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Abstract

Let X denote a (real) Banach space. If P : X — X is a linear operator and S C X such that PS C S
then we say that S is invariant under P. In the case that P is a projection and S is a cone we say that P is a
shape-preserving projection (relative to S) whenever P leaves S invariant. If we assume that cone $ has a
particular structure then, given a finite-dimensional subspace V C X, we can describe, in geometric terms,
the set of all shape-preserving projections (relative to S) from X onto V. From here (assuming that such
projections exist), we can then look for those shape-preserving projections P : X — V of the minimal
operator norm; that is, we look for minimal shape-preserving projections.

If P, : X; — V; is a minimal shape-preserving projection (relative to S;) defined on Banach space X;
fori = 1, 2 then it is obvious that P; ® P; is a shape-preserving projection (relative to S| ® S>) on X| ® X».
But is it true that P; ® P, must have minimal norm? In this paper we show that in general this need not
be the case (note that this is somewhat unexpected since, in the standard minimal projection setting, the
tensor of two minimal projections is always minimal). We also identify a collection of operators in which
P; ® P, is always a minimal shape-preserving projection (within that collection). This result is then applied
to a (well-known) special case to reveal a (non-trivial) situation in which P ® P, is indeed a minimal
shape-preserving projection (among all possible shape-preserving projections).
© 2009 Elsevier Inc. All rights reserved.
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1. Introduction

We say that set S is invariant under mapping P if Ps € S for every s € S (or more briefly as
PS C S). The pairing of mappings with their invariant sets is a basic problem, with variations
appearing throughout the mathematical literature. As an initial refinement of this problem, one
may take P as a linear operator (defined on Banach space X) and S as a cone — a convex set,
closed under nonnegative scalar multiplication; in this setting, P is said to be a cone -preserving
map if PS C S (see [12] for an overview) (of course if S induces a proper lattice structure on X
then P can be regarded as a positive operator, as in [11]).

To further refine, suppose the elements of (cone) S C X possess a common characteristic,
or shape, and let P denote a collection of operators on X of (fixed) finite rank. This setting
gives rise to two fundamental questions (and provides a starting point for this paper): does there
exist P € P leaving S invariant (i.e., what can be said about the existence of a shape-preserving
operator in ‘P) and, if such an operator exists, determine the smallest possible norm of an element
in P which preserves S (i.e. find a minimal shape-preserving operator in P).

In the paper [5], these two questions were addressed in the case when P is a projection
operator (P? is the identity map) mapping X = CZL[0, 1] (Lth continuously differentiable
functions) onto finite-dimensional polynomial spaces. For a large class of cones (or shapes) S,
the existence of shape-preserving projections was established and formulas for minimal shape-
preserving projections (and their norms) were given. The goal of this paper is to extend the results
of [5] to tensor product spaces (tensor product spaces are a natural setting in which to construct
minimal shape-preserving projections of multi-variate functions; general results in this direction
are contained in the (upcoming) paper [6]). One would expect that such a generalization would
utilize the main result from [4], which says (roughly speaking) that tensor product of two minimal
projections is again a minimal projection (on a tensor product space). Unfortunately this is not
true (in general) in the setting of minimal shape-preserving projections. Indeed, we demonstrate,
in Example 4.1, a case in which the tensor product of two minimal shape-preserving projections
does not have minimal norm. However, in the specific setting of [5], we can prove the main result
from [4] and, consequently, construct minimal shape-preserving projections for tensor product
spaces involving C Lio, 11.

In the Sections 2 and 3 we give basic definitions and results from, respectively, tensor
product theory and shape-preserving projection theory. Section 4 contains the main results, with
Example 4.1 demonstrating that the tensor product of two minimal shape-preserving projections
need not have minimal norm and Theorem 4.6 accomplishing the goal of generalizing (to tensor
product spaces) the results from [5].

2. Preliminaries from tensor product theory

Definition 2.1. Let X, Y be two real Banach spaces. Fix x1,...,x; € X and y1,...,y € Y.
Then Zle X; ® y; denotes an operator from X* into Y defined by

k k
(in ® yi) f= Z S (xi)yi.
i=1 i=1

In particular, (x ® y) f = f(x)y foranyx € X,y € Y and f € X*. Then X ® Y denote the
space of all finite-dimensional operators from X* into Y (we put into one equivalence class all
different representations of any fixed operator).
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Definition 2.2. Let o denote any norm on X ® Y. Then X ®, ¥ means the completion of X ® Y
(in the sense of Banach spaces).

Definition 2.3. Let o be any norm on X ® Y.« is called a cross-norm if
a(x ®y) = Illxll -yl
foranyx € X,y €Y.

Definition 2.4. Let o be any normon X ® Y. For f € X*, g € Y* define
k k
(f®g) <in ® yi> = fGgk).
i=1 i=1
« is called reasonable if

" (fee)=IfIl"lgl

forany f € X*, g € Y*, where «* denote the norm in (X ®, Y)*.

Definition 2.5. Let X and Y be Banach spaces. Assume A € £(X) and B € L(Y). Then we can
define a linear operator A ® B by

(A®B)x®y) =Ax) @ B(y).
Anorma on X ® Y is called uniform if
IA® Blla < Al 1Bl
forany A € £L(X) and B € L(Y).

To the end of the paper, unless otherwise stated, we assume that any norm o« on X ® Y is a
reasonable cross-norm.

We use X®,Y and X®, Y to denote, respectively, the injective tensor product and the
projective tensor product of X and Y. Both A and y are uniform, reasonable cross-norms (see
e.g. [2] Lemma 1.6, 1.8 and 1.12]).

Definition 2.6 (see e.g. [[2], Def.1.45, p.27). ] Let X, Y be Banach spaces. For I < p < oo the
p-nuclear norm of z € X ® Y is defined by:

n 1/p n
ap(z) = inf (Z ||x,-||p> ag(yi, )1 T= ) X ®Yi
i=1 i=1
Here g is so chosen that 1/p + 1/g = 1 and
n 1/q
ag(y1, .-, yn) = sup (Z'f()’i)|q> L f € Sx
i=1

If g = oo, then

aq(ylv cesYn) = Sup{maxl§i§n|f(yi)| 1 f € Sx+).
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By [[2], Lemma 1.46, p.27] the p-nuclear norm is a reasonable cross-norm. Observe that by [[2],
Lemma 1.44, p. 27] for any B € L(Y)

ag(By1, ..., Byy) < |Bllag(y1, ..., yu)-
Hence «), is a uniform, reasonable cross-norm. By a result of [9] we have:
Lp(S) ®ap Lp(T) = Lp(S xT)

where S and T are finite measure spaces.
3. Preliminaries from shape-preserving projection theory

For a given real Banach space X and subspace V C X, let P(X, V)(P for brevity) denote the
set of all continuous linear projections from X onto V.

Definition 3.1. Let X be a (fixed) Banach space and V C X a (fixed) n-dimensional subspace.
Let S C X denote a closed cone. We say that x € X has shape (in the sense of S) whenever
x € S.If P € Pand PS C S then we say P is a shape-preserving projection; we denote
the set of all such projections by Ps(X, V) (Ps for brevity). For a given cone S, define
S*={p e X*|p(x)>0Vx € S}. We will refer to S* as the dual cone of S.

In a (real) topological vector space, a cone K is a convex set, closed under nonnegative scalar
multiplication. K is pointed if it contains no lines. For ¢ € K, let [¢]T = {a¢ | a > 0}. We
say [@]™T is an extreme ray of K if ¢ = ¢1 + ¢ implies ¢y, ¢» € [¢]T whenever ¢, ¢ € K.
We let E(K) denote the union of all extreme rays of K. When K is a closed, pointed cone of
finite dimension we always have K = co(E(K)) (this need not be the case when K is infinite-
dimensional; indeed, we note in [7] that it is possible that E(K) = @ despite K being closed and
pointed).

Definition 3.2 (/8]). Let X be a Hausdorff topological vector space over R and let X* be the
topological dual of X. We say that a pointed closed cone K C X* is simplicial if K can be
recovered from its extreme rays, (i.e., K = co(E(K))) and the set of extreme rays of K form an
independent set (independent in the sense that any generalized representing measure for x € K
supported on E(K) must be a representing measure.)

Proposition 3.1 (/8]). A pointed closed cone K C X* of finite dimension n is simplicial iff K
has exactly n extreme rays.

The following result gives necessary and sufficient conditions for the existence of a shape-
preserving projection.

Theorem 3.1 (/8]). Suppose S* simplicial. Then Ps # 0 if and only if Sl*v is simplicial.

Without the assumption that S* simplicial we still have one direction of above characteriza-
tion; and it is this result that will be of most use to us.

Corollary 3.1 (/8)). If SI*v is simplicial then Pgs # (.
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4. Main results
Let X be a (real) Banach space, V C X an m-dimensional subspace and S C X a closed cone,
S # {0}. As in Definition 3.1, set
S*={p € X*:¢(x)>0foranyx € S}.
With Corollary 3.1 in mind, we assume throughout this paper that $*|y is simplicial, i.e.

S*lv = conv((g1l, ..., [&i]),
where | = dim(S*|y) and fori =1, ...,[[g;] are extreme rays determined by linearly indepen-
dent g1, ..., g € V*, each with unit norm.
Lemma 4.1. Ler V, = V N (§*)L. Choose a subspace Vi C 'V such that
V=V,®V.
Then dim(Vy) = I. Moreover, there exist {vy, ... v} C S a basis of Vy such that g;(v;) = &;;.

Proof. By definition of S*, for any fixed v € V; if gj(w) = 0then v = 0. Since g, ..., g are
linearly independent, there exist vy, ..., v; € Vi such that g;(v;) = §;; fori, j =1,...,1. Now
fixi e {l,...,1}. Since gj(v;) = Ofor j = 1,...,] and S*|y is simplicial, f(v;) > O for any
feS* Hencev;eS. 1

Lemmad4.2. LetV, =V N (S*)J-. Let w41, ..., Wy be afixed basis of V,. Choose a subspace
Vi C Vsuchthat V.= Vy® V. Let vy, ..., v; € S be a basis of V1. Define
Psv, ={P € P(X, V) : P(S) C S, Ply, =0},
Pvi(X,V,) ={P €P(X,V,): Ply, =0}
and
Lyv(X,V,)={L e L(X,V,):Lly =0}
Then
Ps =Py, (X, Vo) + Ps,v; = Po+ Lv(X, Vo) + Ps,v,,
where P, is a fixed element from Py, (X, V,).

Proof. Take any P € Ps. Since P is a projection onto V and wy41, ... Wy, V1, ..., Uy iS a basis
of V,

m l
P= Y ¢iCwi+Y ¥,
j=i+1 j=1

Here for j =14+ 1,...,m,¢; € X*, ¢;(wj) =& fori,j =14+1,...,m and ¢;|y, = 0 for
i =1+1,...,m. Analogously, for j = 1,...,1,; € X*,¢;(vj) = §; fori,j =1,...,1
and Y|y, = Ofori = 1,..., 1. Moreover, since P € Pg, ¥ € S*for j = 1,...,[. Indeed, if
Y & S*forsome j =1,...,[, then ;(x) < O for some x € S. Fix f € §* with f|y, = g;.
Since g; (v;) = §;; and fly, =0,

JPx) =v;(x)f(vj) =¢;(x)g;w;) =v¥;x) <0.
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Hence Px ¢ S; a contradiction. Set

Pr= Y ¢j()w;

j=l+1

and
!
Py="Y "y;(),.
j=1

It is clear that P; € Py, (X, V,) and P, € Ps,y,. Hence P = P + P, € Py, (X, V,) + Ps,v,.
Now assume P = P+ P,, where P € Py, (X, V,) and P, € Ps,y,. Hence P, = le=1 fixvj,
where f; € §* for j =1, ..., /. Itis clear that P is a projection onto V. Fix x € S and f € §*.
Note that

1
F(Px) = f(P1x) + f(Pox) = f (Z fj(x)vj> =0

j=1
sincev; € Sand f; € S*for j =1,...,]. Hence P € Ps, as required.
Notice that for any fixed P, € Py, (X, V,)
Py (X, Vy) = P, + Ly (X, V,),
which completes the proof. W

Now we fix some notation concerning tensor product case. Let X, X, be two Banach spaces.
Let fori = 1,2W; C X; be and m;-dimensional subspace and let S; C X; be a k;-dimensional
cone. Assume that S} |, is simplicial and dimS}|w, =[; fori =1,2. Let g;; for j =1,...,;
be the elements from W;* of norm one which determine the extreme rays of S*|w,. Denote for
i=1,2

Wio = Wi N (SH)*

and fix w;;, j = 1,...,m; —[; abasis of W;,. Fix for i = 1, 2 an /;-dimensional subspace of
W;, Wi given by (Lemma 4.1) such that

Wi = Wi, @ Wiy.
Assume that v;; is a basis of W;y satisfying g;, (vij) = 8,; for j,u = 1,...,1;,i = 1,2. Now

we are ready to define the corresponding notions concerning tensor product. Let o be a fixed
reasonable cross-norm on X| ® X». Define:

X = X1 ®q X2, ey
and

V =W ® W. 2
We define

SR8 ={s1®s2|s1 €8], s2€ 85}

From this definition, note that co (S} ® S3) (the convex hull) is a cone in X} ® X7. This allows
us to define the following cone in X:

S = (co (S] ® $7))" N (X1 ®a X2). 3
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Note that

V(S = Vo= Wip ® Wao + Wip © Wai + Wit ® Way )
and

Vi =Wy ® Wy, ®)

where V| is a subspace of V determined by Lemma 4.1. Note that dim(V) = m; - m and
dim(S*|ly) =1 - 1.

Lemma 4.3. Assume that X1, X, are finite-dimensional. Then Si* ® S; is a closed set.

Proof. Let fi = gx ® hy € ST ® S5 converges to f € X7 ® X3. Since || fxll = llgelllAxl,
without loss of generality, we can assume that ||| = ||gx]l = /|l fx|l- Since X1 ® X is finite-
dimensional, and || fy — f|l — O, we can assume that g — g € S7 and by — h € S;. Note
that,

lg®@h— gk @hill =118 ® (h —hi)ll + 11(& — g1) ® hill < lIglllh — hell + Mg — gkll-
Hence || fx — g ® hl| — 0 which gives that f = ¢ ® h € S| ® S5, asrequired. W

Note that Lemma 4.3 remains valid when X, X, are reflexive separable spaces.

Lemma 4.4. Let X1, X be finite-dimensional. Assume that fori = 1,2 and f € S;" \ {0} there
exists x; € X; with f(x;) > 0. Then

S* =co (5] ®S3).

Proof. Since § = (ST ® S5)*, §* = cl(conv(S] ® S3)). Hence we only need to show that
conv(ST®S7) isaclosed set. Let f € cl(conv(S{®S3)). Choose a sequence fi € conv(S}®S3)
such that || fr — fIl — 0. Since dim(S;) = k;, fori = 1,2, dim(Si“ ® S;) = kik. By the
Carathéodory theorem, for any k € N,
k1ka+1
Jie = Z aji fik,
i=1
whereajr > Oand fj; € ST@S;.NOW we show that there exists M > Osuch that || fjra k|l < M

forany j = 1,...,k1ko + 1 and k € N. If not, passing to a subsequence if necessary, we can
assume that

llaik fixll — oo
and forany j = 1,...,kiky + 1,

ajkJjk
llajx fixl -
llatk fixll

Consequently, passing to a subsequence, if necessary, we can assume that forany j = 1, ...,
kiky + 1,
ajcfik
k- llaik fikll

lim sup

j.



938 G. Lewicki, M. Prophet / Journal of Approximation Theory 162 (2010) 931-951

By Lemma 4.3, g; € S] ® S3. Notice that

k1ky+1
0=l I

m-————— = gj-
k- Naik fixll

j=1
Since ||g1]l = 1, and g1 = hy ® hy there exists x; € X1 and xp € X, with h;(x;) > 0,i =1, 2.
Hence

kiky+1

0= Y gj(x1 ®x2) = hi(x)ha(x) > O;
j=l1

a contradiction. Passing to a subsequence, if necessary we get by Lemma 4.3

ajkfjk —>mj € ST X S;.

Consequently,
kiky+1
f=1/taky+1) Y (kika+ Dmj € co (S} ® S3),
j=1
asrequired. W
Lemma 4.5. Let X be a normed space and let vy, ..., vr € X. Let P : X — X be a continuous,

linear operator given by:
k ki
Py (z a,,-fl-j(x))
i=1 \j=1

where foranyi € {1, ..., k} Z];i:laij = land f;jj € X* foranyi, j. Setfori € {1,...,k}D; =
{ai1, ..., aix;} and

k
D= l_[D,».
i=1

Then

k
P= > (al,-l~...~ak,»,()<;ﬁ,~,.<.>vi). (6)

(j1s--ji)eD

Proof. Note that forany i € {1,...,k},and j € {1, ..., k;},
ki
ajj = 4aij 1_[ (Zaw) .
I#i \j=1
Applying the above equality to each a;;, we get that P can also be represented by the right-side
of (6), which completes the proof. W

Theorem 4.1. Assume that X1, X, are finite-dimensional Banach spaces. Let X = X1 Qq X2,
where « is a reasonable cross-norm on X. Assume that V, V1, V,, and S are given by (2)—(5).
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Additionally, assume that for i = 1,2 and f € S \ {0} there exists x; € X; with f(x;) > 0.
Then

Ps =Ly (X, V,) +co(Ps, ® Ps,).

Proof. Fix Q, € Ps. By Lemma 4.2
Qo = Po + Plv
where P, € Py, (X,V,) and Pi € Psy,. Letfori = 1,2,C; = {1,...,[;}, where [; =
dim(S}|w;). Notice that by definition of Pgs,y,,
Py = Z ®ij ()1 @ v,
(i, J))eC1xCy

where ¢;; € S*,

¢ij(wy ® wa) = 8i1dj, (7N
wherei =1,....,)/l=1,... . mj=1,...,hbandk =1,...,my. Here fori = 1,2, {w;j;, [ =
1,...,m;} is a fixed basis of W;; such that w;; = vy forl = 1,...,[; and {w;; : | =

li +1,...,m;} is a fixed basis of W;,. By Lemma 4.4 for any (i, j) € C; x C3
bij = Z ajl fii ® hyj.

(l,k)EDij
Here D;; C N? is a finite set ali,i > 0,
Y dl=1 (®)
(l,k)GDl‘j

and f; € S7\ {0}, gx; € S5\ {0}. By (7)

Z ali,{fli ®hij | (vi; ®vp5) =1 ©)
(l,k)EDl'j
and
Z aj fii ® hij | (v1p ® v2g) =0 (10)
(l,k)EDl'j
if (p,q) # (i, j). Since f;; € S7 \ {0}, gxj € S5 \ {0}, by (10) for any (I, k) € D;;
fii ® hij(vip ® vag) =0 an

if (p,q) # (i, j). By (9) and (11), without loss of generality, we can assume that f;; (vy;) > 0
and hyj(vz;) > O for any (/, k) € D;;. Consequently, by (8), (10) and (11) and definition of V,,
we can assume that for any (, k) € D;j,

Sfivy) =1, hij(v2j) =1 (12)

and

Jii(im) =0, hij(v2u) =0 13)
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form e {1,....,1},m #iandu € {1,...,10},u # j. By Lemma 4.5 applied to P; and the
above considerations

Py € conv(Ps, w,, ® Ps,, wy)- (14)
Hence
k
P :ij(Pu@sz), (15)
j=1

where fori =1,2,and j = 1,....kP;j € Ps,w,.b; = 0.3 5_ bj = 1.
Now fori = 1,2 fix Q; € Pw, (X;, Wio). Letfori =1,2and j = 1,...,kQ;; = O; + P;j.
Note that by definition of Wj,,

0ij € Ps;(X;, W;) (16)
fori = 1,2. By (15),

k k
Qo=Po— Y bj(Q1®Pyj+Pi;®02+ Q1 ® 02+ Y bj(Q1j ® Q2)).

j=1 J=1

Now we show that forany j = 1,...,k

Li=01®P+ P Q02+ 0102 € Py (X, V).

Let

U ={l,....41} x{b+1,....m}U{ly +1,...,m} x{1,,...,12}

Ui +1,...,m}x{b+1,...,mm} (17)
and

Up={1,.... 11} x {1,.... D). (18)

Fix (u, 1) € Uy. Note that for any j = 1, ..., k, by definition of Q1, Q> and P;;,
Lj(wy, @ wap) = wiy @ wy.

Analogously for any (u, ) € Uz,
Li(wi, ® wy) =0.

This shows that forany j = 1,...kL; € Py, (X, V). Hence

k
Fi=P,—) bjLjeLy(X.V,).
j=l
Consequently, by (16),

k

Qo =F + ij(Qlj ® 02j) € Ly (X, V,) 4+ co(Ps; ® Ps,),
j=1

as required.
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Now assume that Q, € Ly (X, V,) + conv(Ps, ® Ps,). Hence

k
Qo =F + ij(Qlj ® 02;),

j=1

where F1 € Ly (X, V,) and Q;; € Ps,. By definition, Q, € P(X, V). We show that Q, € Ps.
By Lemma 4.2 applied to X;, S; and Q;;i =1,2,j=1,...,k

Qij = Lij + Py,
where L;j € Pw, (X;, Wi,) and P;; € Ps; w,,. Hence

k k
Qo=F + ij(Llj ®Lyj+L1ij® P+ P ®Laj) + ij(Plj ® Pj),
i=1 =1

where forany j =1,...,kb; > 0 and Zl;zl bj = 1. Note that by definition and Lemma 4.4

k
Fy +ij(L]j ®Lyj+L1;® P2j + P1j ® Laj) € Py (X, Vy)
j=1

and
k

ij(Plj ® Pj) € Ps,v,.

j=1
By Lemma 4.2 applied to X, S, V1, V,, Q, € Ps, which completes the proof. N
Now for a Banach space X and its closed subspace V let

AV, X) =inf{||P| : P € P(X, V)}.
Analogously, if S C X is a cone, we define

As(V, X) =inf{||P|| : P € Ps(X, V)}.

In both cases we assume that infimum is taken over nonempty sets.

Theorem 4.2. Let X1, X, be finite-dimensional Banach spaces. Assume that for i = 1,2 and
fe S;" \ {0} there exists x; € X; with f(x;) > 0. Let fori =1, 2,

Ps, = Pw, (Xi, Wio) + Ps;,wi,
where
Pw, (Xi, Wio) = {P € P(X;, W) : Plw, =0}
and
Ps..w, =1{P € P(X;, Wi1) : P(S;) C Si, Plw,, =0}.

Assume that Py is a minimal projection in Ps, and P> is a minimal projection in Ps,. Let for
i=1,2, P = Q; + R;, where Q; € Pw, (Xi, Wi,) and R; € Ps; w,,. Also define fori = 1,2

Wi = L(Xi, Wio) — Ps; w;, -
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Then
As(X, V) = dist(Q1, Widist(Q2, Wh).

Proof. Since fori = 1, 2, W is finite-dimensional, there exists Z; € W; such that
Qi — Zill = dist(Qi, Wi).

Setfori =1,2
Ci ={(x",x) € Sxr x Sx; : x*((Qi — Zp)x) = |1 Qi — Zi|l}-

Note that for i = 1,2, is a closed, convex subset of £(X;). By the separation theorem
applied to the open ball in £(X) of radius dist(Q1, W) with a center at Q| and W there
exists F| € (L(X1))*, || Fi]| = 1, such that

Fi(Q1— Q) = Fi(Q1 —Z) =101 — Zi (19)
for any Q € W;. Analogously, there exists F» € (L(X2))*, || F2|| = 1, such that
(02— Q) =2 F2(Q2 — Z3) = || Q2 — Z2| (20)

for any Q € Ws. By the Choquet Theorem (see e.g. [10,3]) for i = 1, 2, there exists a proba-
bilistic Borel measure p; supported on C; such that

Fi(L) = f (L) (%, x)

Ci

for any L € L(X;). Let us define a functional 7 on £(X) by
T(L) = f (] ® x3)L(x1 @ x2)d(p1 ® u2)(xy, x1, x5, x2).
CixCy
Since « is a reasonable, cross-norm, and p; is a probabilistic measure fori = 1,2, |T| < 1.
Note that by the Fubini theorem and definition of Fj and F>,
T(Q1—2Z1)®(Q2—2Z2) = Fi(Q1 — Z1D)F2(Q2 — Z2) = [|Q1 — Z1|Q2 — 22|l
Now we show that

T(R) = |Q1 = Z11l| Q2 — 22l

for any R € Pg. First assume that R = Ry ® Ry, where R| € Ps, and R, € Pg,. Note that by
the Fubini Theorem,

T(R) =T(R1 Q@ Ro)
- / R (Rox)d(r ® ) (. x1. 2. x2)
CixCy
= F1(R)) F2(Ry).
Since fori = 1,2, Q; — R; € W;, by (19) and (20),
Fi(R)F2(Ry) = F1(Q1 — (@1 — R))F2(Q2 — (Q2 — R2))
> Fi(Q1— Z)F2(02— Z2) = |01 — Z1|| - 11Q2 — Z1l.
Now take any R € Ps. By Theorem 4.1,
R=L+C,
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where L € Ly (X, V,) and C € conv(Ps, ® Ps,). Consequently, by the previous reasoning,
T(R)=T(L)+TC)=TL)+ 101 = Z1ll - 1Q2 — Z2]|.

To end the proof, it is necessary to show that for any L € Ly (X, V)
T(L)=0. 21

Notice that fori = 1,2, L — Z; € W; and —(L + Z;) € W;. Hence the functionals F; defined
by (19) and (20) satisfy

Fi(Li)=0 (22)
for any L; € L(X;, Wj,). Note that Ly (X, V,) is spanned by mappings of type

Lx = f(x)w, (23)
where x € X, f € X*, fly =0and w € V,,. By definition of V,,, we can assume that

w=wy ® wy, 24)

where (I,k) € U; (see (17)). Hence [ > [{ +1ork > [, + 1. Since X;i = 1,2 are finite-
dimensional, we only can consider f = h| ® hy, where h; € X;" and hy|w, = 0or hy|w, = 0.
Notice that if k > I, + 1, the mapping Ly = ho(1)wox € L(X2, Wa,). By (22)

Fy(Ly) = 0. (25)
If/ > I} 4+ 1, the mapping L = h;(-)wy; € L(X1, Wi,). Hence again by (22),
Fi(Ly) =0. (26)

Since L = L1 ® L, by (25), (26) and the Fubini theorem,
T(L)=T(L1® Ly) = (F1 ® F2)(L) = Fi(L1)F2(L2) =0,
which proves (21). The proof of our theorem is fully complete. W

Now we proof a version of Theorem 4.2 in the case of arbitrary Banach spaces X1, X». First we
need the following two lemmas which permit us to approximate infinite-dimensional case by,
considered in Theorem 4.2, finite-dimensional situation.

Lemma 4.6. Let X be an infinite-dimensional Banach space, V. C X be its finite-dimensional
subspace and S C X a closed convex cone. Assume that Ps(X, V) # 0. Let {Xplpep be a
directed (by inclusion) family of finite-dimensional subspaces of X such that V. C Xy, for any
b € B,

cl (l; X,,) - X

and

cl (Z(Xb N S)) = S.

beB
Assume that P, € Ps(X,V), P, = Q, + R,, where Q, € Py,(X,V,) and R, € Ps y,, (see
Lemma 4.2). Let W = L(X, V,) — Ps,v, and for b € B, W}, = L(Xp, Vo) — (Ps,v,)|x,. Then

dist(Qo, W) = supdist(Qolx,, Ws).
beB
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Proof. Note that forany b € Band L € W,
Qo — LIl 2 Qo — D)x, Il = dist(Qolx,, Wh)

which gives immediately that

dist(Qo, W) = supdist(Qolx,. Wh).
beB

To prove the converse, assume on the contrary that

dist(Q,, W) > supdist(Qolx,,. Ws) +d
beB

for some d > 0. Let L, € W}, be so chosen that || Q,|x, — Lp|l < dist(Q,, W) — d /2. Define

U= [ BvO,Ixldist(Qo, W) —d/2)),

xelJ Xp
beB

where By (0, r) denotes the closed ball in V with radius r and center at 0. Let us equip ¢/ with the
Tychonoff topology, where in each By (0, || x| (dist(Q,, W) — d/2)) we consider the topology
determined by the norm. Since V is finite-dimensional, by the Tychonoff theorem, ¢/ is a compact
set. Define forany b € B, Zp, : | J.cp Xc = V by
Zpx = Qolx,x — Lpx
if x € Xp and Zpx = 0 in the opposite case. Note that Z, € U for any b € B. Define forb € B
Dy =cl{Z; :c € B,c > b}),

where ¢ > b means that X;, C X.. Since {Xj},ep is directed by inclusion,

k
() De, # 9

n=1

forany k € Nand by, ..., by € B. Since U is a compact set,
() Ds # 0.
beB

Take any Z € (),cp Dp. First we show that Z is a linear mapping. To do this, fix x,y €
UbeB Xp. Then there exists b € B, such that x,y € X, for any ¢ > b. Fix ¢ > 0. Since
Z € Dy, there exists d > b such that || Zx — Zgx|| < €/3,|Zy — Zgy|| < €/3 and | Z(x + y)
— Za(x +y)|l <€/3.Since

Zy(x +y)=Zgx + Zygy,

|Z(x +y) — Zx — Zy|| < €. This shows that Z(x + y) = Zx + Zy. Analogously we can
demonstrate that Z(ax) = aPx for any x € |, X» and @ € R. Hence Z is linear. Moreover,
by definition of mappings Zj,

sup 1 Zx | s x € () Xp. llxl =1 < dist(Qo, W) —d/2.
beB

Hence Z is a continuous, linear mapping. Since ¢/(}_, .z X») = X and V is finite-dimensional,
we can extend definition of Z onto the whole X. It is clear that

I1ZI < dist(Qo, W) —d/2.
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To get a contradiction we show that O, — Z € W. To do this, fix x € X;, N S. Note that we can
find a sequence {b;} C D, such that

Lyx — (Qp — Z)x.

Since Sis closed and Ly, x € S, (Q,—Z)x € S too. Since cl(}_,cp(XpNS)) =8, (Qo—2Z)x €
S for any x € S. This shows that O, — Z € W. The proof is complete. W

Reasoning in an similar way, we can prove the following

Lemma 4.7. Let X be an infinite-dimensional Banach space, V. C X be its finite-dimensional
subspace and S C X a closed convex cone. Assume that Ps(X, V) # 0. Let {Xp}pep be a
directed (by inclusion) family of finite-dimensional subspaces of X such that V. C Xy, for any
b € B,

cl (Z X,,) =X

beB

and

cl (Z(Xb N S)) =S.

beB

Then
As(V, X) = sup As(V, Xp).
beB

Theorem 4.3. For i = 1,2 assume X;, W; and S; satisfy the assumptions of Lemma 4.7.
Assume further that for i = 1, 2 there exists a directed (by inclusion) family {XZ};,G B; of finite-
dimensional subspaces of X; such that W; C XZ for any b € B; which satisfies the assumptions
of Lemma 4.1. Assume for i = 1,2 the cones S; are such that for f € S \ {0} there exists
x; € X; with f(x;) > 0. Fori = 1,2, let

Ps; = Pw, (Xi, Wio) + Ps;,wi,
where
Pw,; (Xi, Wip) ={P € P(X;, Wi,) : Plw;, =0}
and
Ps..w, =1{P € P(X;, Wi1) : P(S;) C S;, Plw,, =0}.

Assume that Py is a minimal projection in Ps, and P is a minimal projection in Ps,. Let for
i=1,2, P = Q;+ R;, where Q; € Pw, (X;, W,) and R; € Ps; w,,. Also define fori =1,2

Wi = L(Xi, Wio) — Ps; w, -
Then
As(X, V) = dist(Q1, Wi)dist(Q2, W).
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Proof. Letforanyi = 1,2 and b € B;, P,f € Ps. (X r W;) be so chosen that
1Pl = As, (Wi, X}).

This is possible, since dim(Xé) < oo.Let Pl = Q;; + R, where Q;; € Ps; (Xi, W;) and RI’; €
Ps, wi, (XZ, Wi1). By Theorem 4.2, for any (b1, by) € By X By,

rs(Xp, ®a Xp), V) = dist(Qy,, Wip)dist(Qp,, Wap)

(compare with Lemma 4.7). By 4.7 applied to X and {Xli1 R ng :(b1,by) € By x By, }
As(V, X) = sup{rs(X) ®u X, V) : (b1,b2) € By x By}

Notice that fori = 1,2 and b; € B;,
dist(Qj,, Wi) = dist(Q'|x,, . Wip)-

Hence by Lemma 4.6,
hs(V. X) = sup dist(Q'lx, , W) sup dist(Q%|x,,, Wa)
hléBl thBz

= dist(Q', Wi)dist(Q2, Wa).
The proof is complete. W

From Theorem 4.3 one can get immediately.

Theorem 4.4. Assume that Wi, Sy, X1, Pt and W3, S2, X2, Py satisfy the assumptions of
Theorem 4.3. Assume furthermore that « is a reasonable, uniform cross-norm and fori =1, 2,

dist(Qi, W;) = dist(Qi, Lw,(Xi, Wio) — Ps; wy;)-
Then
As(V, X) = As; (W1, X1)As, (W2, X2).

Proof. By Theorem 4.3,

As(V, X) = dist(Q1, Wi)dist(Q2, W»)

= dist(Q1, Lw, (X1, Wi0) — Ps,,w,)dist (Q2, Lw, (X2, Wao) — Ps, wy,)-

Since || P1|| = As; (W1, X1) and || P2|| = As, (W1, X1),

dist(Q;, Lw,(X;, Woi) — Ps, wy;) = I Pl
fori = 1, 2. Consequently,

As(V, X) = [P P2].
Since « is uniform,

1P1 @ Pall = [l Pl P2l
Since Py ® P, € Py,

As(V, X) = I1PUI P2l = As, (Wi, X1)As, (W2, Xo).
The proof is complete. W
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Reasoning as in the proof of Theorems 4.2 and 4.4 we can show that, in general, P| ® P is a
projection of minimal norm in a smaller set than Ps.

Theorem 4.5. Assume that W1, S1, X1 and W, S3, X» satisfy the assumptions of Theorem 4.3.
Assume that Py is a minimal projection in Ps, and P, is a minimal projection in Ps,. Then
P1 ® P; is a minimal projection in

W = L(X1, W) ®@ Lw, (X2, W) + Lw, (X1, Wi0) ® L(X2, W2) + conv(Ps, @ Ps,).
Proof. Applying the reasoning from Theorems 4.2 and 4.3, we only need to show that 7(L) = 0

forany L € L(X1, W1) ® Lw, (X2, Wa) + Lw, (X1, Wi,) ® L(X2, W2). But this is true since
Fi(K) = 0forany K € Ly (Xi, Wip),i=1,2. W

In general P; ® P, is not a minimal projection in Pgs, as demonstrated in the next example.

Example 4.1. Let X; = (R3,| - |l.), where | - || denote the Euclidean norm. Let W; =
spanley, e2], where e; = (1,0,0) and e; = (0, 1, 0). Let for x € R3andi = 1,2,3, fi(x) = x;
and g7 (x) = x2 + x3. Define

S ={x e R?: g(x) > 0}.
Notice that in our case W19 = spanle] and Wi| = span[e;]. We show that a projection
Pix = fi(x)er + g2(x)ex = (x1, x2 + x3, 0)

is a minimal projection in Pg,. It is clear that P; € Pg,. Since the function x — x12 + (x2 +

x3)2 restricted to the unit Euclidean sphere in R3, achieves its maximum at x = ©, 1/ «/5
1/+/2), || P1|| = +/2. Take any R € Ps,. Note that

Rx = g1(x)e1 + g2(x)ea,
where g1(e;) = 1 and g1(ez) = 0. Hence
IRl = 1RO, 1/8/2,1/v/2)| = V2 = ||P1],

which shows our claim.

Now we define X», W> and S;. Let for m € N, F;,, denote the classical Fourier projection from
C,(2m) onto m,,, where m,, denotes the space of all trigonometric polynomials of degree < m.
Choose m € N such that

I EnlTPL > 1 Fpll + 2. (27
This is possible since ||F| > (4/72)log(m) (see e.g. [1], p. 213) and ||P1|| = ~/2. Let
X, =Cy,(2m) and

2
S={peX: / sin(mt) p(¢)dt > 0}.
0

Let P, = F,,. Note that

Py = Ry + hy (1) (sin(m-)),

where

2
hm(p) = (l/ﬂ)f p(t) sin(mt)dt
0
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and R; is portion of F,, without the sin(m-) term. Hence P, € Ps,. Moreover P, is a minimal
projection in Pyg,, since P, is a minimal projection in P(C, (2r), 7,,). Notice that in our case

Wi, = span[cos(j-), j =0,...,m,sin(j-), j=1,...,m — 1]
and
Ws1 = span[sin(m-)].

Now we show that P; ® P> is not a minimal projection in X1 ®y X7, for any reasonable, uniform
cross-norm «. Let us define

Z = (fi(he1) ® Ry + (f2(1)e2) ® Ry + (fi()er) @ (hy () sin(m-))
and
D = (g2(:)e2) ® (hy () sin(m-)).
Set Q = Z + D. Itis clear that Q € Ps. Let
Dy = (2()e2) ® (hy () sin(m-))
and
Pyx = fix)er + fa(x)ex = (x1, x2, 0)
Note that, by (27),
121l =1Z+ D1+ D—Dill =lIZ+ Dill+ID — Dill

= 1P, ® P2 + ID — D1l < | PolllI P21l + 2
= [1P2l +2 < | PLlII P2l = II1P1 ® P2,

since || P,|| = 1. Hence P; ® P» is not a minimal projection in Pg, as required.

Now we show an application of Theorem 4.4. Let fori = 1,2X; = (CLi[0, 1], - ;).
denote the set of all L;-times continuously differentiable functions on [0, 1] normed by

£l = max |9 [lsup-
Jj=0,...,L;

=u,...,

Put Wy = m,,, and W, = m,,,, where 7r; denote the space of all algebraic polynomials of degree <
I restricted to [0, 1]. Assume that2 < n; < L; fori =1,2. Letfori = 1,2, 0; = (00, ..., Oin;)
be an (n; + 1)-tuple with o;; € {0, 1}, such that o; # 0. Define

Ss={feXi:0jf¥V>0,j=0,...,L;}. (28)
Also set
m; = min{j L 0jj = l} and M,' = max{j L0 = l}. (29)

Assume that
m; < M,’ -1 (30)

for i = 1,2. In ([5], Th. 2.1) it has been shown that Ps, # ¢ if and only if M; > n; — 1 and
oij = 1for j = m;, ..., M;. Moreover, minimal projections P; € Ps; have been determined
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([5], Th. 2.3, 2.4 and 2.5) and it has been shown that

ni—m;—1

IPl= > 1/t 31)

j=0
Let
S = (co((S5)* ® (55,)"N* N (X1 Qg X2).

Now, we show applying Theorem 4.4, that P; ®, P> is a minimal projection in X| ®4 X7 for any
uniform, reasonable cross-norm «.

Theorem 4.6. Let P; € Ps; be minimal projections for i = 1,2. Then P| ®q, P> is a minimal
projection in ‘Pg for any reasonable, uniform cross-norm .

Proof. The goal is to show that P; and P, satisfy the assumptions of Theorem 4.4. The majority
of this effort is contained in demonstrating that

I Pill = dist(Qi, W),

fori =1,2.To accomplisp this, we will borrow extensively from [5]. Indeed, to conform to the
notation of this paper, let L; and 7; denote the positive integers such that

L; =I:,-+ml- and n; =n; +m;.

Then (as in Theorems 2.3, 2.4 and 2.5 from [5]) Py, 4,4m; denotes the operator obtained by m;
applications of

0 1 x 1 !
(Pit1,p+1)(x) = w +f0 (Pja, f)(1) dr — 5/0 (Pja [)(@) dt

starting with Py 5, given by

(i — D ()!
From Theorem 2.5 of [5] we know P,,. ;.4 ,,, is minimal in Pg; and thus
1PNl = 1Py s, | (32)

fori = 1,2. Now let P; = Q; + R; (compare with Theorem 4.2). Notice that for any L € W;
we have

L x -~ i1 i a1
Pojiy =80@ 148 @ 5+ 48 @ =77~ = | +&' @ =

10 — LIl = sup max{|(Qif — LAY )| :j=0,....n;,x €[0,1]} (33)
feB(X;)

> sup max{|[(Q;f — Lf)™)(x)|: x €0, 11} (34)
feB(X;)

= sup max{|(L)")(x)|:x € [0, 1]}. (35)
feB(X;)

Note that L € W; implies we can write L = A — R where

Ae L(X;,Wyp) and R € Ps, w,-
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Additionally, notice that for any f € X; we have

max{|(Lf)"? (x)] : x € [0, 1]} = max{|(RA)" ()| : x € [0, 1]}. (36)
Finally, choose any P € Pw,, (X;, W;o) and define Q = P + R. From the definition of Q we
have for every f € B(X;),

max{|(Rf)") (x)| : x € [0, 1]} = max{|(Qf)"(x)| : x € [0, 1]}. 37)

Moreover, it is clear that Q € Ps, and thus (as a consequence of equations (34), (35) and (36)
from [5]) we also find

sup max{|(Qf)")(x)| : x € [0, 11} = | P, s 4m; |- (38)
feB(X;)

Combining (33)—(38) with (32) we are led to conclude that
1Qi — LIl = Il
and therefore || P;|| = dist(Q;, W;). Now define for b € Nandi = I,ZXZ = mp. Observe

that fori =1, 2{X2}b>n[ satisfies the assumptions of Lemmas 4.6, 4.7 and Theorem 4.2. Conse-
quently all the assumptions of Theorem 4.4 are satisfied. The proof is complete. W

By Theorem 4.6 and ([5], Th. 2.3 and 2.5) and (31) we immediately get

Theorem 4.7.
ny—mp—1 no—mo—1
As(nm@annz,cLl[o,1]®acL2[o,1])=( > 1/j’>( 2 l/j!)'
j=0 =0

Note 4.1. By ([5], Th. 2.3 and 2.4) Theorems 4.6 and 4.7 remain true for a large class of norms
in CLi[0, 1] different from || - Iz, fori =1, 2. Indeed, if {#;} is a countable, dense subset of [0, 1]
such that7, = 0 and #; = 1, then for i = 1, 2 we can define || - ||, x by:

lfllL;,x = max Aj(f),
j=0,....,L;

where

,,,,,

and

ALk = 1 Nl sup-

Note 4.2. Theorems 4.2-4.4, 4.6 and 4.7 can be easily generalized by induction to the case of
tensor product of more than two Banach spaces.
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