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Abstract

For each ¢ € Ny, we construct positive linear polynomial approximation operators M, that simultane-
ously preserve k-monotonicity for all 0 < k < ¢ and yield the estimate

|f(x) - Mn(f, x)| < C‘a)g)L (f’ n—l(pl—)»/Z(x) ((p(x) 4 l/n)—)t/Z) ;

for x € [0, 1] and A € [0, 2), where ¢(x) := +/x(1 — x) and a)'zlj is the second Ditzian—Totik modulus of
smoothness corresponding to the “step-weight function” . In particular, this implies that the rate of best
uniform g-monotone polynomial approximation can be estimated in terms of wg (f, 1/n).
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1. Introduction and main result

Recall that AK(f,x) = Yk ( )( 1%~ f(x — k8/2 + i8), denotes the kth symmetric

difference of a function f with a step § (as is customary, we also define Ak (f,x) = 0if
x £ k§/2 ¢ [0, 1]). We say that a function f € CJO0, 1] is g-monotone if Ag(f, x) > 0 for
all § > 0, and denote the set of all g-monotone (continuous) functions by A4, In particular,
A(O), AW and A® are, respectively, the classes of all nonnegative, nondecreasing and convex
functions from C[O0, 1]. We also remark that, for ¢ > 3, f € CJO0, 1] is g-monotone if and only
if f e C?72(0, 1) and £ is convex in (0, 1).

Let I, be the space of all algebraic polynomials of degree < n, ||-|| := |-l 1_,[0.1}» and denote
by
(9) — : _
E, (f)= inf || f — pul (L.1)
pr€ADNII,

the degree of best g-monotone polynomial approximation of f € A@ in the uniform norm, and
by

wr(f,t) ;= sup

O<h<t

Ak(f| and o (0= sup | Ak (f0)]
O<h<t
the kth classical and kth Ditzian—Totik moduli of smoothness, respectively.

Both uniform and pointwise Jackson type estimates for ¢g-monotone polynomial
approximation are rather well investigated for ¢ < 3 though there are still several open
problems remaining even in these “simple” cases (see our survey [13] for the history and detailed
discussions), and we are mostly interested in ¢ > 4 in the current paper. In particular, our main
motivation for the present work was the Jackson type estimate

EX(f) <co(f,1/n), neN, (1.2)

where ¢(x) := +/x(1 — x) and N denotes the set of all natural numbers. It has been known for
some time that estimate (1.2) is true with w; instead of w‘zp and that, for ¢ > 4, itis no longer valid
if a)g is replaced by wf or even by w3 (see [13] for details). While (1.2) has not been explicitly
proved anywhere (as far as we know) and appeared as an open problem in the literature (see,
e.g., [6, (15.12)]), in our survey [13, p. 52], we wrote that, for ¢ > 4, (1.2) “can be derived
from results in the article by Gavrea, Gonska, Piltinea and Tachev [10], combined with the
g-monotonicity preservation properties of the Gavrea operators (see Gavrea [9]), appearing in
the paper of Cottin, Gavrea, Gonska, Kacsé and Zhou [4]”.

However, it turns out that this statement was not justified (we thank Jorge Bustamante from
Universidad Auténoma de Puebla, Mexico for bringing this to our attention), and that the
validity of (1.2) cannot be immediately concluded from the results in these articles (this was
also confirmed by the corresponding author of [4] who was not aware of any other papers that
would yield this estimate). The confusion was that, in these papers, the same notation was used
for operators preserving g-monotonicity, ¢ > 3, and for operators yielding estimates in terms of
a)g (f, 1/n). However, these operators depended on different generating polynomials and so, in
fact, were different operators not satisfying both conditions at the same time.

Hence, the main purpose of this manuscript is to justify/modify our statement in [13] and
show how (1.2) “can be derived from [9,4,8]” (note that [10] in our original statement is replaced
by an earlier paper [8]) by constructing positive linear polynomial approximation operators that
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simultaneously preserve k-monotonicity for all k < g and yield (1.2). Additionally, we make this
paper self-contained and provide all proofs (except for some straightforward statements that can
be verified directly and some classical properties of ultraspherical polynomials). Furthermore,
we prove a more general statement than (1.2) by bridging pointwise and uniform estimates (see
[6, Section 14] for the history of this type of estimates) and, in fact, making them a bit stronger
than what usually appears in the literature. For example, pointwise inequalities in terms of a)f
are obtained as a by-product of our estimates.

Let Ny := N U {0}. Our main result is the following theorem which is proved in Section 2.5.

Theorem 1.1. Let g € Ny. Then, for each n € N, there exists a positive linear operator
M, : C[0,1] — II, preserving k-monotonicity for every 0 < k < q (i.e., f € A® implies
M, (f,") € A®) and such that, forany0 < <2, f € C[0, 1], x € [0, 1]1and 0 < h < ¢, one
has

> (x)
h2n2 (p(x) + 1/n)*

where cq is some absolute constant, and the constant ¢ depends only on q and on A as A — 2—.

|f(x) = Mu(f, )l SC(1+ )wfk(f,h), (1.3)

Remark 1.2. The operators M, are particular instances (for the generating polynomials con-
structed in Lemma 2.13) of, what we call, Gavrea’s operators H, whose construction is based
on loan Gavrea’s clever combination of genuine Bernstein—Durrmeyer polynomials with coeffi-
cients of appropriate generating polynomials (see (2.15)). This construction heavily relies on a
very powerful but little known and hardly accessible article by Alexandru Lupas [15], extend-
ing the Bernstein—Durrmeyer operators by introducing ultraspherical weights (see Appendix for
details).

We wish to emphasize that the range for A in the statement of Theorem 1.1 is not a misprint and
that, indeed, we work with A € [0, 2) and not just A € [0, 1] which is what is usually done. This
does not seem to have been considered in the literature as far as we know, and we discuss why

A
it is sometimes useful to work with these A’s and corresponding moduli a)g by considering an

analog of Theorem 1.1 for the classical Bernstein polynomials (see Corollary 2.7) and comparing
various estimates for a particular function ( f¢ (x) = x€) in Section 2.1.
We also note that (1.3) is not valid if A = 2. In fact, it is not difficult to see that the estimate

2
E,(f):= inf |f — pull <cof (f.1)
pnell,

is not valid with ¢ independent of f. Indeed, if g := In(x + €), then wgz (g, 1) <c H(p“gé’” <c
where c¢ is an absolute constant. At the same time, for any A € R and n € N there exists 0 < € <
1 such that E,(ge) > A. This follows from the observations that |p,(0)| < c() [ pullcpij2,1ys
forany p, € I, and l|gellcp1/2,1) < In2. Hence, if g, € 11, is such that ||g, — gell < A, then

IIne| = [ge(0)] = [8(0) — gn(0)] + ¢ (0)] = A+ c(n)(A +1n2),

and one obtains a contradiction by taking € > 0 sufficiently small.
For 0 < A < 2, choosing h := min{cg, 1}n~'¢'"/2(x) (¢(x) + 1/n)~*/? (which implies
that & < ¢p) we immediately have the following consequence of Theorem 1.1.
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Corollary 1.3. Let g € Ny. Then, for each n € N, there exists a positive linear operator
M, : C[0, 1] — II, preserving k-monotonicity for every 0 < k < g, and such that, for any
0<A<?2 feCl[0,1]andx €0, 1], one has

£ @) = Ma(f0)] = cof (fon™' 0! M2 (o) + 1/m™2), (1.4)

where c is a constant that depends only on q and on A as A — 2—. In particular, for > = 0 and
A = 1 we have, respectively,

/x(1 —
Lf () = My (f, 0)| < can (f, ¥> (1.5)

and

- ¢ (x) -
£ () = My (£ )] < o} (f,n ‘,/W) < caf (f.n7"). (1.6)

Remark 1.4. Estimate (1.6) verifies (1.2). Inequality (1.5) was proved by Cao and Gonska in
1994 [3, Theorem 4.5]. However, the operator yielding it in [3] was not positive.

Remark 1.5. Estimate (1.4) can be rewritten as

(ﬂA
|f () = My (f, 0)] < col (f,8n0(x)),
where, forn e Nand0 < A < 2,
. 1-2/2 L 5
5nx(x):={[n (p(x)] ’ lfxe[O,n ]U[l_n ’1]’
7 n_1<p1_)‘(x), ifn2<x<l—-n" ,

and implies that, for f € C[0, 1] with " € ACioc(0, 1) and | ¢** f”|| < o0,

@) = Mu(f. 01 < ¢ [3 @] [ £7] . xeto.m.

Throughout this paper, we use the notation e; (x) := x’,i € No,and (8)x = B(B+1)...(B+
k—1)fork > 1,and (8)o := 1 (i.e., (B) is the Pochhammer function).

2. Approximation by positive linear operators preserving linear functions

Recall that an operator L : C[0, 1] — CIO0, 1] is positive if L(f, x) > 0 for all x € [0, 1]
provided f(x) > 0, x € [0, 1].
Let

0= [gﬁ e C[0, 1] | Y(x) >0, 0<x < 1, and ¥ is concave on [0, l]}
and

K h?) = inf — gl + A2 D).
2,y (fs h7) g’eACloC(O,l)(”f gl I¥=g™1D)
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The following lemma is a corollary of a more general theorem [8, Theorem 1] that was proved
for positive linear operators preserving constants.

Lemma 2.1 (Felten [8]). Suppose that v € {2 and L : C[0, 1] — C|[0, 1] is a positive linear
operator preserving linear functions (i.e., L(ej) = e;, i = 0, 1). Then, for any f € C[0, 1] and
x € (0, 1), one has

L(ez, x) —x2
[f(x) = L(f,x)| < 4K2,1// (f, W) .

Lemma 2.2 (Bustamante [2, Theorem 11]). Suppose that € 2 and L : C[0, 1] — C[0, 1] is
a positive linear operator preserving linear functions. Then, for any f € C[0, 1] and x € (0, 1),
one has

3

3
[f(x)—L(f,x)| < (E + m

(L(ez,x) —x2)> ol (f. h).

If one does not worry about the constants then Lemma 2.2 follows from Lemma 2.1 provided
that ¢ is such that K> y (f, h?) < ca);b (f, h).
Since

¢ € 2 ifandonlyif 0<i<l,

we conclude that Lemmas 2.1 and 2.2 hold for ¥ := ¢* with0 < A < I.
We will now provide a rather elementary proof that a similar statement (we do not worry about
constants) is valid forall 0 < A < 2 (for 1 < A < 2 this seems to be a new result).

Lemma 2.3. If L : C[0, 1] — C[0, 1] is a positive linear operator preserving linear functions,
then forany 0 < A <2, f € C[0,1], x € [0,1], £ € (0, 1) and h > 0, one has

4 L(ep,x) —x24+2(x —&)?
[f(x) = L(fix)| < <2+ 7 h2¢2(¢)

) Ky 1 (f. h?). 2.1
Proof. We first show that for any g € C[0, 1] such that g’ € ACjoc(0, 1),

/ 4 (- 5)2 "
50 =5 ~ 1 ~OF O] = 575 |

) 2.2)

forallé € (0,1)and ¢ € [0, 1].
Since g’ € ACjoc(0, 1) we have

2% 1
8

§ u—t
=
t (/72)‘(”)
Without loss of generality, assume that £ € (0,1/2]. If £§/2 < ¢t < 1 — &/2, then ¢(u) >
@(&/2) = 27129 (&) for any u between  and £, and so

f”_td:m 4 /s(u—t)du—z—(t_‘g)2
poePw T 9P E©) O

t
lg(0) =) — (1 —&)g'¢)| = ‘L (t —w)g" (wdu
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If0 <t <&/2,then

/5 u—t </5 u o1 fé 1= g 1 g2
——_au u u U= _——-—F5"""7
coe? T Jo 9P T (=84 Jo 2-19* ()

4 ¢E-0’
T2—h @)
For the remaining case 1 — £/2 < ¢ < 1, the proof is exactly the same, and so (2.2) is verified.
Since L is positive we conclude that, for any functions F, G € C[0, 1] such that |F(¢)| <
G(t), t € [0, 1], the inequality |L(F,x)| < L(G, x) is valid for all x € [0, 1]. Applying this
observation to (2.2) and recalling that L is linear and preserves linear functions we immediately
get

4 ”¢2A //”
IL(g,x) —g() — (x —§)g' ()| < 15 o)

Together with (2.2) (with ¢ replaced by x) this yields
IL(g, x) — g(x)| < |L(g, x) — g(&) — (x —&)g' ) +1g(x) — g(&) — (x — §)g'(5)]

(L(ez,x) —xE +§2) . xelo.1].

4 Je*s"| 2 le*s"| ”|| 2
S R AE (Leezx) — 208 +82) + 7— e
4 ”9‘72)\ ”” 2 2
= (Liez. 1) =¥ 420 = §)7).

Suppose now that, for each ¢ > 0, g, € C[0, 1] with g, € ACjoc(0, 1) is such that

If = gell + R llg** gl || < Ky y(f. 1) + &

Taking into account that any positive linear operator L preserving constants is a contraction
(i.e., IL(F,x)| < ||F|) we have

[f(x) = L(f, o) = [f(x) — e () + 186 (x) — L(ge, x)| + |L(ge — £, %)

2N 01

”‘PM(E)” (L(ez,x) — 42— §)2>
4 L(es,x) —x2+2(x —&)?

(2 e 127 (&)

4
<2|f - gsIH——

<

) (Ky oo (f. 1) + &),
and (2.1) follows. [

Remark 2.4. Clearly, Lemma 2.3 remains valid if ¢* is replaced by a function ¢ such that, for
Ee0,1)andr €0, 1],
Su—t t—¢)?
5 u=<c—s .
r ¢ (u) ¢=(§)

In particular, this inequality is satisfied if ¢ is such that

2.3)

@) x_/3¢>(x) and (1 —x)_ﬂ¢>(x) are, respectively, quasi decreasing and quasi increasing on (0, 1)
for some B < 1 (g is quasi decreasing if g(x) > cg(y) for x < y for some absolute constant
c; g 1s quasi increasing if —g is quasi decreasing), and

(1) ¢(x) > cmax{g(e),p(1 —¢€)},forany) <e <1/2ande <x <1 —e.
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For example, any ¢ such that ¢(x) ~ ¢(1 — x) and ¢? is concave on [0, 1] satisfies these
conditions. Note also that (2.3) is not valid for ¢ (x) = goz(x) (which is concave on [0, 1]) and so
we cannot replace the inequality “8 < 1”in (i) by “f < 1”.

Note that if L : C[0, 1] — CJO0, 1] is a positive linear operator preserving linear functions,
then L(f,0) = f(0) and L(f, 1) = f(1) for any f € C[O0, 1]. Indeed, suppose that it is not the
case and, without loss of generality, assume that € := L(f, 0) — f(0) > 0 for some f € C[O, 1].
Continuity of f implies that there exists m € R depending on f such that /(x) := mx + L(f,0)
satisfies [(x) > f(x)+e€/2forall x € [0, 1]. (For example, one can choose m := 2 || f|| /8§ where
6 > Oissuchthat |[f(x) — f(0)] < €/2for0 <x <§.)Thenl(x) = L({,x) > L(f,x)+¢€/2
and letting x = 0 we get a contradiction.

The above observation implies that, if L, : C[0,1] +— II, is a sequence of positive
linear polynomial operators preserving linear functions and such that L,(f,-) € I provided
f € I, then L,(ez, x) = x2 + a,,(pz(x), o, > 0. Taking into account a well known fact that
szwk (f, h?) ~ ng (f, h), for 0 < h < cg (see [7, Theorem 2.1.1]), we immediately have the
following consequence of Lemma 2.3 by setting

X, if B, <x<1- By,
£ = 1x+/Buplx), if0=<x < By,
x —+/Prex), ifl—p,<x<l1,

where 8, := min{«,, 1/4}, and noting that
(@) +2( =6 _ fanp® (), if x € [Bu. 1 = Bul.
0 (&) = 120,87 20% H(x), ifx € (0, B) U (1 — B, 1),
_ 50?7t (x)
" (o) + VB

Corollary 2.5. If L, : C[0, 1] — II, is a sequence of positive linear polynomial operators
preserving linear functions, then for any 0 < A < 2, f € C[0,1], x € [0,1] and 0 < h < ¢y,
one has

anp* M (x)

h? (p(x) + /min{a,, 1/47)"

where a, > 0 is such that Ly(ez, x) — x2 = ozngpz(x), co is some absolute constant, and the
constant ¢ depends on A as A — 2—.

|f(x) = Ly(f,x)| <c (1 + )wf(f, h), (2.4)

Remark 2.6. Estimate (2.4) implies the following weaker inequality

a (,02_2}”()6)

|f<x)—Ln(f,x>|sc(1+ 0 )w%’k(f,m

which, in turn, yields

£ ) = Lu(f, 0 = cof (£ Vamg!' ™).
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In the next section, we discuss some applications for the classical Bernstein polynomials
(clearly, similar results can be stated for many other positive linear polynomial operators) and
show how our estimates can be used for A € (1, 2).

2.1. Some applications for Bernstein polynomials

Let

D (x) = (

n

k

be the Bernstein fundamental polynomials, and recall that the classical Bernstein operator

)xk(l —x)"* 0<k<n,

n
By(f.x) =) fk/m)pni(x)
k=0
is positive, linear, preserves linear functions and B, (e2, x) — x% = (p2(x) /n. Corollary 2.5 (with

ap, = 1/n) implies the following result.

Corollary 2.7. If n € Nand B, : C[0, 1] — II, is the classical Bernstein polynomial, then, for
any0 <A <2, feC[0,1], x € [0, 1]and O < h < cq, one has

)
h2n (p(x) + nfl/z))‘

where cq is some absolute constant, and the constant ¢ depends on A as . — 2—. In particular,

If(x) = Bu(f¥) = ¢ (1 + ) wfl(f, h), 2.5

A
|f(x) = Bu(f, )| < caf ([, yni(x)), (2.6)

where
Vo) = 0™ 20120 (o) + n71/2>—x/2
~ {[nlx(l —x)](Z—A)/ét, e [O,rf]] U [] ) ]]7

a1 =0 IP2 i < x <1 =07l

Remark 2.8. Clearly, y, 1 (x) < n—1l/ zwl_k (x) and so (2.6) immediately implies
£ @) = Ba(f.0)] = o (fin7 P01 )), @)
which is the main result of [5] in the case 0 < A < 1.

Remark 2.9. For A = 1, (2.6) becomes

- px)
| () = Bu(f.2)] < col (f,n ”ﬂ/WH—xn_w), 238)

which is equivalent to [18, Theorem 1.1].

We will now consider a very simple example in order to compare the estimates produced by
different methods.
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Suppose that one wants to know how well Bernstein polynomials approximate the function
fe(x) ;== x¢,0 < € < 1. One can easily calculate (see also [7, Section 3.4]) that, for 0 < A < 2,

) :
o | ife+1—-2>0,
@ (fe. 1) {te/u—A/Z), ife +1—2<0.

The classical results (estimate (2.7) for A = 0 and A = 1) immediately yield
€

fe0) = Ba(fes 0l ¢ (n720(0)) and 1 fe = Ba(fe, Ol < en ™, 2.9)

Using (2.7) for 0 < A < 1, we may conclude that
_ _ €/(1=1/2)

fe) = Ba(feo 0)] = ¢ (1712014 ()) , (2.10)

but this is not better than (2.9) since, for all x, A € [0, 1],
1/(1-2/2)

min {n_l/zfp(x),n_l} < (n_l/zgol_)‘(x)) .

However, if we choose A = 2 — € (note that 1 < A < 2), then a)gk(fe, 1) ~ 12, and (2.6) yields

@€ (x)

€ _Bn € — -1 .
| fe@) = Bu(fe. )] < cn BT

This implies

n ¥ 2(x), ifxe[l/n,1—1/n],

(n*l/zw(x))e, ifx €[0,1/n) U —1/n], 1D

[fe(x) = Bp(fe, x)| = ¢ {

which is better in the middle of [0, 1] than anything that one can get from (2.9) or (2.10). Now,
the classical Voronovskaya theorem yields

(pz(-x) Y _ 6(1 - 6)
2 JeW =T

and this implies that (2.11) in the middle of [0, 1] cannot be improved (note that (2.12) actually
implies (2.11) in the middle of [0, 1] for sufficiently large n depending on x).
This elementary example illustrates that it is sometimes advantageous to work with moduli

A
@Y with A’s greater than 1.

x€729% (1), (2.12)

Jim i (fe(x) = Bu(fe, x)) = —

2.2. Genuine Bernstein—Durrmeyer operator

LetU, : C[0, 1] — II,, n > 2, be defined by

n—1 1
Un(fox) = fOA ="+ FDx" + (=1 Y pue(x) /0 P24 (1) f (1)1,
k=1

It seems that operators U,, were first considered by Goodman and Sharma in [12] (see [11] for
further discussions of the history of these operators as well as different names used for them in
the literature).
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Clearly, U,, are positive linear operators with U, (f, 0) = f(0) and U,(f, 1) = f(1). Also, it
immediately follows from the following lemma that

2x(1 — x)

Un(eo,x) =1,  Uyler,x) =x and Up,(ez, x) = x> +
n+1

, (2.13)
and so operators U, preserve linear functions.

Lemma 2.10. Foranyn > 2,
— il it i — 1 -
Upter,x) = =D 5 (’ . )( " .)x"f, P>, (2.14)
(n +i- l)' Jj=max{0,i—n} J L=J
and Uy (eg, x) = 1.

Proof. The proof is standard and is based on the fact that, forany i > 0,n > 0and 0 < k <n,

k+1); dt .
CHDi - na (k)i xF = x - —— k=1

1
pi (e (Odt = —— 21
/0 Pk 1+ Dint dy

y=x

We omit details. O

Remark 2.11. The following identity can also be used to calculate Up (ex, x):

—k)x + 2k k(k—1)(1 —
Un(exs1.x) = %Um, 0o ik)(n)ik f)l)Un<ek_1,x>.

2.3. Gavrea’s operator

In this section, we discuss several properties of the operator H,, that was introduced by
Gavrea [9]. Everything here follows from [9,4], and we include this section in the current
manuscript only for readers’ convenience (we also somewhat clean up some of the proofs making
them, in our opinion, more transparent by utilizing the notation (A.9) and Corollary A.5).

For any n € N and a fixed (generating) polynomial P,(x) = Y }_, ayx*, Gavrea’s operator
H,1> : C[0, 1] — II,4, is defined as

n

a
Hyo(Pp; fox) = ——Uk42(f, x). (2.15)
2

Clearly, these operators are linear. It turns out that they are also positive and, moreover, preserve
monotonicity of high orders if a generating polynomial P satisfies certain properties (see
Lemma 2.12).

By (2.13) we immediately get

n 1
HyyoPrieo,x) = 3 —o o = / Pu(t)dt,
k=0 0

n 1
Hn+2(:Pn; e, x) = Z

k=0

k+1
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and

n
ay s 2x(1—x)
Hn+2(9’n;ez,X)=§ —(x +——).
Skt k+3

Hence,

1
Hn+2(?n;€2,x)—x2/0 iPn(f)d’ZX(l_x)X:< k+1 k+3)

1
x(1 —x) (f ’.P,,(t)dt—/ tziP,,(t)dt).
0 0

It was shown in [9, Lemma 3] that, forall0 < x < landn > 2,

Un(f.x) = fO)(1 —x)" + f(Dx"

1
+<n—1)(1—x)"/ Puall ) gy — )"/ Dnallo ) 4, (2.16)
o A=y x "
where
n 1
D,(f,x)=n+ 1)an,k(x)/0 Pk (1) f(t)dt 2.17)
k=0

is the (usual) Bernstein—Durrmeyer operator (see also Remark A.2).
Note that (2.16) follows from the identity

1 1 =x\" L/ \"
Py k+1(x) = / <—> Pn—2k(y)dy +/ <—> Pn—2k(y)dy,
1 o \I—y x \Y

which is valid for 0 < k < n — 2 and is easily verified directly.
Now, Corollary A.5 yields

x)k+2 +2

Hn+2(fpn; fix) =

k
k=0k+1
+fx(1‘x)2i (l‘x)kp(f Y
a PR )
, ioy) 2a i) Doy
1 x 2 n x k
+ / (—) > —) Di(f. v)dy
/) =\
1—x X
— O —x) /0 Pu(n)dy + f (D /0 P, (y)dy
X1 —x\? 1—x
L(O) (g}n’_J’o’ 0, x]: f, )
+/0(1—y)|:" = POy
1—x
ST )
T TI0

k+l
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1 2
+/ <)_c) [Lff» (Tmi,Lo, [x,l];f,y>
G )

+LY (an, (x—) 0.0, [x. 11: /. y)] dy.
which implies that the operator H,, is positive provided P,(x) > 0 and P, (x) > 0 for all
x €0, 1].

Now, using the fact that %Un+1(f, x) = Dy(f’,x) for any n € Ny (the proof of this is
straightforward or see [4, Theorem 12]) by virtue of Lemma A.6 (see also Remark A.2) we
conclude that, forany v € N, f € C"[0, 1]and k > v — 2,

d’ dv! (0) (k+ D! (v—1
U ’ _4m /’ _ D ) (U)7 .
dxV k+2(f> %) dxv—1 k1 (f15 %) (k—v+2)Ik+3)y_y P2 (f x)

Recalling that Uy42(f, -) € Ilx42, this implies, for v > 2,

d’ ~ag (k+ D! w=1)
—H, :P s I = . D (V)’
T R O e T o 5 (1)

_"‘2”:“ k +v—2)!

(v—1) v)
_ WV D ( ,x)
Kot D, “r2be U

k=0
_ R ok v
O = Qo

k+v)aer2Df 7 (£, x).

Since (k + v)(k + 1)y—2 = (k)y—1 + v(k + 1),_2, using Corollary A.5 we write
dl)

—Hy1 0 (Py; f,x) =

o 2@ 0 = o

FLYD @, 1 — 1,0 —2,[0, 1]; f<“>,x)] ,

[VL;V_U(Tn, 1,v—2,v—2,[0,1]; f(V)’ x)

and conclude that 2= H,,2(P,; f,x) > 0 provided f™(x) > 0, P "(x) > 0 and
P2 (x) > 0 on [0, 1].
In the case v = 1, we have

d “oag o) a1 ()
Eﬂﬁz(ﬂa;f,x):l;kHDkH (f,x)=k=1 =D (1%)
+1
_y DO (', x) = L (Pri1,1,0,0,10,11; £, %)
k ) - n+1 n+1, 1, Y, U, ) ) s X)),y
—k+1

where by := 0 and by := (k + Dax—1/k,1 <k <n+1,and

n+1 X
Fasr)i= 3t =x2,00+ [ Bucray.
k=0 0
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Corollary A.5 now implies that %HHZ(T”; f»x) > 0 provided f'(x) > 0 and i]~’n+1(x) >0on
[0, 1] (and nonnegativity of P, on [0, 1] is clearly sufficient for the latter inequality).
We summarize the above discussions in this section in the following lemma.

Lemma 2.12 (/9, Theorem 2] and [4, Theorem 14]). Let r, n € N and suppose that a generating
polynomial P, € II, is such that

() forall0 <v <r, P (x) = 0, x € [0, 1],
Gi) [} Pa(t)dr = 1.
Then the operator H, 7 : C[0, 1] — I, defined in (2.15) has the following properties

(1) Hyy2 is a positive linear operator preserving linear functions, i.e., Hy12(Py; g,+) = g for
any g € 11,
i) Hyo (s e2,0) = 2%+ (=) (1= fy 29,00 ),

(iii) For every 0 < k < r + 1, Hy12 is k-monotonicity preserving. In other words, if f € A%,
then Hyi2(Pp; f,-) € AR,

2.4. A particular generating polynomial

Let T, (x) := cosmarccosx, x € [—1, 1], be the Chebyshev polynomial of degree m,
X = cos(w/2m) be its rightmost zero, x; = cos(xw/m) be its rightmost local minimum,
Iy =[x, 1] (itslength || =1 — x| = 25in2(rr/2m)). Then
T (x)
T (%) = === |11,
x—X

is a polynomial of degree m — 1. It is well known (see, e.g., [14, Appendix A]) and is not difficult
to check, that

4
3 <T,(x) <4, xe€l. (2.18)

Also note that since |I;| < 2(xX — x1), we have

[1] 2|1
<_
—Xx 1—x

ITm ()] < F o xe[=1L 1\ I (2.19)

Lemma 2.13. For eachr € N and n € Ny, there exists a polynomial P, of degree < n such that,
foreveryO <v <r,

PM(x) >0, xel0,1], (2.20)
1
/ Py(x)dx =1, (2.21)
0
and
1 C
1 —/ Py (x)dx < —, weN, (2.22)
0 n

where c is a constant that depends only on r and .
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We remark that the estimate (2.22) cannot be improved. An indirect proof of this fact is that
if we could improve it for ©4 = 2 and some polynomial P, satisfying (2.20) and (2.21), then a
well known Korovkin’s result on approximation by positive linear operators would be violated
by Hy2(Py; f,-) (since we would have H,1>(Py; e;, x) = o(n™?) fori = 0, 1,2). One can
also easily prove this fact directly. Indeed, let P, be an arbitrary polynomial for II, such that
P,(x) > 0,x € [0, 1], and (2.21) is satisfied. Then, for any p© > 1,

1

1 1
1 —/ x*P,(x)dx = / 1 =x"P,(x)dx > / (1 —=x)P,(x)dx
0 0 0

1-n—2
/(;

1
crfz/‘ P,(x)dx = cnfz,
0

2

1-n—
(1 —=x)P,(x)dx > n_2/ P,(x)dx
0

v

v

where the last inequality follows from a well known Remez inequality for algebraic polynomials
in Ly (see, e.g., [1, Theorem A.4.10]).

Proof of Lemma 2.13. Clearly, it is enough to prove this lemma for n > 8r. Let Q,_, be a
nonnegative (on [0, 1]) polynomial of degree < n — r, and define

Py(x) = / X(x — 0" Qur (t)dr.
0

The polynomial P, satisfies (2.20) and since

1 1 X 1
/ Pa(0)dx = A f / (x = 10 Qo (dtdx = 22 / (1= 1) Qu_r(D)dt, (223)
0 0 0 r 0

in order for (2.21) to hold, we need to take

1 —1
An =7 ( / (- t)’Qn_,(t)dt) . (2.24)
0

Now,

1 1 X
/ 4P, (x)dx = ,\,,/ x”f (x =) 10, r()drdx
0 0 0

1 1
= )\n/ anr(t)/ xP(x — l)r_ldxdt.
0 t

Since
1 1 u
/ x“(x—t)’*ldxzf Z(’f‘)(x—t)’*’*lt“*fdx
t toi=o !
® % 1 . .
:(1—t)rZ(i)i+rt“*’(1—t)’,

i=0
it follows that

1 n 1 |2 m r . .
122 _ _ r n—i _ 1
/0 x*P,(x)dx = - /0 On—r(®)( —1) |:-:0 (i ) ; +rt 1—-1 } dt.

1
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Combining this with (2.23) we have
1 1 1
1—/ xP* P, (x)dx :/ P,,(x)dx—/ x* P, (x)dx
0 0 0
(! , s i
—7/0 0ur((1=1) [1—2( ) = ar

i—0
t“ = t)i:| dt

o 1 . “ m
e ROIE [Z(l)
t“ i1 - t)i1:|dt

1=

0
R AT/: Qur((1 — 1! [i( )

i=1

IA

1
Chn / On_r®(1 =)z, (2.25)
0

We now let
. n . 4r
m = {g—‘ and Q,_,(x) = T (x).

Then, Q,_, is a nonnegative polynomial and its degree < 4r(m — 1) < n — r. Using (2.18) and

(2.19) we have
chn (/ /)Qn SO0 =1
il

Chn |11|4’/( ' dr + e, | =0 e
—0 I

IA

1
1—/ x* P, (x)dx
0

IA

2.

IA

Finally, recalling (2.24) we write

C|11|r+2

IA

1
1— / X" Py (x)dx (1- t)’Qn_,(t)dt>
0

1
0
—1

< cln|™+? ( (1— t)’Qnr(odt)

I

—1

< clh|"t? ( (1— t)’dt)

I
< |l < 5.

n

and the proof of (2.22) is complete. [
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2.5. Proof of Theorem 1.1

Suppose that ¢ € Ny and let P,_, := P,_ where P, is the polynomial from the statement of
Lemma 2.13 with r := max{q — 1, 1}. In particular, (2.22) with p := 2 implies that

(&
n >3,

1
1 —/ X2Pp_s(x)dx <
0

5
n

with the constant ¢ depending only on g. Also, let ng := 2 "C}/z“ eN.

For 1 < n < ng, we can define M,,(f, x) .= (1 —x) f(0) + xf(1). Clearly, M,, : C[0O, 1] —
I C II, is a positive linear polynomial operator preserving linear functions as well as
k-monotonicity for all k. Since My (ez,x) = x = x2 + *(x), Corollary 2.5 (with o, = 1)
implies that

P> (x)
h2(p(x) + 1/4)*
and the statement of Theorem 1.1 follows.

Suppose now that n > ny is fixed, and define M, (f,-) := H,(P,—_2; f,-). It follows from

Lemmas 2.12 and 2.13 that M,, : C[0, 1] — II, is a positive linear operator preserving linear
functions as well as k-monotonicity for all 0 < k < ¢, and M, (e2, x) — x> = o, (x) with

1F () = My(f, )] < c (1 n )w;”*(f, 0,

1

cl 1

=1— | ?P,o)dt <= < -.

Qn /0 n—2(t)dt < 2=
Therefore, taking into account that the function A(r) = t((p(x) + ﬁ) s increasing for

t €[0,00)if 0 < A < 2, Corollary 2.5 yields, for 0 < 2 < ¢,

onp?*(x) o
|f () = Mu(f, )] < e |1+ 7|8 (fh
h? (p(x) + /)

2—A
Y [ U R— DY

h2n? (o) +/er/n?)

which implies (1.3).
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Appendix. Bernstein-Durrmeyer-Lupas polynomials with ultraspherical weights

The main results in this paper (as well as all results from [4,9] that we need) greatly depend
on (in our opinion, a rather interesting) paper by A. Lupas [15] which does not seem to be
readily available. Hence, in this section, we state and provide alternative elementary proofs for
all theorems from [15] that we use.
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Fora > —1, let

(_l)n x—ot(l _ x)—aﬁ {xn+o¢(1 _ x)l‘l-‘rot} (Al)

(o) —
o =0, dxn

be the (shifted) ultraspherical polynomials on [0, 1] (normalized so that qb,(,a)(l) = 1). Note that

2
¢(a)(x) _ Prftl—l-l/ )(2x —-1)
n Pn(a+l/2)(1)

where P,f)‘) is the classical ultraspherical (Gegenbauer) polynomial (see [17, Chapter IV]). Recall

that
Prf)\)(l) _ (n +2A — 1) _ (2)&)"'
n n!

Remark A.1. With qb(()a) (x) = 1 and ¢§a)(x) = 2x — 1, the following recurrence equation is
valid (see [17, (4.7.17)]):

(n +20¢@ (x) = n + 20 — N2x — DY, (x) — (1 — D™, (x), n=2. (A2)

In particular, this implies that, if ¢.*’ (x) = A*x" + p,_1(x) with p,_, € IT,_;, then

L@ 4" +1/2)y  Qa+n+1), (A3)
T Qa+ )y (@t D)y )

(see also [17, (4.7.9))).

Bernstein—Durrmeyer—Lupas polynomials with ultraspherical weights are defined as

1 <pnka f)
D@ X)) = » A A4
O (fx) ;p KON (A4)
where
= 1 Hg®)dw(t dw(t '——ta(l_t)a
(f,g)~—/0f()g()w(,05), w(’a)'_B(a+1,oe+1) ’

and B(x, y) == fol t*~1(1 — £)¥~dt is the beta function. Note that

1 n 1
)= etk — patn—kgy
tPre 1) B(Ol+1,ot+1)<k>/o (=0

B B(a+k+1,a+n—k+l)<n)

Bla+1l,a+1) k
. (n) (o + Dyl + 1)y
—\k Qa +2), ’

where we used the fact that B(x, y) = I'(x)I'(y)/I'(x + y), where I'(x) := [;° t*~le~dt is
the gamma function, and I'(x + 1) = xI'(x), x > 0.

Remark A.2. If « = 0, then DO(f,x) = D,(f, x), where D, is the (usual) Bernstein—
Durrmeyer operator defined in (2.17).
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Lemma A.3 ([/5, (1.3) and (3.2)]). Foranya > —1,

S (=D
() _
X (")‘(““)"Z(aﬂ)k(aﬂ)n,k

k=0

Dk (X) (A5)
and, fort 1 — x,

_1n<a>< xt >: b, S° _ PukCOPi® A6
=" ( (”),;)(z)(aﬂ)k(a“)n,k (A.6)

Note that (A.6) corrects a misprintin [15, (3.2)]. Also, we remark that taking the limit in (A.6)
ast — 1 — x we get the identity

@ _ n, L n) 1 .
=D Z(k @+ Dee + Dos

k=0

Proof. First of all,

dn n qan—k d*
- {xn+a(1 _ x)n+0t} <n> y — xn+0(d_k(l _ x)n+01
X X

dx" paar k
_ ! <n> (a + 1)nxa+k (a + l)n (_1)/{(1 _ x)n—Hx—k
k=0 k (a + ])k ((X + l)n—k
< (—DF
— 1 2.« 1 — x)¥ ,
[ + Dnlx(1 — x) ]; @ D@ D @
which together with (A.1) implies (A.5).
Now, since
k(" xt
pn,k(x)pn,k(t) = (_1)n k<k) ('x tt - l)np"’k (m) ’

using (A.5) we have

n

n _1\n—k
) Pk (X) pn k(1) -1y =D Pk (x—t)

= ()@ + Dile + Dus £ o+ Do+ D\ =1
= hti— e (—x’ )
(a4 1), " \x4r-1)’

whichis (A.6). O

Theorem A.4 ([15, Theorem 4.1]). For any o > —1/2, f € C[0, 1]and x € [0, 1],

(2o +2),
(o + Dn
where O(x, t,u) = (1 —u)a(x, t) + ub(x, t) with

a(x. 1) = (JE— Jad =0 = t)>2 and  bx, 1) = (\/x_t—i-\/(l —od - t))z.

1 1
D) (f, x) = / f(t)/ [O(x, 1, u)]" dw(u,a — 1/2) dw(r, a),
0 0
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Proof. Using the definition (A.4) we have, for any o« > —1,

1 n
DI (f,x) = /0 f@ [Z Pk ) Pk (D) /(P ks 1>} dw(t, )
k=0

n

! .,k (X) Pk (1)
—a+2), | kL dwt,
Gt D f 7O L_ZO @+ et + Doy | 70

Qo +2), 1 @ <t
= @D, /0 f@® |:(x +t—-1D"¢, (m)} dw(t, o), (A7)

and it remains to prove that, foro > —1/2,

Xt

1
m) 2/0 [O(x,t,w)]" dw(u, o —1/2). (A.8)

(x+1— 1"l <
This identity immediately follows from Gegenbauer’s formula (see, e.g., [16, (2)] or
[17, (4.10.3)]): for A > O and all real x,

*) b
P (x) T'(A+1/2) [ L T
= X +vVx2— lcost] sin tdt,
rPay  JEIr) Jo

recalling that ¢.*’ (x) = P*T?2x — 1)/P*T"?(1) and changing variables cos t = 2u — 1.
Alternatively, (A.8) can be proved by induction using the recurrence equation (A.2). Yet another
way to prove (A.8) is to use several results from the theory of hypergeometric functions as was
originally done by Lupas in [15]. O

Since O(x,t,u) € [0,1], for all x,z,u € [0, 1], one can immediately get a result on

positive summation of a sequence of operators D,<,Ol> as a corollary of Theorem A.4 (see

[15, Theorem 5.2(2)]). We state this corollary in a slightly more general form which is useful
for applications.

Corollary A.5. Let « > —1/2 and n,r,0 € Nowith0 < 9o < r < n, and let a (generating)
polynomial P, (x) =Y} _, arx* be such that

PI(x) >0, forallx el0,]1].
Then, for any function o such that0 < o(x) <1, x € [a, b] C [0, 1],
L](/La)(j)nv U(')a r» Qv [Cl, b]7 fv x)

n—o —
y CxDlorret e, ol ol (A9)
Q

Qa + 2)i

k=r—
is a positive linear operator on Cla, b].

In particular, if r = 0 =0and o (x) = 1, x € [0, 1], then

" (e +1
Ly (Py.1,0.0,10, 1]; f.x) = Zﬁ

k=0

axDE (f, x)

is a positive linear operator mapping C|0, 1] to II,.
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Proof. Since

n n—o
Qpp(x) = x"72PV) (x) = Z(k —r+ Dyapxt0 = Z (k—r+0+ 1)y gy x*
= k=r—o
we have
L Py, 0,1, 0 f,x)
n—g 1
= Y k—r+o+Drag [a(x)]k/ F@)
k=r—o 0

1
xf (O, t, w)F dw(u,a —1/2) dw(t, &)

/ (r)/ Z (k—r+0+ 1) aryo

k=r—o
X [a(x)@(x,t,u)] dw(u,a —1/2)dw(t, @)

1 1
= f f(t)/ Qnolo(X)O(x, t,u)] dw(u,a — 1/2) dw(t, a).
0 0

In view of the fact that 0 < o(x)O(x,t,u) < 1, for all x,t,u € [a,b], and that Q,_, is

()

nonnegative on [0, 1], we conclude that the operator L,, ' is positive. [

Lemma A.6 ([/5, Lemma 4.2]). Fora« > —1,n,v € Nand f € C’[0, 1],

d’ n!
D) (f.x) = DLt (0, ) : A10
dxv " (f:) n—v)!n+2a+2), "7 <f o ( )

Proof. It is sufficient to prove (A.10) for v = 1 since the general case immediately follows by
induction.
It follows from (A.7) that, for o > —1,
Qo +2)n

D (f,x) = wr / FOKD (x, ndw(t, @),

where

K (x,1) = t— 1" ———
= b= 0 (=S
and (A.10) with v = 1 follows using integration by parts and the following identity:

8K<a ) (x, t)—n(2t—1)K°‘+1( ) nt(1—1) 9 (a+1>(

dx  a+ 1 or 0. A1)
Using

d nRa+n+1)

2 ple) A e LI (01+1)

dz¢" () = P ¢,_1 (@ (A.12)
(see, e.g., [17, (4.7.14)]) identity (A.11) can be rewritten as

PO = (2 — NN - L DEATNED ey (A.13)

(@ + (a +2)
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Finally, (A.13) can be proved using the “reduction of o”” formula

20— 290 = L (s o0 - 6% )

(see, e.g., [17, (4.7.27)]) and the recurrence equation (A.2). Alternatively, one can use the
formula for the vth derivative of qﬁ,(,a) that follows from (A.12)
¢(a)( ) = m—v+1),Qu+n+1),
dz¥ (a+ 1),

and the fact that both sides of (A.13) are polynomials of degree n whose vth derivatives are the
sameatz =1forallO<v<n. 0O

oM@, 1<v<n,

Lemma A.6 can be used to recursively calculate D (e,, x), i € Np, taking into account that

(pno.€i)  Bla+i+l,a+n+1)  (a+1);

) (e, 0) = = = :
(Pno- 1)~ Bla+la+n+1) — (n+2a+2)

For example,

nx+a+1
) (eg, x) = 1, D (e1, x) = N F a2
and
@ ey, x) = " Dx? 4 2n(a +2)x + (@ + (@ +2)
2= n+2a+2)(n+2a+3)
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