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Abstract

We show that any completely monotone L” function on [0, 00) is the || - ||, limit of a sequence of
Dirichlet series with non-negative coefficients. This answers a question of Liu (2001).
© 2019 Elsevier Inc. All rights reserved.
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1. Introduction

We begin with the basic

Definition 1.1. A function f : (0, 00) — [0, 00) is completely monotone if it is C*° and
satisfies

D" >0 ¢>0,n=0,1,...). (1)

In addition, following [7, Chapter IV], we will say that a function f : [0, c0) — [0, 00) is
completely monotone if it is continuous at 0 and satisfies (1).

The class of completely monotone functions on R = [0, co) will be denoted by CM (R™),
and those on (0, co) by CM. For a general discussion of properties of completely monotone
functions see [0].
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For a set S of non-negative functions or measures on [0, co) define

n
spH($) = 1> oufioax =0, freSn=1,2...¢.
k=0
This is just the cone of non-negative linear combinations of elements of S.
By a (general) Dirichlet series we mean a finite series of the form

n
> arexp(—xis), (s € RY),
k=1
where {a;} C C, and {A\;} C R™ is a strictly increasing sequence.

Let 1 < p < oo. In [4, Theorem 5] it was shown that the || - ||, limit of a sequence
of Dirichlet series with r}lonnegative coefficients, which is continuous, lies in CM(R™). That
is, spt{exp(—As), A > O}"'Hp N CRY) c CM(R"). The question as to whether or not every
function in CM(R*) N LP(R*) was necessarily such a || - ||, limit was left unresolved. This
question is answered in the affirmative in Theorem 2.5 below.

Remark 1.2. The case of p = oo is fully dealt with in [4, Theorem 4].

The fundamental fact concerning the class CM is the following consequence of Bern-
stein [1]. See, for example, [7, Theorem IV.12b], [2, Theorem 5.2.5] or [6, Theorem 1.4].
The original is [1, page 56], where it is couched in terms of absolutely monotone functions.

Theorem 1.3 (Bernstein). A function f : (0, 00) — R* is CM if and only if there is a positive
locally finite Borel measure u on R™ such that

o0
0= [ e 0. @
0
The measure w is finite if and only if f extends continuously to a function in CM(R™).

Note that u is necessarily unique, and is such that the integrals (2) are finite for each ¢ > 0.
We will refer to p as the Bernstein measure for f.

Remark 1.4. The measure i in Theorem 1.3 need not be finite, but its local finiteness is
automatic. For taking M > 0, for > 0 we have

M M o)
f du <e™ / e *du(s) < e™ / e du(s) =e™ f(1) < oo.
0 0 0

2. The result

We need the fact that a finite (indeed, o -finite) measure 1 on R™ has a unique decomposition
W = [c + ug where . is continuous (that is, u.({x}) = 0 for every x € RY), and ugq is
discrete, [3, Theorem 19.57].

Lemma2.1. Takel < p < oo. Let f € CM(R™) with Bernstein measure pu. Then f € LP(R™)
if and only if [;°s™"/Pdu(s) < oo.
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Proof. For any nonnegative measurable function 0,

/‘00 f@)O(t)dr = /00 </°° e”d,u(s)) O(t)dr = /00 (/00 e”@(t)dt) du(s).
0 0 0 0 0

Let g be the conjugate index to p. Then for all such 6 with [8]], = 1, Cauchy—Schwarz
gives

o0
f e1o@)dr < lle ||, = (sp)~ /7.
0

Furthermore, there is a sequence (6,) with [6,];, = 1 and fooo e~*10,(t)dt 7 (sp)~V/P.
Monotone convergence then gives

Ifl, = sup /0 F®)O(t)dt > sup fo F©)0,(t)dt = /O (sp)~"/Pdu(s)

l0llg=1

> SUP/ (/ e_s’G(I)dt>du(S)=I|fllp-
lelg=1Jo 0

£l = fo (sp)7du(s). O

v

Thus

Our argument will follow the approach used in [5], with slightly modified notation to be
consistent with that used here, and made a little more direct as our aim here is slightly different.
Given 0 < 0 < n,letm = {0 =51 <8 < --- < 5,41 = n} be a partition of [¥, n], and
set mesh(r) = max{s;+; —s; : i =1, ..., n}. Let 7* denote the pair {=, {s;, ..., s,}}. Given a
positive locally finite measure u on R™, set

a; = u(lsi,si41)),i=1,2,...,n,
and set
n
e () = ) a; exp(—sit).
i=1

We note that this latter is a Dirichlet series. For suitable p we first show that the o+, give
suitable approximations to the CM(R™") function which has Bernstein measure w.

Theorem 2.2. Take 1 < p < oo. Let f € CM(R*) N LP(R™), with Bernstein measure [i.
Suppose that p is continuous. Then f lies in the || - || ,-closure of sp™{exp(—2is), A > 0}.

Proof. By Lemma 2.1, [;°s™"/Pdu(s) < oo. Take & > 0. Choose 7 > 1 > @ > & > 0 such
that [,(1 +s~"/7)du(s) < ¢ if the interval / has length less that ¥, fnoo(l +s7PYdu(s) < e,
and [ ; du(s) < v if the interval J has length less that &. Finally, take 7, 7* as above, such
that mesh(rr) < &. Fix ¢ > 0. Then

oxxe(1) — f(1)

n n it D [}
= Za,» exp(—s;t) — Z/ 1 exp(—st)du(s) — (/ —i—/ ) exp(—st)du(s) .
i=1 i=1 Y% 0 n
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Since s > exp(—st) is decreasing, f__’“ exp(—st)du(s) > a; exp(—s;4+1t). Further, max; a; <
ev, so that

|Un s(t) - f(t)|

<ev Z(exp( sit) — exp(— s,+1t) </ / ) exp(—st)du(s)

< e?d exp(—0t) + </ +/ ) exp(—st)du(s),
0 n

since the first sum telescopes.
Thus it suffices to estimate the p-norm of the function

s 00
U(t) = ev exp(—91t) + </ —i—/ ) exp(—st)du(s) . 3)
0 n
By duality this equals Supyg, =1 fooo U(t)0(t)dt. Applying this to the first term of (3) we have
o
¥ sup f exp(—0)A(t)dt < ep~l/P,

6llg=1J0

For the second pair,

oo D e
/ 0(t) (/ —i—/ ) exp(—st)du(s)dt
0 0 n
g 00 oo
= ( f + / ) f 0(t) exp(—st)drdyu(s)
0 n 0
W 00 1\ P
([ L)) e
0 n sp

Thus we have |log+, — fll, < 3ep~!/P. 1t follows that f lies in the | - || ,-closure of
spH{exp(=As), A > 0}. O

Remark 2.3. This argument immediately gives an extension of [5, Corollary 4.4] to the case
of a continuous Bernstein measure. As such it gives details of the outline sketched in [5, §6]

for the case p = 1.

Lemma 24. Take 1 < p < o0o. Let f € CM(RT)N LP(R") with Bernstein measure |1 which
is discrete. Then f lies in the | - || ,-closure of sp*{exp(—1s), A > 0}.

Proof. Write n = 72, @;8,;, where o; > 0, }~a; < oo. Since
n o0
0< Zaje_"f“' 0 Zaje_x-fs = f(s) (0<s < 00),
= =

the monotone convergence theorem shows that || Y} j—1aje e —fl,—0. O

Putting these results together gives a complete answer to the question of [4].

Theorem 2.5. Take 1 < p < co. CM(RY) N LP(R*) = sp*{exp(—is), & = 0] 7.
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Proof. The inclusion 2 is [4, Theorem 5]. Suppose that f € CM(RT)NL?(R*), with Bernstein
measure . Let u = pug + pe be the decomposition into discrete and continuous parts. Define
fa to have Bernstein measure pq4, f. to have Bernstein measure u.. Since 0 < f. < f and
0 < fa < f, faand f. belong to CM(R*) N LP(RT). Now apply Lemma 2.4 to fy, and
Theorem 2.2 to f, to see f € spt{exp(—As), A > o'l o

Note that, since any f € CM(R™) is bounded, any f € CM(R*) N L'(RT) satisfies
Iy < IFIZ" -1 £ 1l for any p > 1. Thus, CM(R)NLY(RY) C ﬂp>1(CM(R+)ﬂLp(R+))~

Remark 2.6. Set f(x) = (1+x)~! for x > 0. Then f € CM(R*)N L?(0, o) for any p > 1,
but f is not integrable. The Bernstein measure here is given by the L'-function .
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