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Abstract

This paper studies the possibility of approximating functions in the space of all uniformly convergent
symmetric and non-symmetric Fourier series from finitely many samples of the given function. It is
shown that no matter what approximation method is chosen, there always exists a residual subset such
that the approximation method diverges for all functions from this subset. This general result implies
that there exists no method to effectively calculate the Fourier series expansion on a digital computer
for all functions from the space of uniformly convergent Fourier series. In particular, there exists no
Turing computable approximation method in these spaces.
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1. Introduction and motivation

The Fourier series of a 2w periodic function f represents this function as an (infinite) sum
of pure frequencies

=322 cf)em,  tel-mm) (1

with its so called Fourier coefficients

T

cn(f) = 1 f(rye " dr ner. )
27 J_»
This decomposition of a signal into its frequency components is a fundamental tool in
applied mathematics, engineering, and physics. Basically all areas of applied mathematics are
penetrated by Fourier analysis techniques to an extend that it seems almost impossible to work
in these areas without using Fourier analysis. Many physical phenomena, for example, are
much more simpler to describe and to analyze in the Fourier domain, i.e. in terms of the
Fourier coefficients [7,13]. Moreover, signal- and system theory as well as the design and the
implementation of filters in engineering and signal processing rely heavily on Fourier analysis
techniques [21-24,26].

Whether these Fourier analysis techniques are justifiable, depends on the question whether
the Fourier coefficients determine uniquely the function f and whether it is possible to
reconstruct f from its Fourier coefficients. So given the Fourier coefficients {c,(f)},cz of an
f € B in a Banach space B, the question is whether the sum in (1) exists and converges to f
in B. To investigate this, one considers usually the partial symmetric Fourier series

(Svf)O =N _yelHem,  teT:=[-mn) ?3)

and asks whether limy_. |f —Sn fllg = O for all f € B. Whether or not this is true,
depends on the Banach space 5. Since its first application as an approximation method for
functions, numerous investigations on the convergence behavior of Fourier series on different
Banach spaces appeared. Examples include the construction of Kolmogoroff [17,18] showing
that there exist functions in L!(T) whose Fourier series diverges at every point in T. Carleson’s
theorem [6], on the other hand, shows that the Fourier series of an L2(T)-function converges
almost everywhere on T and Hunt [16] extended this result to all spaces LP(T) with 1 <
p < +oo. Moreover, by celebrated classical results due to du Bois-Reymond, Lebesgue, and
Fejér it is well known that the Fourier series of a continuous function may diverge at some
points in T [8,11,20], and Carleson’s theorem implies that the set of all divergence points has
Lebesgue measure zero for every f € C(T). Nevertheless, the set of all f € C(T) with a
pointwise divergent Fourier series is a residual set in C(T). Apart from these classical results
there are many more elaborated investigations on the convergence of the Fourier series [10,28]
or of other summation methods [12,19,34] in several function spaces, and we refer to books
like [9,14,29,35] for an overview on the extensive theory of Fourier series.

In the engineering literature (see, e.g., [21,23]), it is often assumed that for continuous
functions f, the corresponding partial Fourier series Sy f converges to f as N — oco. However,
as mentioned above, it is a classical result that this is generally not true. Then, there are
basically two ways to resolve this issue. On the one hand, one may apply alternative summation
methods (e.g. arithmetic means of the partial Fourier series) to achieve uniform convergence for
all f € C(T). On the other hand, one may restrict the function space to an appropriate subset of
C(T). A particular appealing space might be the set U of all continuous, 257 -periodic function
for which the partial Fourier series (3) converges uniformly on T. Equipped with an appropriate
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norm, U becomes a Banach space, namely the largest space of continuous functions on which
the Fourier series converges uniformly on T (and in norm) for every f € U. In particular,
the Fourier series (3) allows us to determine to every f € U an approximation fy = Sy f
in such a way, that || f — fnll, gets smaller than any given bound € > 0 provided N € N is
sufficiently large. So U seems to be an appropriate function space for working with Fourier
series.

However, in practice, the function f is usually not given at all points + € T but only on
a discrete subset Zy C T of finite cardinality |Zy| = Zy € N. Therefore, it will generally
be impossible to calculate the integral (2) exactly from the known samples {f(t): 7 € Zy}
of f. Nevertheless, it is possible to find numerical integration methods which determine
approximations cy ,(f) of the true Fourier coefficient ¢,(f) based on the samples of f on
Zy such that

lim ¢y, (f) =c,(f) forallneZ.
N—o00

If the exact Fourier coefficients ¢,(f) in (3) are replaced by the approximations cy ,(f), the
question arises whether the series

(Sxf)O) =N\ enalf)e™ 4

still converges to f, in the norm of U, for every f € U;? More formally, we may ask

Question 1. Is it possible to find a family {Zy}yen of discrete sampling sets Zy C T and a
method to determine approximations cy ,(f) of the Fourier coefficients c,(f) from the samples
{f(r) : © € Zy} such that the operators defined in (4) satisfy

Jim [[f =Sx(H], =0 forall felh?

Approximating f by the series (4) might even be too specific. So we may ask the more
general question.

Question 2. Is it possible to find a family {Zx}ycy Of discrete sampling sets Zy C T and a
Sfamily {An}nen Of approximation operators Ay : Us — U

Ay : {f(o) : reZN}HﬁV
such that

Jim [[f = Fyl, = lim [ f = Ay, =0 forall feth?

Clearly, the approximation method (4) in Question I, is just a special case of the more
general setting in Question 2. Already at this point, we want to emphasize that Questions 1
and 2 make no assumption on the linearity of the approximation methods which determine the
approximate Fourier coefficients cy ,(f) or on the linearity of the approximation operators Ay,
respectively. In both cases, these approximation operations might be non-linear.

This paper is going to show that both questions have a negative answer. So on the space U
of all uniformly convergent Fourier series, there exists no method which is able to approximate
every f € U arbitrarily well from discrete samples of f. In particular, it follows that there
exists no method to determine an approximate Fourier series (4) which converges for every
f elU.

The main restriction on the approximation methods, considered in this paper, is the
assumption that only finitely many samples of the given function f can be processed. This is
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a necessary condition for any algorithm which should be implemented on a digital computer.
Otherwise, an infinitely large memory and infinite processing time would be needed to calculate
the result. So the statements of this paper will show that there exists no numerical method
which is able to determine the Fourier approximation for all functions in U. This statement
can be made even more descriptive by formulating it in the framework of Turing computable
functions [1,30,31], which will be done at the end of this paper. So even although Uf is, by
construction, the space on which the Fourier series converges uniformly, it is a poor space for
actually calculating Fourier series approximations of functions from 4 in the above sense.

The outline of this paper is as follows. Section 2 introduces our notations and gives some
basic definitions. In particular, the space U/ of all uniformly convergent symmetric Fourier
series will be introduced. To obtain more general results, Section 2 introduces also the space U
of uniformly convergent non-symmetric Fourier series (Sy.m f)(t) = SN L ea(f)e™, where
N, M € Ny are arbitrary and not necessarily equal, and discusses some of its properties and its
relation to Us. Then Section 3 states our main results. To this end, an axiomatic characterization
of general sampling-based approximation methods {Ay}yey On U and U is introduced. Then
it is proved that no such approximation method exists on U and U. As a particular case,
the sampling-based Fourier series approximation on U and U is discussed in some detail in
Section 4 whereas Section 5 will demonstrate that there exist no computational bases in U and
U. Finally, Section 6 shows that there exist no Turing computable approximation methods in
Us and U. The proofs of our main results are given in Section 8. Before that some auxiliary
results, necessary for the poofs in Section 8, are given in Section 7.

2. Notation, basic definitions and properties

The first subsection introduces our notation whereas the second subsection defines the signal
spaces U and Us on which the approximation operators are investigated in later sections.

2.1. General notation

Throughout this paper, T = R/27Z stands for the additive quotient group of real numbers
modulo 27. Then C(T) is the Banach space of continuous function on T equipped with the
maximum norm | f|| ., = max,et | f(#)|. The subset of all trigonometric polynomial is denoted
by P, i.e. the set of all f(t) = Zﬁlsz ¢, e with non-negative integers N, M € Ny = NU{0}
and with coefficients ¢, € C. The degree of f € P, denoted by deg( f), is the maximum of N
and M. To simplify notation, we often write

e,(t) = e, nez (5)

for the monomials in P. For any a € T, the translation operator T, : C(T) — C(T) is defined
by

(Taf) ) = ft—a). 1eT. ©)

It is well known that every f € C(T) is uniquely determined by the set {c,(f)},cz of its Fourier
coefficients (2). Then the non-symmetric partial Fourier series Sy y : C(T) — P is defined
for arbitrary N, M € Ny by

(Swn f)O) =0 yea(fre™,  1eT. 7
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We simply write Sy for Sy y, thus Sy f is the usual (symmetric) partial Fourier series (3) of
f- Inserting the Fourier coefficients (2) into (7), one obtains the integral representation of Sy

l b g
(Svmf)0)=— / f() Dyt —7)dr  with

2 J

el ®
A A T
and we notice that Sy » commutes with the translation operator T, for every a € R, i.e.
SN’MT(, = TaSN,M forall N, M e N() . (9)

We frequently need the notation of an open ball

Bs(fo,By={feB : If - folls <8} . (10)

in a Banach space B with center f; € B and radius 8§ > 0. Finally, we recall that a subset A/ of
a topological space B is said to be nowhere dense in B if its closure contains no nonempty open
set of B. NV is said to be meager (of first category) if it is the countable union of nowhere dense
sets, and it is said to be nonmeager (of second category) if it is not meager. The complement of
a meager set in a complete metric space is called a residual set and Baire’s theorem implies that
any residual set is nonmeager and dense. Conversely, any open and dense subset is a residual
set.

2.2. The spaces U and Uy of uniformly convergent fourier series

It is well known that the symmetric and non-symmetric Fourier series Sy f and Sy u f,
respectively, converges to f in several Banach spaces of functions on T, e.g. in L*(T) or in
the Wiener algebra WV. Nevertheless, the series Sy p f and Sy f do usually not converge to
f €C(T)as N, M — oo in the uniform norm of C(T). For this reason, we introduce U and U
as the largest subset of C(T) for which Sy f and Sy f converge uniformly to f, respectively.
The precise definition of these spaces is given next.

Definition 2.1. We write U for the set of all f € C(T) for which
Iflly = sup [Snamf], <+oc, (11)
N,MeNy

and we write U for the set of all f € C(T) for which

I flly, == sup ISy flloo < +00. (12)
NeNy
Moreover, Y C U and U; C Us stand for the closed linear span of the polynomials P with
respect to the norm |||, and ||-]l,, respectively, i.e.

U :=span{f € ’P}H'”U and Us = span{f € ’P}H'”US . (13)

Definition 2.1 introduces two pairs of Banach spaces U, U and U, Us. Even though we
primarily work with U/, U, some properties of all four spaces and their relation to each other
are shortly discussed. In particular, we emphasize the fundamental difference between U and
Us on the one hand and I/ and U on the other hand, and we give a motivation for introducing
of U and U;. Especially Corollary 2.5 and Lemma 2.6 will show again that / and U are very
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well suited for applications in signal processing which rely on Fourier series techniques. The
spaces U and U and their properties were already discussed elsewhere [3—5]. Nevertheless, for
completeness and to being self-contained, the proofs of the following statements are given in
the Appendix.

First, we notice that U and Us, equipped with the norm (11) and (12), respectively, are
Banach spaces which are continuously embedded in C(T).

Theorem 2.2. The sets U and Uy, introduced in Definition 2.1 and equipped with the norm
(11) and (12), respectively, have the following properties

1. U and Uy are continuously embedded in C(T) with
I fllo =W fllyg, =W flly  forall f €U . (14

2. U and Uy are Banach spaces.

Remark 2.1. The first statement implies obviously Us C U and || f ||, < Il flly, forall f € Us.

The space U is defined so that the partial Fourier series Sy, f is uniformly bounded for
every f € U. Similarly, Uy is the set of all f € C(T) for which the symmetric Fourier series
Sy f is uniformly bounded. Nevertheless, these properties do not imply that Sy » f and Sy f
converge to f for every f € U and f € Uk, respectively. This observation follows from the
following lemma.

Lemma 2.3. There exists an f € U such that

liminf |Sy £l < limsup [Sy /1l < +00 ,
N—oo N—o0

and there exists an f € U such that

timint S, < timsup [y, ], < +oo.

The statement of Lemma 2.3, that Sy »/ f and Sy f do not converge uniformly for all f € U
and f € Uk, respectively, is the reason for introducing &/ and U;. In these spaces, Sy p f and
Sy f converge in norm and uniformly for every f € U/ and every f € U, respectively.

Theorem 2.4. The spaces U and U, given in Definition 2.1, are Banach spaces and it holds

(1) Nlim If=Snfllyy=0  forall el 15)
@ N,}tigoo ”f - SN’Mf”u =0 forall f el

3) L{sz{ers t lim ”f_SNf”oo:O} G Us

4) u:{er : M’lglrgoouf—SM,NfHOO:O}gU.

So U and U and are closed subspaces of U and Uy containing all f € C(T) with a uniformly
convergent Fourier series. In this respect U and U are the largest spaces of continuous func-
tions for which the non-symmetric and the symmetric Fourier series, respectively, converges
uniformly.
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The first statement of Theorem 2.4 is based on the fact that ||Sy ||,z = 1 forall N € N
(cf. the proof of Theorem 2.4 in Appendix A.2). This uniform boundedness of the operator
norms implies also that the monomials (5) form a basis for U, provided they are ordered
appropriately.

Corollary 2.5. The sequence e¢ = {ey, e1,e_1, €, e_2, €3, ...} forms a Schauder basis for Us.

It is obvious from Definition 2.1 that U« C U, and since the polynomials are dense in U/, the
space Us may be considered as the closure of U/ with respect to Us-norm, i.e. Us = HH'”US. On
the other side, there exist functions f, € Us which do not belong to U, i.e. for which

limsup || Sy u f]| , = +00 . (16)
N,M— o0

To see this, we define for any K € N the trigonometric polynomial

) K
sin(kt C 1 .
n( )=—f) — ekt teT,
k 21 k

k=—K

k£0

K
frk®)=Coy
k=1

wherein Cy > 0 is a constant, independent of K, which can be chosen such that || fx| <1
for all K € N (cf. [35, Chapter I1.9]). Then it is clear from the definition that Sy fx = fy for
all N < K and that Sy fx = fi forall N > K. So || fxlly, = supyen ISv fi lloo < 1 showing
that fx € U for all K € N. Nevertheless, for the non-symmetric Fourier series of fx, one
obtains

sup S fi | = [Skofi ] = |(Sxofx) O = P Xy § = Flog(K +1)

N,MeN

showing that the norms of the operators Sy 5 : Us — C(T)

ISvotlymeen = sup [Swmfllz ISvmfil = 3 Xici &
fels, 1 fllyg<1
are not uniformly bounded. Then the uniform boundedness principle implies that there exists
an f, € Us for which (16) holds.

Let S be a subspace of C(T). We say that S is shift-invariant if f € S implies that
T,f = f(-—a) € S for every a € T. Such spaces play an important role in practical application
because there the question whether f belongs to a certain signal space S should often not
depend on a shift of the signal. If in such a shift-invariant subspace S, the Fourier series
converges at least at one point 7y € T, it converges on all points in T and & is continuously
embedded in U;.

Lemma 2.6. Let S C C(T) be a shift-invariant Banach space of continuous functions on T
such that limy_., (Sy f) (to) = f(ty) for some ty € T and for all f € S. Then there exists a
constant C(S) such that || f ||, < C(S) || flls for all f € 8.

Remark 2.2. It is easy to see that a similar statement holds for ¢/ and shift-invariant subspaces
S in which limy p— 00 (SN,Mf) (to) = f(ty) for some fH € T and all f € S.

Corollary 2.5 and Lemma 2.6 show again that {4, and U/ are very natural spaces for typical
applications in signal processing which are often based on Fourier series techniques and in
which the monomials (5) are used as a natural basis.
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3. General approximations in ¢/ and U

We are going to investigate Question 2 from the introduction, namely the problem of
approximating functions f in U and U based on finitely many samples of f. To this end,
we consider sequences A = {Ay}ycy Of approximation operators on U or U which should
have the property that Ay(f) converges to f in the norm of U/ and U for all f € U/ and
| € U, respectively. One basic requirement on these operators is the assumption that they are
lower semicontinuous.

Definition 3.1 (Lower Semicontinuous Operators). Let A : By — B, be a mapping from a
Banach space B; into a Banach space B,. We say that A is lower semicontinuous if for every
A > 0 the set {f eB; : ||A(f)||B2 < A} is closed.

Apart from this lower semicontinuous property, we require that the sequences A = {Ay}yen
of approximation operators satisfy two very simple and natural properties, namely

(A) Each Ay should be concentrated on a finite sampling set, so that the calculation of
(AN f) (t) can be implemented on a digital computer.

(B) An(f) should converge to f at least for all f from a dense subset of the function space
U or Us. This is a very basic necessary requirement for any approximation method A
which is expected to converge for all f in U or U.

All of our requirements on the sequence A of approximation operators are formalized by
the following definition.

Definition 3.2 (Sampling-based Approximation Method). Let B be a Banach space of
continuous functions on T and let A = {Ay}yeny be a sequence of lower semicontinuous
operators Ay : B — . We say that A is a sampling-based approximation method for B, if
its satisfies the following two properties:

(A) To every N € N there exists a finite set Zy C T of cardinality |Zy| = Zy € N such
that for arbitrary fi, f> € B

fi(r) = fo(r) forall T € Zy
implies [An(f1)] (@) =[An(f2)](t) forallt eT.
(B) There exists a dense subset M C B such that
Jim (L f —An()llp =0 forall fe M.

Remark 3.1. Definition 3.2 is formulated for general Banach spaces B of continuous functions
on T. Nevertheless, this paper considers solely the two particular cases 5 = U and B = U.

Remark 3.2. An operator Ay : B — B which satisfies (A) is said to be concentrated Zy.

Remark 3.3. It is emphasized that we do not require that the operators Ay : B — B are
linear. Also the dense subset M, appearing in Property (B), is not assumed to have any linear
structure.

The two properties of Definition 3.2 imply no serious restriction on the approximation
methods A. They only require that the calculation of Ay (f) is based on finitely many samples
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of f. This is a necessary condition for implementing such a method on a digital computer.
Secondly, they require that the algorithm converges at least for a dense subset M of B. This
is a very weak necessary condition for A to be able to approximate every function in B.

Despite these weak assumptions on the approximation methods, one obtains that on ¢/ and
U there exists no approximation method A satisfying the requirements of Definition 3.2 and
which converges for all f in U or Us.

Theorem 3.3. Let B be either U or Us and let A = {An}yen be an arbitrary sampling-based
approximation method for B according to Definition 3.2. Then

R(A) = {f eB : li;/nsup IAN(Dlls = +°O}

is a residual set in B.

So to any approximation method A satisfying the conditions of Definition 3.2 there exists
a dense and nonmeager subset R(A) C B such that

limsup || f — An(f)llg = +o0 for all f € R(A) .

N—o00

To prove Theorem 3.3 some preliminary results are necessary which will be presented and
proved in Section 7. The proof of Theorem 3.3 is then given in Section 8. Next, the following
three sections will discuss some consequences and applications of Theorem 3.3.

4. Application 1: Sampling-based fourier approximations in U/ and U4

Section 3 considered general sampling-based methods to approximate functions in U/ and U
from finitely many samples of the given function. To illustrate this result, this section studies
a particular example of such approximation methods, namely the approximation of f by its
truncated symmetric Fourier series Sy f. Thus, we consider Question 1 from the introduction.

As in the previous section, B stands always for either I/ or Us. According to Theorem 2.4, the
symmetric Fourier series Sy f converges to f for every f € B, uniformly on T and in the norm
of 3. So it seems to be natural to approximate f € B by the partial sum Sy f. But to calculate
(3), the exact Fourier coefficients {c,(f )},11\’:_ » are needed. However, since these coefficients are
given by an integral (2) over f, it is clear that c¢,(f) can generally only be determined exactly
if f(¢) is known at almost all points ¢t € T. Nevertheless, on a digital computer only finitely
many values of f(#) can be processed. So in practice, one will replace the exact coefficients
cn(f) by some “good approximation” cy ,(f) of ¢,(f) obtained via a numerical integration in
(2), based on finitely many known samples { f (rn)}f(zl\l/) of f. So instead of (3), one determines
for N =0,1,2,... the approximations

fue@) = [Ex(D]®) = X3y ena(f)e™ . 1eT, (17)
with certain approximations cy _,(f) of the exact Fourier coefficients (2). Then, we say that the
sequence E = {Ey}ycy of operators Ey : B — B is an effective approximation method for B
if

Jim [f = fv]y = lim | f~Ex(N);=0 forall feB.

We ask whether it is possible to find an effective approximation method for B = U
or B = U and how we have to calculate the approximate Fourier coefficients cy ,(f)
such that the corresponding sequence E becomes effective. To formalize our approach, we
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characterize again the approximation methods by two simple properties. In the present situation
our approximation methods Ey have already slightly more structure than in the general case,
discussed in Section 3.

Definition 4.1 (Sampling-based Fourier Approximation). Let B stand for U or U and let
E = {En}yen be a sequence of operators Ey : B — B of the form (17) with continuous
functionals ¢y, : B — C. We say that E is a sampling-based Fourier approximation, if it
satisfies the following two properties:

(a) To every pair (N,n) e Nx[—-N,...,—1,0,1..., N] there exists a finite set Zy, C T
such that for all fi, />, € B

fi(t) = fo(r) forall T € Zy, implies ¢y (1) = cnn(f2) -
(b) The functionals cy , : B — C satisfy for every n € Z

Nlim ena(f) = cn(f) forall f € B.

Property (a) requires that the approximate Fourier coefficients cy ,(f) are uniquely determined
by the values of f on a finite sampling set Zy ,. If two functions f; and f, coincide on this
sampling set then the corresponding approximate Fourier coefficients cy ,(f1) and cy ,(f2)
have to be equal. Property (b) requires that for every n € Z the number cy ,(f) is a good
approximation of the true Fourier coefficient c,(f) in the sense that cy ,(f) converges to c,(f)
as N goes to infinity. The intuition behind this assumption is that the cardinality ‘ZN,,L| of the
sampling sets increases as N increases. So to satisfy Property (b), one has to choose a proper
numerical integration method for the determination of cy_,(f) which converges to c,(f) if the
number of sampling points goes to infinity. Such a method is easy to find because the integrand
in (2) is a continuous function.

If E = {En}yen is a sampling-based Fourier approximation with Properties (a) and (b)
then the calculation of Ex(f) is based on the values of f on the finite sampling set Zy =
Ufl\’:7 ~ Zn.n- In many concrete situations (cf. Example 1 below), one will choose the sampling
sets Zy., to be equal for all n = 0,+£1,£2,...,£N. Nevertheless, our approach allows
for the general situation where all sampling sets might be different. We emphasis also that
the sampling sets {ZN,,,};V:_ y can be completely different for different N, i.e. we do not
require that Zy , C Zy4k., for any k € N. To illustrate the approximation sequences {Ey}yen
characterized by Definition 4.1, we give a concrete and simple example.

Example 1. For each N € N, choose the sampling sets
Zyn = {ivi :(k—N)% L k=0,1,2,...27 — 1]
foreveryn =0,+1,+2,...,£N .
Then we approximate the integral in (2) by its Riemann sum with nodes Zy ,

2N-1 2N—-1
T 1

- 1 Iy
enalf) = —— Fltng) enltng) = =— f(lk — N1Z&) e ivnk=n)
N 27 kX:(; 2N kX:(; N

and consider the operators Ex(f) = Z,I,V=_N enan(f) e It is clear that the so defined

functionals ¢y, : B — C have Property (a) and that they are continuous. Moreover, by well
known properties of the Riemann integral, they also satisfy Property ().
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Even though the functionals ¢y, : B — C in the previous example were linear, we
emphasis that the two properties of Definition 4.1 do not require that any cy , is linear. So
these functionals and in turn the operators Ey : B — B can be non-linear, in general.

Similarly as in Section 3, one can show now that every sampling-based Fourier approx-
imation satisfying Properties (a) and (b) of Definition 4.1 diverges on the spaces U/ and
Us.

Theorem 4.2. Let B stand for U or Us and let E = {Ex}yen be a sampling-based Fourier
approximation with operators Ey : B — B of the form (17) and having Properties (a) and (b)
of Definition 4.1. Then

R(E) = {f €B : li;,nsup IEn(Nlis = +oo}

is a residual set in B.

This theorem is an immediate consequence of Theorem 3.3 since every sampling-based
basis expansion E, as defined in Definition 4.1, satisfies also the conditions of Definition 3.2.
Nevertheless, a detailed verification of this statement is given in Section 8.

5. Application 2: Computational bases in U or L

As before, B stands always for either I/ or U. Let {¢,} -, be a basis for B. Then to every
f € B there exists a unique sequence {a,(f)},ey C C such that f = > _a.(f)¢, and
where the sum converges in the norm of 5. Similarly as in the previous section, we may try
to approximate f by the partial sum

Onf =Y an(f) (18)
Since {¢,}o2, is a basis, @y f converges to f as N — oo. Nevertheless, working on a digital

computer, it might not be possible to determine the coefficients a,(f) in (18) exactly from
only finitely many samples of f. Then, similar as in Section 4, one has to replace the exact
coefficients a,(f) by certain approximations ay ,(f) which yields approximation operators of
the form

Ev(f)=Y" an.(fe.. NeN.

By the same arguments as in Section 4, it follows that there exists a residual set R C B such
that

limsup [|[Exy(f)ll g = +00 forall f e R,

N—o0

irrespectively of how the approximations ay ,(f) of the true coefficients a,(f) are chosen.

However, it is known that there exist Banach spaces which posses a basis {¢,},cy such
that each of the corresponding coefficient functionals {a,(f)} is uniquely determined by only
finitely many samples of f. Such bases are said to be computable.

Definition 5.1 (Computational Basis). Let B be a separable Banach space of continuous
functions on T. A basis ¢ = {¢,},cy of B is said to be computational if the corresponding
coefficient functionals {a,(f)},cy Of @ have the following property: To every n € Z there exist
an K = K(n) € N and distinct numbers t; ,, ..., Tk, € T such that the value a,(f) does only
depend on the values f(tx,), 1 <k < K(n) for every f € B.
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Remark 5.1. In other words, ¢ is a computational basis if and only if for all functions f, g € B
with f1(tx.n) = fo(te,) forallk =1, ..., K(n) one has a,(f1) = a,(f2) foralln =1,2,3,....

If ¢ is a computational basis then to every n € Z there exists a finite sampling set Z, =
{1:1,,,, ey 'L’[((,,),,l} C T which allows to calculate a,(f) exactly based on the values { f(7)},.z, -
So a computational basis allows to determine the partial sum operators &y : B — B in (18)
exactly for all f € B from only finitely many samples of f. For a large number of Banach
spaces of continuous functions on T, computational bases are known [27]. One example is the
spline basis for C(T). Nevertheless, Theorem 3.3 implies the following statement.

Corollary 5.2. The two spaces U and Us do not posses a computational basis.

This corollary follows from the observation that the partial sum operators (18) associ-
ated with any computational basis {¢,},cy satisfies the properties of Definition 3.2. Then
Corollary 5.2 follows form Theorem 3.3 in a similar way as Theorem 4.2 follows from
Theorem 3.3.

6. Application 3: Approximations by turing computable functions

Theorem 3.3 showed that there exists no sampling-based method which is able to determine
an approximation for all f in U/ or U. This section is going to translate this statement into
the language of Turing computability. Generally speaking, a method or a function is said to be
computable if there exists an algorithm on an abstract machine which can emulate the method
or function. Thus, given a (countable) sequence of input symbols, the machine will be able
to return the corresponding output symbols as prescribed by the given method or function.
The concrete notion of computability is characterized by the model of the abstract machine
on which the corresponding algorithm is assumed to be executed. In this paper, we consider
only the model of a so called Turing machine. This particular computational model describes
a natural limit on algorithms which can be implemented on digital computers [1,30,31].

Before we can reformulate our main result in terms of Turing computable functions, we have
to relate the approximation operators Ay to certain functions which can then be analyzed using
the notion of Turing computability. These functions are introduced in the following definition
and related to our approximation sequence A by the subsequent lemma.

Definition 6.1. Let Z € N be arbitrary and let 3 be a separable Banach space of continuous
functions on T. Then we write 7 (Z, B) for the set of all functions F : R? x T — R satisfying

1. F(x;-) € B for every x € RZ.
2. the mapping F : R — B, given by F : x — F(x; -), is lower semicontinuous.

Remark 6.1. As before and as in the remainder of this section, the Banach space B, appearing
in this definition, will always be either I/ or U;.

Now we consider again approximation methods A = {Ay}ycy described by Definition 3.2.
The following lemma shows that every A, satisfying the first property of Definition 3.2, can
be associated with a sequence {Fy}yey Of functions Fy = T(Zy, B), wherein Zy = |Zy]|
denotes the cardinality of the sampling set Zy on which Ay is concentrated.
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Lemma 6.2. Let B stand for either U or Us. A sequence A = {An}yen of lower semicontinuous
mappings on B has Property (A) of Definition 3.2 if and only if to every N € N there exist
a finite set Zy = {tl, T2, e, ‘L’ZN} C T and a function Fy € T(Zy, B) such that for every
feB

[AVN]@) = Fn(f(), f(@), ..., f(tzy) 5 1) forallt €T.

Proof. Let N € N be arbitrary and let Zy = {‘L’l, T, .., TZN} C T be an arbitrary sampling set
of cardinality Zy. Assume Fy € T(Zy, B) is a function according to Definition 6.1. Therewith,
we define the mapping Ay : B — B by

[ANO1@®) = Fy( f(r), f(T2)o.u fTzy) 5 1) teT.

It is obvious that Ay satisfies Property (A) of Definition 3.2. Moreover, since Fy : X
Fn(x; -) is lower semicontinuous, it follows, using (14), that also the corresponding Ay : B —
B is lower semicontinuous.

Conversely, assume A = {Ay}yen 1S @ sequence of lower semicontinuous mappings with
Property (A), and let Zy = {71, 7, ..., 7z,} C T be the associated sampling sets. Fix an
arbitrary N € N. Because A satisfies Property (A), i.e. because Ay is concentrated on the
sampling set Zy, the function Ay f € B depends only on the values {f (t,,)}f;"1 € R?V, Let
X =(X1,..., Xz, )T € R?N be arbitrary. Then there always exists an gy € C(T) such that

gx(t) = x, foralln=1,2,...,Zyn,

and such that ||gxllo = Xllooc = MaXye(1,....zy] [%a]. Applying Lemma 7.1, one can always find
an fyx € B with || fxllg <2 llgxllse = 2 IIX]lo and such that

In(t) = gn(t) = x, foralln=1,2,...,Zn .

Finally, we define the function Fy : R?¥ x T by Fy(x;t) = [Ax(f)] () for t € T. Since
Ay : B — B, it is clear that Fy(x;-) € B for every arbitrary x € R?N. Moreover, since
Ay is assumed to be lower semicontinuous, it follows easily that the corresponding mapping
Fy : R — B, given by Fy : x> Fy(x;-) = Ay(fy) is lower semicontinuous, showing
that Fy € T(Zy,B). 1

So every approximation operator Ay is associated with a function Fy in the class 7(Zy, B).
This allows us to apply techniques from computability theory to analyze the computability of
approximation methods having the Properties (A) and (B) of Definition 3.2. This is necessary,
because to compute the values of [Ay(f)I() = Fn(f(T1),..., f(tzy);t), t € T on a
computer, the function Fy has to satisfy some reasonable computability conditions. Here,
we only discuss so called Turing computable functions, and we shortly review the necessary
definitions.

Definition 6.3 (Computable Vectors). Let x € RY be an M-dimensional real vector.

1. A sequence {X,},cy C QM of rational vectors is said to be a rapidly converging Cauchy
name of x, if x,, converges rapidly to x in the following sense: For all n,m € N with
m > n, one has ||x,, — X, llgy <27".

2. A vector x € RM is said to be computable, if there exists a rapidly converging Cauchy
name of x.
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Definition 6.4 (Computable Function). We call F : RM — R a computable function if there
is an algorithm that transforms each rapidly converging Cauchy name of an arbitrary x € RM
into a rapidly converging Cauchy name of F(X).

Remark 6.2. Following usual conventions, the notion “algorithm” in Definition 6.4 means
that there exists a Turing machine which determines the corresponding mapping.

Remark 6.3. In his early works Turing introduced the notion of computable numbers in
R [30,31]. These numbers have to be approximable by rational numbers using a Turing
machine. Since the number of Turing machines is countable also the number of computable
numbers is countable. Later, Turing introduced machines with an oracle [32]. By considering
the inputs as given by an oracle from outside and not being itself calculated on a Turing
machine, these machines can handle functions with arbitrary real inputs (see, e.g., [1] for
further discussions). This paper considers only approximation methods computable on Turing
machines with oracle. So here “Turing computable” always means “computable on a Turing
machine with oracle”.

Definition 6.5 (Turing Computable Approximation Method). Let B stand for U or Us. A
sequence A = {Ay}yey Of mappings B — B is said to be a Turing computable approximation
method on B if to every N € N there exist an Zy € N, a finite sampling set Zy =
{rN,l, TN2y v ns rN,ZN} C T, and a computable function Fy € T(Zy, ) so that for every

feB
[AVD]@0) = Fn(fan), ftn2), ..o, ftnzy) s ) forallzeT. 19)
Remark 6.4. Definition 6.5 is basically a reformulation of Property (A) of Definition 3.2 in the

context of Turing computability where the lower-semicontinuity of the operators Ay follows
from the fact that each computable function Fy is continuous [33].

After these preparations, we can recast Theorem 3.3 in the framework of Turing computabil-

ity.

Theorem 6.6. Let B stand for U or Us, and let A = {An}yen be a Turing computable
approximation method on B such that there exists a dense subset M C B so that

Jim |f —An(D|g=0  forall fe M. (20)
Then
{f €B: li;nsup IAN(Dlls = +OO} 21)

is a residual set in B.

Remark 6.5. Condition (20) is equivalent to Property (B) in Definition 3.2 and requires that
the method A converges to the desired function f at least for all f from a dense subset of 5.

Proof. The sequence A = {Ay}ycy is @ Turing computable approximation method on 5.
So to every N € N there exists a sampling set Zy C T of cardinality Zy = |Zy]| and an
Fy € T(Zy, B) such that (19) holds for every f € B. Moreover, every Turing computable



H. Boche and V. Pohl / Journal of Approximation Theory 249 (2020) 105307 15

function is continuous [33] and so Lemma 6.2 implies that A has Property (A) of Defini-
tion 3.2. Furthermore, Requirement (20) implies that A has Property (B) of Definition 3.2. So
Theorem 3.3 is applicable, showing that (21) is a residual setin 5. W

According to Theorem 6.6, there exists no method A = {Ay}yey Which can be implemented
on an abstract Turing machine and which is able to calculate arbitrary values f(¢), t € T for
all functions f from the spaces U or U. In particular, it is impossible to calculate a partial
Fourier series (3) or (7) on a Turing machine for all f € U or f € U, respectively.

7. Auxiliary results

This section presents two auxiliary results needed to prove Theorem 3.3 in Section 8.
Nevertheless, both results may be of some interest by themselves. Again, 5 stands always
for U or U.

7.1. Interpolating continuous functions by functions in U and U;

The following interpolation lemma will be of fundamental importance for the proof of
our main results. Let Ay : B — B be an arbitrary sampling-based approximation operator
concentrated on a finite sampling set Zy, and let { f(z,,) : 7, € Zy} be the samples of f € 5 on
which the calculation of Ay (f) is based. Then the following interpolation lemma will show that
the operator Ay cannot decide from the given samples {f(7,) : T, € Zn} whether f belongs
to B or C(T), because to every f € C(T) there exists a function g € B which coincides
with f on the sampling set Zy. Then, in connection with Property (B) of Definition 3.2,
every approximation method which shows a bad convergence behavior on C(T) will show a
similar bad convergence behavior on the subset 5 C C(T). Exactly in this way, the following
approximation lemma will be applied in the proof of Theorem 3.3.

Lemma 7.1 (Interpolation Lemma). Let Z C T be an arbitrary discrete subset of T. To every

f € C(T) there exists an fi € U with ||filly < 2| fll« and such that fi(t) = f(z) for all
TeZ

Remark 7.1. Since U C U and || f1lly, < Il f1lly one has also fi € Us with || filly, <2 | fll -

Remark 7.2. A similar interpolation lemma was used in [2] but for a different Banach space.

Proof. (1) For § € (0,1), we consider the function A; € C(T) defined by As() =

max (O, 1-— ';—') for t € T, and which can be written as a Fourier series
As(t) =302 cn(As)e™ with co(Ag) = % and )
cn(Ay) = =20 >
All Fourier coefficients ¢,(A;) are non-negative, so A;(0) = Y o2 c,(As) = lellg =
| Asllyy = 1, showing that (22) converges absolutely and satisfies
[4slly = sup [[Swwmds|, <145l =1 (23)
N,MeNy

using that Sy v 4s] _ = H YV ade] <XV en(As) < 145l for all N M €
Ny, and where || A5y, stands for the usual norm of As in the Wiener algebra W.
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(2) Next, we show that for every u € (0, 1) and every € > 0O there exists a §o = do(i, €)
with 0 < §p < w such that for every § € (0, §p) and for all N, M € Nj
|(Sw.mAs) ()] <€  forallt € T\[—p, u] .

Indeed, using the integral representation (8) of Sy s, we obtain for all 6 € (0, 1) and all t € T
1 [? 1 [? 1
Sy.mds) (O] < — A Dy ut —1)| dt < — - dr,
|(Sw.mds) ()] < o /_8| 5O Dy m — )| dr < o /_a sin(lr — 1/2)] T
because || Asllo < 1. Then, choosing an arbitrary p satisfying 1 > pu > §, one obtains
8 1
Svmds) )| < ——-o
(S ) O] = S5
So to every € > 0, we can choose § € (0, 1) so that |(Sy.xAs) (1) < € for all € T\[—pu, ul.
3) Let Z = {1, };%:1 C T be an arbitrary sampling set of cardinality Z. Then we set

for all t € T\[—pu, u] .

p:min{lrn—tm| D Tu, T eZwithn;ém} and uw=p/3.
Using the previous step of this proof, we choose § < p such that for all N, M € Ny always

|(Swmds) (| <+ forallt € T\[—pu, ul. (24)
(4) Let f € C(T) be arbitrary. With f we associate the function
fs() =0 f(1) Aot — w) = Y, f(w) (T, As) (1) (25)

with § as chosen in the previous step and where T, stands for the translation operators (6).
Then we fix arbitrary numbers N, M € Ny and apply Sy u to f5. Using (9), this yield

(Svauf5)®) = X7, F(@) (SwmTe, As)(0) = X7, £(T0) (Te, Snm As) ()

= Y01 (@) (Swaw As)t = 1) - (26)
(5) Now we fix an arbitrary ¢ € T. By the definition of p and p, there exists at most one
index 1 € {1,2, ..., Z} such that t — t; € [—u, u]. Consequently, we have

1 if n=n
|(Sw.m T, As)(®)] = |(Sn.mAs)(t — )| < { 1/Z if n#kp
where the first line follows from (23) and where the second line is a consequence of (24).

Using these upper bounds and applying the triangle inequality to the absolute value of (26)
yields

V4
|(Svan fs)O] < [F@)| |(Svmds)t — )|+ D [F@)] [(SwamnAs)(t — 1)
n=Il,n#m
1 V4
<|f@l+- D0 1f@] < Iflee+Z 1f e <2 1f s -
n=1l,n#m

and since ¢ € T was arbitrary, we have “SN,Mf(; ||c>o < 2| flls for all N, M € N and therefore
Ifslly = sup [[Svmfs] <20 -
N,MeNy

(6) Finally, the definition of f5 in (25) shows that fs5(t,) = f(z,) for all 7, € Z because
6 < p/3 was chosen such that the support sets of the functions {Tfn Aa}f:l are mutually
disjoint. So the function f| = f5; € U, defined in (25), has all the properties claimed by the
lemma. N
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7.2. A generalized uniform boundedness principle for non-linear operators

Since Theorem 3.3 allows for approximation operators Ay : B — B which are not
necessarily linear, we will need a generalization of the well known uniform bounded-
ness principle for linear operators. This principle can be formulated as follows (see, e.g.,
[25, Chapter 5]). Let @ = {Py}ycny be a family of bounded linear functionals on a Banach
space I3 and assume that there exists a residual set /JC C B such that

sup | Py (f)| < +o0 forall f ek .
NeN

Then the functionals @y are uniformly bounded by a constant M < oo, i.e. || Py| < M for all
N € N. By the linearity of @y, this conclusion may be stated as follows: To every arbitrary
ball Bs(f, B) C B with radius § > 0 and center f € B there exists a constant M = M(3, f)
such that

|[Pn(f)l <M for every N € N and for all f € Bs(f, B) . 27

This uniform boundedness principle (also known as Banach—Steinhaus theorem) can be
generalized to non-linear (lower semi-) continuous functionals on B [15, Satz 4.4]. However,
then Conclusion (27) does no longer hold for arbitrary balls Bs( f, B) C B, but there exists only
one fixed ball Bs,(fo, B) C B, determined by the family of functionals @, such that (27) holds
only for all f € Bj,(fo, B). For completeness, we state this generalized uniform boundedness
principle in the form as it will be needed later, together with its short proof.

Lemma 7.2 (Generalized Uniform Boundedness Principle). Let B be a Banach space, let
& = {Dy}nen be a family of lower semicontinuous functionals @y : B — Ry and assume
there exists a residual set K C B so that

sup @y (f) = C(f) < 400 forall f ek .
NeN

Then there exist a constant Cg < 00, an fy € B, and a § > 0 so that for every f € Bs(fo, B)
always On(f) < Cg for all N e N.

Proof. For any X > 0, we define the sets

Ly ={feB : oy(f) <A} and La(A) = Nyeny L V) .

Note that for every A > 0 the sets Ly(X) are either empty or closed because any @y is lower
semicontinuous. Consequently, also L g(A) is (if it is not empty) a closed subset of 5, because
the intersection of closed sets is closed.

Let f € K be arbitrary. Then supy .y @n(f) < C(f) < oo by the assumption of the lemma.
Soif A > C(f) then f € Lg(2) and so K C |J, . L& (). In other words, K is contained in a
countable union of closed sets and since K is assumed to be of second category there exists a
Ao € N such that L $(X¢) is not nowhere dense. So there exist a §y > 0 and an f;; € B such that
L $(xo) N Bsy(fo, B) is dense in Bs,( fy, B). However, since Lg(o) is a closed set, we have
Bsy(fo, B) C Lg(ho). N

8. Proof of the divergence results

This section proves the main divergence results from Sections 3 and 4. First, Theorem 3.3 is
proved, showing the divergence of general approximation methods in ¢/ and U4. Afterward, the
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proof of Theorem 4.2 is presented. The last subsection contains two auxiliary lemmas which
are needed for the proof of Theorem 3.3. Recall from (10) that Bs( fy, B) denotes the open ball
in the Banach space B with center f, € B and radius § > 0.

8.1. Proof of Theorem 3.3

We prove the statement of the theorem for U/ by contradiction. So assume the statement of
the theorem is wrong, i.e. assume the set

GA) = €U : supyar|AN(Dlly, = C(f) < +oc] 28)

is of second category in U4. Based on this assumption we deduct a contraction in several steps.

(1) The assumption that (28) is of second category implies that the family {@y}ycy Of
functionals @y : Us — Ry given by On(f) = [[An(f)lly, satisfies the conditions of the
generalized uniform boundedness principle (Lemma 7.2). So there exists a constant Cg < 00,
a function fy € Us, and a 8o > O such that for all f € Bs,(fo, Us) always

IAN(OIly, < Cs  forall N eN.

(2) Let M C U be the dense subset of Property (B) in Definition 3.2 for the operator
sequence {Ay}yen. Then there exists an f; € M such that || fi — folly, < 80/2 and we
certainly have Bjs,2(f1,Us) C Bs,(fo, Us) which implies for every N € N

ANy, = Cs for every f € Bs2(f1,Us) . (29)

(3) Let N € N be arbitrary and let Zy C T be the sampling set associated with Ay. We
choose an arbitrary f € Bj),4(f1, C(T)) and consider the function g := f — fo € C(T) with
norm ||gll,, < 80/4. According to Lemma 7.1 there exists a gy € U such that

gn(t) =g(r) forallt e Zy and lgnlly, =2 lIgllee < 80/2 .
Then we consider the function gy = f1 + gy which the two properties

qn € Bsy2(f1, Us)

gn(t) = fi(r) + gn(1) = filt) +g(1) = f(7), forall T € Zy .
So by Property (A) of the sequence {Ax}ycn, One has Ay(gy) = An(f) and (29) shows that
||AN(f)||US = ||AN(qN)||US < Cg. Since f € Bs,/4(f1,C(T)) and N € N was arbitrary, we
thus get

IAN(Olly, = Ca for all f € Bsy/a(f1,C(T)) . (30)

(4) Now, we define two subsets of C(T) as follows

My = {g S B50/4(0, c(my) : g1, 8 € MnN B80/4(f15 C(T)) so that 8§ =81~ g2}

Mi=r-Mo={f=xrfo : LR, fo € Mo},
and we notice that M) is dense in Bj,4(0, C(T)) and that M is dense in C(T). These properties
of My and M, are verified by Lemmas 8.1 and 8.2 in Section 8.3. Let g € MNB;,/4(f1, C(T))

be arbitrary. Since g € M C Us, we have | g|ly, < +oo and the triangle inequality and (30)
yields

lglly, < llg = An(ly, + ANy, < llg — ANy, + Ce -
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Moreover, using Property (B) of the sequence {Ay}ycn, One gets
lglly, <limsup[lg — An(lly, + Co =Cga ,
N—oo

showing that || g|l;, < Cg for all g € M N Bsy4(f1, C(T)).
Then we consider arbitrary functions gi, g2 € M N Bs,4(f1, C(T)) and set gy = g1 — &>.
Since g1, go € M C U, and because U is a linear space, we have gy € U with

lgolly, = g1 — &2y, = llgilly, + lIg2lly, =2Cs .

This shows in particular that

lgolly, <2Ce for all goeMo. (3D
Let f € M, be arbitrary and set f, = SHfH f- Then f, € My and (31) yields
||f|| ||f||
I flly, =5 ==l filly, < 5 = Cyp
0
showing that for every f € M,
OC
ISn flloe = 1 flly, < 2 1 £l forall N e N. (32)

(5) Let f € C(T) be arbitrary. Since M, C C(T) is dense, there is a sequence { f,,},cny € M
with

Tim [ = fullo =0 (33)

For every fixed N € N, the operator Sy : C(T) — C(T), as defined in (3), is bounded so that
lim [|Sy(f — fi)lloo =0 forall N e N . (34)
n—0oQ

Therefore, for every arbitrary N € N, one obtains

IS8 fllso < ISNCF = Flllos + ISn fulloe < USNCF = filloe + Il fully,
< ISV = flloo + 2522 1 fulls

using (32) to obtain the last line. Because of (33), there exists an ng € N such that || f; |l <
| fllo + 1 for all n > ny and therefore

1SN flloo < ISN(f = fidllo + 5% (If oo +1)  forall n = no.
Since the left hand side of this inequahty does not depend on n, one obtains from (34)

ISy flloo < Timsup IS (f = fi)lloo + 52 (1f oo + 1) = 522 (I f o + 1)

n—00

and by the definition of the norm in U, one gets || fll;;, = supyey ISy flloo < % (||f||00+1).
Since f € C(T) was chosen arbitrary, we thus have

I £l < 2"% for all f e C(T) with || f]l, <1. (35)
(6) For any arbltrary K € N, we define

2K i
erkt

K .
; sin(kt) .C
fr(t) = Cpes"y p =17° >
k=1 k=0,k£K

, teT,
K—k
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with a constant 0 < Cyp < 1.2 which can be chosen, independently of K, such that || fx |l <1
for all K € N [35, Chapter I1.9]. For these functions, one gets

ISk fxlloo = 1Sk f) O] = L3 + > Llog(K +1)  forall K eN.

Combining this inequality with (35), one obtains

22 > |l filly, = sup ISn filloo = ISk fi oo S log(K +1)  for every K € N.
NeN

However, this yields a contradiction for sufficiently large K € N, showing that assumption (28)
was wrong. So the statement of the theorem is true.

The proof for B = U follows exactly the same lines as the above proof for B = U with
almost no changes. Therefore, the detailed proof is omitted. W

8.2. Proof of Theorem 4.2

Let E = {Ey}yey be a sampling based Fourier approximation as assumed in the theorem.
It is sufficient to verify that the operators Ey : B — B satisfy Properties (A) and (B) of
Definition 3.2. Then the statement follows from Theorem 3.3.

First we note that the assumption in Definition 4.1 that all functionals ¢y, : B — C are
continuous implies that the operators Ey : B — B are (lower semi-) continuous. Then it is
obvious that E satisfies Property (A) with the sampling sets Zy = Uf;':_ N ZNon-

It remains to verify that E has Property (B). Let f € P be an arbitrary trigonometric
polynomial of degree K € N. Without loss of generality, we can assume that it has the
form f = Z,f:_ x ¢k(f)ex where some of the Fourier coefficients ¢,(f) may be zero. By
the definition of the operators E;, we thus have

EL(f)=Yr rcoan(fle, forallL>K.
Then for arbitrary N, M € N and using Property (b) of E, one obtains

min(N,K) min(N,K)
lim SyuEr(f)=lim Y7 caHe= Y clfen=Svuf.
n=—min(M,K) n=—min(M,K)

showing that lim; _, ||SN,M [EL(f)— f] ||<>0 =0 for all N, M € N. So therewith, one obtains
lim sup Sy [EL(F) = f1] = lim [EL(H) = f], =0,

L—oo

s

and because of (14), one has also lim; . [EL(f) — fllz, = 0. Since f € P was arbitrary, we
thus have verified Property (B) of E with the set M =P. N

8.3. Two auxiliary lemmas

For completeness and to make the paper self-contained, this subsection proves two simple
statements which are needed in the proof of Theorem 3.3 in Section 8.1.

Lemma 8.1. Let B be a Banach space, let M C B be a dense subset, and let fi € M be
arbitrary. Then for any § > O the set

Mo ={g € Bs0,B) : 3g1,8 € MNBs(f1,B) so that g = g1 — g}
is dense in Bs(0, B).
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Proof. Assume the statement is wrong, i.e. assume that there exists an € > 0 and a g € Bs(0, B)
such that B.(g, B) C B;(0, B) and

MoyNBAg,B)=0. (36)
Then f, = f; + g belongs to Bs(fi, B), and since M is dense in B, one always finds

fr € M N Bs(fi, B) so that || f — f3llzg < €/2. Then f = f3 — fi belongs obviously to My

and satisfies | f —qllg = I f3 — fi —qllg = I f3 — f2llg < €/2 showing that f € Bc(q, B),
contradicting (36). W

Lemma 8.2. Let B be a Banach space, let Bs(0, B) = {f eB :|flg< 8}, and let M be
a dense subset of Bs(0, B). Then the set M| = {f =Ao : LeR, fye Mo} is dense in B.

Proof. Assume the statement is wrong, i.e. assume there is an € > 0 and a g € B, ¢ # 0 so
that

M, NB.(q.B)=10. (37)

Let fi = —L € Bs(0,B), and choose n such that 0 < < % min(l, HqHB) Then

B,(f1,B) C 33(8 B) and since M, is dense in Bs(0, 5) one always finds an f, € M, such
that || fi — f2llg < w. Inserting the definition of f;, one obtains

2 2
q—5llqlis f2 B<T”q”5<6' (38)

Soif fy = Afp with A = % llgll5 then fy € M, and (38) shows that fy € B.(q, B) contradicting
assumption (37). W

Appendix. Properties of the Banach Spaces U, Us and U, U

This appendix proves the properties of the spaces U, Us, U, and U as stated in Section 2.2.
The first subsection verifies the statements concerning U and U whereas the second subsection
presents the proof concerning U/ and U;.

A.l. The Banach spaces of U and U — proof Theorem 2.2

(i) By the definitions (11) and (12) of ||| and ||-[|y,, one has || f{ly, < | flly for every
f € U, showing in particular that U C Us. Let f € U C C(T) be arbitrary, and for any M € N
let

Vu @)= SN oSvH@), teT,

be the first arithmetic means of the partial Fourier series Sy f. Then the triangle inequality
yields

IVarflloo < o SN0 IS8 flloe < 5 SNz W llue = NIy, < I f Ny

and one gets [ fllo < IVar fllao + If = Var fllao < I flly, + ILf = Vs £lloo- By the Theorem
of Fejér (see, e.g., [35, Chapter II1.3]), the last term on the right hand side converges to zeros
as M — oo, proving that [| flloo < Iflly, < I flly for any f € U.

(ii) First, we verify the second statement for Us. It is easy to see that Us is a linear space.
So it remains to show that U is complete. Let { f,,},cy be an arbitrary Cauchy sequence in Us.
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Then (14) implies that {f,},cy is @ Cauchy sequence in C(T). Consequently, there exists an
f € C(T) such that lim, . || f — fullc = 0, and it remains to show that f € Us.

Since {fu},en C Us is a Cauchy sequence, there exists an ng € N so that || f, — fully, <1
for all n, m > ngy. Therefore, one gets

[fallo, = 150 = Faollu, + Mol = 1+ [ gy, foralln=no

and this implies certainly

1<m

120y, < mx (15 ol

Let N € N be arbitrary. Then, because Sy : C(T) — C(T) is bounded, we have
limy— 0 ISy f — Sn fullos = 0 and so

max IIfmIIUS> = C, forallm e N.
<m<ny

ISv fllog = Im [ISy fallos < sup ISy fulloo < sup (SUP IISanlloo>
n—>00 neN neN \NeN

=sup || fully, = C2
neN

showing that f € U, i.e. showing that Us is complete. The proof for U follows exactly the
same lines and is therefore omitted. W

A.2. Properties of U and Us — proof of Theorem 2.4, Lemma 2.3, and Corollary 2.5

This section verifies the properties of the spaces & and U given in Theorem 2.4. The proof
of this theorem follows easily from Lemma 2.3, which we will prove first. However, some
necessary technicalities in the proof of Lemma 2.3 are handled by the following auxiliary
lemma.

Lemma A.1. Let NeN be arbitrary. To every r € Ry there exists a trigonometric polynomial
fy., and an N € N with N > N such that

@ il 1 V

(b) (SN.MfAv,’r) (t) =0 forallt € T and for every N < N and all M € N,
(c) maxy, pen, HSN,MfZ(/J Hoo >r

(d) SN,MfI(,J = fN,r forall N > N and all M € N,.

Proof. Throughout this proof, we consider polynomials px ; € P of the form

_ iLr K sink)) _ G L1 int L+K  oint
Pr.(t) =Cope' (Zk=1 %) = 170 I:Zn=1f[< z,,l + Zn=L+1 Z,,,] ) teT,
(A.D)

with K, L € Ny. Therein, Cy > is chosen such that ”pKL”oo <1 forall K,L € Ny. Such a
constant exists (cf. [35, Chapter I1.9] and the discussion in the proof of Theorem 3.3).

Let N € N be arbitrary and choose K € N so that %bg(K 4+ 1) > r. Then we set
L=N+K and N = L + K. With these values for K and L, we consider the polynomial
pk.1 given in (A.1). Note that by its construction all Fourier coefficients c¢,(pk 1) with n <0
are necessarily zero. Next, Sy y pk. 1 18 investigated on three different sets for the index N and
for an arbitrary M € Ny.
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(1) For N < N=L-— K, Definition (A.1) of pg ; shows immediately that Sy s px.r = 0.

(2) Similarly, for N > N one obtalns immediately Sy px.L = pk.L-

(3) From the interval N <N <N, we pick for the moment the value N = L. Then (A.l)
yields

(Svmpk.L) 0) = (Sropk.r) 0 = LY, L > Qlog(k + 1)
showing that

. max HSNvMpK’L”oo > %log(K +1)>r.
N<N<N,MeNO

Finally, we set fy, . = pk.r. Then the previously derived properties of pk ; show that fy
satisfies the statement of the lemma. W

Remark A.1. The trigonometric polynomials f ., constructed in the previous proof, are the
building blocks in the following proof of Lemma 2.3. These polynomials have the form

fNr(t)_Zn Ncn(fNr)elm IGT,

with N > 0. So all of its coefficients cn(fiy ) with n < N and with n > N are equal to zero,
i.e. the support of the sequence of Fourier coefficients of f . satisfies

supp ({en(fi, )}, 0) IV, N1 C N
and the degree of f,\v,yr is N = deg(fﬁ’r).

With Lemma A.1 at our disposal, we can now prove Lemma 2.3 showing that there exist
functions f e U, for which the Fourier series Sy f does not converge uniformly to f.

Proof (Lemma 2.3). We construct a particular f € U with the property claimed by the
lemma. This construction is based on the trigonometric polynomials fy . used in the proof
of Lemma A.1.

(1) At the beginning, we construct recursively a sequence {px}-, of trigonometric polyno-
mials and associate sequences {Nk} C Nand {Nk}oo C Nand {R};ey C R. Starting with
k =1, we define Ny =0, r| = G+ 1) and p; = le " where fN - is given by Lemma A.1

and satisfies therefore ||p;|l,, < 1. Then we set R; = maxyen ||[Sny p1llo and N1 = deg(py),
and we define the trigonometric polynomial

For k = 2, we define N, = Ny + 1, , = 3+ 2 and py = fy,,, with | pall, < 1. Then we
set Ry = maxyen [|ISyp2llo and 1% = deg(p,) and we define

Q2=¢1+ 75 P2 -

Assume we already defined pj_j, 1\7/{,1, I\A/k,l, and R;_;. Then we set Nk = Ii’kq + 1,
= (3 + k)? and define the polynomial p; = I¥n according to Lemma A.l and which

satisfies || plloo < 1. Then we set Ry = maxyen ||Sn pkllo and Nk = deg(py) and define

k
Ok =Pt T Pk = Dy 7 P -
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Notice that the sequences {I\VJn}neN and {Nn}neN are related as follows

~--<]\A/,,_1<1<7n<1\7,,<]<7n+1<--~, neN.
So the intervals [1(7,,, Nn] are mutually disjoint, and since [I\V/,,, Nn] is the support set of the

Fourier coefficients of the trigonometric polynomials {p,},cn and {@,},cns it is clear that these
support sets are mutually disjoint, i.e.

supp ({ca(Pi)}nez) N supp ({ca(p)lpez) =9 fork # €.

Moreover, since the polynomials p,, were constructed according to Lemma A.l, Properties b)
and d) from this lemma yield in particular

0 forall N <N,

S = A for all M € Ny, A2
N.MP { pm forall N> N, ora 0 (A.2)
and since Sy = Sy n the above relation holds in particular if we replace Sy by Sy.
Property (A.2) of the polynomials p, will be used extensively during the remainder of this

proof.

(2) Based on the previously constructed sequences, we define the function

fO= @, 1eT. (A3)

Using that R, > r, for every n € N (cf. Point (c¢) of Lemma A.l), one obtains

o [l pall Sl R =1 Fdr 1
< noo< [ — —_<< —_ = -, A4
IIflloo_;—rn _;rn ;(3+n)2 kz_;kz—l 23 (A4)

showing that the sum, defining f, converges absolutely on T. Next, we verify that f € Us. To
this end, let N € N be arbitrary. By the construction of the sequences { N”}neN and {N,,}

in Step 1, there exists exactly one m € N such that N € [1\7,,1, I\A/m], and so (A.2) yields
Svf =Y, RLHSNPn = ZZ:ll RLnszn + ﬁSNPm = 221;11 R%lpn + ﬁSNPm .
Then the definition of the numbers R, and the fact || p,||,, < 1 give the bound

neN

m—1

1 1 =1 1
ISv fllow =Y 7 IPalleo + 2= IS Pnlloe = > o maxlSupnll

n=I

=1
=1+Zr—54/3,
n=1 "

n=1

using (A.4) to get the last equation. So || flly, = supyen [ISv fllo < 4/3 < 00 showing that
f € Us.
(3) For an arbitrary m € N, (A.2) yields
00 1 o0 1 m—1 1 m—1 1

In particular, since || p,ll < 1 for every n € N, we get

ISy, flo=Smld<y® L<lcoo foralmeN,

n=1 R, n=1 r,

showing that

liminf Sy fllo <30, L <. (A.5)
N—oo

n=1r,
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(4) As in Step 2, let N € N be arbitrary. Then there exists exactly one m € N such that
N € [Ny, Ny, and so (A.2) yields again
SNf = Z;.;O:I RLnSan = ZT:_II RLnSan + ﬁszm
and consequently

1 -1 1 1 -11
IS8 flloo = 7= IS8 Pmlloc = 2oney 7 IS Pallo = 7 ISN Pnlloe — 2omey 7 -

oo 1
n=1 n

limsup ISy fllo = 1= 302, - - (A.6)

N—o00

So by Part (c) of Lemma A.l, we have maxy 3 ] ISh fll=1-=>" showing that

(5) Using (A.5) and (A.6), one obtains

limsup Sy fllo = liminf ISy fllo = 1 =2302, =15 =1>0,
N—>00 N—oo n N
applying (A.4) to get the numerical value on the right. This proves the statement for Us.

The second statement of Lemma 2.3 holds for the same function f as constructed in (A.3).
Since all Fourier coefficients c¢,(f) with n < 0 of f are equal to zero, one has Sy f =Sy f
for all N, M € Ny. In particular, || f|ly = || fllu, showing that f € U, and in all other equations
of the above proof the operator Sy can be replaced by Sy » without changing any of the
conclusions. W

Proof (Theorem 2.4). The completeness of I/ and U follows already from Theorem 2.2. To
verify the norm convergence of Sy f and Sy y f, we have to verify that the norms of the
operators Sy : Us — Us and Sy p : U — U are uniformly bounded. For the first operator, we
have

ISvlleg—ze, = sup ISw flly, = sup sup [SySnyflleo = sup sup [Sk flle
I llzgg <1 Il <1 MeN I£ <1 KeN

= sup [[flly, =1, (A7)
I fllee=<t
and for the second operator one obtains exactly the same result. Then the norm convergence
of the Fourier series follows from the fact that the trigonometric polynomials P are dense in
U and U and that the Fourier series converges for all p € P.
Next, we verify Statement (3). To this end, let f € U be arbitrary. Then (14) and (15)
imply limy_o || f — Sy flloc = O proving that U € {f € Uy : limy_oo | f — Sy flls = 0}.
Conversely, let f € Us be an arbitrary function which satisfies

lim ||f =Sy flleo =0 (A.8)
N—o00
and set py = Sy f € P. Then for any N € N, one has

If — pnlly, = sup ISuf —Supnllee = sup ISy f — SuSw flle
MeN MeN

= sup ISy f —Sn fllw

M>N
because Sypy = Snpny = Sy f for every M > N and because Sy f = SySy f for all
M < N. It follows from (A.8) that to every € > 0 there exists an Ny = Ny(e) such that
ISarf — S flloo < € for all M, N > Ny, and so one gets for py, = Sy, f

I/ = prolly, = sup [Suf =Swfl <€
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So to the arbitrarily chosen f € Us, which satisfies (A.8), and an arbitrary € > 0, we found a
polynomial py, € P such that H = pw ”Us < €, proving that

{f €U, : limyou |l f — st||oo} Cspan(f e P} — 1y, .

Thus U is precisely the set of all f € C(T) with uniformly convergent Fourier series.

It remains to verify that U/ is a proper subset of U, i.e. that there exists an f € Us which
belongs not to L4,. We prove the statement by contradiction. Let f € U be arbitrary and assume
that f belongs also to ;. The polynomials P are dense in Us. So to every € > 0 there exists a
p € P such that | f — plly, < €/2, and because of (14), we have || f — pll,, < €/2. Therewith,
one obtains for every N € N

If—Snfllso

<If = pPlloo+ 1P —=SvPloc + IIShP — Sy flls

<€/2+lp =SnPlloo + ISN(P = Pllc £ €/2+ 1P = Snplloo + 1P = flly,
<2-€¢/2+1lp—SnPl

Because p € P is a trigonometric polynomial, one has limy_, || p — Sy pllo, = 0 showing that
limsupy_, o | f —Sn flloo < €. Since € > 0 was arbitrary, we have limy_, oo | f — Sn flloo =
0. In particular, because f € U, was arbitrary, we have limy_ o [|Sy fllooc = Il flls for all
f € Us. But this contradicts Lemma 2.3 and so there exist functions f € U which do not
belong to U.

Therewith, Statement (3) of the theorem is proved. The proof of Statement (4) follows the
same lines and is therefore omitted. W

Proof (Corollary 2.5). First, we rearrange the sequence {e,}, 7 according to the corollary, i.e.

,E, o €_(n-1)/2 . I’l=1,3,5,7,...
L €n/2 . n=2468

Therewith € = {€,},cy, and we have to show that this sequence is a basis for 4. To this end,
we consider the partial sum operators Sy : Us — U, associated with ¢ and given by

SNfZZn:OCn(f)en’ NGNO»

wherein the coefficients {¢,(f)}, en, are defined in terms of the Fourier coefficients {c,(f)},ez
of f in the same way as {€,},cn, Was defined in (A.9) in terms of {e,},cz. One easily verifies
that these operators are related to the symmetric partial Fourier series (3) by

Siks1f = Sk f for K=0,1,2,3,...
Sokf = Sk—1f+ex(f)ex for K=1,2,3,4,....
It is well known that € is a Schauder basis for U; if and only if the partial sum operators are

uniformly bounded. Using (A.7), it follows from (A.10) that ||SN || Uolly, = =1 for all odd N.
For even indices, i.e. for N = 2K with K € N, the second line of (A 10) yields

(A.9)

(A.10)

||§2K”MS—>MS = sup ”SZKf w S sup “SK f||u sup ex (I llexlly <2
log, < 1/l <1 1l <1
using again (A.7) and that |lexll,, = 1 for all K € Ny and noting that (14) impljgs
lex (O < 1 fllo < I flly, for all K € Ny. So the norms of the partial sum operators Sy
are uniformly bounded for all N € Ny, proving that € is a Schauder basis for ¢/;. N
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Proof (Lemma 2.6). Let ty € T be arbitrary. For any N € N, we define the functional
Uyn S = Cby U, y(f) = (Snf) (o). By the assumption of the corollary, it follows
that supyy | % v(f)| = supyen [(Sw f) (t)| < co. Then the uniform boundedness principle
(Theorem of Banach—Steinhaus) implies that sup .y || Ui N H = C(S, ty) < 0o. Moreover, since
S is shift-invariant, the constant on the right hand side is in fact independent on ¢y, i.e. there
is a C(S) < oo such that supyy || W,,N” < C(S) for all t € T. So for a fixed N € N, the
operator norm of Sy is

ISn ) @) 7, N (f)
ISwlls— ey = Sup sup ~—=2 = sup sup [ sup [ @, v | = C(S),
feS teT ”f”.s teT feS ||f||s teT

and since the right hand side is independent on N, one has || fll;,, = supycy ISy fllo = C(S),
ie. [ flly, < CS) I flls forall f €S which proves the lemma. W
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