of zeros of the sequence of orthogonal polynomials {/,; ,+}nen- To prove this, take a
small neighborhood of a mass point of y in supp(w) \ [—1, 1] containing no other mass points of
w and assume that there exists a subsequence A of indices for which the polynomials {/,, s+« }neA
have no zeros in the prescribed neighborhood. Take a continuous function f, positive on the chosen
neighborhood and equal to zero outside. Applying Lemma 6 to such an f we obtain a contradiction.
This observation is used in the proof of Lemma 9 below.

Let us use the well-known connection between measures supported on [—1, 1] and on [0, 27].
Let o be a finite positive Borel measure on [—1, 1] and let p be the measure supported on [0, 27]
given by

| —a(cos0), 0¢€]l0,n],
p(0) = { o(cos 0), 0 € [n, 27]. (32)
Since wy, is non-negative on [—1, 1], there exists an algebraic polynomial (see [25, p. 3])
W}, (2), deg(W,,) = i,, whose zeros lie in {|z| <1}, such that

waa (cos ) = Wy, (€))%, 0 €[0,2n].
Take Way(z) = z2"in W}, (z). Then, deg W5, = 2n and

w2, (cos 0) = [Wan(e') 2, 0 € [0, 2.
Let {0, },en be a sequence of finite positive Borel measures supported on [—1, 1] and {p,,},,cn the
corresponding measures on [0, 27] given by (32). Set dt, = do, /w2, and doa, = dp,, /|W2n|2.
Then, 1, and 07, are also connected by formulas similar to (32). Let us denote by {®2, 1 }menN

and {¢,,, ,, }meN, the sequences of monic orthogonal polynomials and orthonormal polynomials,
respectively, with respect to daz,. It is well known that (see [25, Theorem 11.5])

1
ai(rfn) = E\/(l - (DZn,Zm(O)) (1 - (®2n,2m71(0))2) (1 + q)2n,2m72(0))’ (33)
b = 13y 20— 1(0) (1 = @22 (0)) — 102 241 (0) (1 + D2y 2 (0))

where {a,ﬁf”)}meN and {b;,f")}meN are the sequences of Jacobi parameters of the measure 1,,,
n e N.
As a consequence of Lemma 2, we have
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Lemma 7. Suppose that ({do,}, {wan}, k) is strongly admissible on the set S C [—1, 1] for all
ke Set K ={x e [—1,1] : d(x) > 0}, where o is the weak* limit of {o,}. Assume that
|[IC| =2 — 6. Then, for each fixed k € 7

1
o3|+ i

n+k

2

n—oo

lim sup ( ) < L(9), (34)

where L(0) tends to 0 as 0 tends to 0.

Proof. It is easy to see that the corresponding sequence of measures on the unit circle, {p, },eN.,
verifies that ({p,}, {W2x}, k) is strongly admissible on [0, 27] for all k € Z. Therefore, we can
apply Lemma 2. Notice that £ = {x € [—1, 1] : arccosx € K}, where K = {0 € [0, 2x] :
P’ (0) > 0} and p is the weak™ limit of {p,}. Thus, |K| = n|K|>2n — 7d. From Lemma 2 and
formula (5), we have

limsup [ D2, 20126—; (0| < L1 (m0),  j=0,1,2,—1

n—o0

for each fixed k € Z. Therefore, (34) follows using (33). O

Lemma 8. Ler ¢ > 0 be fixed. Suppose that ({dv,}, {wan,}, k) is strongly admissible on [—1 —
g, 1 +elforallk € Z and V' (x) > 0 a.e. on [—1, +1], where v is the weak* limit of {v,}. Then,
for each fixed k € 7, we have

) 1

(Tn)
an+k — E’ + b

n+k

n—oo

lim sup ( ) <L*(e), (35)

where L*(g) tends to 0 as ¢ tends to 0 and dt, = dv, /wa,.

Proof. We define dv(x) = dv((1 + &)x), dv,(x) = dv,((1 + &)x), n € N. Since supp(v) =
(1 + &)supp(v) we have supp(v) C [—1, +1] and supp(v,) C [—1, +1]. Furthermore, V'(x) > 0
a.e. on the interval [—1/(1 + €), 1/(1 + ¢€)]. If we define K as in Lemma 7 (for ), it follows
that [K|>2 — 2g/(1 + &). Set Wy, (x) = wa,((1 + &)x), then the polynomials wy, have real
coefficients and Wy, (x) >0 for x € [—1, 1]. It is easy to see that ({dV,}, {wa,}, k) is strongly
admissible on [—1, 1] for all k € Z with V the weak™* limit. Thus, from Lemma 7 it follows that

lim sup <a£’r’,)c - 5‘ + bfj;l)( ) <L), (36)
n—oQ

where 6 = 2¢/(1 + &) and dt,, = dv,,/Wy,, n € N.
For each n € N, denote by l,(fj;f , respectively, l,f ’,’,,) , the mth orthonormal polynomial with
respect to the measure dt,, respectively, d7,. From the orthogonality relations satisfied by both

sequences of polynomials it follows that
X
e =15 (1)
Using the recurrence relations (1) applied to both sequences of polynomials, we obtain

(Tn) (Tn)
a b
afi = =

, n,me N.
1+¢ 1+¢
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In view of (36), we have

1+¢ 2e
. (‘En) (Tn)
1 - — b <1 L .
ggy(%ﬂ 5 +n%) (1+¢) @+8)
Since
AN l‘ @ 1+e| ¢
n+k 2 ~ n+k ) )

we obtain (35) with
" € 2¢

Let us return to the proof of Theorem 1. For each N € N, we can define a new measure ,u(N )
obtained from u removing N isolated points x1, x3, ..., xy from S, as follows

2

N
Mmm=<ﬂu—m>¢my
i=1

We construct these measures in the following way. For each ¢ > 0, choose N = N(¢) € N, such
that, x1,...,xy € R\ [l —¢&, 1 4+ €] and supp(u(N)) C [1 — &, 1 + ¢]. Analogously, for each
varying measure y,,, we define

2

N
duM (x) = (H (x — x;-)) Ay, (x). 4D
i=1

For each N € N, it is easy to prove that ({d,u,(fv) }, {wan}, k) is strongly admissible on
S\{x1,...,xy}forallk € Z. Also, {uﬁ,N)} is a Denisov-type sequence. By {a,(lf\f,z Y >0, {b,(ll,v,,z tm>o0
denote the Jacobi parameters of the measure d,u,(lN)/ wa,,n € N. We can apply Lemma 8 to

({du,gN)}, {wap}, k) and the following result completes the proof of Theorem 1. [J

Lemma 9. Forall N € N and each fixed k € Z, we have

. N .
h;rlsol;p ar(l’n)Jrka = hirlsol;p An.ntks (38)
L N L

hnrggéf aé,n:_k_N = lkrggéf . n-tks (39)
. N .

lim sup br(z,n)+k7/v‘ = lim sup |bn’n+k|. (40)
n—o0 n— o0

Proof. Without loss of generality, we can limit ourselves to the proof of (38)—(40) for N = 1. For
n,m € N, denote by Lf,lz,, the monic orthogonal polynomial with respect to du,(,l)(x) /w2, (x) and
by l,(,lzn (x) = y,glan,glzn (x) the corresponding orthonormal polynomial. Set;; ;, (X)=7,, ;, Lni,m (X).
Therefore, (see (2))

)

Vn,m (1) Vn,m
an,m = ; ) nm = (1) :
Yn,m+1 yn,m+1
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Let k € Z be fixed. As a consequence of Lemma 6 we have that there exists a sequence {xn +k}

n e N,n> —k, such that [, ,,+k(x +k) =0and x; = lim,_ x - From this, we can deduce
that there exists a sequence {1, n+«}, n € N, n> — k, of non- negatlve real numbers, such that

X — X

(n)
n+k

<1+ Tn,n+k> (41)

X —Xx
uniformly on the compact set S \ {x1} and

lim Tk = 0. (42)
n—0oo

Taking (37) and (41) into consideration, we have

1 . 2, du, (x)
5 = min xX)————
Vpnk  POO=2T IR wan (%)
du, (x 1
< min / Pz(x)(x _xl)Z :un( ) _
2
P(x):x"*k’l—i---- R Wop (-x) (,\ 1) )
/n n+k—1

. (x)

< min P20)(x — x™ )21 4+ 1 kz—ﬂ"

P(X):xn+k—l+..-\/R O n+k) ( k) won (X)

N

2
ln n n d n
(1 + Ty psn)? / (— +£(%) ) (6 — a2 Ha )

Yok (X — xr(zrjr)k) wan (x)
(1+ Tn,n+k)2
Vrzz,nJrk .
Then,

1 1
2 et Ttk <A Tk Vo i1 43)

Also consider (43) replacing k by k + 1. From both sets of inequalities, we deduce

()
nn+kl

14 Tn,n+k+1

which proves (38) and (39), because of (42).
In order to prove (40), we use the following representation for the Jacobi parameters:

D
bn.m :/X(ln,m(x))zw’ br(zlzn :‘/x(lr(l%r)n(x)) d.un (x)
" R

1
Sapnrk <+ Tn,n—&—k)a,(,,r),_,_k_l s

wo, (X) W (X)
Then
"2
b /n n+k 5 (1)
n.n+k — T n,n+k—1
/n n+k—1
Vo ik (12 2 | du, (x)
‘/ n n+k(x) (1")2” ln n+k— l(x)(x —x1) #()C)

nn+k 1
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Y k
QB/ bk (x) — “’;Ll,(,ln+k l(x)(x_xl)
R ))n n+k—1
Vn.ntk dpt, (x)
zn,n+k<x>+(;§¢l“,,+k L) — x| 2
Vnntk—1 20 (X)
2 o 12
Vn,n+k u,, (x
S R e RGO
R yn n+k—1 Wn (x)
12

2
y dty ()
x /R (ln,n+k(x)+({;++"l,ﬁlfl+k 1(x)(x—X1)> St

A w X
/nn+k 1 2n( )

where B only depends on S. Since,

! "y, Va
X F
/R (zn,n+k<x)i L l(x)(x—x1)> W'Dy pp g Juntk

(1)?
yn n+k—1 Wn (x) yn n+k—1
we have
/ . yz . 1/2 yz . 1/2
n,n+ n,n+ n,n+
bn,n-‘,—k - (1)2 bn n+k—1 g B (1)2 -1 3 + (1)2
yn n+k—1 yn,n+k—1 ))n n+k—1

Now, take limit, as » tends to infinity, in the expression above. This, together with (42) and (43),
implies (40). O

Following the same scheme as in the proof of Theorem 9 in [13] (see also [5, Theorem 8]),
from Theorem 1 one obtains

Corollary 3. Suppose that, for each k € Z, ({du,}, {wa,}, k) is strongly admissible on S and
{w,} is a Denisov-type sequence on S. Then, for each k € Z, and any function f continuous on S,
we have

d
im [ rex )n,,+k(X) Mn(X) /f( y_x

n—00 W, (x)

4. Proof of Theorem 2

We can assume that each function s, = hg, is non-negative on S and Qh,jlEl e L>®(S),n e N.
It is obvious that ({/, du,,}, {w2,}, 2k) is strongly admissible on S for all k € Z.

For each ¢ > Oand n € N, we deﬁne d,u(g) = duﬁ,N), where d,uE,N) is given by (37) and
S\[-1—e, 14+€] = {x1,...,xn}.Let {l,,,m}meN and {Ziff?n}meN be the sequences of orthonormal
polynomials with respect to dﬁff) /w2, and h,, dﬁ,(f) /w2y, respectively.



D.B. Rolania et al. / Journal of Approximation Theory 139 (2006) 223 -256 245
Lemma 10. For each fixed k € Z, for each ¢ > 0, and for all x in C \ S,

~(&)
nn+k(X) _ 9nntk (x)

liz,n+k(x) B 72831+k X

un,n+k(x78)v n> _k,

where limy, o0 Uy 1k (x, €) = 1 uniformly on compact subsets of C \ S.

Proof. As in the proof of Lemma 9, we can limit ourselves to the case when N = 1. As in

that Lemma, we denote by [, (1) mx) = y,(}i,,x + -, yfllzn > 0, the orthonormal polynomial of

degree m with respect to d,unl)(x)/wgn (x), where (x — x1)? du,(x) = d,ufll)(x). Set Iym(x) =
Vn,mxm +y Vn,m > 0.
From the orthogonality conditions satisfied by /,, ,+«, we have that

Yn,ntk (1)
l"*”‘f‘k = (1) OB n,n+k +n, 1ln n+k—1 +cn 21}1 n+k—2’ 44
"n ,n+k
where
(€]
| dup " (x)
Cn,i = /ln,n+k(x)l,(, 1)1+k l( Xx) w;ll(x) , i=1,2.
F

Using the Cauchy—Schwarz inequality it follows that
sup{lcail tn e N,i =1,2}<M < oo.

On the other hand, using (3) (for the Denisov-type sequence { ,uﬁ,l)}), (42), and (43)

(Y]
li Vn,n+k yrz,n+k—1 1
= lim = —.
n— 00 q(1) n—00 w(l) ey 2
/n n—+k /n n+k—1 /n,n+k

Consequently, on account of (4) (for the Denisov-type sequence {,uf,l) 1), the sequence {I, n+k/
,(ll,)l 4x5> 1 € N, is uniformly bounded on each compact subset of C \ (S \ {x1}). Let us prove that
in fact it is convergent.

Let A C N be such that the subsequence {/,, ,,+1/ ln n +k}’ n € A, is convergent on compact

subsets of C \ (S \ {x1}). Passing to a subsequence, if necessary, we can assume that

limcy,;i=c¢, i=1,2.
neA
Because of (4) and (44)

. ln,n—i—k 1 C1l (&)
,111611/‘{ N = §+@+@ = pAa(1/'P),
ln,n+k

uniformly on compact subsets of C \ (S \ {x1}), where pp is an algebraic polynomial of second
degree whose independent term does not depend on A and is equal to . In order to prove that
the whole sequence converges it is sufficient to show that the two zeros of pa are the same for
any A.

One of the zeros of pp must be equal to 1/%¥(x;). Indeed, we know that the sequence of
polynomials {/,, ,1«}, n € N, has a sequence of zeros which converges to x; and the limit function



246 D.B. Rolania et al. / Journal of Approximation Theory 139 (2006) 223256

is analytic in a neighborhood of that point. By Hurwitz’ theorem either pp (1/%¥(x1)) = 0 or the
(1
n,n+

but we know that this last assertion is not possible since du = (x — x1)2du has no mass point at
x1 (see Lemma 6 and the remark following it).

Let us find the second zero of pa. Using the orthogonality conditions of I, 4, l,(llzl e
(44), we obtain

sequence of polynomials {/,", ., }, 7 € N, must have a sequence of zeros which converges to x1,

and

(D ()
bk @) a9 Yunk [ lnansx @) ditn” @)

(x1 — x)wzn (x) yff) ) G mDwa)

/ o e @) du” () /1,5 D @ du? ()
+cn1 Cn2
(x1 — x)wa, (x) (x1 — xX)wo, (x)
S 1 ) duf () et /lf,‘i+k () di (x)

V§1131+klr(z ,)Hk(x]) (x1 — x)wan (x) l(l)+k l(xl) (x1 — X)wau (x)
i

tn2 o2 () ity ()
o 1 — D)W@)
Ly k2 (1) ! n

Multiplying this equality by ln 4k (X1), using (3), and Corollary 3 applied to the function (x; —x)~!
which is continuous on S \ x1, and taking limit on n € A, it follows that

0=14c1P@1) + ¥ (x1) = pa(¥(x1)).
Consequently,
pAR) = (1 = 2P () — 297 (),

independent of A and, thus,

tim S 2w - ¥ ¥ (),
n—00 lr(z r)z+k(z)

uniformly on compact subsets of C \ (S \ {x{}). By the same token

. qn, n+k
lim

n—oo (1
qn n+k

(1 Y ")) - @Y (x1)),

uniformly on compact subsets of C \ (S \ {x1}) and the assertion of the lemma readily follows
when N = 1. The general case is obtained in a finite number of steps. [J

As a consequence of Lemma 10, for any fixed k € Z and for each ¢ > 0, we have

~(€)
(x)
lim Gnntk(X) fq\(”)& (45)
n=>00 Iy pyk(x) n—00 n€n+k(x)

uniformly on compact subsets of C \ § if one of two limits exists.
For each ¢ > 0 we define a new sequence of measures given by

du'® (x) = di® (1 +e)x), xe[-1,1], neN.
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Then, supp(t) c [=1,11, 12" (x) > 0 ae. in [=1/(1 +¢), 1/(1 +&)] and supp(u) \
[—1/(1 4+ ¢),1/(1 4 ¢)] is, at most, a denumerable set whose only possible accumulation points
are +1/(1 4 €). For each ¢ > 0, define the functions 2®(x) = A((1 + &)x), g®(x) =
(14 8)x), 22 (x) = gn((1 + &)x), ' = ®g'® x € 5. From the fact that the functions
h, g, gn, hy are defined on S, it follows that the corresponding functions £1©, g©, ¢! 1) are
defined on §® = {x/(1 4+ ¢) : x € S}. Denote by {I 8m}meN and {qnsm}meN the sequences

(8)/w(6)

of orthonormal polynomials with respect to d,u(E)/ w(g) and h(g) respectively, where

wz;) (x) = wy, ((1 4+ &)x). Then, as in the proof of Lemma 8, we have

X X
700 = () Toneo =10 ()

and, because of (45), it is sufficient to study the ratio

4@ ( X )
n,n+k 1
I+e) _ Itk N xeC\S (46)
(&) X Mn,n+k(x7 €) ln,n+k(x)
n,n+k 14+¢

for each k € Z. In other words, the convergence of {qn,”_H( / ln,n+k} on C\ S is equivalent to the
convergence of {qr(lgl)1+k/lr(l&:l)1+k] onC\ @,

Let us go to the unit circle again in order to apply Lemmas 3 and 4. Set ﬁ(g)(ﬁ) = h® (cos ),
TOW0) = g®(cos0), 2 (0) = g\ (cos 0), B = h©FE), where 0 € §© = (B € [0, 27] :
cosf € S®). For each n € N, let daég) be the measure supported on [0, 27] associated
with du /wl?) according to (32). That is, da' (0) = dpi (0)/IW, (€0) |2 where dpl () =

(6) (cos 0) and |W(8) (e! 0)|2 = )(cos 0). Then, the support of 0'(8) is contained in S©. From
the hypothesis of Theorem 2, it follows that ({dp“’”} Wy, 2k) and ({h(” Ao}, (Wi, Zk)
are strongly admissible on [0, 2x] for all k € Z.

By {(p2n mImeN, {l//zn mJmeN denote the sequences of orthonormal polynomials with respect

to d og’) and 7 d aégn), respectively. For each fixed k € Z, we have

00 ) o
n,n+k 2n, 2n+2k n(gy?+k( ), w=x+ ©2 _ 1, neN, (47)

n,n+k (x) (P2n,2n+2k(w)

where (see [5, formula (29)])

(&)*
lp2n,2n+2k(w)

(&) (&)
) Vo aniak W) | T+ @505 10 (0)

n,n+ (e)
P ok W)\ 1+ ¥, 2, 404(0)

lw| > 1 (48)

(¢)
P2 2n 42 (W)

and {(Dgfl) mimeN {‘Pg’) mJmeN are the sequences of monic orthogonal polynomials corresponding

to Wéﬁ,{m}mel\l and {wgfl),m}meN, respectively.
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First, we will prove that {qn,nJrk [ lnntk }neN is uniformly bounded on each compact subset of
C\ S. Let K be such a compact set. Fix ¢ > 0 sufficiently small so that K N[—1 —¢, 1 +¢] = ¥.
Set K = {w e C: (1+¢)w e K}, notice that K® N[—1, 1] = @. It is sufficient to prove that

{%58;)1 /! 1) }neN is uniformly bounded on K ). Obviously

n,n+k
(&)*
Vo ons2k (W)
B 1[0,
Vo ango (W) 20,2042k V(F) (w)’
(5‘)* n+k
14 Pon,2n+2% (W) 1+‘\P(8)2n+2k(0)‘
()
P22k (W)
S (w)
1+‘ 2n,2n+2k ©
&
lpg;)zn+2k(w) "D 2n+2k(0)‘
(&)* )
| — | P2 an2k W) [\ 1 — ’T(Ziz),2n+2k(0))
(&) (w)
Pon,2n+2k

Using (5), (7), and (18) (for both sequences of orthonormal polynomials) we deduce that V(s) +k(w)
is uniformly bounded on K K© = {x + vVx2—1:x € K®)}. Thus, we only need to prove that
{l//g,),gnﬂk(w)/(Pée,,),ank(w)}nEN is uniformly bounded on K®. Set K& = {w e C: 1/w e
K©}. We have

(€) — @)

¥ (1/w) v (w) ~

?g)ﬂ"“k —| = ?:)f””" , weK® c{z:lzl <1}
P2 pnt2k (1/W0) P2, 2042k (W)

We can assume that the zeros of Q are in S, since other zeros do not have any influence on the
condition Qht! € L°°(S). Therefore, Q has real coefficients. Set Q) (x) = Q((1 + &)x), then

0® is an algebraic polynomial with real coefficients, such that Q(s)h(é‘)il € L®(S®). If we
take 0 (0) = (Q®(cos 9))2, then 0 is a trigonometric polynomial with real coefficients,
non-negative for all 0 € [0, 27]. From [25, Theorem 1.2.1] there exists an algebraic polynomial
~ ~ ~ 12 ~ L~ ~

0®, such that 0 () = ‘Q@ (ela)‘ _Thus, 0© (A )= € L°°(5®). Analogously,

(Q(cos 0))2 is a non-negative trigonometric polynomial with real coefficients. Thus, there also
exists an algebraic polynomial Q such that

)é(e"9>]2=(Q<cos6)>2 and Elgno\§<8>(z)(2=

uniformly on the set {z € C : |z| = 1}. For each n € N, the function

~ (s)*
Q(E) l//211 2n+2k
(e)*
Pon,2n+2k

is analytic on an open neighborhood of {w € C : |w|<1}. Then, for all w € K, K , we have
1 2n

=)
2n 0

0 W) e[

(&) i0
Popans2x(€)

0O s, )|
nent P(w, 0)do, (49)

(e)*
Pon2n2k (W)
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where P (w, 0) is the Poisson kernel. Let us use Lemma 4 to estimate the right-hand side of (49).
For this purpose, fix n > 0. Since

+00
P(w,0) = Z phl gin@=0) ) — pel® (50)

n=—0o

the trigonometric polynomials 7, and R, employed in the proof of Lemma 4 may be chosen so
that they verify (21) and (22) (with P(w, 0) playing the role of f) independently of w € K,ﬁs).
Therefore, using (23), for all w € K f) we obtain

~ 12
1 |89 P, o)
Son fo 1 ()7 (0)

~ * 2
O WIS 5,2 (W)

(e)*
P2 2n 42 (W)

lim sup do + 27(5, n, P).

n—oo

Since the Poisson kernel is bounded on compact subsets of {fw € C : |w| < 1}, we have proved that

0 () ()" ©©) (&)
{ (O3, o2/ Pom 22k }n < 13 uniformly boundedon X, ', thus { ‘//2n 2n+2k/ Pon,2n 42k }n N

is uniformly bounded on K, as we wanted to prove. In fact, the sequence {w;ﬁ] oo/
(PS,) om +2k} N is uniformly bounded on compact subsets of {w € C : |w| > 1}.
€
Let A C N be an infinite set such that

lim dnt ) ) v e, 51)

nelA ln,,,+k(x)

To conclude the proof of Theorem 2, it is sufficient to prove that TA(x) = D (1 / (ﬁg), 1/ ‘P(x)) ,
x € C\ S.In view of (46) and (51), we have

(&)
ntk ) _p (1 4oy, (52)
neA ® )

n,n+k A

uniformly on compact subsets of C \ §®. For each ¢ > 0, we can choose A, C A such that

‘ﬁ;i) 2n42k (W) &)
lim —5=— =T (w) and lim Vo w) = V), (53)
nEAe P2 ap ok (W)

uniformly on compact subsets of {w € C : [w| > 1}. Additionally,
lim V@ (w) =1,
e—0

unlformly on compact subsets of {w € C: |w] > 1} follows from (48), (5), (7), (18), and the fact

that 9 tends to 0 as ¢ tends to 0 (5 = (2me)/(1 + ¢), cf. proofs of Lemmas 7 and 8). For all w
with [w| > 1, set Ta(w, &) = T© (w)V® (w). Then, due to (47), (52), and (53), we have

Ta(w, &) = TA((1 +6)x), w=x+vVx2—1,

on{w: |w| > 1}\ Fs, where Fr = {x +v/x2 — 1 : x € S© \ [—1, 1]} is a finite set. Moreover,
the accumulation points of F = U0 ]?5 are the points x; 4 , /xl.2 — I suchthatx; € S\ [—1, 1].
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Therefore
1in(1) Ta(w, &) = m% TEO(w) = Ta(x), w=x+Vx2—1, (54)
&e— £e—

uniformly on compact subsets of {w : |w| > 1}\5—'\, where 7 = {x,'—i—,/xl.2 —1:x; € S\[-1, 1]}.
Since the functions 7, A(w, €) are analytic on {w : |w| > 1}, we can extend the convergence in
(54)to all {w : |w| > 1}. Set
Ta(w) = lim Th(w, &) = lim T® w), |w|> 1.
e—0 e—0
Thus, forall w € {w : |w| > 1} \f,
Ta(w) = TaA(x), w=x++/x2—1.
Define 7 (w) = Ta(1/w) and T (w) = T©) (1/w, then
Ti(w) = lim T (w), (55)
e—

uniformly on compact subsets of {w : |w| < 1}, where

(e)*
Y (2)
T\ () = lim 22

€A ) anyak (2)

We will prove that fg(w) =D(1/ (h3), w) which, in turn, proves Theorem 2. First, we show

that
1 2n
=,

is bounded for any » € (0, 1). That is, é TK € U—ﬂz, where H? stands for the usual Hardy space on
the unit disk.
Using (55), for each r < 1, we have

~ o~ . 2
Q(re’o)TX(re’O)‘ do

I PN
ﬂ/o ‘Q(re VT (re )) do

1 27~ . 2
= lim — / 0 NTO e do
e—0 21 Jo

2n 2

. .

Vi (re’?)
= .

@5, 2p s (re'?)

U 0 2ok €'

0® 9, 2012 (€10

1 ~ .
= lim lim — 0@ (ret?

e—0 neA, 21 Jg

é(s)(eie) 4o

1
< limsup | lim sup 7
T

2n
e—0 nelA;

‘ 2
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For each ¢ > 0, let us apply formula (23) with £(0) = 1 and S = S®. Fix 5 > 0. Then

1 2n
y
~ 12
| o ‘Q(S)(el())‘

< lim su — —_—
5_)0p ano h(e)(g)g(e)(g)

~ n o~ . 2
Q(re’e)TA*(re’a)‘ 4o

do+ L7, n,1) |, (56)

where Z7 implicitly depends on &. A careful study of the proof of Lemma 4 shows that this
dependence is expressed in terms of ||(Q®))2/(h(®)g®) I3 . Since

~ 2ne
and 0=
1+e¢

[0,27]

(0®)?

o2
hege ne

hg

s
e—0

5@

we have

lim sup £7(3, 5, 1)<Ch,

e—0
where C is a constant. Since # is arbitrary, applying the Dominated Convergence theorem to (56),
we obtain
~ 0 2
| gom O(e )‘
2n£ h(0)Z(0)

as we wanted to show. From this fact we can deduce that there exist radial limits

d0, Vre(,1), 57
2n

~ o~ 2 1 [2n
Q(rele)TX(re’B)’ d@g—/
0
lim 0reéHTi e’y = 0Tk (") ae.in[0,2n]
r—1-
and, obviously
lim Ti(re'’y =Tx (%) ae.in|0,27].
r—1-

For r € (0, 1) and z such that |z| = 1, using (49) and (55), we have

|§(rz)f§(rz)|2 = lin}) )é(s)(rz)Tf)(rz)’z

* 2
W(g)Zn,ZnJer (rz)

= lim lim [Q0®(rz)
¢=0 neA, @3 20421 (r2)
)
1 2n | ) (&) ez@
< limsup | limsup — Q(S)(elg)%ﬁk(ﬂ) P(rz,0)d0
e—0 neh, 2T @5 2ntok (€1)

For each ¢ > 0, apply again formula (23) with f(0) = P(rz,0) and S = S©. Fix > 0 and
consider r <R < 1. Then

~ 12

N _ ) 2m ‘Q(g)(ele)‘
ro)TE(r < limsup — = S a~(e) o
|Q( 2)Tx( Z)| g%op 2w Jo  hE ()3 (0)

+ lim sup Z7(3, n, P(rz,-)).

e—0

P(rz,0)do
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The same considerations used to prove (57) equally work here taking into account (50) and the
fact that r <R < 1. Since R is arbitrary,

oy e
|Q(r) T (r2)| <%/0 WP(rz,@)d@,

for all r € (0, 1). Taking limit as r tends to 1, we obtain (see [23, Theorem 11.8])

2<|Q(e’)|

<= a.e.in [0, 27].
h(1)g(1)

PIESTHED

Therefore,

a.e. in [0, 27], (58)

~ .12 1
Taen] <=—

A h(OZ (1)
which, in particular, implies fA* e H2.

Similarly, it is possible to prove that {ln’n+k /q,l,n+k} is also uniformly bounded on compact
subsets of C \ S. Therefore, we can assume that A C N was chosen so as to additionally fulfill

. ln,n+k ()C)
lim =

= , xeC\S.
nelA qn,n+k(x) TA(X)

An analogous statement is valid for A, C A. We can then repeat the above calculations, this time
with 1/T, replacing the use of (23) with that of (24). We conclude that

W <h(t)3(t) ae.in[0,2n]. (59)
Ale

Formulas (58) and (59) imply

W =h()z(t) ae.in[0,27].
NG

Furthermore, TX and (TK)_] belong to H2. Therefore, log TX € H! and we have

log | T (z)| = % /027[ log ‘fg(ei‘})‘ PGz 0)d0, |z| <1.
In particular,

log |TX(0)| =log | D (1/(h®),0)| = log D (1/(h%), 0).
From (55) we know that ?A* (0)>0. Then

log T3 (0) = log D(1/(hg), 0). (60)
From this fact (see [23, Theorem 17.17]), it follows that

?A*(z) =D (1/(%@,1), lz| <1,



D.B. Rolania et al. / Journal of Approximation Theory 139 (2006) 223 -256 253

where 4 is a constant. But (60) implies that A = 1; therefore,
Tx() =D (1/(h®).2). Izl <1,

with which we conclude the proof of Theorem 2. [
5. Nikishin orthogonal polynomials

Let g1, 07 be two finite Borel measures with constant sign, whose supports supp(a), supp(a2)
are contained in non-intersecting intervals A1, Ay, respectively, of the real line R. Set

doo(1)
X —t

d(o1, o2)(x) = / do1 ().

This expression defines a new measure with constant sign whose support coincides with that of
o1. Whenever we find it convenient we use the differential notation of a measure.

Let £ = (o1,...,0,) be a system of finite Borel measures on the real line with constant
sign and compact support. Let A denote the smallest interval which contains the support of .
Assume that Ay N Agy; = @, k = 1,...,m — 1. By definition, § = (s1,...,5,) = N(2) is
called the Nikishin system generated by X if

s1 =01, $=1(01,02),..., Su=1(01,(02,...,0m)).

Fix a multi-index n = (ny,...,n,) € Zﬁ. The polynomial Qp(x) is called an nth multi-
orthogonal polynomial with respect to S if it is not identically equal to zero, deg On <|n| =
ny + - -+ ny,, and satisfies the orthogonality relations

/Qn(x)xvdsk(x)zo, v=0,....nx—1, k=1,...,m.

In the sequel, we assume that Oy, is monic; that is, has leading coefficient equal to 1.
Let

Y@ =meZ]:1<i < j<m=n;<n; +1}.

In [8] it was proved that, for all n € Z}'(®), the zeros of Qy, are simple and lie in the interior of
Aj.Foreachn = (ny,...,n,) € Zf(@), define recursively the following functions

Whni—1(t)
Wno(x) = On(x), Tn,k(x)=/%d0k(t), k=1,...,m.
In Proposition 1 of Gonchar et al. [10] it was proved that foreachk =1,...,m
/Tn,kfl(t)tvd(o’k,...,O’k+r)(t)=0, v=0,..., 004, — 1, k<Lk+r<m.

From here, the authors deduce that Wy x—1,k = 1,...,m, has exactly Npx = ng + --- + ny
zeros in C \ Ax_1, that they are all simple, and lie in the interior of Ag. Let Qp x be the monic
polynomial of degree Ny x whose simple zeros are located at the points where Wy, 1 vanishes
in Ay and let Qp ;41 = 1. In Proposition 2 (see also Proposition 3) of [10] the authors prove that

/X"‘Pn,k_l(x) doi(z)

—— =0, v=0,...,Npx—1, k=1,...,m. 61)
On t1(x) "
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Set
_1Whi—
Hn,k _ Qn,k 1 Tnk—1
Qn,k
From (61), we have that for each multi-index n = (ny,...,n;) € Zﬁ(@) there exists a system
of monic polynomials
m
{Qn,k}?:p deg Onk = Z Ny = Nni, Ono=Cnmtl = I, (62)
a=k

satisfying the system of full orthogonality relations

| | Hn o (x)] do (x)
%" Onx(X) ' =0, v=0,....,Nax—1, k=1,....m,
f M Onk 1 () Ot 1 ()] mh

with respect to a varying measure. (Notice that Hy x and Qn t—1On k+1 have constant sign on
Ag, thus we can take absolute value of these functions under the integral sign without affecting
the value of the integral.)

Our goal is to state a result on ratio asymptotics for the polynomials {Qn«};; When the
measures o, k = 1, ..., m, are of Denisov type. In particular, for Qn = Qn 1. It extends to this
class of measures Theorem 1.2 of [1]. The proof is basically the same as in that paper. The answer
is given in terms of certain algebraic functions of order m + 1 (as in the Denisov—Rakhmanov
theorem form = 1). In the sequel we will assume that foreachk = 1, ..., m,supp(ay) = Ay UE,
where o) > 0 a.e. on A and Ej is a set of isolated points in R \ Ag.

To introduce these functions, we consider the (m + 1)-sheeted Riemann surface

m
R=J R
k=0

formed by the consecutively “glued” sheets
Ro:=C\Ai, Ri:=C\{AcUMs1}, k=1,....om—1, Ru=C\Ap,

where the upper and lower banks of the slits of two neighboring sheets are identified. Fix [ €
{1,...,m}. Let w(l),l = 1,...,m, be a single-valued rational function on R whose divisor
consists of one simple zero at the point c0® € R and one simple pole at the point co) € R;.
Therefore,

V@) =Ci/z+01/%), 72009, YD) =Cz+0(1), z— 0P, (63)

where C1 and C; are constants different from zero. Since the genus of R equals zero, such a single-
valued function on R exists and is uniquely determined up to a multiplicative constant. We denote
the branches of the algebraic function lp(”, corresponding to the different sheets k = 0, ..., m of
R by

y O =y,

In the sequel, we fix the multiplicative constant so that

[Tvi =1 (64)
k=0
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For any fixed multi-index n = (nq, ..., n,), set
l.
n o=y, ..., 0o, n+ Ly, ).

Given an arbitrary function F(z) which has in a neighborhood of infinity a Laurent expansion of
the form F(z) = Cz¥ + O(zF~1), C # 0, and k € Z, we denote

Now, we can state the general theorem on ratio asymptotics for multiple orthogonal polynomials
of a Nikishin system.

Theorem 3. Let S = N (o1, ..., 6,) be a Nikishin system with supp(cy) = Zk UEy and ), > 0
almost everywhere on Zk, k=1,...,m. Let A\ C Z+(®) be a sequence of multi-indices such
that for allm € A and some fixed | € {1, ..., m}, we have that n e Z4+(®) and n1 — ny <d,
where d is a constant. Let {Qn 1}y, m € A, be the corresponding system of monic polynomials

(62). Then for each fixed k € {1, ..., m}, we have

. Owi@ O
116151\ Qn—:(z) = Fk(l)(z), z€ K c C\ supp(oy)
n n,
where
m
i 1
FO =TT v
v=k

and the algebraic functions wg’) are defined by (63)—(64).

The proof of Theorem 3 is based on three steps. First, you show that the zeros of the multiple
orthogonal polynomials Qnk, k = 1,..., m, interlace. To prove this, follow Section 2 in [1].
On the other hand, the zeros of the polynomials Qnx which lie in A \ Ay are attracted to
the mass points of g; as we saw follows from Lemma 6. Therefore, given [, for each fixed
k = 1,...,m, the ratios Oni t/Onk,n € A, form normal families of analytic functions in
C \ supp(ay), respectively. Secondly, using Theorems 1, 2, and Corollary 3 one proves that the
limit functions of any convergent subsequence satisfy a system of boundary-value problems on
the intervals Ag. This is done as in Section 3 of [1]. The varying measures to be considered are of
the form

Chn k| Hn i (x)| doy (x)
|Qn,k—l (X)Qn,k+1 (x)] '

where the Cp  are normalizing constants such that foreachk =1,...,m — 1,

1
lim G k1| Hn k+1(2)| = .
nen T WVGE=bOG —ap)l
uniformly on compact subsets of C \ Ag. The existence of such normalizing constants is clearly
indicated in [1] and is based in the present situation on Corollary 3. In [1], instead of Theorems 1,
2 and Corollary 3, the authors make use of similar results for orthogonal polynomials with respect
to varying measures without mass points outside of A developed earlier by B. de la Calle and
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G. Loépez contained in [5,6]. To conclude, you show that the system of boundary-value problems
has a unique solution which may be expressed by means of the algebraic functions defined above.
The proof is exactly as in Section 4 of [1].
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