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Nonlinear Piecewise Polynomial Approximation and Multivariate
BV spaces of a Wiener—L. Young Type. L
Yu. Brudnyi (Technion, Haifa)

Abstract

The named space denoted by V;J’fl consists of L, functions on [0,1)? of bounded

p-variation of order k € N. It generalizes the classical spaces V;,(0,1) (= V,.,) and
BV([0,1)%) (V}, where ¢ := —4-) and is closely related to several important smooth-
ness spaces, e.g., to Sobolev spaces over L,, BV and BMO and to Besov spaces.

The main approximation result concerns the space Vp’fl of smoothness s :=

d (% — %) € (0, k]. It asserts the following:

Let f € V;ffl be of smoothness s € (0,k], 1 <p < ¢ < oo and N € N. There exist
a family Ay of N dyadic subcubes of [0,1)¢ and a piecewise polynomial gn over Ay
of degree k — 1 such that

1f = gwlle < ON=/|f]ys.

This implies similar results for the above mentioned smoothness spaces, in particular,

solves the going back to the 1967 Birman—Solomyak paper [BS] problem of approxi-

mation of functions from W} ([0,1)4) in Ly([0,1)¢) whenever & = % —Land ¢ < c.

Key words: N-term approximation. Piecewise polynomials. Dyadic cubes. Spaces
of g-integrable functions of bounded variation. Sobolev spaces. Besov spaces.

§ 1. Introduction

1.1. The present paper is inspired by two results removed from each other by more
than thirty years. The first, the 1967 pioneering paper [BS], asserts the following:

Theorem A. Given f € WF([0,1)?), N e N and 1 < p < q < co satisfying

k - 1 1

d p q
there exist a partition Ay of [0,1)% into at most N dyadic subcubes and a piecewise
polynomial gy on Ay of degree k — 1 such that

(1.1) If = gnlly < CNTH sup 1D flp;

the constant C' > 0 1s independent of f and N and C' — oo as q tends to the Sobolev

-1

S «._ (1 _k
himiting exponent ¢* := <§ — 3> .

Using the compactness argument from [BS, § 5] one can prove that validity of
(1.1) for ¢ = ¢* implies (incorrect) compactness of embedding W} C Lg-.

This leads to the following:

Problem. Find the extension of Theorem A to g = ¢*.

For the special case k = p = 1, d = 2 the answer was given in the 1999 paper
[CDPX] by A. Cohen, DeVore, Petrushev and Hong Xu; the case d > 2 was than

proved by Wojtaszczyk [W]. The result states:



Theorem B. Given f € WL([0,1)%), d > 2, and N € N there exist a partition Ay
of [0, 1)4 into at most N d-rings (differences of two dyadic subcubes) and a piecewise
constant function gy on Ay such that

(1.2) If = gnlly < (N sup [|[D*f]r.

flell=1

Hereafter c(x,y,...) denotes a positive constant depending only on the parame-
ters in the parentheses.

Remark 1.1. (a) Theorem B is proved for L; functions whose distributional deriva-
tives of the first order are bounded Radon measures, see the cited papers. However,
this more general result follows directly from (1.2), see Section 4.5 below.

(b) The partition Ay in Theorem B can be replaced by a cover of [0,1)? by at
most N dyadic cubes. This result is equivalent to the previous, see Remark 4.9
below.

1.2. In this paper, we prove a general result on N-term piecewise polynomial
approximation implying as consequences similar results for a number of spaces of
smooth functions.

To illustrate the main result we formulate its consequence giving the solution of
the Birman—Solomyak problem and the generalization of Theorem B to functions of
higher smoothness.

Theorem 1.2. (a) Given f € WF([0,1)?), k€ N and 1 < p < ¢* < 0o such that

ko

1
R d>2a
d p g

there exist a cover Ay of [0,1)¢ by at most N dyadic subcubes and a family of
polynomials {Pg}geay C Pr-1 (of degree k — 1) such that!

< ek, d)N~H/ sup D £,

w L

QEAN

q*

(b) For p:=1, hence, ¢* = d%‘lk, the previous holds for f € Ly, whose derivatives of

order k are bounded Radon measures.

The associated seminorm of the latter function space denoted by BV*([0,1)?) is
given by

(1.4) | flpyr := sup var (Df).
|a|:k [Oal)d

Remark 1.3. The result can be reformulated equivalently with the cover Ay sub-
stituted for a partition of [0,1)? into at most N d-rings.

Thereafter 15 stands for the indicator (characteristic function) of a set S



1.3. The formulated aim will be achieved by using the BV spaces of integrable on
[0, 1)? functions of arbitrary smoothness introduced in [B-71, sec. 4.5]. To motivate
the definition of the corresponding space denoted by Vp”“q we begin with a model
case, the Wiener-L. Young space V),, whose associated seminorm is presented in the
following equivalent form:

1/p
(1.5) var, f = sgp (Z osc(f; ])P>

IeA

where A runs over disjoint families of intervals I = [a,b) C [0,1) and

(1.6) osc(f; 1) := sup |f(x) — f(y)]-
x,yel
To obtain the required seminorm of V% denoted by varf(-; L,) we replace in (1.5)

intervals by cubes @ C [0,1)?, in (1.6) the first difference by the k-th one, and the
uniform norm by L, norm. This gives the following:

Definition 1.4. The seminorm f — vari(f; Ly) is a function on Ly([0,1)?) given
by

1/p
k(e L k(f. )P
(1.7) var ;(f; Ly) := sgp{ g osc, (f; Q) }

QeA

where A runs over disjoint families of cubes Q C [0,1)¢ and

(1.8) 0sch(f;Q) = sup [| A} fl|Lytun);
heRd

k
here Ak = S (—1)"77 (f) Sin and Qpp = {z € RGz +jh € Q,7=0,1,...,k}.

J=0

The important characteristic of the space Vp]fz is its smoothness introduced by the
following;:

Definition 1.5. Smoothness of the space Vp’z denoted by S(VXZ) s a real number
given by

1 1
(1.9) s(Vk) =d <5 - 5) :

This concept is closely related to differential and approximation properties of VZZ
functions. In fact, a function with s(V,") = s belongs to the Taylor class T7(x) a.e.
if 0 <s<kandtf(x)ae if s=Fk, see [B-94, § 2.

Moreover, as we will see, its order of N-term approximation in L,([0,1)?) by
piecewise polynomial is N=%/? for 0 < s < k.

In particular, the proof of Theorem 1.2 is based on the equality

ko _ ik
Vogr =W,
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and the fact that
s(Vi) =d (1 — i) =k
P q
that allow to derive it directly from the corresponding result for V;,kq*.

1.4. The outline of the paper is the following:

The main result, Theorem 2.1, is formulated in § 2 along with its consequences
describing similar approximation results for classical smoothness spaces (one of them
is Theorem 1.2 formulated above).

In § 3, we prove properties of Vp’f] spaces essential for the proof of Theorem 2.1.
The first result asserts that a function f € Vp’fz can be weakly approximated in L,
by C* functions whose (k, p)-variations are bounded by vark(f; L,). For the special
case of the space BV ([0,1)9) (= Vfd/d_l), see, e.g., [Z, Thm. 5.3.3].

The second result estimates polynomial approximation of order k£ — 1 for f €
VXZ(Q’ \ Q") via its (k,p)-variation; here Q" & Q' are dyadic cubes.

The latter result essentially uses a cover lemma proved in collaboration with
V. Dolnikov; its proof is presented in Appendix I.

The main result, Theorem 2.1, is proved in § 4 and its consequences for the classi-
cal smoothness spaces in § 5. The approximation algorithm used in the construction
of the family of dyadic cubes for Theorem 2.1 is presented in Appendix II.

Its primary version was developed to prove the similar to Theorem 1.2 result for
the N-term approximation of functions from Besov spaces by B—splines; the result
is announced in [BI-87] and proved in [BI-92].

The special case of Theorem 2.1 for functions with absolutely continuous (k, p)-
variation was proved a long time ago and announced in [B-2002]. This result allows
to prove all consequences of Theorem 2.1 presented in § 2 but only much later the
author understood how to derive Theorem 2.1 from this special case, see Section 4.5.

Acknowledgement. 1 am very grateful to my friends Irina Asekritova, Vladimir
Dolnikov and Natan Kruglyak for their lively interest to and useful discussions of
this paper.

§ 2. Formulations of the Main Results

Throughout the paper we use the following notions and notations.
A cube denoted by Q, @', K etc. is a set of R? homothetic to the (half-open)
unit cube

(2.1) Q*:=10,1)~
D(Q) denotes the family of dyadic cubes of @, i.e., cubes of the form
(2.2) K:=27(Q+a)

where j € Z, :={0,1,2,...,} and a € Z%.

Further, P; = P;(R?) is the space of polynomials in x := (x1, T, ...,xq) of degree
[ while P;(A) denotes the space of piecewise polynomials on a set A C D(Q) of
degree [.



In other words,

(2.3) PUA) = {f € Lu(Q)if = 3 Pic - i}

KeA
where {PK}KEA C :Pl-

Theorem 2.1. (a) Let f € Vi (Q") where the smoothness s := s(V,\), see (1.9),
and d, p,q be such that

(2.4) d>2, 0<s<kandl <p<q< 0.

Given N € N there exist a cover Ay C D(Q?) of QF with card Ay < N and
gy € Pr_1(AN) such that

(2.5) 1f = gwlly < e(d)N"| flyg .

The same is true for ¢ = oo, i.e., for s/d = 1/p, if f is uniformly continuous on
Q.

(b) The cover Ay can be replaced by a partition of Q¢ into at most N dyadic
d-rings.

Stipulation 2.2. We drop the symbol Q% from the next notations writing, e.g., D,
Vik, Lq instead of D(QY), V,F(Q?), Ly(Q%), if it does not lead to misunderstanding.

pq’
The first consequence of the main result, Theorem 1.2, immediately follows from
Theorem 2.1(a) and the inequality

. |f|W1§“ if p>1
(2.6) var, (f; Lg) < C{ \flgve if p=1,
-1
here ¢ = ¢(k,d, ¢*) and ¢* := (% y zl?)

This and analogous embedding results for Besov spaces are presented in § 5.
Let now B;e = B;e(Qd) be the homogeneous Besov space defined by the semi-
norm

; . f. 6
(2.7) Flay = /(ﬂﬁ%&ﬁ)%ﬁ
0

where k& = k() := min{n € N;n > A} and wy(+; f; L,) is the k-th modulus of
continuity of f € L,, see e.g., [N] or [DL] for its definition. '
The first result concerns the “diagonal” Besov space B;‘ = BZ’,\” , 1 <p<oo.

1/6

Theorem 2.3. Let f € B;,\ and d,p,q, A be such that

A 1 1
d>22,1<p<g<oo and —=—-——.
d p q
Given N € N there exist a cover Ay C D of Q* by at most N cubes and
gn € Pr_1(An) such that

1f = gwlly < c(k, YNV f| 5.

5



The second result concerns approximation in the uniform norm (g = 00).

Theorem 2.4. Let f € BI’,\l and

1
d>2, 1<p<oo, é:—.
d p
Given N € N there exist Ay C D satisfying the condition of Theorem 2.3 and
gn € Pr_1(An) such that

1f = gnlleo < C()\ad)NfA/d|f|B;1-

Remark 2.5. (a) The definitions of seminorms | f \Vpkq and | f] gy are naturally ex-
tended to p < 1, see (1.7) and (2.7). Moreover, unlike (2.6), the corresponding
embedding results are true for this case. For instance,

|f’B£ < C()\Jd7p)|f|Vkao

for0<p<1and%:%.

Therefore Theorems 2.3 and 2.4 are true for p < 1 as well.

(b) For B-splines and, more generally, for refinable functions with the Strang—
Fix condition the analog of Theorem 2.3 was proved in [BI] and [DJP], respectively.
The latter result was extended to p < 1 in [DPY].

Formally, Theorem 2.3 does not follow from these results but it can be surely
proved by the approximation algorithms used in the cited papers.

k
§ 3. Spaces V,

3.1. (k,p)-variation. The named object is a set-function defined by (1.7) with Q¢
substituted for a measurable set S C R¢ of nonempty interior.

However, we prefer to use an equivalent definition more suitable for our purpose.
In fact, we replace osc’; by local best approximation, a set-function given for f &

Lie¢(R?) and S € R by

Ep(f;8;Lg) == inf || f —m|L,s)-

in
mePr_1
This replacement gives the following:

Definition 3.1. (k,p)-variation of a function f € LY*(R?) is a set-function on
subsets S C R with nonempty interior given by

1/p
(3.1) Var];(f;S;Lq) = sgp{ZEk(f;Q;Lq)P}

QeA

where A runs over all disjoint families of cubes ) C S.



Equivalence of this definition to the previous one follows from the main result of
[B-70] implying, e.g., the next two-sided inequality with constants depending only
on k:

OSC,;(.}C; Q; Lq) ~ Ek(f; Q; Lq)

It should be pointed out that in what follows all definitions and results involving

the space V;qu use Definition 3.1. In particular, the associated seminorm of this space

is
1/p
1fllv, = sup{ZEk f1Qi L))" }

QeA

where A runs over all disjoint families of Q C Q.
Now we present some basic properties of (k, p)-variation starting with those fol-
lowing directly from Definition 3.1.

Proposition 3.1* (Subadditivity). Let {S;} be a disjoint families of measurable sets
with nonempty intertors. Then

1/p
(3.2) {Zvar’;(f; S; Lq)p} < var v( f; USi; L,)

(Lower semicontinuity) If {f;} converges in L, to a function f, then

(3.3) var b (f;S; Ly) < lim var(f;; S; Ly).

j—)OO

Proof. Let A := {Q} be a disjoint family of cubes and

1/p
(3.4) Var];(f; A; L) = {Z Ek(f;Q;Lq)p} .

QEA

If {A;} is disjoint and |J @ C S;, then
QeA;

Zvar (f; Ay Ly)? —Var UA“L Var USZ,L

and it remains to take supremum over each A; to prove (3.2).
The property (3.3) is proved similarly. O

A more substantive property of (k,p)-variation gives the next result.

Proposition 3.1°. Let a C™ function f belong to the space V;ffl of smoothness s < k.
Then uniformly in S

: k(r. Q. _
(35) ‘é}'glovarp(fvsu Lq) -

Hereafter |S| denotes the Lebesgue d-measure of S.



Proof. Let A be a disjoint family of cubes Q C S. By the Taylor formula

Eu(f;Qi Ly) < 1QIMIEL(f;Q;C) < C(k,d)!Q!”q*k/dlrngémgxID“f!;

this implies

1/p
varh(f; A L) kd{}]@%ﬁ} | Flose)-

QeA

1/p
Since p (% + S) = p <% + 2) = 1, the sum here is bounded by { > \Q|} <
QeEA
|S|'/?, and therefore

var s (f; S5 Lg) :=sup var 5(f; A; Ly) — 0 as | S| — 0.
A

0

3.2.  C* Approximation of Vp’fz Functions. Since the space Vp’fz is, in general,

nonseparable, C'> approximated functions form a proper subspace of ng}. However,
a weaker form of C* approximation is true.

Theorem 3.2. Let a function [ belong to V;fq if ¢ < oo and to Vp’f)o N C(RY), other-
wise. Assume that Q is a subcube of Q% such that

(3.6) dist(Q; R\ Q%) > 0
Then there ezists a sequence {f;} C C*(R?) such that

(3.7) li}m fj = [ (convergence in L,(Q))

and, moreover,

(3.8) sup var (fj,Q L,) < var (f;Lq).

J

Proof. Let f. be a reqularizer of f given by

(3.9) /fw—w Yy, z €0,

where p € C®(R?) is a test function, i.e.,

(3.10) o= 0,/<pdx =1 and suppp C [-1,1]%;
here € > 0 is such that
(3.11) Q. = Q +[—¢,¢]Y C QY

8



see (3.6).
Now (3.10) and the Minkowski inequality yield

If = fellz,@ < sup |[f(- —ey) — fllz,@)-

ly|<1

Since the right-hand side tends to 0 as e — 0 for ¢ < oo and for ¢ = 0o if f € C(RY),
(3.7) follows.
To proceed we need the following:

Lemma 3.3. It is true that
(3.12) Bl @ L) < [ BlfiQ - euiLyely)dy
ly|<1

Proof. 1t suffices to prove (3.12) for ¢ < co and then pass g to +oc.
Let ¢ < oo and ¢’ denote the conjugate exponents. By Pi | (Q) we denote the
set of functions g € Ly (R?) such that

(3.13) lgllz, =1, suppg C Q, /xag(x) dr =0, |o| <k -1

By the duality of L, and Ly

(3.14) Ex(f-;Q; Ly) = sup /fsg dz; g € Pi_1(Q)
Q
On the other hand,
(3.15) [ fads| < / [ F@gto+ =) de oty dy
Q R | Q ey

and the function = — g(z + ey), © € Q, clearly, belongs to the set P ,(Q — ey).
Therefore for every polynomial m of degree k — 1

| f@sepds= [ ra)g-me+ey)do
Q—ey Q—ey
Combining this with (3.15) and using the Holder inequality we obtain

/ fgdz| < / SIS = Mo 9z, ey .
Q R4

Taking here infimum over all polynomials m and then supremum over all g €
P, (Q) we get by (3.14)

Eu(fQ: Ly) < / Eu(f:Q — ey L)oly) dy.
Rd

The proof is complete. O



Now we prove (3.8). To this end, first we estimate Var’;(f; A; L), see (3.4), for
the disjoint family of cubes of . Due to (3.12) the Minkowski inequality gives for
such A

var (fE,A L, < /Var (fs A —ey; Ly)p(y) dy.

Rd

Since A —ey = {@ —ey; Qe A} is the disjoint family of cubes containing for small
¢ in Q4, the right-hand side is bounded by var ( f; Lg). Taking then supremum over
all such A, we obtain the inequality

var »(fz; Q; Lg) < vark(f; Ly)
that clearly implies (3.8). O

Remark 3.4. Let Q¢ be the extension domain of Vp’fl, i.e., there exists a lin-

ear continuous extension operator from V" int Vp’“q(Q) where Q¢ c @ and

dist(Q% R\ @) > 0. In this case, f. can be defined on the unit cube Q¢ and
therefore Theorem 3.2 holds for Q% substituted for Q.

Unfortunately, the corresponding extension theorem is unknown though it exists

for some spaces ‘/;,27 e.g., for s(VplfI) = k. The special case of the last assertion for

the space BV (Q%) and even for more general class of domains is presented, e.g., in
[Z, Th, 5.6].

This remark leads to the following:

Congecture. For every f € V¥ there is a sequence {f;} C C*(R?) such that

If = fille, > 0 as j — oo
and, moreover,

(3.16) lim var (fj, q) < var (f;Lq)

11— 00
3.3. Polynomial Approzimation on d-Rings.
Theorem 3.5. Let Q C Q* be dyadic subcubes of Q. Then it is true that

(3.17) Ex(f;Q"\ Qi Ly) < c(k, d) vary(f; Q" \ @; Ly).
Proof. We need several auxiliary results.

Lemma 3.6. Let Si, Sy C R? be subsets of finite measure such that for e > 0
(3.18) |54 ﬂ So| =€ - m1n{|S |}.
Then the following is true:
(3.19) Ex(f; S S2s Ly) < e iEk(f; Si; Ly).
=0
For the proof see, e.g., [BB, p.123].

10



Lemma 3.7. Let {S;}1<j<n be a family of subsets in R? of finite measure such that
for some e >0

(3.20) 15[ Sj1l = emin{|S;], |94}, 1< < N.

Then it is true that
N N
(3.21) Ex(f; Sii La) <> Bi(f, S5 Ly)
j=1 j=1

where ¢ = (c(k,d)e FTH)N-1,

Proof (induction on N). For N = 2 the result follows from (3.19). Now assume that
(3.21) holds for N > 2 and prove it for N + 1.

M
Setting SM := J S; we get from (3.18)
j=1

1SV () Svs1l = elSy()Snal = emin{|Sy|,[Sxail} = emin{[SV], Sy}

Further, Lemma 3.6 implies

N+1

Ei(f; | Sjs Le) < ek, d)e™ N (E(f; SN Ly) + Ei(f: Sne: Ly))

J=1

while the induction hypothesis gives

N
Bi(f; SN; Ly) < (c(k, d)e™ NS " B(f: S5 L)

7=1
Combining these we get the result for N + 1. O

Now we formulate the mentioned cover lemma proved in Appendix I.

Theorem I.1. There exists a cover K of Q* \ Q by cubes such that the following
holds:

For every overlapping pair* K, K, € X
r .
(3.22) K1 [ K| > 5 min{|Ka, | Ko},

and, moreover,

(3.23) card K < 4(2¢ - 1).

2

i.e., intersecting by a set of positive measure

11



Now we complete the proof of Theorem 3.5.
By Lemma 3.7 and Theorem I.1 we have

" _1\ 4241
Eu(f: @\ Qi Ly) < (c(k, )27V ST By (f5 K5 Ly).
KeX
Moreover, by the definition of (k, p)-variation, see (3.1),
En(f; K; Ly) < vark(f;Q°\ Q; Ly)

for every K € X.
Together with the previous inequality this gets the required result

Ep(f;Q°\ Q; Lg) < c(k, d) vary(f;Q"\ Q; Ly).

§ 4. Proof of Theorem 2.1

4.1. We begin with part (a) of this result and then derive from (a) part (b).
Let f € VE(:=V(Q)) where

o k
(4.1) I<p<qg<oo, d=2and0<s:=s(V,) <k
Without loss of generality we assume that

(4.2) |f|Vpk'q =1

Under these assumptions given N € N we prove existence of a cover Ay of Q%
by at most N dyadic cubes and a piecewise polynomial gy € Pr_1(Ax) such that

(4.3) 1f = gwlly < ek, )N~/

First, let C>°(R?) N'Vji. The proof of (4.3) for this case begins with the con-
struction of the cover Ay. This will be obtained by the algorithm presented now.

4.2. Description of the algorithm. The important ingredient of the algorithm is a
weight W defined on the o-algebra A(D) generated by dyadic cubes of Q¢. This by
definition is a function W : A(D) — R, satisfying the conditions.

(Subadditivity) For a disjoint family {S;} C A(D)

(4.4) > ws) <w(l s
(Absolute continuity)

(4.5) Lim W(S) =0,

We normalize W by
(4.6) wW(Q? = 1.

12



To prove Theorem 2.1(a) for f € V% (C™ we define a weight W by
(4.7) W(S) :=vark(f;S; Ly)?, S € A(D).

Due to Propositions 3.1¢, 3.1° and (4.2) W satisfies the required properties (4.4)—
(4.6).

In the construction of the algorithm we essentially exploit the canonical graph
structure of the set D regarding as the vertex set while the edge set consists of pairs
{Q’,Q} C D such that Q' C Q and |Q’'| = 27¢|Q|. In this case, we use the notation
Q' — @ and call Q) the son of @ and @ the father of '.

The set of all 2¢ sons of Q is denoted by D;(Q). This clearly is the uniform
partition of ) into 2% congruent subcubes.

Further, a path in the graph D is a sequence

(4.8) P={Q1 = Q= ... > Qu}.

The vertices (cubes) @1, @, are called the tail and the head of P, respectively.
Moreover, we use the notations

(4.9) P:=1[Q,Q,], Q1 =Tp=: P, Q,=: Hp =: P,
It is readily seen that the following is true.

Proposition 4.1. If Q' C @ are dyadic cubes of D, there exists a unique path
joining Q' and Q.

In terms of Graph Theory, D is a rooted tree with the root Q.

More generally, the set D(Q) of all dyadic subcubes of @ € D is a rooted tree
with the root Q.

For N € N and W given by (4.7) the subset of “bad” cubes of D is defined by

(4.10) Gy:={QeD; W(Q) >N}

clearly, Q¢ € Gy, see (4.6), and Gy is finite, see (4.5).
The algorithm gives the following partition of Gy into the set of (basic) paths,
see Proposition II.1 of Appendix II for the proof.

Proposition 4.2. There exists partition By of the set Gy \{Q?} into N paths such
that®

(4.11) W(Hp\Tp) < N', BeBy,
and, moreover,
(4.12) card By < 3N + 1.

Now we decompose the remaining part of D

(4.13) ¢ =D\ Gy.

3

among basic paths may be singletons. In this case, Hg = T and W (Hg \ Ts) = 0.

13



To this end we define the boundary of G denoted by OG y that consists of all
mazimal cubes of G§ with respect to the set—inclusion order.

In other words, every @)’ € D containing @) € 0GN(C GS) as a proper subset
belongs to G'y. In particular, if Q* is the father of Q € Gy, then

(4.14) W(Q) < N 'and W(Q') > N,
Proposition 4.3. (a) The family {D(Q);Q € OGN} is disjoint and
(4.15) Gy= |J D@,

QeIG N

i.e., the family is a partition of G<.
(b) The following is true

(4.16) card(0Gy) < 2?N.

Proof. (a) Maximal cubes are pairwise disjoint. Hence, 0G is a disjoint family.

Further, cubes @) € 0G are roots of the trees D(Q) from (4.15). Since the roots
are disjoint, the corresponding trees are as well, i.e., {D(Q); Q € dG N} is a disjoint
family.

To prove that the family is a partition of G§ we check that every Q' € G%
belongs to some D(Q) where @ € IGy.

Let Q' =: Q1 — Q2 — ... — Q% be the path joining Q" and Q¢, and Q;, i > 2,
be the smallest cube of the path belonging to Gy. Then its son ;_; belongs to
GS, i.e., ;1 is maximal, and Q" € D(Q,;_1) as required.

(b) Let QT be the father of @ € Gy and (0GN)T := {QT;Q € OGyN}. Since
Q" is unique, the set (0Gy)* is disjoint.

Further, every father has 2¢ sons and therefore

(4.17) card(0Gy) < 2% card(0GN)™.

Finally, (4.14), subadditivity of W and (4.6) imply

(4.18) N~'eard(0Gy)t < Y W(Q) <W(Q) =1.
Qe(0GN)T

This and (4.17) give (4.16). O

Finally, the required cover Ay is given by

(4.19) Ay = {Qd}U< U {TB,HB}UDI(TB)> .

BeBn

Due to (4.12)
(4.20) card Ay < 1+2(3N + 1) + 243N + 1) =: ¢(d)N.

4.3. Definition of N Term Approximation for C* Functions.
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Now we define the required gy € Pr_1(Ax) using to this end polynomials of best
approximation determined by

(4.21) 1f = msllzys) = Ee(f; S5 Lg)-

Further, we use for brevity the following notations

(422) MQ = Z mgq: - 1Ql —mq - 1Q, Q € D;
Q'eD1(Q)

and, moreover,
(4.23) Bt :=Hy, B’:=Hz\Tp, B =Tz
Using this we write

(424) gN ‘= de + Z [(mB+ - mBo> . 1B+ 4R (mBo V3 me> : 137 + MBf].
BeByN

This clearly is a piecewise polynomial of degree k — 1 over Ay, see (4.19).

Let us note that for B being a singleton B* = {B}, BY = (), i.e., the correspond-
ing terms in (4.24) and (4.19) equal Mg and {{B}, D1({B})}, respectively.

Theorem 2.1(a) will be derived from the next key result.

Proposition 4.4. Let f € V(N C®(RY) where d,p,q,s = s(V\,) satisfy (4.1) and

(4.2). Given N € N there exist a cover Ay C D of Q% and a piecewise polynomial
gy € Pr_1(An) such that

(4.25) 1f = gwlly < c(k, d)N—/1
and, moreover,
(4.26) card Ay < ¢(d)N.

The proof of the proposition is given in Section 4.4 below. It employs some
auxiliary results presented now.

To introduce the family Ay we use the algorithm for the weight W given by
(4.7).

Since W satisfies the assumptions of Proposition 4.2, see (4.4)-(4.6), it deter-
mines the finite set Gy C D, and the algorithm gives the partition By of Gy \ {Q?}
into the basic paths which in turn determines the required cover Ay, see (4.19) and
(4.20).

To estimate f — gy we need a suitable presentation of this difference; the next
lemmas are used for its derivation.

Lemma 4.5. Let f € L, (Q)NC(R?Y), 1 < ¢ < 0o, @ € D. Then the following
holds

(4.27) f=mot+ Y My
Q'eD(Q)

with convergence in L, (Q).

15



Proof. Let D;(Q), j € Z, be the partition of @ into 2/¢ congruent (dyadic) cubes,
e.g., Do(Q) = {Q} and D;(Q) is the set of sons for Q. Then P; € Py_1(D;(Q)) is
defined by

(428) ]3] = Z mQ/ . 1@/.
Q'ED;(Q)
We show that

(4.29) f—mg= Z(PjH — P;) (convergence in L,(Q)).

Jj=20

Let s, be the n-th partial sum of the series (4.29). Then

f=mg—sn=f—=Po1= DY (f-—mg) lo

Q€D (Q)
This and (4.21) imply that
1/q 1/q
IF=ma=sila={ S W -mollo e =1 3 Elfi@iL)
Q€D (Q) Q€D (Q)

By Theorem 4 of [B-71, §2] the right-hand side is bounded by
c(k, d)wy, (f;%'#;Lq(Q)). Since this bound tends to 0 as n — oo for ¢ < oo

and for ¢ = oo and f € C(R?), (4.29) is proved. Using now notations (4.22) and
(4.28) we obtain

Pj+1 - P] — Z MQI
Q'eD;(Q)

Summing over j > 0 and using (4.29) we then have
Foo=Y S Ma- ¥ g
720 Q'€D;(Q) Q'eD(Q)
The proof is complete. 0
Now we apply (4.27) for Q = Q% and present D = D(Q?) as follows:
o~ (¥ o)u( 3 20)
BeByN QEB QE@GN
see Proposition 4.2 and (4.15). This then implies the identity
[ D LT Sl T
BeBy QeB QeIGN Q'eD(Q)
Rewriting the second sum here by (4.27) we have

f—mge = Z ZMQ+ Z (f —mq) - 1q

BeByn QeB QeoGnN
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Subtracting from here equality (4.24) for gn we obtain the required presentation
(4.30) f=gv=Y Se+ > (f-mg) lg;
BeByN QeIGN

here we set*

(431)  Sp=| Y. Mg| —[(mps —mp)- g+ + (mpo —mp-) - 15-].
QeB\{B~}

The next result gives the basic presentation of Sp.
Lemma 4.6. The following is true
(432) SB = Z Z (’ITLBO — mQ') . 1@/
QeB\{B~} Q'€D1(Q)\B
Proof. We begin with the identity

(433) ) My

QeB\{B~}

= Z Z [(MQ/ ~ mB+) . 1Q’ + (mB* - mB*) ’ 137]

QeB\{B~} Q' €D1(Q)\B

proved by induction on card B.

Let B :=[Q1,Q,] ={Q1 = Q2 — ... = Qu}, i.e., B~ =@, BT := Q,. Since
D1(Q) \ B for Q € B\ {B~} consists of all sons of @ excluding the son belonging

to B,
D1(Qi) \ B =D1(Qi) \ {Qi—1}, i > 2.
Denoting the right-hand side by D*(Q;) we then rewrite (4.33) as follows.

(4.34) Mo, =" > l(mg—mq,) 1]+ (mg, —mg,) - 1q..
i=2 i=2 QD3 (Q))
For n = 2 the right-hand side of (4.34) equals

D lmg —mq,) - 1o + (mg, —maq,) - 1g, :=
QeD1(Q2)

Y omglg—mg, | D lg+lg
QeD1(Q2) QeDI(Q2)

Since D3(Q2) is a partition of Q5 \ @1, the sum in the parentheses equals 1g,\q, +
lg, = 1g,. Hence, the right-hand side here equals Mg, , see (4.22), as required.

1Sp = 0if B is a singleton
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Now let (4.33) hold for all paths of cardinality n > 2. To prove it for n + 1 we
write (4.34) for the n-term path {Qy — ... — Q,41} and add to it (4.34) for n = 2
written equivalently as follows:

meq, = Z (mQ - an+1) ’ 1Q + (an+1 - sz) ’ 1Q2 + (le - an+1) ’ 1Q1'
QeDI(Q2)
Together with the equality

n+1 n+1

(4.35) Y Mg, =) > (mg—mq,.,) 1o+ (mg, —mq,..) Lo,
i=3 i=3 QEDT(Q:)

this gives

n+1 n+1

(4.36) ZMQi = Z Z (mq — an+1) 1o+ R

=2 QeDT(Q:)
where we set

R:= (an+1 - sz) ’ 1Q2 + (le - an+1) ’ 1Q1 + (mQQ - an+1) ’ 1Q2

= (le - an+1) : 1Q1'

Hence, (4.36) proves the required equality (4.33) for n + 1.
Now we transform (4.34) by adding and subtracting mpgo(:= mg,\g,). This gives

ZM@-:Z Y. (mg—mp)-lg+ (mp—mg,) Y D> lo

1=2 QeD5(Qs) 1=2 QDT (Q:)
+(mg, —mpo) - 1g, + (mpo —myq,) - 1q,.

Since the second sum here equals Z 19\@i-: = 1g,\@: and, in the chosen notations,
i=2

see (4.31),

(4.37) Sp =Y _ Mg, — (mq, —mp) - 1o, — (mpo — mq,) - 1q,,
=2

these two equalities give

n

SB:Z Z (mQ—mBo)-lQ —|—R

i=2 | QEDT(Qi)
where the remainder R equals
(438) R = [(mBo — an> . 1Qn\Q1 + (mBo — an) . 1Q1
+ (mg, —mp) - 1g,] = [(mq, —mpo) - 1g, + (mpo —mq,) - 1g,].
Since the square parentheses here annihilate, R = 0.

The identity (4.32) is proved. O
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4.4. Proof of Proposition 4.4. We should prove that for f € Vp’fz N C>=(R%)

(4.39) If = gnllq < c(k, d)N—*/4.

Due to the presentation (4.30)

> s

BeBn

> (f-mq)-lq

QE@GN

+

q

(4.40) 1f —anllg <

q

and it remains to estimate each term of the sum.

Lemma 4.7. (a) Supports of the functions Sg, B € By, are disjoint.
(b) It is true that

(4.41) 1S5lly < c(k,d) vari(f; BT\ B™; Ly).

Proof. (a) Since supp Sp = B*\ B™, see Lemma 4.6, the supports of Sp and Sj are
disjoint if their heads are. Otherwise, one of these (dyadic) cubes, say, B*, embeds
into the other. Then BT embeds into the tail B~ of the path B. Hence, supp Sg

does not intersect supp Sp = BT\ B™.
(b) By identity (4.32)

SB:Z Z (mBo—f—i—f—le)lQ,
QEB* Q'eD}(Q)

where for brevity we set B* := B\ {B™}.
Further, we have

SB = mBO Z Z 1Q + Z Z f le 1Q’

QeB* Q'eD}(Q) QeB* Q'eD}(Q)

Since the family U Di(Q) is a partition of BT\ B, the sum of indicators here

QeB*
equals 15+ p- and the equality implies

1/q

1S5llg < I1f =mpoll,somy + | D D If —mell

QeB* Q'eD}(Q)
1/q

= E(fiBI\B L)+ [ D Y. E(f;Q5Ly)"

QeB* Q'eDi(Q)
By the Jenssen inequality the second term is bounded by

1/p

Z Z Ek(fv Q/; Lq)p

QEB* Q'eD}(Q)
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Since the family U DI(Q) is a partition of BT \ B~, this sum is bounded by
QeB*
var¥(f; BT\ B; L), see the definition of (k,p)-variation in (3.1).
Moreover, by Theorem 3.5
If = mpolLymo) = Ex(f; BY\ B7) < e(k,d) - var;(f; B¥\ B™; Ly).

Combining this with the previous inequality we obtain (4.41). O
Now we use Lemma 4.7 to estimate the first term in (4.40). We have

1/q
<{ > IISBIIZ}
q BeB N

1/q
SC(k‘,d){ > Var’;(f;B+\B‘;Lq)q} :

BeBn

>. Sp

BeB N

Moreover, by the definition of the weight W, see (4.7), and the inequality (4.11)
of Proposition 4.2

var j(f; BY\ B7; Ly) := W(B* \ B7)/" < N7V,

Combining with the previous inequality and using (4.12) we finally have the required
estimate

S Sp|| <elk,d) (N-9/7card By )" < c(k, d) (N-9/7(3N + 1))/

BeB N

< ek, d)N=YPH1a = ¢, (k, d)N—s/4.

It remains to obtain the similar bound for the sum over boundary 0Gy in (4.40).
Due to Proposition 4.3 and (4.14) 0G y is disjoint and, moreover,

Varlg(f; Q; L) = W(Q) < N1

for every Q € 0Gy.
This immediately implies

1/q
1/q
F— {ZHf_mQHqu(Q)} = { Z Ek(fQQQLq)q}

QeIG N

> (f-mq)-1q

QEIGN

q

1/p
< { Z var (5 Q; Lq)‘m’} < NP (card Gy)Ye .

QE@GN
Since card Gy < 29N, see (4.16), this finally gives

Y (f-mq)-1g

QE@GN

< 2d/qus/d

as required.
Proposition 4.4 is proved. O
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4.5.  Proof of Theorem 2.1(a). We derive the result from Theorem 3.2 and
Proposition 4.4.

Let Q:=[1—10,9),d >0, and [ € Vp’f] if g <ooand f € Vp’flﬂC(]Rd) if ¢ = o0.

Given £ > 0 Theorem 3.2 then yields a function f. € C°°(R?) such that

(4.42) 1f = fellea@ < e
and, moreover,
(4.43) var ;(f2;Q; Ly) < |flvy -

Since Proposition 4.4 is homothety—invariant, it remains true for ¢ substituted
for Q. Hence, given N € N there exist a cover Ay C D(Q) of Q and a piecewise
polynomial gy € Pr_1(Ay) such that

(4.44) 1fe = Gwllz,@) < clk, )N~/ var i (f;Q; Ly)
and, moreover,
(4.45) card Ay < ¢(d)N.

Now let A be a homothety mapping @ onto Q¢, i.c.,

_w—&e

h(z) :== 25"

z eRY,

where e := (1,...,1).

Then Ay := h(Ay) C D(:= D(Q?)) is a cover of Q¢ satisfying
(4.46) card Ay = card Ay < ¢(d)N;

moreover, gy := gy o h™! is a piecewise polynomial from P;_;(Ay).
We will show that for f € V" with ¢ < oo and for f € Vi () C(R?)

(4.47) 1f = gnllg < ek, )N flyy;

this clearly implies Theorem 1.2(a) for N > ¢(d), see (4.46).
Let h*g := goh™!, g € L,(Q%). Then h* : L,(Q%) — L,(Q) and ||h*|| = (1—28)%/4.
Further, we write

1f = gnllg < N(Foh—fo) o B g+ lI(fe — Gn) o Mg

<=2 (||f = flley@ + I1f = fohlliye + IIf- — nllr,@) -

By (4.44) and (4.43) the third term in the parentheses is bounded by
c(k,d)N=°/ f|,« while the first tends to 0 as ¢ — 0, see (4.42), and the second
does as § — 0 for q < 00, and also for ¢ = oo, if f is uniformly continuous on Q).
This proves (4.47) and Theorem 1.2(a) for N > ¢(d).
To obtain the result for 1 < N < ¢(d) we simply set Ay := {Q*} and gn := mga.
Then
1f = anlle = Ex(f;Q% Lg) < e(d)/ "N~ fly
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and, moreover, card Ay =1 < N.

This gives Theorem 2.1(a) for all N > 1. O

4.6. Proof of Theorem 2.1(b). We establish the analog of Theorem 2.1(a) with a
partition of Q¢ into d-rings of cardinality at most c(d)N.

To this end we write the piecewise polynomial gy of Theorem 2.1(a), see (4.24),
in the form

(4.48) gy =mga+ ¥ Po-lg
QeAN

where Py € P,_; and

Ay = U ({HByTB}UDI(Bi»a

BeBn

see (4.19).
First, we assume that Ay covers Q. If Ay is not a partition (otherwise, the
result is clear), it contains at least one tower

This means that for every 0 < i < n there is no Q € Ay such that Q; G Q G Qiy1;
here Qg := 0, Q41 := Q%; hence, the bottom @ # () and the top Q,, are, respectively,
minimal and maximal cubes of T' closest to Q¢.

According to this definition (Ay \ T') U{@x} still covers Q¢. Moreover, the tops
of different towers do not intersect.

These, in particular, imply that if 7}, 1 < j < m, are all towers of Ay and Q(7})

are their tops, then
(AN ‘U T) U (U @@))

is a partition of Q.

Hence, it suffices to subdivide each Q(T}) into a set of d-rings whose cardinality
equals card T;. We do this for m = 1 and then repeat the procedure for the remaining
towers.

Now let T := {Q1 & ... & Qn} be the single tower of Ay. Setting

R :=Q;\Qi—1, 1<i<n,

where R; = Q1 as Qo := ), we obtain the partition R,, := {R;}1<i<n of @, := Q(T)
into d-rings.
Further, we define the family of polynomials {Pg,} C Py_; given by Pg, =

(Z PQj) “1g,, 1 < < n. These definitions imply the identity
j=i

(4.49) ZPQi g, = Z Pr-1p.
=1

ReR,
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Moreover, the T is single in Ay, hence, R, |J(Ayx \ T) is a partition of Q? into
<n+ (N —n) =N d-rings while the piecewise polynomial

gN::de+ZPR'1R+ Z PQ'lQ
ReR, QeAN\T

belongs to Pr_1(R, J(Any \ T')) and equals gy by (4.49) and (4.48).

This gives the result for Ay being a cover of Q.

Now suppose that Ay is not a cover of Q%. Then D(Q?) G4 # 0, since
otherwise D;(Q%) C Gy, i.e., every son of Q% is the head of a basic path. By the
definition of Ay, see (4.19), this implies that D;(Q) C Ay, ie., Ay is a cover of
Q¢, a contradiction.

Further, the set of heads D;(Q?) (G is contained in Ay C D\ {Q?}, and,
moreover, it is nonempty as for otherwise Ay = {Q?}.

Hence, the set

Ay = Ay D@ G5
is a cover of Q% and its cardinality is bounded by

N +cardD;(QY) —1=N+2¢ -1 < 2N.

To complete the proof it suffices to modify the gy to obtain gy €
Pr 1 (An U(D1(Q?) N GS)) such that

(4.50) 1 = Gl < ek )N fye.

We define gy by
QeD1(QI) NG

and then prove (4.50).

Substituting here gy by the right—hand side of (4.48) and using the notations

S=J @ A=D(Q)(G%
QeEAN
we have
QeA

This, in turn, implies

(4.51) LF = anlle < I = gnllg + || D (F = mg) - 1o

QeA q

The first summand is clearly bounded by the right—hand side of (4.50).
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Moreover, the second one equals

1/q 1/p
YOE(fiQiL) | <Y EulfiQiLy)
QeA QeA
1/p 1/p
< Z var 5(f; Q; Ly)” =: Z wW(Q)
QeA QeA

Since A C G, every W(Q) < N~

Hence, the second summand in (4.51) is bounded by (2¢N~1)!/P that clearly also
majorates by the right-hand side of (4.50).

This proves (4.50) and Theorem 2.1(b). O

8 5. Proofs of Corollaries

5.1. Proof of Theorem 1.2. We obtain this result from Theorem 2.1 with s(Vp’fZ) =k
and ¢ < oo. It asserts in this case that under the assumptions

k1 1
(5.1) d>2, 1<p<g<ooand —=--—-

d p q
there exist a cover Ay C D of Q7 of at most N cubes and gy € Pj_1(An) such that
(5.2) 1 = gl < (ks N4 flyy.

It remains to replace here |f \Vpkq by the Sobolev seminorm |f ]Wéﬂ(Qd) if p > 1 and

by the BV*(Q%) seminorm if p = 1. This substitution is justified by the two-sided
inequality

5.3 ~ P
( ) |f’Vp’Vq { ‘f’ka lf p _ 1’

where constants are independent of f, see Theorems 4 and 12 from [B-71, § 4].
The proof is complete. O
5.2. Proof of Theorem 2.3. We should prove the analog of the previous result

for the homogeneous Besov BZ’,\(Q), A > 0, Q C R? whose associated seminorm is

given by

|Q|1/d l/p

(5.4) |f|B]§(Q) — / <wk(f;t; Lp(Q))))\@

tA t
0

where k = k(\) ;== min{n € N;n > A}
We derive this from Theorem 2.1 with s(V¥) = A, k = k(\) and ¢ < co. Hence,
in this case,

A
(5.5) I1<p<g<oo, —=
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and Theorem 2.1 gives under these assumptions the inequality
(5.6) 1f = gnllg < ek, d)N" flus,

with the corresponding gy € Pr)—1(Ay) and Ay.

It remains to replace here | f ]Vpkq by | f] B (Q7)-

To this end we use the classical embedding theorem that under the assumptions
(5.5) gives the inequality

(5.7) Ei(f; Q5 Lg) < e(d, X, )| flya):

see Remark 5.1 below for details.
Now let A := {Q} be a disjoint family of cubes from @¢. Then (5.7) implies

1/p 1/p
(Z Ek(f;Q;Lq)”) <c(d, A, q) <Z(\f|33<@))p> :

QeA QeA

Due to Lemma 2 from [B-94, § 5] the sum in the right—-hand side is bounded by
c(k,d)|f] B (Q4))- Taking supremum over A we then obtain the required inequality

(5.8) [ flvg, < clk, A, @) fIBy@o)

and prove Theorem 2.3. _ 0
5.3. Proof of Theorem 2.4. Now we deal with the homogeneous space Bgl(Q)
whose associated seminorm is given by

it L,(Q)
W)t
(5.9) Flona = / DDy,
0
where k = k().
We prove, under the conditions
A1
(5.10) 1<p<q=o0, d}ZandE:—,
p

existence of the corresponding Ay and gy € Pr(Ay) such that the next inequality
is true:

(5.11) 1f = gwlloo < e(ds A )N~ fl sy (qu);
here k = k(\).
Due to (5.10) A = g < d and therefore k(A) < d+ 1. Since norms || f|[py(q) =

11l 2,@ + £y () with different & > k(X) are equivalent, it suffices to prove (5.11)
for k :=d+ 1 instead of k(\).

We derive (5.11) from Theorem 2.1(a) with S(Vpkq) = X and ¢ = oco. This requires
the embedding

(5.12) B(Q") c VE QY[ C®Y),
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because Theorem 2.1 with ¢ = oo holds only for f € Vi (C(R%). But C(R?) in
(5.12) can be removed as condition (5.10) implies that B)'(Q%) C C(R?)|qa, see,
e.g., [BL, Thm. 6.8.9(a)].

By a reason explained later we begin with the case

. d
A d k d
(5.13) BYRY) cVE(RY, k=d+1, A=

This will be proved for p = 1 and oo while the general case will be then derived
from those by the method of real interpolation.

~ If p =1, then (5.10) implies A = d and k(A\) = d + 1; moreover, by definition
B} = B}. In this case (5.7) is still true, i.e., we have

(5.14) Eani(f;Q; Leo) < c(k, d)| flyq)s

see Remark 5.1 below.
Using the argument used in the proof of (5.8) we obtain from (5.14) the required
inequality

(5.15) |f|v1d;g1(Rd) < C(d)|f|3f(Rd)-

This proves (5.13) for p = 1. _
Now let p = oo, hence, A = g = 0. The arising space B (R?) is defined by the
seminorm

|f|ng(Rd) = Z |f * <Pj||Loo(Rd)

JET

where {¢;} is a sequence of test functions, satisfying, in particular, the condition
F=>"Fxe;
J

with convergence in the distributional sense, see, e.g., [BL, sec. 6.3].
This implies

| flyasigay == sup Ea(f; Q; Loo) < ||fllp@ey < ILf * 0illLo@ay = | f] B0 may.-
(R4) OCRe :
J

Hence, we prove (5.13) for p = 0o as well.
Interpolating the embeddings obtained we then have

(5.16) (BY, B{")g, € (VAL VI g5

[e ole i)

hereafter R¢ is omitted for brevity.
Taking 6 := g = 113 we obtain for the left—hand side the embedding

(5.17) B)' C (B2, B{")

see [P, Ch.5, Thm.6(9)].
Now we show that the right-hand side is contained in V45! (R?) with p := 4.
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Let € : Loo(R?) — Io(A) be a map given by

E: f= (Ba(f; Q; Loo))ens

here A is a disjoint family of cubes @ C R,
By definition

1/p
Hg(f)Hlp(A) = <Z Ed(f; Q; Loo)p> < |f|vpdo+01(Rd)7
QEA
ie., & maps VA(R?) into [,(A) and [|€] <1, 1 < p < oo.
Interpolating this sublinear operator® by the real method we obtain

IEM e a)tr2anen < 1l vasyy,

0000 3

see, e.g., [BK, 4.1.5(c)] for validity of the interpolation result for sublinear operators.
Moreover, (I(A),11(A))g, with 0 = % equals [,(A), see, e.g., [BL, Thm.5.6.1].
Together with the previous this implies

1/p
(Z Eq(f; Q; Loo)p> < flvess var,,

QeA

where § = 1 = 2,
p d

Taking here supremum over all A we obtain the embedding

(Vd+1 Vd+1)0p C Vd+1

ococo’ ool poo )

implying the required embedding (5.13).
To derive from (5.13) the similar embedding for Q¢ we use a bounded linear

extension operator ) )
Ezt: B)Y(Q%) — B)'(RY),

with ||Ext|| < ¢(A, d), see, e.g., [BB, Thm. 2.7.2], and the restriction operator
Res : VAR — VEH(QT).

Denoting the embedding operator in (5.13) by U and composing it with the now
introduced ones we obtain the operator Ugas := Ext o U o Res that embeds B;,“(Qd)

into VEH(Q?) with the embedding constant || Ext| < ¢(d, \).
This proves the required inequality (5.12) and, therefore, Theorem 2.4. O

Remark 5.1. We prove inequalities (5.7) and (5.14).

Let f € L,(Q), 1 <p < q<oo,and mg € Py_1 be the best approximation of f
in L,(Q). Setting for brevity

w(t) == wi(f3t; Lp(Q)), >0,

Sie., E(f +9) < E(f) +E(g) and ENf) = |ME(F), AER
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we estimate the nonincreasing rearrangement of f — mg as follows

QI 1/d
(5.15) 7 =m0 < cth.d) [, i<l

t/2

see [B-94, Appendix II, Cor. 27|.
Taking L, norm and applying the Hardy inequality we have

1f —mollz,@ = I(f —m@) |z, f
Q) a

(5.19) i W/ \*
< c(k, d)[|Hayq /(ul/p—l/Q> %
0

where H,,, u > 0, is the Hardy operator given by

1Q
g(u) du
Hug(t) .=t —.
at)i= v [ ST
t
Since [|H,|| < oo for g > 0, inequality (5.19) is true for 1/g > 0, i.e., for ¢ < oo.
Since + — 1 = 3, the integral in (5.19) is bounded by
Pq
QP V QI v
q P
dt/a / @ at < ek )\)dl/q / w(t) gt
t t ’ t t
0 0

Hence, for ¢ < oo
1f =mellLy@ < ek, d N[ flsyo

which implies (5.7) as the left-hand side is clearly bigger than Ej(f; Q; L,)-
For ¢ = oo we pass in (5.18) to the limit as ¢ — 0" to obtain

QI
w(u'/?) du

Hf - mQHLoo(Q) = lg%(f - mQ)*(t) < C<k>d)/ u/r u =d- C(k7d)|f|B;;1(Q)'
0

Hence, (5.14) follows.

Appendix I Covering Dyadic Rings
First, let @ be a dyadic subcube of Q* such that
(I.1) dist(Q,R*\ Q%) > 0.

The general result will be reduced to this case, see Remark I.1.
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Theorem 1.1. Let (I.1) hold. There exists a cover X of Q*\ Q by cubes® such that
for every overlapping™ pair {K,, K>} C X

1 .
(1.2) |K1ﬂK2‘ P igi%‘Kz’

and, moreover,

(1.3) card K = 4(2¢ — 1).

Proof. Without loss of generality we assume that Q* = Q? := [0,1)¢. By (I.1) the
dyadic cube Q is contained in one of sons of Q4 say, in [1/2e,¢) = H[1/2, 1),

=1

d
e:=(1,1,...,1). Denoting @ := [][ai, b;) we, in particular, have
i=1

(1.4) 0<1-a;<1/2, 1<i<d.

Now let 7 denote a partition of Q% by hyperplanes passing through the vertex
a € @ and parallel to the coordinate hyperplanes. It consists of 2¢ parallelotopes
every of which consists a single vertex ¢ € {0,1}% of Q?. We enumerate elements
of m by these vertices, so that 7 := {Il.}.c(o,134 and ¢ is contained in the closure of
Q*(IL.. Then II. and Il have a (unique) common face whenever ¢, ¢’ differ by
a single coordinate. Moreover, the edge [¢,€") of Q? is orthogonal to this face and
intersects 11, and II...

Let G(m) denote a graph with the vertex set m = {Il.} and the edges consisting of
pairs {II., I/} with a common face. The bijection ¢ : II. +— ¢ is an isomorphism
of G(r) onto the hypercube graph T'y whose vertices and edges are those of the cube
Q.

In fact, ¢ = p(II.) and & = ¢(Il./) are joined by an edge in I'; whenever ¢ differs
from & by a single coordinate, i.e., whenever II. and II., have a common face and
therefore are joined by an edge in G(7).

Further, the graph I'y has a Hamiltonian cycle, i.e., a cycle that visits each vertex
of I'y exactly once, see, e.g., [HHW]. Therefore, G() also has such a cycle denoted

by C(m).
d
Now we apply this construction to the parallelotope II, := [][a;, 1) containing
i=1

d
Q = la,b) := []ai,b;) and the vertex b substituting for that of a. This gives a

i=1
partition 7 of I, into 27 parallelotopes one of which is (). Then we enumerate them
by the vertex set V of II, such that # = {II,},cy and v belong to the closure of
I, N1, eg., I, = Q.
Using the partition 7 we, as above, define the graph G(7) isomorphic to I'; and
denote by C(7) the corresponding Hamiltonian cycle. Hence, II,, I, are neighbours
in C(7) if they have a common face orthogonal to [v, v'].

d

Slet us recall, that all cubes have a form H[ai, bi)
i=1

ie., |Ki [ K2| > 0.
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Now we define a new graph G with the vertex set

V(G) = (m\ {TL.}) [ J (7 \ {IL.})

where II, = @, and with the edge set E(G) of two parts.

The first consists of edges from G(7) and G(7) such that both of their endpoints
belong to either =\ {IL.} or 7\ {II,}.

The second part is as follows.

Let II., I, from C(7) have common faces with Il.(€ C(r)). Since Il. := [a, ),
the vertex a € @ belongs to II. and to II.,. Therefore there exist parallelotopes
I, and II,, from 7 each having one of faces common with that of () and another
containing in II. and II./, respectively.

Then the pairs {I1.,II,}, {II./, I, } from V(G) form the remaining part of edges
from E(G).

It is now the matter of definition to check that

e=e [ Je = em\ (L e\ (@)

is a Hamiltonian cycle in G.

Now we construct the desired cover K of @\ @ beginning first with extension
of each parallelotope of €;, i = 1,2, to a cube contained in Q% \ Q.

We begin with the set

€y = {Il;e € {0,1}"\ {e}}
containing 2¢ — 1 elements.

Let II, H[a b5) and [ be the maximal edgelength of II.. Since by the

19 Y1

definition of H every edge [a5,b) equals either A; := [0,a;) or B; := [a;,1) and

1971

|A;| > |Bi|, see (1.4), the maximal edge of II., say, [ b: ), has the form

Zo’ 0
(L5) 05,5, = Ai = [0,0).
Now we extend II. to a cube replacing every edge [af,b5) = A; by a2, 5) == [0, i)
and every edge equal to B; by [a Z,bf) =[1—a,1).
In this way, we obtain the cube
d
Qt’:‘ = H[ z? z) - Qd

=1

of edgelength a;, that contains II. and, moreover, is contained in Qd \ IL.

In fact, the projections of Q. and I, on the z;, — axis are [a5, bf) 0, a;,), see
(I.5), and [a;,, 1), respectively, that do not intersect.

Thus, we have

U61:UQ€a QEDHE? 67&6,
e#e

where | €y := J{IL;II € C4}.
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Further, we cover | Cy similarly. By definition

Cy = {Hu = lat. 0); ve V\{a}}

i=1

where [a, bY) equals either A; := [b;, 1) or B; := [a;, b;).

Let us show that |A;] > |By|. In fact, Q is a dyadic cube, say, @ :=27"(a + Q9),
a € 74, and therefore |B;| = 27" while |[A;| =1 —b; =27"(2" —a; — 1) > 27" as

+
b; < 1.

Then the maximal edge of II,, say, [a;,, b}, ) has the form
(1.6) [aiy Uiy) = Aig = [big; 1).

Now we extend II, replacing every [a}, b)) = A; by [Zif,gf) :=[1—1",1) and every

[a?,bY) = B; by [b;, b; — 1V); here [" =1 — b;, is the maximal edgelength of II,.
In this way, we obtain the cube

Q=[] o) c Q*

i=1

of volume (I*)? that contains II, and, moreover, is contained in Q¢ \ Q.
In fact, the embedding II, C @, follows from the inequality a; > a? := b; — [”
equivalent to

Further, @, (@ = 0, as the projections on the x;, — axis of these cubes [a} ,b ) =
[biy, 1) and [a;,, bi, ), respectively, do not intersect.
Thus, we have

UecJ[@ c@\@* and 1, C Q..

v#£a

This gives the family F := {Q.} U{Q.,} of 2(2?7—1) cubes that cover the d-ring Q¢\Q
such that )., @, are uniquely defined by the corresponding Il. D Q., II, D @, from
the Hamiltonian cycle C.

Further, we enumerate the cycle € by integers to obtain

C={Il;1<i<2-22-1}

where II; := II; for i = 2-2% — 1, such that II;, II;;; are neighbours in €. Hence,
they adjoint to some edge of Q¢ denoted by [v;, v;11) such that a small shift along
this edge of the smaller parallelotope remains in IT; | JIT;11 € Q% \ Q.

Now let {Qi;1 < i < 2-2% — 1} where Q; := Q for i = 2-2% — 1 and the
numeration of the family F is induced by that of C.

Then by the definition of cubes from F the following is true.

(a) U Qi covers Q4\ Q;
(b) cubes @Q; D I1;, Q;11 D I;;; adjoint to the edge [v;, v;11) and the shift along
this edge of the smaller one, say @, by its length remains in Q;1; C Q% \ Q.
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Let then @;41/2 denote the image of ); under such a shift by the one-half of
its length. Then the cover X := {Q;, Qi+1/2} of @\ Q consists of 4(2¢ — 1) cubes
satisfying the inequality

|Qj in+1/2| > 1/2 miﬂ{|@j|a |Qi+1/2|}

for j =d,1+ 1.
Hence, Theorem 1.1 is proved for @ contained in the interior of Q<¢, see (I.1). O

Remark I.1. Now let (I.1) do not hold. Then some face of @) is contained in a face
of Q? with the vertex e. To reduce this case to the previous one we introduce the
pair Q, Q* := [0,2)%. Clearly, Q is a dyadic subcube of Q* and (I.1) holds for this
pair.

Applying to {Q, Q*} the first step of the previous procedure we obtain the fam-
ilies of parallelotopes {1l } o 2ya\(2¢; and {I, }v\ 43 that cover Q* \ Ily, and Iy \ @,
respectively (here V' is the vertex set of Il.).

Then we use the second step of the procedure extending all of the parallelotopes
. Q% & # 2e, I, Q% v # a, to the cubes. In some cases, the extension is
fictional as the corresponding intersections are empty. E.g., if the vertex b of @
coincides with e, then I, (N Q% = 0 if v # a.

At the third step we as above shift the obtained cubes forming the pairs
{Qi7Qi+1/2}7 1 < 1 < 2(2d — 1), here Qz = Ql fori = 2- 2d — 1 and the nu-
meration of the family of cubes {@;} is induced by the natural numeration of the
Hamiltonian cycle € generated by the pair {Q, Q*}.

Discarding empty pairs {Q;, Qi1+1/2} we obtain the required cover X of Q@ \ Q
satisfying (I1.2). In this case, 2(29 — 1) < card K < 4(2¢ — 1).

Hence, Theorem 1.1 is true also in this case.

Appendix II Approximation Algorithm

We describe the algorithm giving as output the cover Ay in Theorem 2.1. In
what follows, we freely use terms and definitions of section 4.2, e.g., weight, dyadic
tree D := D(Q?), paths etc. Proofs of some statements below will be left to the
reader (all of them are presented in details in [B-2004, § 6]).

Let W : A(D) — R, be a subadditive absolutely continuous weight normed by
the condition

(I1.1) w(Q" =1.
Then the set
(I1.2) Gy ={QeD;W(Q) >N1', NEcN,

is a finite rooted subtree of D with the root Q9. Hence, every path connecting
Q € Gy and Q% is unique and belongs to Gy.

Further, let G%™ be the set of minimal elements of Gy with respect to the
set—inclusion order.
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Hence, every () € Gy contains properly some minimal cube and a son @’ of such
a cube satisfies
W(Q) < Nt

In particular, G is disjoint and as every disjoint subset of Gy has at most N
elements.
Somehow enumerating G\, say,

Gﬁin = {Qi}lgigmw
where
(IL.3) my = card G < N,

we then denote by L; a (unique) path in G joining Q; and Q<.
By the definition of G3®

my
(IL.4) Gy =L
i=1
We divide each L; into more small paths

1—1
Pii:Lz‘\ULj7 I<i<my
j=0
where Ly := {Q%}.

Lemma I1.1. ([B-2004, p. 164]) (a) Family { P;}1<i<my s a partition of Gn \ {Q%}.
(b) Every P; is of the form

(IL.5) b= [Qi, @7) = [Qi, QN {Q7}
where Q) is the tail of a path L; (" L; with j < i.
The set

v = {RQMH N <icmn

contains at most my + 1 elements called contact cubes.

Now we refine Gy subdividing each P; by contact cubes from P;()Cy. In this
way, we define a set of subpaths [, Q") where @)’ is either a minimal cube or a
contact cube, and ) is a contact cube.

Denoting the set of these subpaths by Py we obtain from (IL.3)

(IL.6) card Py < 2mpy + (my + 1) = 3my + 1.

Finally, we divide each path P € Py in the required basic paths. To this end, we
use an auxiliary weight defined on paths P = [Tp, Hp| of D by

(I1.7) W (P) := W (Hp\ Tp).

Now we define for each P € Py a family of vertices (cubes) {Q;(P) € P;1 < i <
i, } using induction on i.
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We begin with Q,(P) := Tp and then having Q;(P) define Q;11(P) as a vertex
in the half-open from the left path

(Qi(P), Hp] := [Q:(P), Hp] \ {Qi(P)}

satisfying the conditions
W([Qi(P), Qin(P)])) = N7V,

/W([Qi(P)aQi+l(P))) <N %L
Then we define the i-th basic path B;(P) by setting

(IL.8) Bi(P) == [Qi(P), Qit1(P)).

The vertex Q;11(P) may be undetermined, if

W((Qi(P), Hy)) < N".

In this case, we complete induction setting ip := i and defining B;(P) to be equal
to [Q;(P), Hp|. However, to preserve formula (I1.8) for this case, we define @Q;11(P)
as the father of Hp. Denoting it, say, Hj (€ P) we define B;(P) for this case by
(11.8) with Q;41(P) := H} and i := i

Hence, the induction has been completed with Q;.1(P) = Hp or Q;11(P) =
H} for i = ip. In this way, we obtain a partition of P by subpaths B;(P) :=
[Qi(P), Qiy1(P)), 1 <i <ip. Let us single out that if Q;;; = H,f, then B;(P) may
be a singleton {H,}.

By definition these subpaths satisfy

W([Qi(P), Qit1(P))) < N7,
W([Qi(P,), Qisr(P))) =

(
for 1 < ip —ep where ep := 0 if Q;,11(P) = H} and ep := 1 otherwise; in the
first case, only the first of inequalities (I1.9) holds.

Collecting all the basic paths we obtain the refinement of Py given by

(11.9)

(IL.10) By :={Bi(P); 1<i<ip, PePy}.
The next result (=Proposition 4.2) gives the output of the algorithm.

Proposition II.1. (a) By is a partition of Gy \ {Q%}.
(b) For every B = [T, Hg] € By

(I1.11) W(Hp\ Tg) := W(B) < N.
(¢) The following is true

(11.12) card By < 3N + 1.
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Proof. (a) By is a refinement of the partition Py, hence, it is also a partition.

(b) is given by the first inequality in (I1.9) and the definition of B;(P).

(c) Let {P;} be a strictly monotone sequence of subpaths in a path P, i.e.. the
head of P; is a proper subset of the tail of P, ;. Then by the definition of W, see
(I1.7),

ZW W (Hp \ Tp).

Now let B;(P) := [Q;(P), Q¢+1( )), 1 < i < ip, be the partition of P € Py into the
basic paths. By the second inequality (I1.9)

ip—€p

(11.13) (ip—ep)N7' < Y W([Qi Qisa)-

i=1

Since the sequence {[Q;, Qit+1] F1<i<ip—ep has multiplicity 2, it can be divided into two
strictly monotone subsequences. Hence, the right-hand side of (II.13) is bounded
by 2W (Hp — Tp). This implies

card By = Z ip < 2N Z W(Hp) + Z €p.

PePyn PePy PePyn

Since the set {Hp}pep, is disjoint, >, W (Hp) < W(Q?) = 1.

PePn
Further, ep = 1 if and only if the endpoint of B;(P) with i = ip is Hj,. By the
definition of Py every head Hp of P € Py is a contact cube. Hence,

Zep cardCy <my+1 < N+1,
PePn

see (IL.3).
Combining this with the previous estimates we finally get

card By <2N+ N+1=3N+1. O
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