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1. INTRODUCTION

A periodic function f(x) with period 2/ can be represented, under certain
conditions, as the Fourier series,

fx)=a,+ Y <ancos¥x+b,,sin?x>. (1.1
n=1

For the extensive theory of these series see, for example, [2, 10, 57, 64, 66].

Basic Fourier series have been introduced recently [ 14] as certain exten-
sions of the classical Fourier series (1.1). The following functions C,(x; @)
and S, (x; w) given by

C,(x; w)=

(_wZ; qz)oo < _qezma _qe—2i9 2 2> (12)

L )
(—qo% g9, " q 1

! The author was supported in part by NSF Grant DMS 9803443,
289

0021-9045/02 $35.00
© 2002 Elsevier Science (USA)
All rights reserved.



290 SERGEI K. SUSLOV

and

2,20 _ 2,20

(—0% 4%y 29" 0 —q%*, —q’
Sq(x§ w) = (_qwz, qz) 1—¢ cos 0,p, 3 5 qz’ —w? ),
(1.3)

q

were discussed in [8, 36, 48] as g-analogs of cos wx and sin wx.
We use the standard notations [23] for the basic hypergeometric series

a, a,, ..., a, z (ay,a,,..,a,;
o .t )im 3 e D (g ey

bl,bz, bs n=0 (qa blabzs . b.w q)n (14)
n—1
(@q):=1, (a9),:=]] (1-aq"), (1.5)
k=0
(al’ aZ’ eeey am; q)n = 1_[ (al; q)ns (16)
I=1
wheren=1, 2, ..., or oo, when |g| < 1. Also,
(@5 9)o
(@ Q)= (1.7)
(a9 @)

Functions C,(x; w) and S,(x; w) are defined by (1.2)—(1.3) for |w| <1
only. For the analytic continuation of these functions in a larger domain
see, for example, [ 14, 36, 48].

The above g-trigonometric functions appear in recent literature from
different contexts. Atakishiyev and Suslov [8, 48] found solutions of a
g-analog of the equation for harmonic motion. Ismail and Zhang [36]
expanded the corresponding basic exponential function in terms of
“g-spherical harmonics” and later, together with Rahman [31], they
extended this analog of the expansion formula of the plane wave from
g-ultraspherical to continuous g-Jacobi polynomials. “Addition” theorems
for the basic trigonometric functions were found in [33, 48, 50]; see also
[53] for a review. Relations of the quadratic g-exponentials with the con-
nection coefficient problem have been investigated in [30]. Bustoz and
Suslov [14] have established the following orthogonality property,
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j: C,(cos 0; w) C,(cos 0; w')(e*, e7*"; q),,, d6 =0, (1.8)
f: S,(cos 0; w) S,(cos 6; ") (e*, e, q),,, d6 =0, (1.9)
Lﬂ C,(cos 0; w) S,(cos 6; ') (™, e, q),,, d6 =0, (1.10)
and
J: Ci(cos 0; w)(e*, e7"; q),/, dO

- .[0 S3(cos 0; w)(e*, e7; q),/, db

© k/2

4% 92 (—o* g, 5 4

- . 1.11
@G DL (—qk g, S 1+’ (11D

Here w and o' are different solutions of the transcendental equation

1 1/4 —1/4 ( lw’ ql/z)oo (lw, ql/z)w
_— * — = . 1.12
S, <2 (¢"+q ") 2i(—q0% O 0 ( )

The method of [14] shows that these orthogonality relations hold also
when w and o’ are different solutions of

1 . (=i §') + (i; 4').,
C, <5 (¢"*+q 1/4);a)>= TE =0. (1.13)

See also [53] for an elementary proof of the orthogonality property of the
basic trigonometric system on the basis of an integral evaluated by Ismail
and Stanton [33].

The basic trigonometric functions (1.2)—(1.3) are solutions of a very
special case of a general difference equation of hypergeometric type on
nonuniform lattices; see [8, 43, 47, 48]. The Askey—Wilson polynomials
and their special and limiting cases [7, 39, 43] are well-known as the
simplest and the most important orthogonal solutions of this difference
equation of hypergeometric type. Recently, Ismail, Masson and Suslov
[29], and Suslov [49, 51] have found another type of orthogonal solutions
of this difference equation at the higher ,¢,; and z¢,-levels, respectively.
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Bustoz and Suslov [14] introduced the corresponding basic Fourier
series as

f(cos 0) =a,+ Z_:l (a,C,(cos 6; w,)+b,S,(cos 6; w,)), (1.14)

where w, =0, ,, 0,, @, ... are nonnegative zeros of (1.12) arranged in
ascending order of magnitude, and

ay = 2k(0) S ). f(©0s 0)e™, e g, db, (1.15)
ay = k( )J f(cos 8) C,(cos 8; w,)(e*, e7*; q),,df,  (1.16)
b, = K(w, )J S (cos 0) S,(cos 6; w,)(e*, e*; q),,, dO (1.17)

are the corresponding g-Fourier coefficients. The complex form of the basic
Fourier series (1.14) is

o0

f(cosO)= Y «¢,6,(cosb;im,) (1.18)

h=—0o0

with
1 o
= e fo f(cos 0) &,(cos 6;—iw,)(€*’, e ™7 q),,, 40,  (1.19)

where w, =0, +w,, +®,, T®;, ... and v, =0 < w,; < W, < ®;... are non-
negative zeros of (1.12); the normalization constants k(w,) are defined by
the expression in the right side of (1.11),

1= ) )
k(w) = zjo (Ci(cos 0; w)+S3(cos 0; w))(e*, e7**; q),, dO

k/2

@5 9L (0% g), &
1.20
(9% (—qo q)wg 1+w’q" (1.20)

1/2.

and the basic analog of the exponential function,

&,(x; iw) = C,(x; ) +iS,(x; w), (1.21)
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is introduced with the help of the g-analog of Euler’s formula. It is conve-
nient for the further consideration to rewrite (1.20) in a compact form

(4% 9)% (-0 g%,

(4:9)% (—qw’ g%,

k(w)==n K(w), (1.22)

where by the definition

o 4
K(w) = I;::O o
See [30, 31, 33, 36, 48, 50], and our review paper [53] for the detailed
investigation of the properties of the g-exponential function &,(x; «). The
case of the basic Fourier series on a g-linear grid is considered in [13].

Although classical Fourier series have a long and distinguished history,
not much is known about the basic Fourier series. In the original paper
[14] Bustoz and Suslov have proved that the basic trigonometric system
{&,(x;iw,)} - ., is complete; see also [54], [56] for an extension and an
independent proof of this result. They have also established some elemen-
tary facts about convergence of these series. In particular, if f(x) is con-
tinuous and the series (1.14) or (1.18) converge uniformly on [ —1, 1], then
its sum is f(x) by Theorems 12 and 13 of [ 14]. Numerical investigation of
the basic Fourier series was recently started by Gosper and Suslov [24]
with the help of the Macsyma computer algebra system.

Explicit expansions of functions in the basic Fourier series lead, in a
natural way, to a new class of formulas never investigated before from the
analytical and/or numerical point of view. Bustoz and Suslov [14] have
discussed just a few simple examples. Our main objective in the present
paper is to give explicit expansions of many elementary and g-functions in
basic Fourier series (1.14)-(1.19). Some integrals, evaluated recently by
Ismail and Stanton [33], play an important role in this analysis.

We shall also consider expansions of certain functions with respect to the
basic trigonometric system {&,(x; iw,)} . _,,, where @, = +@,, +@,, T @, ...
and 0 <w, <w, <w; <.. are nonnegative zeros of (1.13). The corre-
sponding “modified” basic Fourier series are

k/2

(1.23)

f(cos0) =Y (a,C,(cosb;w@,)+b,S,(cos 0; @,)), (1.24)
n=1
where
= ! " . 2i0 ,—2if.
“ = o) jo f(cos 0) C,(cos 0; @, )(e*, e " ), ,, dO,  (1.25)

1
b =

"= k@) f: f(cos 0) S,(cos 6; @,) (e, e*; q),, db, (1.26)
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and the complex form is

f(cosO)= Y «¢,6,(cosb;iw,) (1.27)
with
1
= 2k(w,)

L" f(cos 0) &,(cos 0;—iw,)(e**, e %% q),,, df.  (1.28)

The normalization constants k(w,) are defined by (1.20) and (1.22)—(1.23).
The basic trigonometric system {&,(x;iw,)};__,, under consideration is
complete due to Theorem 9 of [ 54]. Therefore analogs of Theorems 12 and
13 of [14] hold for the series (1.24)—(1.28); if f(x) is continuous and the
series converges uniformly on [ —1, 1], then its sum is f(x).

The large w-asymptotics of the zeros of (1.12) and (1.13), which are
important for study of the convergence of g-Fourier series (1.14)—(1.19) and
(1.24)—(1.28), are

w, =¢q"*"—ci(q)+o(1) (1.29)
and
@, = ¢**"—ci(q) +o(1) (1.30)
as n — oo, where
1/4 . 2\2
q (45 9)%
= . 1.31
AC)) 20—4¢") (¢% )2 ( )

These formulas have been found numerically in [24], see also [14] for the
leading terms; the rigorous proof is given in [52].

Certain g-Fourier expansions found in this paper give us a possibility to
introduce analogs of the Bernoulli and Euler polynomials, numbers and
Riemann zeta function and investigate some of their properties.

The paper is organized as follows. In Section 2, we obtain the g-Fourier
expansions for some polynomials. Expansions of the basic trigonometric
and exponential functions are found in Sections 3 to 5, consequences of
Parseval’s identity are discussed in Section 6. In Sections 7 to 9, we intro-
duce, in a natural way, g-analogs of the classical Bernoulli and Euler
polynomials, numbers, and the zeta function, respectively. Basic Fourier
series expansions of certain functions and some miscellaneous results are
established in Sections 10 and 11. We close the paper in Appendix, provid-
ing details of the rigorous proofs of the uniform convergence of the
g-Fourier expansions discussed in Sections 2 to 5.
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2. EXPANSIONS OF SOME POLYNOMIALS

The continuous g-ultraspherical polynomials C,,(cos 8; § | ¢) are defined as

Bs Die (Bs Dm—rc eim=200.

C,(cos8; B|q) = ZO (45 Dic (45 Dm—x

2.1)

see, for example, [23]. Bustoz and Suslov [14] have established the
following g-Fourier expansion,

C,.(x;:9"*| q)

@ Ds & S w,'?
=n——"= % (=)"q"* R
(q5 q)oo n=—ow k(a)n)(_qwnaq)oo
xJP, 12w, q) 6,(x; iw,), m>0, (2.2)

for the special case of these polynomials, namely, C,,(x; ¢'/*| g), which are
the basic analogs of the Legendre polynomials. Here J®(x; q) is Jackson’s
g-Bessel function defined as [26-28]

(qv“,q)ooz wamn (D" (x/2)+
(€)= (@D ),

Expansion (2.2) is an “inversion” of the following special case,

JP(x;q) = (2.3)

—1/2

(> Do w,
(4% @) (—qw2; 47,

&(x;im,) =

& ~m m mz
x Y i"(1=g™) g IR, e, @) Cou(x; 4 1 g),  (2.4)
m=0

of Ismail and Zhang’s basic analog of the expansion formula of the plane
wave in terms of the spherical harmonics [36].

As two special cases of the formula (2.2), the basic Fourier expansions
for the linear and quadratic functions,

(=D [(—q0k; 4.
k(@) 0, V(o5 4%

x=(q""+q7'"% Z S,(x0,) (25

and

, (144" (1441 —¢?)

T4(1+¢"+q) 2q

© (_l)n—l (_qwi; qz)oo .
8 nz=:1 K(w,,) C()i \/J Cq('x7 wn)9 (26)
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have been discussed in [14], [24]; see [24] for the numerical investigation
of the convergence of these series using the Mascyma computer algebra
system.

We shall continue to study formula (2.2) here, emphasizing now the
relation with the g-Lommel polynomials 7/, ,(x; g) introduced by Ismail in
[27]. These polynomials arise from the expansion

1 1
g eI (x5 9)=h,, <;; q> TP q)—hy 1y <}’ > JP (x5 9).
Q2.7)

They are generated by the three-term recurrence relation
Byir (5 @)= (1=g""") 2x) b, (x5 ) — ¢+ 'hyy (3 9),  (2.8)

n> 0 with

ho(x;9)=1,  hy,(x;9)=(1—g")(2x). (2.9

The g-Lommel polynomials 4, ,(x;q) are orthogonal with respect to a
purely discrete measure whose masses are located at the reciprocals of the
zeros of J?,(x; q) [27]. Ismail gave also an explicit formula for them,

/2] _ (@ Dni (@ D

h ; — -1 k  (v+k—1)k 2 n—2k, 2.10
(6 4) kz=:0( )4 (@ Di (@ Do—2 (@5 Die (2x) (210

which implies the symmetry relation,

b (=x; @) = (= 1), (x; @) .11

The g-spherical Bessel function J &, /2(260,,, q) appearing in (2.2) can be

reduced to the g-Lommel polynomials and J ) /2(2a)n; q) by 2.7),
1
q" /ZJ(211/2(260,” q) = hm 1/2 (E’ ‘]) ng/)z(2wn; q)

|
—hi3p2 <E; q> ApQaw,sq).  (2.12)

But due to (5.34)—(5.35) of [ 14], namely,

(4;9) o'
S, (7; ) = 2 J2Qw; q), 2.13)
) ("% 9). (—q0% 4%)s 122 4 (
(4 Deo w'?
C,(n; ©) = —75 I, 2w; 9) 214

@' @) (— 0% ¢%)y
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the basic sine S,(7;w) and basic cosine C,(7; w) functions at
n=1(q""+q7"*)/2 are just multiples of J{,(2w; q) and J 2 ,(2w; ¢). (This
is a direct analog of the well-known fact that the classical Bessel functions
of the form J,,, ,,(z) can be reduced in the same manner to the elementary
functions [63].) Also, by (1.12) and Eq. (13.10) of [14],

J Qw5 9) =0, (2.15)
(q"% q) 3 o [ (o5 4%
ana - ln z wna oo /2 n—oo‘ 216
J2,Qw,;9) = (1) @D (—qwy; %) (—q0® ). (2.16)
Therefore

1/2. )
T8, 20,5 ) = (— 1yt g 45 D
o (@ 9.

1 (—w?; ¢
-1/2p, . ~ w4 Jo 2.17
X O Hm-t3p2 <2w,,’ q) V (—g03; ¢y’ @17

m > 0, which reduces the infinite series representation (2.3) to a finite sum
in the case of the g-spherical Bessel function at the points x =2w,. It is
worth mentioning also that the orthogonality properties (12.16)—(12.17) of
[14] for these functions imply the explicit orthogonality,

(—90% %)

(1+(=1)m*?)
- 1 1 1 q(m+1)2/2
Xngl hm <2_Cl)n’ q>hp <2_; q> 5 = - T3 §mp7 (218)

wn wn K(wn) q

and the completeness,

S h (=g Vi (~oiq) L ) 2.19
mz=0 'm 2_60,,’q m\ 5 >4 W_wnx(wn) nl > ( )

2w,
relations for our special case of the g-Lommel polynomials, namely,
B (X5 q) := hy 575(%;5 ). (2.20)

This shorter notation will be used throughout the paper. The measure can
also be found explicitly for the special case v=1/2 of the g-Lommel poly-
nomials; see Egs. (2.31) and (2.35)—(2.36) below.
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In view of (2.17), the Ismail and Zhang formula (2.4) takes the form

-1 n—1 oo )
( ) Z im(l_qm+l/2) q—m /4

n m=1

1 [(o% )
h — - I C.(x;q"? 2.21
X m—1 <2wn5 q> (_qwﬁ’ qZ)w m('x5 q | q)a ( )

and, finally, expansion (2.2) can be rewritten in terms of the g-Lommel
polynomials as

&(x;im,) =

1/2 < . q_m2/4 1
Coiq )= Y (—z)'"—h,,,_1< -q>

n=-—oo K(wn) wn an ’

x(—1)"! /% &,(x; iw,), (2.22)

m > 0. (The prime in the sum here means that the term with » =0 should
be omitted; we could also formally assume that z_, =0.)
“0Odd” and “even” parts of this expansion are

Comir(x: "7 | g) =270+ D714 ) —(_I)M_lh L. q
2m+1 ] = K(w,,)a),, 2m an’

(=903 ¢°).

and

Cotmalp=20Y S (L) o
2m s = K(Cl)n) C()n 2m—1 2wn5 .

[(—q0}; ).
X |—————C, (x; w,).
(-3 4% o5 @)

The series in (2.23) and (2.24) converge absolutely and uniformly in x on
every closed subinterval of (—#,#) and (—#,,#,), respectively, where
n=x(1/4), n, =x(1/2) and x(¢) = (¢°+¢°)/2. This can be shown with
the help of Lemma 1 from Appendix and asymptotic formula (1.29); by
analytic continuation these expansions hold in the open disks |x| <# and
|x| < #, of the complex x-plane, respectively.

These formulas are convenient for expansion of the elementary powers
x, x2, x*, x* ... in basic Fourier series. Equations (2.5) and (2.6) are,
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obviously, the special cases m = 0 and m = 1 of these formulas, respectively.
The case m = 1 of (2.23) gives rise to

x3=(1+ql/2)3 g (=D (=905 ¢

4’ = r(w,) 0, \ (—0%; ¢, S, (x5 w,)
(1 +q1/2)(1 _qZ)(l _q3)
o 4q9/4
(=1t 2. 2
X Z ( 1) ( qw,; q )oo Sq(x; a)n)' (225)

n=1 K(a)n) COE, (_a)fl’ qz)oo

The case m = 2 of (2.24) results in

i_(1+47) (-9 2—q'"+29)
16(1—¢**)(1—¢°"?)
(1+4¢"%)° 1—¢*(1-2¢"7+49-2¢"*+ 4%
- 8q5/2
2 (=D [(—qwi; ).,
XL cton @t \ (—on g,
+(1+q1/2)(1—q2)(1—q3)(1—q4)
84"
2 (=D [(—qwh; ).
k() oy N (—ok; 47,

C,(x; w,)

C,(x; w,). (2.26)

In a similar fashion, one can obtain expansions of the higher order powers
in the basic Fourier series using a computer algebra system. Convenient
relation between (2.23)—(2.24) and g-analogs of the Bernoulli polynomials
will be discussed in Section 7; see (7.44)—(7.45). Expansions of some ‘““gen-
eralized power functions™ in the g-Fourier series are found in Section 4;
see (4.18) and (4.21).

Equations (2.22)—(2.24) give us the explicit expansion of the analog of
the Legendre polynomials, namely, C, (x; ¢"/?| ¢), in the g-Fourier series.
In order to find expansion for the continuous g-ultraspherical polynomials
C,.(x; 7] q) of the general form, one can just use Rogers’ connection coef-
ficient formula,

, OB Dk (7 @ (1= g™ ) ,
COsTID= 2 P e s -y D

(2.27)
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(see, for example, (7.6.14) of [23]), for f=¢'/?> and our expansions
(2.22)(2.24) together with the explicit representation for the g-Lommel
polynomials (2.10).

In a similar manner, the connection coefficient formulas for the
Askey-Wilson polynomials found in [7], [30], see also (7.6.2)—(7.6.3) of
[23], give rise to the g-Fourier expansion of these general classical
orthogonal polynomials. We would like to leave the details to the reader.

Let us discuss also similar expansions in the “modified” Fourier series
(1.24)(1.28). One can use the same arguments as above replacing w, by @,
and eliminating the constant term. Analog of (2.2) has the form

@9 & 2 @,
C,(x; 9" | q)=n——"= (=) g™/ g
(45 9o n:z_oo kw,)(—qw5; %)
X Jﬁr%-)f-l/Z(zwnﬂ q) éaq(x; iwn)a m 2 0, (228)
which is an “inversion” of
(4 Deo w,'?

& (x;im,) =
! (4% @) (—qw2; 47,

x Y i (1=g"1) g2, 02w, q) Colx: 4 @) (229)
m=0
Relation with the g-Lommel polynomials is

1/2. )
T2 p(2m,; @) = (— 1yt g S D
e (4 Deo

, 1 [ (=75 47
Xw, 1/2hm’1/2 <2—13n, > m, (230)

m =0 ;cf. (2.17). We shall use the shorter notation

(—992; 4%

By (5 q) 1= hy 1 5(X; 9), (23D

for this special case of the g-Lommel polynomials throughout the paper.
As a result, expansion (2.28) can be rewritten as

" © q—m2/4 _ 1
C.(x; ¢4 | q) = _2 (—i)mm h,, (%; Q>
(—qw; 4°).,

X(_l)n_l (_w2.q2)

&,(x; iw,), (2.32)
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m = 0. “Odd” and “‘even” parts of this expansion are

© m+n—1
Comir (X3¢ | q) =240 e oo (3 4
" n=1 K(wn) @, 2wn
(=993 )

and

Con: 4" | @) =24 Y ey (L,
m ’ n=1 K(wn) wn o 2wn’

x /% C,(x; @,). (2.34)
(=735 9w

The series in (2.33) and (2.34) converge absolutely and uniformly in x on
every closed subinterval of (—z#,,#,) and (—#,#n), respectively, where
n=x(1/4), n, =x(1/2) and x(¢) = (¢°+q°)/2. This can be shown with
the help of Lemma 1 from Appendix and (1.30); by the analytic continua-
tion these expansions hold in the open disks |x| <#, and |x| <# of the
complex x-plane, respectively.

It is worth noting the explicit orthogonality,

(1+( 1)m+p)i E 1 . }_1 1 . 1 B qm2/2 s
= m 2wn’ q P 2wn7 q wik_(wn)_l_qm+1/2 mp>
(2.35)

and the completeness,

© 1 _ 1 1_qm
b 530 ) —= 7=, 2.36
z= (Zw > " <2w1’ q) qm2/2 @y K(@,) 0, ( )

relations for the special case of the g-Lommel polynomials (2.31).

Formulas (2.32)—(2.34) give us the possibility to find the expansions of
the elementary powers, similar to (2.5), (2.6), (2.25), and (2.26). For
example,

o (=D (=993 07w

1=2 z K'(w )w (—Wﬁ, qZ)OO Cq(xa wn)a (237)
_1-q & D" [(=995d)s o .
- q1/4 = K(w,,) wﬁ (_wi; qZ)OO Sq(x’ wn)a (238)
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x2=(1+ql/2)2 (=D (=973 ¢V
2q1/2 n=1 K(wn) w, (_wis qz)oo
_(1—61)(1—42)§ (="' (=993 ).

C,(x;@,)

C,(x;m,), (239

2 Zs@)ol N (o,

s _(1=¢")(1+¢")’ 1=¢"+3¢—¢"*+¢°)
= 4q7/2

o (=D [(—4m 4)

S .
n=1 K(wn) wf’ (_wi’ qZ)OO q(xg wn)
(1-9(1-¢)(1-4°
o 4q9/4

S (=D (—qm a7 o
* ,,; @)@\ (—atg), ) (240

Remark 1. It is worth mentioning that the connection with the g-Lommel
polynomials leads to a proof of the completeness of the basic trigonometric
system {&,(x; iw,)};_ _,, on the zeros of the Jackson g-Bessel functions (2.3)
due to the completeness of the continuous g-ultraspherical and the g-Lommel
polynomials. See also [14] for the original proof of the completeness property
using the methods of the theory of entire functions [11, 41, 42]. These results
on the completeness of the basic trigonometric system in the higher spaces of
functions will be discussed in details in our forthcoming papers [53, 54, 56].

3. BASIC COSINE AND SINE FUNCTIONS

The Fourier series of the cosine function cos wx on the interval (—, 7)
has the form

0

3.1)

2 . WCOoS nx
cos = —sin — -1
wx =" wn[2w+z (=D o }

n=1

Here we shall establish a g-analog of this formula, namely, basic Fourier
expansion for C,(x; w), as

C,(x; @) =2S,(n; ®)

I vy _ (Do (493 4w . .
* [2K(0) w+nz=:1 k(w,)(w*—w}) \/J C,(x; @,)].

(3.2)
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Let us first derive this g-Fourier series formally and then discuss its
convergence. Bustoz and Suslov evaluated the following integral,

Lﬂ C,(cos ; w) C,(cos 0; ") (e, e7**; q),, dO
2n (4% 9%
S 0’—0” (95

X [wC,(17; @") S,(11; 0) —@'C,(n; @) S,(n; )], (3.3)

see (3.29) of [14]. This gives the values of the g-Fourier coefficients in (3.2)
when o’ = w, are nonnegative zeros of (1.12). Using the uniform bounds
for the basis functions (12.1)-(12.2) from Lemma 1 in Appendix and the
leading term, lim, , _g"w, = ¢/, in the asymptotic expression (1.29) for the
zeros m,, one can see that when w # w, the series in the right side of (3.2)
converges absolutely and uniformly on every closed subinterval of
(=n1,m) with 7, =(q"*+q7/*)/2 by the Weierstrass M-Test and the
Limit Comparison Test. So, it represents C,(x; w) on [—1,1] due to
Theorem 13 of [ 14]. By analytic continuation expansion (3.2) holds then in
the open disk |x| <#; of the complex x-plane. We leave the details to the
reader.

The Fourier series for the sine function sin wx on the interval (—mx, 7)
has the form

d n sin nx

2
in wx == si —1)y . 3.4
sin wx = —sin n Y (=1 el (3.4

n=1
An analog of this formula for the basic sine function S,(x; ) is

S,(x; 0) =28,(n; ®)

i (- Do, (—90%; %)

n=1’€(wn)(w2—wﬁ) (_wi;qz)00 Sq(x; ®,). (3.5

Integral (3.30) of [14],
Jn S, (cos 0; w) S,(cos b, w’)(e*, e q)1)> A6
0
2n (9% 9)%

S 0*—0” (g:9)%

x [@'S,(1; w) C,(11; @") — S, (n; @) C,(n; ®)], (3.6)
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results in the g-Fourier coefficients in (3.5) when ' = w, are nonnegative
zeros of (1.12). When w # w, the series in the right side of (3.5) converges
absolutely and uniformly on every closed subinterval of (—#,#) with
n=1(q""+47"*/2, so it represents S,(x; w) on [—1, 1] and, by analytic
continuation, in the open disk |x| < 7.

In a similar manner one can obtain expansions of the g-trigonometric
functions in the series (1.24)—(1.28). Expansion for C,(x; w) has the form

C,(x; w) =2C,(n; ®)

= (-Dw, (—qwl; 4o ‘
£ e [ | )

The g-Fourier coefficients can be evaluated with the help of (3.3) when
o' =, are nonnegative zeros of (1.13). If w # @, the series in the right
side of (3.7) converges absolutely and uniformly on every closed subinterval
of (—#,7n) by the Weierstrass M-Test and the Limit Comparison Test.
Thus, it represents C,(x; w) on [ —1, 1] due to Theorem 13 of [14]. By the
analytic continuation expansion (3.7) holds then in the open disk |x| < # of
the complex x-plane.
Expansion of the basic sine function S,(x; ) is

S,(x; @) =2C,(n7; w)

v (Do (=995 4o ¢ .

in view of the integral (3.6). When w # w, the series in the right side of
(3.8) converges absolutely and uniformly on every closed subinterval of
(—n,m) with , =(¢'>+¢7"/*)/2, so it represents S,(x; w) on [—1,1]
and, by the analytic continuation, in the open disk |x| <#;.

4. BASIC EXPONENTIAL FUNCTION

Expansion of the exponential function exp (ax) in Fourier series on
(—mn,7m)is

e — g 1 ©
e =——| —+
4 [20( ,Z‘l

(="
a’4n?

(o cos nx —n sin nx) ] . 4.1
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Expansion for &,(x; ) in the basic Fourier series has a similar form

(- "), — (2 ¢'?),,
(2% %)

E(x; ) =

1 0 (_1)n
[ZK(O)aﬂZI (@, 02)
(=493 490
(—COi; qz)oo
It follows directly from the basic Fourier series (3.2) and (3.5) for the

C,(x; w) and S, (x; w) and the analog of Euler’s formula (1.21).
Formula (4.2) admits further generalization, namely,

(aC, (x; ) — S, (x: w,,))] L@

1220 1/2 -2i6.
/ ’,q/e )

(ye*, ye " q),,
7y, y4""; 9).
(@ Dn (47’075 Do (9275 4°)o

(m+1)/2.

(q

&,(cos 6; ) C,(cos8;y|q)

0

X
n=z—w k((,()n) ( —qw,,, qz)w
x (ig" " w, [« q),, &,(cos 0; iw,)
iq("‘“)/zwn/oc, _ iq(m+1)/2a/wn
2¢2< m+1 ; (m+l)/2(XCO

e, 1q

(i, g 5D m w4

; q, ig™ V 2ayw, > , 4.3)

where C,,(cos 8;y | g) are the continuous g-ultraspherical polynomials. We
derive this g-Fourier expansion only formally here. In order to complete
the proof one can see Appendix for the details on the uniform convergence
of this series.

Ismail and Stanton [33] evaluated the following important integral

r &,(cos 0; a) &,(cos 8; B) C,,(cos 0;y | q)
0

2i0 —219
(e
2

5 Doo
=2 2% T g9
(ye™, ye "5 q),,

_2n(y, yg"*, —aBg ™ )y (— g ’”’/zﬂ/a Do s
(@ D (474" Do (922, 9P q

—q('””)/zoc/ﬂ, —q("‘“)/zﬁ/oc ‘
202 st _q(m+1)/2aﬁ >

,—qtY Zocﬁy) N CX)
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The proof of (4.4) is also given in [53]. The special case f =0 takes the
form

(€*, e7; q),,
—2i6.

(ye™, ye "5 q),,

_ 27(y, 4™ @)oo gl
(% Dm (@ 7’0" D (g0% ¢7).

r &,(cos 0; ) C,(cos 6;y|q)do
0

X o1 < YA azyq’"“) - 4.5)
vq

Integral (4.4) is one of our “key tools” in the present paper, we shall call it
the Ismail and Stanton integral. One can easily show that the special case
m=0 and y = ¢'/? of (4.4) leads to (1.8)—(1.11). This gives an independent
proof of Bustoz and Suslov’s orthogonality property for the basic trigo-
nometric system {&,(x; iw,)} - _,; see [53].

Expansion (4.3) follows formally from the definition of the complex
form of g-Fourier series (1.18)—(1.19) and the integral (4.4) by Ismail and
Stanton. When 0 < |a| < 1 and 0 < y < 1 the series in the right side of (4.3)
converges absolutely and uniformly on [ — 1, 1] which completes the proof;
see Appendix for more details.

It is worth mentioning a few special cases of (4.3). When m =0 and
y = ¢q'/* we obtain g-Fourier expansion (4.2) again. Case a =0 and y = ¢'/?
corresponds to the expansion of the ¢g-Legendre polynomials C,,(x; ¢'/*| q)
in basic Fourier series (2.22); see also (12.8) of [ 14]. When y = 0 expansion
(4.3) takes the form

&,(cos 0; a)(q'*e*®, q'*e™%; q),, H,,(cos 0 | q)

_ T <xmqm2/4
(45 Do (9075 47)oy

0 (m+1)/2.

5 (i, g 5D
n=—o k(a)n)( - qwi: qz)oo
x &,(cos 8; iw,), (4.6)

(ig" """ w, /% q),,

where

H,(cos 0| q)=(q; q),,C,(cos 8; 0|q) 4.7)
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are the continuous g-Hermite polynomials. Expansion (4.6) follows directly
from the integral (5.4) of [33]. Two special cases of (4.6), namely, m =0,

éa(cose o()(ql/Z 2i0 ql/z —21«9’ q)oo

oo}

B m 5 (ia,q"%; ).,
(@ Do (907 4Dy 1 50 K(0,)(—q07; 7)os

&,(cos 0 iw,), 4.8)

and x =0,
(4", q'%e™"; q),, H,(cos 0| q)

&g (ciw,)"

TG Do nE e K 0,)(— 9007 47

&,(cos 0;iw,), 4.9

are of interest to note. Use of the generating function (9.5) of [48],

0 m/4

P

(q ) a"H,(cos 0 | q) = (qa*; ¢*),,&,(cos 6; ) (4.10)
=0 B m

see also [36], in (4.8) leads to (4.9) again. Roger’s generating relation for
the continuous g-Hermite polynomials,

0 m 1
H, (cos _ . <1 (@411
E, 0D o S e e g, ST @D
and (4.9) results in the following expansion,
(q, ql/zeZiﬂ’ q1/2672i9; q)00
m(ae”, ae™; q)q,
_ i &,(—iaw,q"'*) &,(cos 6; iw,) @12)

n=—w k(a)n)( _qa)ia qz)oo ’
where |«| < 1 and
[e’) qm(m—l)/4
g, (x)= X" 4.13

is an analog of the exponential function on a g¢-linear grid (see, for
example, [48] and references therein).
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Multiplying both sides of (4.9) by r” H,(cos ¢ |q)/(q;¢q),, and then
summing over m from zero to infinity with the help of the Poisson kernel
for the continuous g-Hermite polynomials

o0 m

P

o )mH m(cos 8| q) H,(cos ¢ | q)

(% @
= _— — <1 4.14
(re16+t¢’ retﬁfz(o, rel¢7!0 re —if0— z(p, q)Oo |r| s ( )

(see, for example, [23]) and the generating function (4.10), we obtain the
following bilinear generating relation for the basic exponential functions,

i (—qr’wy; 4%,

n=—o0 (_qwi5q2)oo
1/2,2i0 1/2,-2if.

__ (gr’q'%e q'% ,q)oo <1, @.15)

i0+i 60— i i 16’ —16 i
(e, re® =, re'= %)

k™' (w,) &,(cos 0; iw,) &,(cos ¢;—irw,)

originally found in [14]. Bustoz and Suslov have also introduced a method
of summation of basic Fourier series on the basis of this explicit “Poisson-
type” kernel. Some integrals related to the kernels (4.12) and (4.15) are
discussed in Section 11.
Equation (4.3) gives us also the possibility to find g-Fourier expansions
of “generalized power functions.” The case m = 0 and a = 0 results in
(4,77 q”zez’" g% q),,

2il

7(y, vq, ye*®, ye ™ q),

= 4 s 4, —YqQ,
n=z—oo k(wn)(_qwia qz)oo o g9
x &,(cos 0; iw,)

1 1
WOME Z k(@) (— g0t ).,

X o1 ( g —yqed, ) C, (cos 6; ), @.16)
79

where the left side is, essentially, the quotient of the weight functions
for the two systems of the continuous g-ultraspherical polynomials,
C,(cos8;y|q) and C,(cos 0; q"/*| q). When y =0 we arrive at the gener-
ating function (10.7) of [14] (factor n is missing in the left side of this



EXPANSIONS IN ¢-FOURIER SERIES 309

formula). Substituting y = ¢™*'/? in (4.16), with the help of (1.4)<(1.7),
(2.3), and (2.17), one gets the g-Fourier cosine expansion for the even
“generalized power function” of the form,

m—1

(q1/2€2i0, q1/2e—2i0; q)m — l_[ ((1+qk+1/2)2_4qk+1/2x2)’ (417)
k=0
x = cos #, namely,

m—1
((1+qk+1/2)2_4qk+1/2x2)
k=0
(@ Dom ) (B Dom s

3/2. 1/2.

@D, @,
Xi (-t P <1- > (—qw3; 4°).,

1
2r(w,) ot T 20, (-2 ¢

C,(xw,), m>l.
(4.18)

The case m=1 and a =0 of (4.3) gives rise to the following g-Fourier
expansion,

(9, 7%q, q'%e*, "7 q),,
—2i6.

‘ cos 0
n(yq, yq*, ye**, ye ™" q),,

© 1/4 . —
q"" (—iw,) ( ) 2>
= 4 q, —7q 0,
) 2k(w,)(—q0%; 47 " \pg?

x &,(cos 0; iw,)
B ql/4wn < - . q yq2w2>
Z ko) (— g0k ), "7 g & T
x S,(cos 0; w,). 4.19)

o0

Substituting y = ¢"~'/? we obtain, in a similar manner, a “counterpart” of

(4.18), the g-Fourier sine expansion for the odd “generalized power func-
tion” of the form,

m—2

(q1/2€2i6, q1/ze—2i0; q)m—l cos @ =x l_[ ((1 +qk+1/2)2_4qk+1/2x2), (420)
k=0
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x = cos 0, namely,

m—2

x l_[ ((1+qk+1/2)2_4qk+1/2x2)
k=0

_ (q’ q)Zm—l —m?[2+1/4
/2.

U

o (=D L, (9020 ¢ .
<2 oo o (1) e Sso 620

m>0. One can obtain expansions (2.5)—(2.6) and (2.25)(2.26) as the
special cases m =1 and m = 2 of (4.18) and (4.21). These formulas are very
convenient for expansion of the elementary powers of the higher degrees in
basic Fourier series.

On the other hand, the connection relation [307],

(™, ae % gy =Y q* (@™ @ (xa, &/ q),,

=m (ae™, ae™ q),, (4.22)
k=0 (q’ xa, q d/(X,; q)k

see also (I1.12) of [23], with a = ¢'/> and y = 20 gives rise to one parameter
extensions of (4.18) and (4.21).

Expansion for &,(x;«) in the “modified” basic Fourier series (1.24),
which will be needed in Section 8, has the form

(-6 ¢+ (g, & (=D
(99% %)y 2 k(@) (0’ + 7))

% \/@ (@,C,(x; m,) +aS,(x; @,)). (4.23)
(=@ 4)s

It follows directly from the series (3.7), (3.8) and the g-analog of Euler’s
formula (1.21). An extension of (4.23) is

&(x; ) =

1/2 2i60 1/2 -2i6.
2% g% ),
—2i6.

(ye™, ye % @)y

_ (7, 74" s
(6 Dm (4 7°9™; Do (0% 47

i (iocw,,q(’”“)/z; q)oo (x'”qm2/4
n=-—o0 k(a)n) ( _qwia qz)oo

x (ig" ™" @, /% q),, &,(cos 0; im,)

iqm+r2
X 20>

&,(cos 0; a) (4

C,(cosb;y|q)

@, /“9 - iq(m+1)/2“/wn

m+1

. . (m+1)/2
g, iq('”+1)/2aw,, 5 q,1iq ocyw,,). (4.24)
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This follows formally from the definition of the “modified” g-Fourier
series (1.27) and the integral (4.4). When 0 < |«| <1 and 0 <y <1 the series
in the right side of (4.24) converges absolutely and uniformly on [ —1, 1]
which completes the proof; see Appendix.

The g-Fourier expansion (4.24) has many interesting special and limiting
cases. We leave the details to the reader and discuss the g-Fourier expan-
sions of “generalized power functions” only. The special case m =0 and
a=0o0f(4.24)is

1/2520  1/2,-2i6.

(9.7 ¢ ,q'%e7; q),
2i6 —2i6.

7(y, vq, ve™", ve " @
o0 1 -_— )
=2, ko) (—qmi ) 7 (yq ¢ _W")

x &,(cos 0; iw,)

_22 1

| k(w,)(—qw2; 47)s

X o1 (_ : 4, —pqu? ) C, (cos 0; m,). (4.25)
rq

Substituting y = g"*'/2, one gets the g-Fourier cosine expansion for the

even ‘“‘generalized powers”

oy k+1/2)2 k+1/2,2 (@ Dom —m?)2
[T (L+g*12)>—dg"+12x%) =2 7= ¢
k=0 (q s q)m

xi (_1—),._1}7 <L, q> Mcq(x; w,). (4.26)

o k(@) w2, (=@ 4

In a similar fashion, letting m =1, « =0 in (4.24) and then substituting
y = q™ /2, we obtain the g-Fourier sine expansion for the odd “generalized
powers”

= k+1/2y2 k+1/2,.2 (45 Dam—1 —m2/2+1/4
x [T (L4+g*+17?)2—dg*+12x%) = 22— ¢
k=0 @7 D

S (=t - /1 (=972 4D
- h, | —; —="=8 (x; 4.27
Lo ar \am, 1) o, SO 42D
m > 0. These formulas are very convenient for deriving the expansions
(2.37)—(2.40).
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5. BASIC COSECANT AND COTANGENT FUNCTIONS

The partial fraction decompositions for the cosecant and cotangent
functions are

1 1 1
=— —1 5.1
sin @ co+,,z::( )<co—7zn+a)+7m> 5-1)
and
cota)—1+§ ! (5.2
T 2 \wo—mn co+rcn )

The special cases x=0 and x=#5=(g"*+¢/*)/2 of the expansion of
C,(x; ) in the basic Fourier series (3.2), result in natural g-extensions of
these classical formulas

11
S,(1; @) 2x(0) @

+Z —1)< 1 1 > (—qwzﬁ;qz)w (53)

n=1 K'(CO ) 0 —Q, CO+COn (_wn;qz)oo

and
C,(n; )
Cot, (w) :=L"—2
! S, (11; @)
1 | 1 1
- 54
o' S oma tore) O
respectively.

These partial fraction decompositions can also be established with the
help of Mittag-Leffler’s theorem; see, for example, [25] and [37]. Indeed,
functions f(w)=1/S,(n; w) and g(w)=C,(y; w)/S,(n; w) are mero-
morphic functions in @ with simple poles at zeros of S,(#; w),
w=0, +w,, +w,, +w,, ... The residues at these poles w = w, are

Res f()],_, = lim ——2" — lim
" mwS( ) oo 4o n: )
dow ! G

_,@05 (=D [ (-on g,
(:9)% kw,) V (—q0k; ).,
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and
C .
Res g(@),_., = lim (0—o,) S2E?)
oo S, (n; )
—fim GO

=, %Sq(ﬂ; CO)

49 1 (—olqd),

TG D Kw) (—q0k i), (5.5

respectively. We have used here (13.10) and the following consequence of
(3.31)-(3.32) and (6.6), all of [ 14],
4% 9% d
k =g——5=C,(n; — S, (n; ®,). 5.6
(@) =7 =55 C, 00) 48,05 0,) (5.6)
To complete the proof of (5.3) and (5.4) on the basis of the Mittag—
Leffler theorem, one has to show that the still undetermined additive entire
functions in the partial fraction decompositions for f(w) and g(w) are
identically zero.
Special cases x =0 of (3.7) and x=# of (3.8) result in the following
partial fraction decompositions

-G A (—qwi; 4°)., 57)
Cq(”; C0)_n=1 K(wn) w—a, CO-i_‘lﬂn (_wﬁa qz)oo .
and
S, (n; ) 1 1 1
T =17 = 5.8
(@)= o)~ 2 @) (o2earm) 69
respectively.

6. SOME CONSEQUENCES OF PARSEVAL’S IDENTITY

Parseval’s formula,

2k(0) ai + i k(w,) (a*>+b?)

n=

= ¥ H@le =] 1P ) d 6.

n=—oo
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holds for basic Fourier series due to the completeness of the
g-trigonometric system {&,(x; iw,)}y-_,, ; see [2, 14]. Here ¢, are the
g-Fourier coefficients of f(x) defined by (1.19), 2k(w,) and p(x) are the
#?>norm and the weight function in the orthogonality relations
(1.8)—(1.11), respectively; we have corrected a misprint in (9.24) of [14].
Equation (6.1) gives rise to some new series. We consider only a few
examples here.

Expansion of the basic cosine function C,(x; @) in basic Fourier series
(3.2) and (6.1) result in the following partial fraction decomposition

1 +i w2 (—wk; 4%
2k(0) @* 2 k(w,) (0 —w))’ (—qwh; ¢7).,

_ @as [ ko) (") C,(r; ) ] 62)
4n’ (¢'% )i LS 0) * o(g; @)% S,(n; @)
in view of the integral (6.10) of [14], namely,
Lﬂ Ci(cos 0; w)(e*, e q),, dO
B n(q'"% Q) ,

Expansion of the basic sine function S, (x; @) in basic Fourier series (3.5)
together with (6.1) gives another partial fraction decomposition

0 2

Z (- (—C()i, qz)oo
izt k(w,)(@*—a73)* (—qw7; 4%).

_ (@9 [ k(w) (g q)z C,(n; ) ] 64)
an? ("% @)% L Si(n; 0)  w(g; 9)% S,(n; w)
due to the integral (6.11) of [14],
f: S2(cos 0; w)(e*, e7; ), , dO
n(g'% q)2
— k()" Dz ¢ (1 ) 5,7 ). 6.5

o(q; 9)%,



EXPANSIONS IN ¢-FOURIER SERIES 315

Subtracting (6.4) from (6.2) we obtain expansion (5.4) once again. This
gives an independent proof of this formula. The addition of two equations
(6.2) and (6.4) leads to a new result,

1 +§ (@*+w)) (—wkq).,
2k(0) 0* 2 k(w,)(@*—w))* (—qwh; ¢7).,

(CHM k(w)

T2 (g% ), Sy ) ©©
Writing
(0*+w?) 1 1 1
a3 ey @iy )
one gets, finally,
- 1 (—0% ). K(w)
2 K@@=, (a0 ). SI05 @) ©D
as a g-analog of
i : : (6.8)

L (w—mn)? sin’w’
It is worth noting that—as in the classical case—expansion (6.7) can be
obtain by a formal differentiation of the both sides of (5.4) using
(2.18)—(2.19) and (2.22)—(2.23) of [24] or (2.4)—(2.5) and (2.8) of [52].
Similarly, expansion of the basic exponential function &,(x; «) in basic
Fourier series (4.2) results in the following partial fraction decomposition

1 z « 1 (= 4", + (54",
== . 6.9
2K(O) a+nz=:1 K(wn)(az—i_wi) 2 (—(X; ql/z)oo - ((X.; ql/z)oo ( )
Here we have used integral (6.8) from [53]
J” &,(cos 0; ) &,(cos 0; B)(e*, e7*"; q),,, dO
0
120 N2 (P o172y _ . 1/2
(@75 Do (—0, =B ") — (o, B5477) s (6.10)

TR (a+B)(g?, qB% 47,
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Expansion (5.4) for the basic cotangent function appears once again if one
changes a by iw. This gives another proof of (5.4).
Parseval’s identity (6.1) for expansions (2.5) and (2.6) results in

© 1 q1/2

X

n=1 K(a)n) 603 B 2(1 _q3/2)

6.11)

and

d 1 q2
,,; x(w,) o} 21 — ¢ (1—¢y (6.12)

respectively. We have used (2.6) and (2.26) in order to evaluate the
integrals; see [24] for numerical investigation of the convergence of these
series. Relations (6.11) and (6.12) are g-analogs of Euler’s sums

1 =
_2

=€, g

1
—3

| e

= 55" (6.13)

respectively. See further discussion of these and related series in Section 9.
We can also derive (6.11) if we rewrite (6.7) in the form

5 2 _(-0%¢), k(o) 1
2 ko) 0—w,)’  (—qu* %), Sii;w) x(0) w?

(6.14)

and then take the limit of the both sides as w — 0. The termwise limit of the
left side gives the series in (6.11) up to a constant multiple. In order to take
the limit in the right side of (6.14), we use the Laurent expansion

(—0%¢%), K@) 1-¢'7 g¢'7 2
= (0] 6.15
(—qw?* ¢%)., Si(n; ) ? +1—q3/2+ (@) (6.15)

as w — 0, which can be obtain from (6.5) and (6.15) of [14]. Equation
(6.11) follows also from (6.9) in a similar fashion, using the constant term
in the Laurent expansion of the right side at « = 0.

It is worth mentioning, finally, that the Parseval identity (6.1) for
expansions (2.23)(2.24) gives the % norm of the g-Lommel polynomials
(2.20) in the orthogonality relation (2.18). Similar considerations hold in
the case of the basic Fourier series (1.27); we leave the details to the reader.
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7. BERNOULLI POLYNOMIALS, NUMBERS, AND
THEIR ¢-EXTENSIONS

The classical Bernoulli polynomials can be introduced by means of the
generating function

‘:"_1 - 1+mz=1 Bm(x)%, o] < 27. (1.1)

They have the following Fourier expansions

2(2m—1)! & sin 27nx

B2m—1(x) = (_ l)m (27_[)2,,,_1 z 2m—1 (72)

n=1 N

and

2(2m) cos 27znx

B, (x)=(-D""!
with m=1,2,3, ... (see, for example, [1, 2, 5, 22, 64]). The Bernoulli
numbers are defined as

B, = B,(0). (7.9

One can see that By=1,B,=-1/2,B,=1/6,B,=—1/30, B, =1/42;
B,,.. =0 when m=1,2,.... These numbers appear as coefficients in
Taylor’s expansion

B,
had __1 —1m 2m 2m
5 ? cot 5 +m21 (-1 am ),

_ 1 2 1 4 1 6
=1 T 72060 3024060 (7.5)

Also, the special case x =0 of (7.1) is

=1+ f B, — (7.6)

and, in view of (7.1) and (7.6), we arrive at the explicit expression for the
Bernoulli polynomials

m!

K (m—k)! .70

Bm(x) = Z Bm—k Cicn xk, Cfn =
k=0
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in terms of Bernoulli’s numbers and binomial coefficients. See [1, 5, 22,
64] for an account of further properties of the Bernoulli polynomials and
numbers.

The basic Fourier series (4.2) give us the possibility to introduce
g-analogs of the Bernoulli polynomials and numbers in the following
manner. Let us start from the classical case ¢ = 1, rewrite expansion (4.1) as

ax ] 2

1 o
= — —1 n
—an 2+n§1 ( ) oc2+n2

ome

cosnx+ Y (—=1)"! 20_7_1 sinnx  (7.8)
a’+n

e " —e n=1

and substitute

2 1“ 1 2m71
" - ==
= X D STy ()
Thus,
ome”‘ | e
prap— E Z 2Dy (X) + Z o«*"b,, (%), (7.9)
= m=1
where
e sin nx
by_1(x)=(=D)"" 3 (=1)"" IT, (7.10)
n=1
e Cos nx
by (x)=(=D" Y (=1)"" ln— (7.11)
n=1
are, essentially, Bernoulli’s polynomials
(27t)"‘ x+7
b, (x)= 2m ) =y (7.12)

see [2], or just compare (7.2)—(7.3) with (7.10)~(7.11). The multiples of the
Bernoulli numbers appear here when one substitutes x = —z due to (7.4).

We can now repeat this consideration in the g-case, starting from the
expansion (4.2). It gives the following generating relation

a(ga?; q%).,, &,(x; o)
(= '), — (o ¢'7).,

=—(1— )+ Z "By, (X5 @)+ Z "B, (x;q),  (7.13)

m=1
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where

D b iy (G TR

B. 5 q)i=(—
om—1(X5 @) ( “ () wan—l (_wi; qz)oo

© —1 n—1 _ 2. 2
B,,(x;q):=(—=1)" gl KZECO ))a) o (( _quz";’:z))w C,(x; w,) (7.15)

are g-analogs of polynomials (7.10)—(7.11).

In order to prove that functions B, (x; q) defined in (7.14)—(7.15) are,
indeed, polynomials of exact degrees m in X, let us use the explicit repre-
sentation (2.10) for Ismail’s g-Lommel polynomials in expansions (4.18)
and (4.21),

S, (x; @,), (7.14)

m—2
x l‘[ ((1+qk+1/2)2_4qk+1/2x2)
k=0
— ( )m 1 (q’ q)Zm 1 —m?/2+1/4
@5 O

% [(m—Zl“)/Z] qk(k+1/2) (q; q)m—k—l(q3/2; q)m—k—l
k=0 (@ D (g5 q)m—Zk—l(qB/z; Dr

B, n_1(x;q9) (7.16)

and

-1
T (% Dam

((1 + qk+1/2)2 _ 4qk+ 1/2x2) __ > Hd)2m
kl:[0 (q1/2 3/29 q)m

(6 Dom 2
=2(—1)yn L Dom  onip2
"% @
[(m_Zl)/ZJ wes1 & D14 Dmis

X
k=0 (¢ Di (g q)m—Zk—l(q3/2; Dr

B, _y(x;q) (1.17)

for the odd and even degrees, respectively. Equations (7.16) and (7.17) can
be thought as systems of linear equations for B,(x;q) with triangular
matrices which can be solved by the method of elimination. The left sides
of (7.16) and (7.17) are polynomials of exact degrees 2m—3 and 2m—2,
respectively. This completes the proof.

We shall call B,(x;q) as the g-Bernoulli polynomials. One can also
introduce the g-Bernoulli numbers as

B,(q9):=B,(-nm;q9), n=(q""+q7*/2 (7.18)
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in accordance with (7.4) and (7.12). By using the generating function (7.13)
and the limiting relation

lim &,(x;(1—¢q)a/2)=e™
g1

it can be shown that the classical Bernoulli polynomials and numbers are
the ¢ » 1~ limits of (7.14)~(7.15) and (7.18), respectively. We leave the
details to the reader.

Let us discuss some properties of the g-Bernoulli polynomials and
numbers. The explicit form of the first five g-Bernoulli’s polynomials
follows directly from the generating relation (7.13) and expansions
(2.5)-2.6) and (2.25)(2.26):

1 _ 12
By(xiq)=5(1-¢"?., Bxg)=q" —I—x, (7.19)
2 (g; 9
1_q1/2 (1+q1/2)2
R e | (7.20)
’ (¢ 9): 4(1+¢'"+q)
1_q1/2 (1+q1/2)2
B;(x;q) =4¢°/* —— x[xz——], (7.21)
? (q; s 4q'?
1/2
B,(x; q) = 84"
) ( 9)s
o (49"’ (1-2¢'""+49-24""+¢) ,
x| x el
LA+ +HA -9 1+29+¢"+2¢°+4) |
16q3/2 (1 3/2)(1 5/2) (722)
The corresponding g-Bernoulli numbers defined by (7.18) are
1 1
B(g)=5(1-4").  Bl@)=—, (7.23)
q1/2
B,(q9) = ms Bi(9) =0, (7.24)
qZ
B,(q) = . 7.25
AC)) 20— (1—¢P) ( )

It can be shown that as in the classical case,

Byi(@)=0, m=1,2,3.. (7.26)
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Indeed, substituting x = —# in the generating relation (7.13) and taking
into account that

(% 4"
(9%% 4.
by (1.21) from this paper and (5.37)—(5.38) of [ 14], one gets

o (_O('; ql/z)oo + (O('; ql/z)oo
(=05 ¢ — (25 ¢'7),,

E(—m ) = (7.27)

=1- q1/2+2 Z " 1B2m 1(@)+2 Z ZmBZm(q)' (7.28)

m=1

The left side here is an even function of «, so (7.26) takes place.
Equating the coefficients of «***! in the both sides of

(—(X,; ql/z)oo + ((X.; ql/z)oo
(=% ¢'%)— (25, ¢'%),,
=a ((—CX, ql/z)oo + ((X, ql/z)oo)

by (7.28) and (I1.2) of [23], we obtain the recurrence relation for the
g-Bernoulli numbers,

((—CX,, ql/z)oo - ((X, ql/z)oo)

(n—k)(n—k+1/2)

22&@&%

n(n—1/2)

q
9q1/2)2n 2k+1 (q1/2 1/2)2n’

which is convenient for their evaluation.
Substituting o = iw in (7.28), we obtain a g-analog of Taylor’s expansion
(7.5) as

o Cot,(w) = 1—g">+2 f (=1)"B,, () 0. (7.29)

m=1

This follows also from (6.9) in a similar manner.
Our generating function (7.13) can be rewritten in the form

qa?; g*)os 6,(—11; ) 1
(_O('; q1/2)oo - (a’ ql/z)m ( 1/2)00
in view of (7.27). Expanding this function in the powers of a with the help

of (7.13) with x = —#, (7.18), (4.10), all of this paper, and (II.1) of [23]; we
get an explicit expression of the g-Bernoulli polynomials

(9% 4%)e 6,(X; ) ——75—

k%4

B )= Y, Bus(@) ¥ it Hixlg) (130)

(q1/2, ql/z)n k (q9 q)k
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in terms of the g-Bernoulli numbers and the continuous g-Hermite poly-
nomials.

The generating relation (7.13) implies the following contour integral
representation

1 f (90%; 4%), ,(x; @)

B, (x;9) =—
m(x q) o =r <y (_“’ ql/z)oo —((X, ql/z)oo

- oa " do (7.31)
2mi

for the g-Bernoulli polynomials. The special case x = —7 is

R, (@ 4"

B =
m(q) 27[1 la| =r < w (—('X.; ql/z)w - ((X’a q1/2)00

o " do (7.32)

by (7.18) and (7.27). On the other hand, the generating relation (7.28) and
(7.26) imply

a2 do (7.33)

B () =" J (=% 4" + (%5 ")
2m q o 471'1 el =r<w; (—CX,; ql/z)oo - ((X, ql/z)oo
in a similar fashion.
Since the g-trigonometric functions satisfy the difference-differentiation
formulas

5 2 1/4
—C,(x )= _;’Tq oS, (x; ) (7.34)
and
5 2q1/4
ESq(x; ) :qucq(x; w) (7.35)

(see [36, 48]); where the operator d/dx is the standard Askey—Wilson
divided difference operator defined by

ou(z) u(z+1/2)—u(z—1/2)
ox(z) x(z+1/2)—x(z—1/2)

(7.36)

with x(z) = (¢°+q?)/2 =cos 0, q° =e"; applying the divided-difference
operator 6/dx to the both sides of (7.14) and (7.15) we obtain

5 2q1/4

- B,(x;9) = -4

5 B, _1(x; q), (7.37)
X
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which is an analog of
B, (x)=mB,_,(x). (7.38)

Formula (7.37) follows also from (7.30) or (7.31) if one uses the difference-
differentiation formulas (e.g., [48]),

9 1w 1=4"
5 H(xl)=2q =g H,_(x|q) (7.39)
and
0 ] 2q" 4 '
o & (x;00) = 1—¢ &,(x; o), (7.40)

for the continuous g-Hermite polynomials and g-exponential function,
respectively.

Expansions (7.14)—(7.15) and the orthogonality relations for the basic
trigonometric system (1.8)—(1.11) together with (7.18) of this paper and
(13.10) of [14] result in

[ B.(cos 0: ) B, (cos 0; g)(e™, e"; q),, b
0

=(-D"'zn % B, ..(q)- (7.41)
(D%

This implies that the g-Bernoulli polynomials are orthogonal for m+n odd
due to (7.26), which is also true due to the symmetry property

B,(=x;9)=(=1)"B,(x; q). (7.42)
Equation (7.41) is an analog of the property

m!n!
(m+n)' m+n>

[| B B, ) dx = (=)™ (7.43)

m,n=1,2,3, ..., holding for the classical Bernoulli polynomials [1].

Expansions (2.23)-(2.24) and (2.10) lead to the following relations
between the g-Legendre polynomials C,,(x; ¢'/*|q) and the g-Bernoulli
polynomials

Conir (x4 | )

_ 2q—m(m+1)—1/4 i qk(k+1/2) (@ Dom-r (93/2; Dom—k
o (% Die (@ Dam—2 (@ D

By oi1(X; )
(7.44)
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and

Con(x;4"* | 9)

2! (@ Dom— k1@ Do
=2¢" ), gty Pt e — By (X5 q)
kZ::o (@ D (@5 Dom—2x-1 (‘I3/2; i a2

(7.45)

for the odd and even degrees, respectively. On the other hand, expansions
of the g-Bernoulli polynomials in terms of the g-Legendre polynomials are

B,, . (x;q) = Z Copir (65 ¢ | @) "+ D=1/4 (1 — g?1+3/2)

n=0

n

% Z k(k+1/2) (q; q)Zn—k(q ; q)Zn—k
k=0 (@ Di (@5 Don—2kc (43/2§ Dr

B,y s 20— 2kc42(q)

(7.46)

and

m—1

B,,.(x;q)=— ZCZn(x a1 Pq™ Q=g+

|
_ o

n

% gte+1/2 (% Dan—i1(@”% Q)Zz/—zk—l
k=0 (& D (&5 Don—2e—1(37%5 D

B, on-u(q) (7.47)

due to (7.44)—(7.45), (7.41), and the orthogonality relation

[, Cnleos 0: "1 ) C,(cos 0: ¢ | g)(e™, e ),z dO

1/2. 2
(q > q) (l_qm+1/2)—1

=2z
(GL

(7.48)

(see, for example, [23]).
The property

B, (x+1)—B,,(x) = mx""! (7.49)

follows directly from the generating function (7.1) for the classical
Bernoulli polynomials. In order to establish a g-analog of this formula we
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need to introduce an extension of the g-Bernoulli polynomials by means of

the generating relation

a(qa’; %), &,(x, y; o)
(=% '), — (2 ¢'7),,

1 o0 o0
=§(1—q‘/2)+ Y, o« 'B,, (x, ;) + Y, «”"By,(x,y;q), (7.50)
m=1

m=1

where &,(x, y;«) is the g-quadratic exponential in two independent
variables x and y; see, for example, [36, 48] or a review paper [53]. This
function appears in the generating relation

© m2/4

)

m=0 (q; q)m

a"H,(x, y | q) = (g2 ¢*)., 6,(x, y; ), (7.51)

where H,(x, y|q) are the g-analogs of the classical Hermite polynomials
H,(x+y) introduced in [48]; see, for example, (9.1)-(9.2) of [48] for the
explicit representation of these polynomials in terms of terminating
«@s-series. Using the same arguments as in (7.30) with the help (7.51) one
obtains

k%4

Bm(x, ¥, q) = Z Bm—n(q) kZO (q1/2. 1

H(x,ylq).  (1.52)
n=0 s q1/2)n7k (qa q)k r

It is natural to view the generalized g-Bernoulli polynomials B,,(x, y; q)
here as extensions of B,,(x+ y). The following properties hold

B,(x,y;9)=B,(y,x;9),  B,(x,0;9) =B,(x; q). (7.53)
Substituting y = +# in (7.50) and then subtracting the results we obtain

0

ab,(x;0) = ) a" (B,(x,7; q)—B,(x, —1; q)) (7.54)

n=1
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with the help of the addition theorem [48, 53],
&,(x, y; o) = &,(x; &) E,(y; ), (7.55)

the symmetry relation &,(—x; «) = &,(x;—a), which follows directly from
(4.10); and (7.27). By (3.7) of [ 53]

0 _ ,—2i0

—e e ) )
&,(x; oc)=zrp1( 547, qo )
q

b 1/4 _quiG’ _qe—ZiH
+ 1q o cos 0,¢, < s 4% CI“Z>
—q q
© n/2an
-y @ $.(x; 9), (7.56)
n=0 )
where by the definition
k—1
$u(x; q) = [ (4x°¢*+(1—¢*)?), (7.57)
p=0
Prur1 (x5 q) =27 /% H (4x’g 1+ (1—g**h)?). (7.58)

(We assume that the empty products when k=0 here are equal to 1.)
Substituting (7.56) to the left hand side of (7.54) and equating the coeffi-
cients of a” we obtain an interesting analog of (7.49):

g2
B,(x,1m;,9)—B,(x, —11; @) = ——¢,_1(X; q). (7.59)
(@ D1
In a similar manner one can derive
n q(n—k)/Z
B,(x,y;9) =), ———Bi(x;9) $i (¥;9) (7.60)

=0 (& Dn—i
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as the g-analog of

B,(x+y)= zn: C*B,(x) y" . (7.61)

k=0

This shows that B,(x, y;q) are polynomials in x and y. The first
g-Bernoulli polynomials B,(x, y; q) are

1
BO(xa Vs 9) = E (1 _q1/2)5(762)

1 _q1/2
(4 9

1/2

Bi(x,y;q9)=¢"* (x+),(7.63)

l—q
B,(x, y; q) =2q —
(4; 9),

(7.64)

l1+gq (144'%)? }
x| x24+ 2+ xy— ,
[ Y Y T 414 ¢+ g)

1/2
9/41_q/

(4; 9)s

By(x, y;9) =4q

1+q+4* (1+4'%)?

x[x3+y3+ xy(x+y)——1/2(x+y)],
4q

1_q1/2

(4 @

B(x, y;9)=84*

l+q+q*+4°
X [x4+y4+Txy(x+y)

1+¢)(1+q+4*
+( q)(2 q q)xzy2

q
(A+4¢"»?*(1-2¢""+49—2¢""+q*) . ,
- 4q3/2 (x +y )

+(L+q+q5(1+q”52(1—3q“2+q)xy
4q5/2
+U+ﬂ”ﬁﬂ+qul—@2U+Qq+f”+2f+q5
164> (1—g**)(1—¢°")

}(M@

This follows directly from (7.60); we leave the details to the reader.
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Remark 2. In the classical case, expression (7.7) leads directly to a
trivial identity, B, = B,,, when x =0. Substituting x = —# in (7.30) in a
similar manner, one gets

K/4

q
Y2 g ), (@ i

Bu0)= 3 Ban@) ¥ H(-nl9. ()

But

(G D s

= =(-Df"—7—"5 7.68
H(—nlq)=( )(q/;q/)kq (7.68)

in view of (4.10), (7.27) of this paper, and expansion (I1.2) of [23]. There-
fore

m n (_ l)k qk(k—l)/4
B,(9)= ), B, .(q) , (7.69)
1 ngo 1 kz=:0 @' 4" (@ 4" )i
which leads to the trivial identity B,,(¢) = B,,(¢) again due to
n — 1)k ght=1)/4
(=Dq So- (7.70)

kz=:0 @7% 4" (@ ¢

The last relation appears if one expands the both sides of the identity
1=(x; ¢"%/(a; ¢"/?) in the powers of a with the help of (I1.1)~(IL.2) of
[23].

Remark 3. Relations (4.10) and (7.56) give rise to the following sum-
mation formula

da(x; @) = q" """ [nZZ] g (4: 2, H, y(x|q), (1.71)
" k=0 (qz; qz)k () T

/
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which allows to simplify (9.12) of [48]

(g 9),

H/(x,y|q)= glmesn=aja___ D
kgo (% D (@ D

H(x|q) ¢os(y:9). (1.72)

Remark 4. In the recent preprints [34, 35] Ismail and Stanton have
found the following representations for the g-exponential function

(=54, & 5 (—a)"

O8N = e ), @) )
((;aql;?)z nzo (q, Dn Pl =% 0), 773
where
@a(cos 0; q) = (q'/%e”, ¢'*e™"; ¢'7%),. (7.74)

An independent proof of these formulas can be given using the same
method as in the proof of the generating relation (4.10) in the Appendix of
[53]. Equation

B,(x; q) = zo ot ()") 0r(—x: ) (1.75)

follows directly from (7.13), (7.18) and (7.73)—(7.74) as a g-analog of (7.7).
One can also see in view of (7.75) that summation formula

SIS (4 9)»
,Z‘O TN W H.(x|q) (7.76)

o(—x;9) =

allows to simplify our expression (7.30) for the g-Bernoulli polynomials.

We have discussed here some properties of the g-Bernoulli polynomials
and numbers. They deserve a more detailed consideration. Other g-analogs
of the Bernoulli polynomials and numbers were studied in [3, 15, 16-17,
38, 46, 59, 621].
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8. BASIC EULER POLYNOMIALS AND NUMBERS

The classical Euler polynomials can be introduced by means of the gen-
erating function

2e™
e*+1

=1+ Y B0, ld<mn (8.1)
m=1 m.

They have the following Fourier expansions

42m—1)! & cosn(2n+1) x

E,, 1(x)=(=1)" T 2:11 Qnt ) 8.2)
and
Ey(x) = (=)™ 4(22,:?' g Sinantl)x (8.3)

(27’l+ 1)2m+1

n=

with m=1,2,3, ... (see, for example, [1, 22]). The Euler numbers are
defined by

E,=2"E,(1/2). (8.4)

One can see that E,=1,F,=—-1,E,=5; E,,., =0 when m=0,1,2, ....
These numbers appear as coefficients in Taylor’s expansion

1
=1 —_1m m 2m
cos @ + z (=D (2 )'
1 5 61

Also, the special case x = 1/2 of (8.1) is

2eoc/2 © (O(,/Z)m

=1+) E,

e*+1 mel m!

(8.6)

and, in view of (8.1) and (8.6), we arrive at the explicit expression for the
Euler polynomials

m |
E,(x)=Y 27E,Ck(x—1/2)"*%  C* o

= ’ "~ K (m—k)! @7
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in terms of Euler’s numbers and the binomial coefficients. See [1] and [22]

for an account of further properties of the Euler polynomials and numbers.
The basic Fourier series (4.23) gives us the possibility to introduce

g-analogs of the Euler polynomials and numbers. Let us rewrite (4.23) as

(99% 4%),, &,(x; )
(—CX,; ql/z)oo + ((X,, ql/z)oo
2 (-D)"'w, (—99%; 47w
= C,(x;w,)
n=1 K(wn)(“z—i_wi) (—Wi, q2)oo f
i (=D 'a (—992; %)
n=1 K(wn)((xz—*_wi) (—Wi, qz)oo

S,(xw)  (88)

and substitute

2m 2m—1

_1“
mzo (_1) 2m+1’ mz ( ) W)

n

oc+w oc+w

when |o| < @,. As a result, we arrive at the following generating relation

(90%; %), &,(x; @)
(= '), + (% 4",
1 o0 o0
=§+ Z azm_lEzm—l(XQ Q)+ z 0‘2mE2m(x§ 9, (8.9
m=1 m=1

where

0 _1 n—1 _ 2; 2 R
Epi(9)=(=1"" 3 K((w ))wz”’ /((_q;z”; qqz)) S,(x;@,),  (8.10)
© -1 n—1 _ 2. 2
(5 )i= (=1 3 K((w );Zmﬂ /((_‘;w;;’;’z))w C(xm,) (811

are g-analogs of the Euler polynomials (8.2)—(8.3).
If we introduce g-Euler numbers as

E,(q9) = E,(0; 9), (8.12)

the generating relation (8.9) takes the form

(9% %)
(= '), + (2 ¢'7),,

1 o0
= §+ Y o"E,(q), (8.13)
m=1
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due to &,(0;2) =1, and E,,,,(q) =0, m=0, 1,2, .... By using the generat-
ing relations (8.9) and (8.13) one can show that the classical Euler poly-
nomials (8.2)—(8.3) and numbers (8.4) are the ¢ — 1~ limits of (8.10)—(8.11)
and (8.12), respectively.
Equating the coefficients of a” in the both sides of (8.9) with the help of
(8.13) and (7.56) we obtain the following analog of (8.7):
n q(nfk)/Z
E(x;q)= ), Eq) — Puic (X5 9). (8.14)
k=0 (% Dn—r
The last equation shows that the E,(x;gq) defined by (8.10)—(8.11) are,
indeed, polynomials of degree n in x. We shall call them the g-Euler poly-
nomials.
Let us discuss some properties of the g-Euler polynomials and numbers
that are similar to the classical ones. In view of (8.9)-(8.11) or (8.14), the
following symmetry relation holds

E,(=x;9)=(=1)"E,(x; 9). (8.15)
The first five g-Euler’s numbers can be found directly from the generating
relation (8.13):

1
E@=3 E@=0, (8.16)

1/2

q
21-¢'"*)?*(1+q)

q(1+29—¢**+24°+q°)

Ey(q) = E;(q) =0, (8.17)

E.(q) = ) 8.18
D) =20 (1= g1+ (14 40) (.1%)
The corresponding g-Euler polynomials are
1 1/4
Ei(x;q9)==, E(xq9)=—x, (8.19)
2 (4; 9
2q (1+4'?)?
E,(x;9) = [xz— , (8.20)
2 (% 9), 4q'?
5/4 1 1/2\2
E(xg)=-2 x[4 xt%(1—q1/2+3q—q3/2+q2)], (8.21)
(7; 95 q
2q° (1+4'?)?
B )= =)
¢ (% 9)s q'?

X(1_q1/2+3q_3q3/2+6q2_3q5/2+3q3_q7/2+q4) X2

L(1+g") (4470 +2q—q3/2+2q2+q3)]
4q )

(8.22)
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This follows directly from (8.14) and (8.16)—(8.18).
Equating the coefficients of a?* in the both sides of

(99% 4%
(_“; ql/z)oo + ((X, ql/z)oo

by (8.13) and (I1.2) of [23], we obtain the recurrence relation for the
g-Euler numbers,

(= ") + (a5 ¢"),) = (g% ¢7).,

q(n ) (n—k—1/2) qnz
2 ) Ex(9) =(—1)"——, (8.23)
Z @ 4w (@% 4)n
which is a g-analog of
Z E,C¥* =0. (8.24)
k=0

Substituting « = iw in (8.13) we arrive at the following analog of (8.5):

1 - 2m
W=1+2m2=1(—1) E,,(q) 0™ (8.25)

The g-exponential function satisfies the difference-differentiation formula
(7.40) and applying the operator (7.36) to the both sides of (7.56) one gets

0
S on(s )= 2(1’”4 ¢m 105 9). (8.26)

With the help of the last equation we obtain from (8.14) that

2 Re9) =2 E, (xa) 5.27)
which is an analog of
E, (x)=mE,_,(x). (8.28)
The property
E, (x+1)+E,(x)=2x" (8.29)

follows directly from the generating function (8.1) for the classical Euler
polynomials. In order to establish a g-analog of this formula we need to
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introduce an extension of the g-Euler polynomials by means of the gener-
ating relation

(90% 4%),, &,(x, y; ®)
(= 4" + (25 ¢'7%).,

azm_lEZm—l(xs y; q)+ Z aszZm(xa J’§ q)5 (830)

1 m=1

+

ﬁMB

1
2

where &,(x, y;«) is the g-quadratic exponential in two independent
variables x and y; see, for example, [36, 48, 53]; which is an analog of
exp [a(x+ y)]. Thus, it is natural to view the generalized g-Euler polyno-
mials E,(x, y; q) here as an extension of E,(x+ y). The following proper-
ties hold

E.(x,y;q9)=E,(y,x;9), E,(x,0;q9) =E,(x;q). (8.31)

Substituting y = +# in (8.30) and then adding the results we obtain

& (x;0) =1+ Zl o« (E,(x, 11; ) + E,(x, —7; q)) (8.32)

with the help of the addition theorem (7.55), the symmetry relation
&,(—x; ) = &,(x;—a), and (7.27). Using the expansion (7.56) in the left
hand side of (8.32) and equating the coefficients of a” we obtain an analog
of (8.29):

n/2

E,(x, 7 )+ E, (x, =1 @) = —— ¢,(x: q). (8.33)

(g D

In a similar manner, using (7.55) in (8.30) one can derive the following
extension of (8.14),

n q(n—k)/2

E.(x,y;9)= ) ——E(x:9) $_i (35 9), (8.34)
=0 (@ Dnie
which is the g-analog of
E,(x+y)=) CEE.(x)y" " (8.35)

k=0
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This consideration shows that E,(x, y; g) are polynomials in x and y. They
satisfy the difference-differentiation formula (8.27). The first g-Euler poly-
nomials E,(x, y; q) are

1/4

1
Eo(x,y;q)=§, E(x,y;9)= 1 (x+), (8.36)

(g; 9

l+¢ y_(1+q”2)2]

2q 2, .2
[x +y +q1/2x 4q1/2

(4 9),
4 9/4 1 2

1 [x3+y3+—+q+q
(4 9)s

(144"’
—W(1—q”z+3q—q3/2+q2)(x+y) , (8.38)

E,)(x, y;9) = (8.37)

Ei(x,y;q) = xy(x+y)

4 1+q+q2+q3

8¢
[x4+y4+T xy(x+y)

(4 9)4

L1+ +g+¢") e +q'%)°
qz 4q5ﬂ

X(1_q1/2+3q_3q3/2+6q2_3q5/2+3q3_q7/2+q4)

E\(x,y;q)=

(x*+%)

_l+g+4°

4g" (14+¢"%)? (1-2¢"7+59—-2¢°"+¢°) xy

(8.39)

La +4'7)° (1+4*7)(1 +2q—q3/2+2q2+q3)]
164° '

Expansions (8.10)—(8.11) and the orthogonality relations for the basic
trigonometric system (1.8)—(1.11) together with (13.11) of [ 14] result in

[ E,(cos 6; q) E, (cos 6; g)(e™, " q),, dB
0

("% 9)%
= (=DM g =2 E i (1 9). (8.40)
(¢ "
This implies that the g-Euler polynomials are orthogonal when m+# is odd
due to (8.11); that is also true due to the symmetry property (8.15). Equa-
tion (8.40) is an analog of the property

m!n!

jo E,(x) B, dx=(=D"2 = m

Epinia (1), (8.41)

m,n=0,1,2, ..., holding for the classical Euler polynomials [1].
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Expansions (4.26)—(4.27) together with the explicit representation (2.10)
for the g-Lommel polynomials give

-1
” ) —m?
l—[ ((1+qk+1/2)2_4qk+1/2x2):2(_1) 1/2—2’" q /2
k=0 (q ’q)m
/21 (@ D (@ D
x Y gteyn 22 e —Ep_u(x9),  (8.42)
kgo (@ D (@ D@5 @)

and

- k+1/2y2 k2.2 (@ Dom—1 2/241/4
xl—[ ((1+q+/)—4q+/x)=—q”"/+/
k=0

4" @)
b/ (@ Do (4% D
x (="t g e Lok i B (x5 9)
kgo (@ D (g5 Q)mfzk(ql/zé D am2ked

(8.43)

for even and odd degrees, respectively.

In a similar manner, expansions (2.33)-(2.34) and (2.10) lead to relations
between the g-Legendre polynomials C,,(x; ¢'/?| g) and the g-Euler poly-
nomials

Con(x;¢'*| q)

- _ (@ Dom—rc (@ Qo
=2¢7" Y ¢ ot Tt By n(x:q)  (844)

k=0 (@ Di (@ Dom—2e (@77 @i

and

C2m+1(x; ql/z | q) = 2q*m(m+1)71/4

= k(k—1/2) (q; q)2m—k+l (ql/z; q)Zm—k+1 .
8 kZ::O 1 (% Di (@5 Dom—2ic41 (4" g oo (%:.9). (8.43)
On the other hand, using these formulas and the orthogonality property
one can find expansions of the g¢-Euler polynomials in terms of the
g-Legendre polynomials; cf. (7.46)—(7.47).
We have discussed here some properties of the g-Euler polynomials and
numbers. They deserve more detailed consideration. Other analogs of
Euler’s numbers were discussed in [16, 45] and [46].
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9. EXTENSIONS OF RIEMANN ZETA AND
RELATED FUNCTIONS

The Riemann zeta function is, usually, introduced as the Dirichlet series
of the form

{(z) = i n. ©.1)

This series converges uniformly and absolutely for Rez > 1 and, therefore,
defines a holomorphic function in the half-plane Rez > 1. For an analytic
continuation of this function in the entire complex plane, other properties
and applications, see, for example, [1, 5, 22, 37, 40, 64]. In view of the
relation,

(2n)2m
22m)!

c@m) = (=11 m>0 9.2)

(cf. (9.1) and (7.3) for x = 0), the zeta function can be thought as an exten-
sion of Bernoulli’s numbers to an arbitrary complex index.

In a similar manner, our equation (7.15), considered at x = —#, and
(13.10) of [14] give rise to a natural extension of Riemann’s zeta function
as

=1
L@=X

S —— 9.3
n=1 K (a)n) wnz ( )
The right side here is a uniformly and absolutely convergent series of ana-
lytic functions in any domain Rez > 1 and consequently the series is an
analytic function in such a domain. Indeed, for z = x+iy,

= =M, 0.4

and

©9.5)

Mn+1 =< @, >x K(CU,,)

(] K(a)n+1).

Also,
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lim ———nZ_ K'(CU”) — lim ( ql/Zwi’ _a)n+19 q)oo
n—»ooK(COn+1) n—o© ( CO q a)n+ls q)oo
i q”“” (4"®,)% @

o (—q7"(q"0,)% @)

(=472 ("' 0,401)% Dinsa

x lim =
n-o (—q 322 (q +160n+1) Dons2
i (— q1/2+2n 2 g+ i+1’q)oo
X lim S/2+2ng,
n— o0 ( q —-q n+1a q)oo

i q"z/(q”w )% Do
nao (—4/(q"0,)% @)

(- Q/(q"+1wn+1) 5 Donsa

x lim
n— o0 ( ql/z/(qn+lwn+l) q)2n+2
L (=4-9"% 9.
Xq ‘—=q 9.6
(—4" -4 9).,

by (I.5) and (I.9) of [23], (12.7) from Appendix, and the asymptotic
formula

lim ¢"w,, =q"* 9.7

m— o0

for the zeros of (1.12) established in [14, 24] and [52] (cf. also [18]).
Therefore

M
2 = gRel <, 9.8)

n

lim
n— oo

which completes the proof.
The series (9.3) can also be rewritten as a contour integral of the form

L | Cot@ado=¢,) 9.9)
27i Jc

by Cauchy’s residue theorem and (5.6). Here C is a contour which starts at
the infinity in the upper half-plane, encircles the line @ > w, in the positive
direction excluding the origin, and returns to the infinity in the lower half-
plane.

Also,

{,(2m) = (= 1)""'B,,(q), (9.10)
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which is an analog of the classical relation (9.2) between the zeta function
and the Bernoulli numbers. This relation can be thought as a consequence
of Parseval’s identity (6.1) for expansions (7.14) and (7.15), the corre-
sponding integral can be evaluated by (7.41). On the other hand, due to the
orthogonality relation (2.18) and (9.3), formula (9.10) gives explicit repre-
sentation for the moments of the g-Lommel polynomials (2.20) in terms of
the g-Bernoulli numbers. One can write Gram’s determinant expression for
these polynomials in terms of the g-zeta function under consideration.
As a special case, due to (6.11) and (6.12), we have

ql /2
D)=——re 9.11
)= 5= ©.11)
and
q2
4) = 12
C‘I( ) 2(1 _q3/2)2 (1 _q5/2)’ (9 )
which are analogs of the classical Euler’s results (6.13), namely,
n? n*
{2=— {H=5 9.13)
Euler considered also the following series
0 ( _ l)n—l
o)=Y ©9.14)
n=1

see [9] for a nice review on Euler’s discovery of the main properties of the
zeta and related functions. It is connected to the zeta function as

$(2) = (1-2'"9){(2). .15)
Special values are
n? Tn*
D=7 D=1 9.16)

in view of (9.13) and (9.15).
Equation (7.15) for x=0 gives us the possibility to introduce a
g-extension of ¢(z) as

¢q(z):§ (=D"" (=999 )

n=1 K'(CO,,) wnz (_wia qz)oo

9.17)



340 SERGEI K. SUSLOV

and evaluate the following sums

¢,(2m) = (—1)" B,,(0; q) .18

in terms of the values of the g-Bernoulli polynomials B,,,(x; g) at x=0.
These values can be found from (7.30) in terms of the g-Bernoulli numbers
as

2m [n/2] (_ l)qu2
B,,,_,(q)
Eo 2 L @"% 0", (4% 4

k=0
2
m n (_l)qu
=), B 2(9)
ngo 2 kz=:0 @' 4" (4% @

m—1 kK
(—Dq
+ Bi(9)
' kz=:0 (q1/2; ql/z)Zm—Zk—l (qz; qz)k

(9.19)

because

Hye,1(0lg) =0,  Hy(O0lg) = (—1)* (q; ¢°)s (9:20)

due to the generating relation (4.10) and (II.2) of [23]. On the other hand,
formulas (7.75)—(7.76) result in the following closed form

n _1/2.
B g =y I

=0 (@D Bt (@)

Extensions of (9.16) are

_ q
WO 20

and

¢ (1+29+¢**+ 24>+ ¢°)
2(1+9)* (1+4)(1—g"**(1—¢"")

in view of (7.20), (7.22), and (9.18). From (9.11)(9.12) and (9.21)-(9.22)
one gets

¢, (4) = 9.22)

1/2
q 1
- = 2
1+¢q 2’ ©.23)

$,(2)/L,(2) =

1/2 1+2q+q3/2+2q2+q3
(1+9)° (1+4¢%)

as g — 17 (cf. (9.15) for z =2 and z = 4, respectively).

/L@ = Y
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Let us also introduce

d 1
¢,(2)= nZ::l W’ (9.25)
S (=D (=955 4
z) = 2
Xq( ) nzzll K(wn) wnz (—Wi, qz)oo (9 6)
as g-analogs of
© 1 o (_ l)n
Lyt O Lawy O

respectively. Letting x =# and x =0 in (8.10) and (8.11) we arrive at the
following relations with the g-Euler polynomials and numbers

&,2m) = (=1)""" Ey,_,(n; 9), 9:28)
2,(2m+1) = (=1)" E,,(q). (9.29)
In particular,
2)= ! 9.30
“O =3y 30
q1/2
éq(4)=2(1—q1/2)2(1—q3/2)’ (9.31)
1 q1/2
L=3 4O =35 ray 9.32)
which are g-analogs of the classical sums
71'2 7'[4
(=%, =g 933
T 7'[3
W=7 =5 934

Functions {,(z), ¢,(z), £,(z) and x,(z) deserve more detailed consideration.
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It is hoped that this observation will lead, eventually, to a g-extension of
the theory of the zeta and related functions. Other g-analogs of the zeta
function were discussed by Al-Salam [3], Satoh [45], Tsumura [58-61]
and in the recent papers by Cherednik [19-21].

10. MORE EXPANSIONS

10.1. Al-Salam and Chihara Polynomials. The Al-Salam and Chihara
polynomials are
—i

—m i0
ab; q),, q ", ae”, ae
pu(x; a6 g)=a 29D 3%( ;q,q>, (10.1)

(45 D ab, 0
see [4, 39]. They have the following generating function
(1a, tb; q),,

Y t"pu(cosB;a,b|g)= (10.2)

m=0 B (teie’ te_ie; q)oo .
Ismail and Stanton evaluated another important integral [33],
f: &,(cos 0; a) &,(cos 0; B) p,,(cos 0; a, —alq)
(e210 —2i6. q)

(aZ 210 2 7210’ qZ)OO

_ 2= oBq " ) (=GB D s
(¢ D (g, —a%q™; 9)o, (2%, 4B% 47)ee
(m+1)/2 (m+1)/2
—q a/B,—q B/
X2, < oot —q('"“)/zocﬂaZ), (10.3)
-4, —q" " ap

which implies the following g-Fourier expansion,

do

(ql/z 2;0’ q1/28—2n9, q)co
&,(cos 0; a) (@, e T ) Pn(cos 8; a, —alq)

ae " ,ae

T
(45 Dm (8, —a°q™; @), (9075 %),

(m+1)/2.

& (law,g 5 Do m mya
X o
n=z—oo k(a)n)(_qwna qz)oo
X (iq(l—m)/2
iq(’"+1)/2w,, /OL, _ iq(”’“)/zoc/a)n
P12 (

—q, iq™ V2

®,/%; q),, 6,(cos 8; iw,)

5 q, iq™ Y ?0a’w, >, (10.4)
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somewhat similar to (4.3). Using (10.2) in (10.4), we arrive at

1/2,2i0  1/2,-2i6.

(92%, a’t% ¢%), (¢, 9 .4 5 Do
n_(a2€2i6’ 2 —216, q2)oo (tezﬁ iB; q)oo
© 1

- n;oo k(wn) (_qwi; qz)oo
2 (iq" w0, [0 O (100,95 @ s
X z . 2 m, ((Xt) q
mo0 (@ Dm (—a™q™; @)

(iq(m+1)/2wn o, — iq(m“)/zoc/a)n
29>
m+1)/24 0

&,(cos 0; a)

&,(cos 0; iw,)

' 5 4, iq(”‘“)/zocazwn). (10.5)
—q, q

10.2. Continuous q-Ultraspherical Polynomials. Using Rogers’ generat-
ing function for the continuous g-ultraspherical polynomials,
(yte”, yie ™™ @)

ARSI AL 10.6
@, e q), (106)

2 C,(cosb;y|q) t"=

[t < 1, and (4.3), one gets the expansion

1/2,2i6 1/2e7219 e yte—it
&,(cos 6; o) T 2’1.9q —2i0 19 . )jiﬂ s Do
n(y, ye, ye 7, te™; @)y
z (90 472

Ng

=2 ) (—qats gy, e i)

y Z (ig" " w, /% ), (yg"*", iow,q
(6 D (V4™ D)oo

<iq('"+1)/260,,/oc, —iq('"“)/zoc/ca,,
20>
m+1)/25 )

(m+1)/2.

> q)oo m /4( t)m

m+1

| g.ig g, ), (10.)
g, q

The continuous g-ultraspherical polynomials C,,(cos 6;y | ¢) have also
the following bilinear generating relation,

nYet
!
q

(10.8)

< (@ Dm

C,(cos0;y]q)C,(cosp;7|q) ", (

=(ytei9+i"’, yt i0—ip ytezfp iﬂ, Vl —if— z(p’ q)(x)
(tei0+i(p’ tez& z(p’ tezq) ie, te—zﬁ l(p’ q) 4

o0

[t] < 1; see [12, 32, 44]. Expansions (4.3) and (10.8) give
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(q’ yt€i3+i¢, yteie—i(p’ ytei(p—iﬁ y —10 ip. q)oo (ql/z 219’ ql Ze—ZiH; q)oo
i0+ip i0—ip i(pfiB —if—ip. 7210 gq(cos H’ (X)
n(y, e *, e, te te ) P (N )
Z (g0 4% .
é,(cos b;im,)
:zook(w)( 905 4%, °
2 (iq" " w, /% q), (yg"*", iaw,q"* % )., o ,,,
x ) - : /4 (at)
- 9" Do (Vs Dim
2. m
2yl
x C,,(cos @37 | ), < et 3@ t2>
Y4
i 2 (m+1)/2 : (m+1)/2
q wn/aa_lq a/wn
X0 < " i 1)2 ;g iq(’”“)/zocyco,,>. (10.9)
rq"", ig™" o

11. MISCELLANEOUS RESULTS

Expansion (4.12) and the orthogonality property of the basic trigonome-
tric system (7.5) of [ 14] result in the following connecting relation,

(45 Do (—q07%; %)

gq(i“wnql/4) = o

(6210 —219’ q)oo

(e, 0e™; ).,

between the analogs of the exponential function on g-linear and
g-quadratic grids. Using (4.12) twice, with the help of the orthogonality
property of the basic trigonometric system, one gets

xj &,(cos 0; iw,) do,  (11.1)

f 219 —21'0; ql/z)oO
(ae”, oce""ﬂe"’ [z

2 & g,(iow,g'*) e, (—ifw,qg"?)
T (@92 n_z_oo k(@,)(—qgc5; )z,
The same consideration for (4.15) gives us a possibility to evaluate another
similar integral,
(eZiB, e—2i0; ql/z)OO do
L (aei0+iq)’ aeie—iq), aei(p—ie, ae—iﬂ—i(p; Do (ﬁei0+i¢ ﬁeie—w ﬂeizﬁ—iﬁ’ ﬂe—ie—iqs; q)oo

do

(11.2)

_ 2n’ 5 (—9%’0, —qﬂzwn, 7)o
(qa q, “2’ ﬁZ; q)oo n=—o k(wn)( _qa)n9 qz)io
x &,(cos @; iaw,) &,(cos ¢;—ifw,). (11.3)
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It is of interest to compare these expansions with the classical Askey—
Wilson integral [7].

The limiting case  — 1~ of the last formula leads to the bilinear gener-
ating relation (4.15) again. Indeed,

f(cos p)(g, 1%, €, e7*7; q).,
lim o f T e gie g ir gy A0 =[(c0s0), (114

r—>1"

for every bounded function f(cos &) that is continuous on 0 < § < z. This
has been shown in [6] with the help of a result from [65].

Substituting ¢ = ¢ and integrating the both sides of (11.3) over ¢ with
the help of (6.10), we arrive at the following double integral

2i0  ,—2i6.
f f (€™, e™"; q)o
0 Jo ((xetﬁ+t(p’ aetﬁft(p’ aet(pftﬁ ae —if— t(p’ q)oo

2i —2igp.
(€™, e™" )
(aetﬁ+t(p’ aetﬁfm aetrpftﬁ ae —if— t¢’ q)oo

(q1/2e2i9 ql Ze —2i6. ; q)oo ded
i —2i (P
(ql/ZeZ(a ql/Ze 2igp. q)
27’ g% 9)2

(9997 B Do(a—B) (g5 9)%
x i (—ifan, lﬁwna ql/z)oo_(iawm _lﬁwna ql/z)oo
n=-o0 lk(a)n) wn(_qa}ia q2)§o '

(11.5)

12. APPENDIX: UNIFORM BOUNDS AND
UNIFORM CONVERGENCE

This section contains the details of the proof of the uniform convergence
of the g-Fourier series (4.3). Similar arguments can be used for (4.24) and
for many other series in this paper.

12.1. Uniform Bounds. In order to verify the uniform convergence of
the g-Fourier series we first provide convenient uniform upper bounds for
the g-exponential function.
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LemMMA 1. Let —x(e) < —1 < x=cos 0 < 1< x(¢g), where x(¢) = (¢°+q7°) /2,
0<g<1and0<e<1/2. The following inequalities hold

(=¢"*"* |ol; g'),,

|&,(cos 0; im)| < -
! (4> 9% 4% Do — q0% ¢%)s

(12.1)

and

(@' —4"** o), —4"***/los ')

|, (cos 0; iw)| < —
! (9. 9%, 4" 75 Do (—q0% ¢7)

(12.2)

for all real values of the w.

Proof. By Lemma 2 of [14] for the continuous g-Hermite polynomials
H,(x | q) one can write

H,(cos 0| q) < H,(x(e)lg), (12.3)

where x(¢) = (¢°+ ¢ %) /2. Using (7.4.5) of [23] with ¢ = ¢*

qfns 0 q(l+n)k
H,(x(e)lq) = —; —
(@ 9) kz=:0 (4, 9" 7%
q(n+2)s i q(l+n)k
A=) 4" Do =0 (4, 4" %5 @)
—ne o (1+n)k
q q
<1 S (12.4)
(4% Do 20 (4, 9" %5 O
But (a; 9), > (a; q¢),, for 0 <a <1, and
i q‘“”)" - 1 2 g (g ),
E0 @ 5D @590 S0 @D (0,475 9.
Therefore
|H, (cos 0| g)] < g —— L Dr (12.5)
(4.9% 9" 9.

Similar inequality holds for the continuous g-ultraspherical polynomials.

The uniform bounds (12.1)-(12.2) for the &,(cos 8; iw) can be obtain
now by means of the generating function (4.10). Indeed, for all real @ the
following inequalities hold



EXPANSIONS IN ¢-FOURIER SERIES 347

o k*/4 | |k

. q
(—q0% ¢, 16,(x; iw)| < Y, ——
! kZ::o q; D

1 ©

JA—ke |1k
<—— 5 — 0. 9 |l

(4, 9% 9" @) kgo

2

- 1 0 q(k —k)/4 (q1/47£ |CO|)k

(4. 9% 94" D 20 (@759
_ (4" ol '),

(N )

|H,(x | g)|

(12.6)

which proves (12.1). In order to derive (12.2), one can rewrite the third line
here as

[ee]

2 ks 2
Y @ loD < Y ¢4 (g o))k

k=0 k=—0

=(q"% —¢"** |o|, —¢"***/|wl; ¢"*).,

by the Jacobi triple product identity. ||

12.2. Complete Asymptotic Expansion of k(w). We also provide here
more details on the asymptotics of the .#?-norm for the basic trigonometric
system {&,(x; iw,)} - ., as |o,| > co. The leading term is given in [14]
without the proof.

It is more convenient to use (1.23) instead of (1.22). One can easily see
that

© k/2 1/2 1/2
q q q
Y o= K@)+ 7K <—>

k=—w 1+60 q w
— o’ 1/2
1+w21¢1<_qw29q,q )
(q’ q, — 1/26025 _ql/Z/a)Z; q)oo
(¢ ¢~ —q/ 0% q),,

by the Ramanujan summation theorem. Therefore

k(w) =

122 1/2/,.2. 1/2 1/2
(9.9, —9"w", —q /w,q)oo_q_K<q > 2.7

4" 4", -0 —q/0%q)y @\ @



348 SERGEI K. SUSLOV

which gives the complete asymptotic expansion of the constant k(w) in
(1.19) and (1.21) in terms of q/w*:

(-0 ¢), (—q" 0% q)y,
(—90% %), (—0%q),
of @ o
=0 (@ w?

@ 9% (—0% ),
(4% (—q0* g%,

Los L (4
> k+1/2 2 /-

izo l—q @

k(w)=n (12.8)

This expansion confirms that we can use the leading term (6.8) of [ 14].

12.3. Uniform Convergence in (4.3). Let 0<y<1 and 0<|a| < 1. By
(II1.4) of [23] one can rewrite (4.3) as

1/2 2i6 1/2 -2i6.
e, ¢'/%e=20: g).,

—2if.

(ye™, ye™; q),,

N ) P
(@ Dm (@ 7°0™; 9 (g% ¢7).

2 (iq" " w, /% q),,

(q

&,(cos 6; o) C,(cosO;y]|q)

g H, ] »
= k(w,) (—q0; ¢, ,(cos 6; iw,)
- (m+1)/2 . (m+1))2
iq w, /o, iq Yo, /o
e ( . 14, oc2>. (12.9)

We have already discussed the uniform bounds for &,(cos 0; iw,) and the
large w-asymptotic of k(w,) in (12.1)—(12.2) and (12.8), respectively.
Introduce

C, = (ig""w,/x; q),,

iqm+r2
X291

CD,,/O(, iq(”‘“)/z

m+1

w, [«
o/ ; g, ocz). (12.10)
Y4



EXPANSIONS IN ¢-FOURIER SERIES 349

Then

|Cn| < (_q(17M)/2 |wn/(x|; q)m

y i (=g w, /o], =g+ [yo, /al; q), e
k=0 (g, quH; D
. (=g ya, [al; q)
< (_q(l )2 |wn/a|5 q)m m+1.
9" D
% i ( (m+1)/2 |w /‘X‘l q)kl |2k
k=0 (g D
and by the g-binomial theorem
IC,l < (—¢""""|w,/al; q),, (12.11)
(—¢"* V" aw,|, =g V" |yw, [al; Do
(ol 74" 9)o

Therefore the n-th term in the series (12.9) can be estimated as

&,(cos 0; iw,)
k(e,) (—qc03; 4%)cs
(=4"* " lo,l; ¢')s,
K(0,) (= @55 @)
X (=g V2 |aw,|, —q" V" yaw, [ol; q)., = Aa, (12.12)

(—q" " w,/ol; q),

for —(¢°+q°)/2<x<(¢°+q%)/2 and 0<e<1/2. The value of the
positive constant 4 here can be easily found explicitly but it is not essential
for our consideration. Suppose n >0, the case of negative n is similar.
Consider

(g% )2

b,=B(yg™*)", B=
(rg™) (4 9%
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with yg7* <1 and Y._, b, < 0. In view of (12.7) and (9.7) from this paper
and (I.7) of [23],

(=q" 0,54y (=q" """ |0, /al; ),
(=¢"07; 9) (=" |@, /al; q)s,
(=g Jow,|, =" [y, /ol; ).
(va™)" }
= (g5 "), (=g e ),
(g o), —q VR y ol ),

. a .
lim == lim
n— oo n n— oo

X

(= Do
« lim [(—q”““’wn; 4" (—q" """ o, /al; q),
nowo | (—q"?0k; @)o(—q" T |w, /ol q),

X(—q(’”“)/2 loco, |, =gV yw, /al; ), ]
(yg™)"
=(—4""7% ¢ (=g 4 al; g),,
(_q(m+1)/2+1/4 |O(.|, _q(m+1)/2+1/4 |y/05|, q)
X 0
(=% Do
« lim (—q"** " @,5 ") (—q" P M 0,5 ),
now (=g 0k @0 (—q" TP 0,5 ),
E=ml2= faw, |, —q" ="/ ya,; q),

x lim (—g

_(=a%—q"" =g o, =g ol ¢,
( —q, _1; q)oo
(=g*"** |y o], —g"*=" o/ 5 @)
(=g o, —=g**+ [ |al; q)op

X

As a result

. a
0<lim X<

n—-oo Uy,

and the series (12.9) converges absolutely and uniformly on [ —1, 1] when
0 <y <1 due to the Weierstrass M-Test and the Limit Comparison Test.
This completes the proof of the pointwise convergence of the g-Fourier
series (4.3) by Theorem 13 of [14].
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