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Abstract

The classical support vector machines regression (SVMR) is known as a regularized learning algorithm
in reproducing kernel Hilbert spaces (RKHS) with a e-insensitive loss function and an RKHS norm
regularizer. In this paper, we study a new SVMR algorithm where the regularization term is proportional
to I!-norm of the coefficients in the kernel ensembles. We provide an error analysis of this algorithm, an
explicit learning rate is then derived under some assumptions.
© 2012 Elsevier Inc. All rights reserved.
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1. Introduction

Let X be a compact subset of R"”, Y C [—M, M] for some M > 0. The relation between the
input x € X and the output y € Y is described by a probability distribution pon Z := X x Y,
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but p is known only through a set of samples z := {z;}{" | = {(x;, yi)}7_, € Z" independently
drawn according to p. Given samples z the regression problem in learning theory aims at finding
a function f; : X — R, such that f;(x) is a satisfactory estimate of output y when a new input
X is given.

Support vector machines regression (SVMR) used the e-insensitive loss function (ILF)

0, if |y — f(x)l <e,
ly — f(x)| —e, otherwise,

Viy, f) =1y = fx)le = { (1.1)

to measure the cost paid by replacing the true y with the estimate f(x). In [11], an interpretation
of ILF for SVMR is presented. It demonstrates that it is appropriate to use the ILF rather than the
quadratic loss function (QLF) used in least square regression (LSR) (see e.g. [5,10,8,17]) under
the assumption that the noise affecting the data is additive and Gaussian, but not necessarily zero
mean, and that its variance and mean are random variables, the mean has a distribution which
is uniform in the interval [—e, ¢]. This also helps us to understand the role of the parameter &
in (1.1).
The error for a measurable function f is measured by the expected risk

Ef) :szV(y, f(X))dp=/X/YV(y, f)dp(ylx)dpx (x),

where px is the marginal distribution on X and p(-|x) is the conditional probability measure at
x induced by p. We will denote

[ :=argmin£(f),
where the minimum is taken over all measurable functions. Obviously f* is our ideal estimator
and it is often called the target function. By Theorem 4.1 in [15], we know f™* exists and
If*(X)| <M +e, VxeX.

We are interested in the kernel based learning algorithms. Recall a Mercer kernel K on X x X
which is continuous, symmetric and positive semidefinite, i.e. for any finite set of distinct points
{x1,x2,...,x} C X, the matrix (K(x,-,xj))i j1 is positive semidefinite. The reproducing
kernel Hilbert space (RKHS) Hg associated with a Mercer kernel K is defined (see [1]) as the
closure of the linear span of the set of functions {K, := K (x, -) : x € X} with the inner product
(-, )k satisfying

(Kyx, Ku)k = K(x,u),
and the reproducing property is given by
(Ky, flk = f(x), VxeX, feHk.

The classical SVMR (see e.g. [4,10,16]) is then given by the following scheme:
Joi=arg min {&00 + 2111k} (1.2)
feHk

where &,(f) = L sz=1 V (yi, f(xi)) is the empirical error with respect to z. The term )L||f||%{

m
is called the regularization term, A is the regularization parameter, which is usually chosen to be

some function of m and lim, 0o A(m) =0, || f ||%( is the regularizer.
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The theoretical analysis of the regularized learning algorithms with the square RKHS norm
regularizer is well understood (see e.g. [5,6]). Especially [15] gave a quantitative convergence
result for scheme (1.2). In this paper, we consider a different regularized SVMR algorithm. In
our setting, the regularizer is rather than an RKHS norm but a /!-norm of the coefficients in the
kernel ensembles.

Definition 1.1. Let

m
Hi .z = {Zaini s a; eR,i:l,Z,...,m},

i=1

and

1

Q(f) = inf{

m m
lai| : f = Zain,.} :

=1 i=1

Then SVMR with [!-regularizer is given as

Ja.5 = arg fg%:,z (&) + 182%()} . 1.3)

I'-coefficient regularization generally leads to sparse representation, that is, it tends to result
in a solution with a few non-zero coefficients (see [9,21]), thus these methods have attracted
much attention recently (see e.g. [2,7,14]). However, it should be noticed that there exist essential
differences between algorithm (1.2) and (1.3). For example, in (1.3) both hypothesis space Hg
and regularizer {2,(f) are dependent of samples z, this causes a consequence that the classical
error decomposition approach (see [15]) cannot be applied to (1.3) any longer. There are some
studies in the theoretical analysis of the /!-regularized learning algorithms, but the research is
not very rich yet. Wu and Zhou [18] provide an error analysis of /!-regularized support vector
machines classification (SVMC) by setting a stepping-stone between the linear programming
SVMC and the classical quadratic programming SVMC, but it seems that this approach cannot be
applied to the loss functions other than hinge loss used in SVMC. A general analysis framework
is established in [19] for learning algorithms with sample dependent hypothesis space and
coefficient based regularization, they introduce a modified error decomposition technique by
means of an extra hypothesis error, while the sample errors and learning rates have not been
considered there. Xiao and Zhou [20] studied LSR with /!-regularizer, its key ideas for bounding
hypothesis error are from [19]. Unlike the QLF used in LSR, the ILF is not differentiable. It
causes some new technical difficulties, for example, an explicit expression of the solution f; ) or
its coefficient a, like Theorem 3.1 in [13] or Theorem 4 in [19] is not derived. As the same time,
the inequality (5.2) used to bound the sample error in [20] is not valid for ILF. We overcome this
difficulty by introducing a more general inequality under assumption (4.1) (see Section 4 below).

In this paper, we adopt the ideas from [19] and provide an error analysis of scheme (1.3), we
will mainly focus on estimating the excess risk

Em@(f2)) — EfD), (1.4)

where 77 (-) is a projection operator defined in Section 2. The rest of paper is organized as follows.
In Section 2, we introduce the notations and some preliminary results. We bound the hypothesis
error and sample error in Sections 3 and 4, respectively. An explicit learning rate of scheme (1.3)
is derived eventually in Section 5.
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2. Preliminaries

We will write | - |» for the Euclidean norm in R”. We denote L })X the measurable functions
on X with norm ||f||L}) = fX | f(x)|dpx (x), we also denote C(X) as the space of continuous
X

functions on X with the uniform norm || - || 0.
Since the target function | f*(x)| < M + &, it is reasonable to restrict its approximation
functions to those also contained in [—M — &, M + ¢].

Definition 2.1. The projection operator m = mys4. is defined on the space of measurable
functions f : X — Ras

M + ¢, if f(x) > M +e¢,
a(Hx)y=4{—-M—¢, if f(x) <—M —z¢,
[, if—M—¢< f(x) <M+e.

Since V (y, 7 (f)(x)) < V(y, f(x)), we have that
E@(f) <&, E((f)) < E(f). 2.1

So we take m(fz,) instead of f;, as our empirical target function and analyze the related
learning rates.

We have seen that the hypothesis space Hg , depends on samples, to characterize the
approximation ability (independent of samples) of algorithm (1.3), we adopt the idea in [19]
of using a larger function space containing all of the possible hypothesis spaces.

Definition 2.2. Banach space H is defined as the function set on X containing all functions of
the form

o0
f:ZajK)Cjﬂ {a]}i.;l Ell’ {xj}f;l CX,

j=1

with the norm

o0 &
I s=infy Y lajl: f =) ajKy,
j=1 j=1

Obviously,
HK’ZCH, VZEZm.
By the continuity of K and compactness of X, we have

k= sup K(x,x) < oo.

xeX
It implies that H is a subset of C(X), and
[ fllo = &llfll. VfeH. (2.2)

'H is called the universal hypothesis space associated with scheme (1.3). The approximation error
of f*in H is defined as

D) = ]}271;{5(f)—5(f ) ALY
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D(}) is independent of sample, it is usually estimated by rich knowledge from approximation
theory (see [12]). Itis easy to see that E(f) —E(f™) < || f — f*||L/1) . Hence D()) concerns the
X

approximation of f* in L })X by functions from H, it can be characterized by requiring f* to lie
in some interpolation spaces of the pair (L},X, H) (see e.g. [3,15]).

Definition 2.3. We say the target function f* can be approximated in { with exponent 0 < 8 <
1 if there exists a constant cg such that

D) < cgrf, wa>o. (2.3)

To formulate a error decomposition of (1.4), we introduce
= arg min {€ + A ,
fon gfeH{ )+ Al
and thus

D) =E(fu) —E) + Al fall. 2.4

Now we can give the following error decomposition for the excess risk (1.4).

Proposition 2.1. Let
S, ) = {E@(f2,0)) = E@(fri)) } +{E(f) = ESDY,

and

P(z, 1) = {E( (f2.0)) + M 2%(fri) ) = {E(f) + Al fall} -

Then we have

E@(fz0)) —EfT) < Sz, ) + P(z, 1) + D).

Proof. Since

E(fz.)) — E)
< E@(f2.)) — E) + A 2%(fr0)
={E@(fo) — E@(fo )} + {Er (fr0) + A2 ()}
+ (&) — EUDY — &) + AAIY +{EU) — EG) + Al fill}
= S(z,A) + P(z,A) + D(A),

the conclusion is proved. [
S(z, 1) is usually called the sample error, and P (z, ) is called the hypothesis error. We will
estimate them respectively in the next two sections.

3. Hypothesis error

The hypothesis error P(z, A) is caused by replacing the hypothesis space Hg , by the
universal hypothesis space H. In order to estimate it, we need to give some assumptions on
input X, kernel function K and marginal distribution pyx.
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Definition 3.1. Let F be a subset of a metric space. For any r > 0 the covering number A/ (F, r)
is defined to be the minimal integer / € N such that there exist / balls with radius r covering F.

Covering numbers are used to describe the complexity of X, we shall assume that for some
a>0andcy, > 0,

NX,r) <co(1/r)¥, Vr>D0. 3.1

Definition 3.2. We say the kernel K satisfies a Lipschitz condition of order y with0 < y < 1if
there exists some ¢, > 0 such that

|K(x,u) — K(x,u)] <cylu—u'ly, Vx,u,u’ €X. (3.2)

Definition 3.3. The marginal distribution py is said to satisfy condition L, with 0 < t < oo if
for some ¢; > 0 and any ball B(x,r) :={u € X : lu — x|y < r}, one has

ox(B(x,r)) >crt, VxeX,0<r<l. (3.3)

Definition 3.4. A set {xy, x2,...,x,} C X is said to be A-dense if for any x € X there exists
some 1 <i < m such that |x — x;], < A.

By Lemma 3 in [20], we can get the following.

Proposition 3.1. If X satisfies (3.1), px satisfies (3.3), and {x;};" | is drawn independently

1
n logm—',—t)?_

according to px. Then for any t > 1, with confidence at least 1 —e™", {x;}I"_| is Ca,¢ (

m
dense, where cy ¢ is a constant depends only on a and t.

Proof. We know from [20, Lemma 3] that if py satisfies condition L; with T > 0 and A satisfies

A AT
—log N <X, 5) + Me

o= h (3.4

then {x;}/" | is A-dense with confidence at least 1 — e™". So what we only to do is finding a
solution A to (3.4). To this end, we consider a strictly increasing function

mcg v
2t

Let v* is the unique positive solution of the equation % (v) = ¢, by assumption (3.1),

mcov*? 2\“
S

1
If v* > 2<%>r,wehave

hi(v) = —1ogN(X, %) n v € (0, +00).

mep V¥’
t >

= "ot

o
—logcy — —logm.
T
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Hence
1
l)*S2<logcm—}—%logm—i—t)r
mce
1 1
logcy + 2+ 1\~ 1 t\7
< gCa T 7 ) +1 (Ogm+> ) (3.5)
Cr m

1
Ifv* < 2(%)". (3.5) still holds,

A
o —

Consequently by taking A = ¢4 ¢ (k)gmﬂ)

Cr

with ¢ = 2 [(w) + l], we get

v* < A, and thus A satisfies (3.4). 0O

We now bound P (z, A) by the following theorem.

Theorem 3.1. If X satisfies (3.1), K satisfies (3.2), and px satisfies (3.3), then for any t > 1,
with confidence at least 1 — e™!, there holds

bl

A

logm +1\ 7 DO
m

P(z, 1) =< C <
where C1 is a constant independent of A, m or t.

Proof. We know from (2.4) that [l /il = %' So for any n > 0, fi can be written as
fr=25,b;K,; withu;j € X and

a DA
AL =Y Il <Al 4= 22 4, (3.6)
=1

At the same time, there exists some N € N such that Zj’i n 1bj| < n, and thus

N
Z bjKu; — fi
j=1

o0
<k Y |bjl <xn. (3.7)
00 j=N

log m+t

Proposition 3.1 ensures us {)ci}l’.”=1 iS Ca 1 ( m

1
) * -dense with confidence at least 1 — e, it

implies that under the same confidence, for each u; there is some x(u;) € {xi}lm:1 such that

1
X)) — ujlr < Cav (“’gT’"*’) ", So by (3.2) and (3.6),

ul ul logm + ¢ Ty
D biKu; =Y biKew)) CyCl <—m ) > bl

= 00 j:l

< <lognn11+t>r<D)(\)»)+n>, 38)

IA
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where C; := cycg,r. Since Z?’zl b Kx(uj) € Hk z, we know from (1.3) and (2.1)

gz(”(fz,k)) + )\Qz(fz,k) =< 5z(fz,k) + )LQz(fz,k)

N N
= gz (ijl(x(uj)) + )LZ |b]|
=1 =1

N
< & (Zb,-Kx(u,.)) +ALAN+ ).

j=1
Note that for any f1, f2 € H,

[V(y, fi(x)) = V(y, 200D = I1fi = f2llo-
This together with (3.7) and (3.8) implies

N N
& <ijKx(uj)) =& = ijKx(uj) — fa
j=1 j=1 00
N N
= Zbin(u./>_Zb1Kuj
Jj=1 Jj=1 00
N
+ ijKu] - f)»
= .
Y
< logm—i—t)f <D(k)+ﬂ)+/<77-
m A

Hence,

Ea((f2,0)) + A% (f22) = &) + M foll + An

Y
lo +t\* (DA
+c1( gm ) < ()+17>+K17.
m A

Let n — 0, we get

logm —i—t)¥ D))

gz(ﬂ'(fz,)»)) + )\Qz(fz,k) =< gz(fk) +Alfoll +Cy ( Iy

This proves the theorem. [
4. Sample error

For a measurable function f : Z — R, denote Ef = |[. 4 f(2)dp. In order to estimate the
sample error, one always assumes a variance—expectation bound for the pair (V, p) with the
exponent s € [0, 1] and some ¢; > 0

E{(V(y, f()) =V, f*@)F < cd€() = EGHY, Vil flloo < M+ 4.1

It is easy to see that assumption (4.1) always holds for s = 0 and ¢; = 4(M + ).
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Write S(z, 1) as

S, 2) = {[E@(fz,0) — EfD] = [E(m(fz,0) — E(fD]}
H{[&(f) = E(fH = ES) = EUH
=: S1(z, A) + S»(z, ).

To bound $3(z, A), we need the following one-sided Bernstein inequality (see [5]).
Let £ be a random variable on a probability space Z with mean E£ = pu and variance
02(€) = 2. If | — u| < B almost everywhere, then for all n > 0

ng

2 (02 + %Bn)

Proposition 4.1. If assumption (4.1) holds, then for any t > 1 with confidence at least 1 — 2e™!,
one has

1
Sy(z.3) < (”D(“ L 3Mre) (%)2 ) t+ D).

1 m
Probgezm {; Y E@)—pn = n} <expy—
i=1

6mA 3m

Proof. Denote & := V(y, fA(x)) =V (y, 7 (fL)(x)), & =V (y, 7 (fi)(x)) = V(y, f*(x)), then
Sa(z, 2) = {30 &1(z) —E&1} + (L Y0 £2(z) — E& ). By (2.2) and (2.4), we can see that

Do)
A

Soitis easy to check that 0 < &) < K% and 62(&)) < K%Eéjl.
Applying the one-sided Bernstein inequality to & we have with confidence at least 1 — e ™7,

2ktD (M) N 2kt D(ME(&))

I filloe = kllfall < &

l m
— > &) —E& <
i

3mA mh
wtDR)  ktD()
< + E
= S omn 51
Tkt D(L)
= —= + [E&.
Py &1

For &, noting that both 7 (f)(x) and f*(x) are contained in [-M — &, M + ¢], we know
from assumption (4.1)

&2 < Im () — fF(x)] <2(M +e), o (&) < ¢ (EE))".

Applying the one-sided Bernstein inequality again, with confidence at least 1 — e

L Zéz(zz') —E& < S(M + e)t 2fcs(]Eéz)S
miz

1
(-5 ()"
1
2=

) + &,

! we have

- 8(M + e)t
- 3m

S
E
(M+a)t (
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where in the second inequality we have used the elementary inequality

1 1 . 1 1
—+-—-=1, withp,g>1=ab<—a’+ —-b?,Va,b > 0. 4.2)
P q p q

Since E&; + E& = E(f) — E(f*) < D(A), the proposition is proved. [

It is more difficult to bound S (z, 1), because f; ; depends on samples z and thus runs over a
set of functions in H. We need a uniform probability inequality which involves the complexity
of 'H described by covering number.

For R > 0,denote Bg = {f € H : || f|| < R}. By (2.2) Bg is a bound set in C(X), we denote

the uniform covering number of unit ball By as N'(r) := N (Bi,r),Vr > 0. The following
lemma has been proved in [20].

Lemma 4.1. If X satisfies (3.1) and K satisfies (3.2), then for any 0 <r < 1,

de,\ 7 4
log N'(r) < cq <&> ’ log (2 + —K> )
r r

The next lemma is adopted from [18], it is a uniform law of large numbers for a class of
function.

Lemmad4.2. Let0 <s <1,B > 0,c > 0, and G be a set of functions on Z such that for every
g€G Eg=>0,|Eg—g| < BandEg? < c(Eg)*. Then for any n > 0,

m
Eg—%zg(Zi) 2=
Probgczm { sup 4n'=2 } < N(G, ) exp !

i=1
g VEQ 1T 2(c+ 4Bn')

Proposition 4.2. Let R > 0, if X satisfies (3.1), K satisfies (3.2) and (4.1) holds, then for any
t > 1, with confidence at least 1 — e, there holds

{E@() = EUDY =& () — &)

RY riary Ry tary | .
(EGN) = ESH +Cat <7> +< ) +(—>2 ,

=<

| =

m m

forall f € Bg, where Cy is a constant independent of m, R or t.
Proof. Let Fr .= {V(y, 7 (f)(x)) — V(y, f*(x)) : f € Bg}, then for each function g € Fr
glloc < 2(M +¢), lg —Egl <4(M +¢),

1 m
Eg=E@(f) —E(f") =0, — Zg(zi) =& () — &().
mi=

Assumption (4.1) tells us Eg? < ¢;(Eg)*. So applying Lemma 4.2 to function set Fg, we have

p i {E@() —Ef = & (f) — E(f)}
robgezm { sup >

4771_%
feBg VE@) —ES) +n'
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_ng—s

2 (s + 4 + £y~

< N(Fr,n)exp

Note that for any f1, f> € Bg and (x, y) € Z,

[V, 7(fDx) = V(y, 7(f2) ()] < [7(fO)(x) =7 (2) O] < | f1 = f2llo-
We get

dey R\ ¥ 4R
log N'(Fr, 1) < log N (Bg, 1) zlog/\f(%) < ca( C; )V log <2+ KT)

Here the last inequality follows from Lemma 4.1. Choose 7 to be the positive solution of the
equation

2—s E
m 4c, R\ 7 4k R
ha(n) = 4’7 —ca( v ) log<2+—)=t,
2 (s + 4 + £y~ n U

then for any f € Bg with confidence at least 1 — e/,

E@()) = EFHY = (ET () — E(F5))
<473 (E@() = EF)) + 7
2

< 4+ () — EFIN + (1-5) 4757

1
= 200 + S{E@ () — EHY

where in the second inequality we have used the elementary inequality (4.2) again.
It remains to estimate 7. Since

{E@ () = EUN =& (f) — &(fH} <4M + o),

we only need to consider the range n < M + ¢. In this range,

mn?=* 4cy R v 4k R
ha(n) > ) —Co | — log2 + R = h3(n).

2 (e + 3M + o2 n
If we take n* to be the unique positive solution to the equation h3(n) = ¢, then hy (7)) = ¢t =

h3(n*) < hp(n™). Because hy(n) is strictly increasing on (0, +00), we know 7 < n*. By a basic
calculation, we can bound

o 4 2 R% m
n* < max { [ 6log2cq(4cy)? (cs + §(M +e) ) [ — ,
m

" 4 R%H W
24iccq(4ey)r (cs + 5(M + 5)2—3) ;
m

1

[6 (cs Pt 8)2_“> (%)T
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This proves the proposition by taking

1
2—s+a/y

Cy =20 { [6log2ca(4cy)$ (cs i %‘(M + E)z_sﬂ

Rt
+ |:24/cca(4cy)y (Cs + §(M + &) _S>i|

1
+ |:6 (cs + g(M + e)“)} o } O

Taking f = 0in (1.3), we can see that
M ferll < {E(far) + 22 (for)} < £(0) < M.

So for any z € Z™, f;» € Br with R = % This together with Proposition 4.2 gives the
following.

Corollary 4.1. If X satisfies (3.1), K satisfies (3.2) and (4.1) holds, then for any t > 1, with
confidence at least 1 — e™!, there holds

1
Si(z, 1) = E{E(ﬂ(fz,x)) —E(fM}

1\ = 1 Ty 1\ =
+ Cst 3 a7 +| = ,
mAY mar ™t m

o a+
where C3 .= Cp <M<2*W+a + M(H)yyw + 1).

5. Learning rates

Combining the estimation in Sections 3 and 4, we can finally derive an explicit learning rate
for scheme (1.3).

Theorem 5.1. Suppose X satisfies (3.1), K satisfies (3.2), px satisfies (3.3), and assump-

inl% 4
min 7 a+y+@B—s)yp+ap

pm , we have forany 0 < § < 1,

tion (2.3) and (4.1) hold, by taking ). = (i)
with confidence at least 1 — §,

s

4 max{l,%} 1 min{@,m}
E(fai)) —E(fH) =C <10g 5T 10gm> <—)

m

where C is a constant independent of m or §.

Proof. Putting Theorem 3.1, Proposition 4.1, Corollary 4.1 and assumption (2.3) into
Proposition 2.1, we find for any ¢ > 1, with confidence at least 1 — 4e™",

Em@(fzn) —ET)
1
= JE@(f0)) - EH)
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mA?Y may m

1
Tkc 8(M + ¢ 2c5 \ =5
b4 % n (—Y> t

6mil—p 3m m

Y
1 t\°
+Cicg (ﬂ) Al + 2Cﬂ)\.ﬂ.
m
Therefore,

E@(fzr) —ET)
1

1 1
l 2—s+a/ 1 3—s+a/ 1 2—s
< C4 (logm + t)max{l,%} ( = ) ’ + (—a> ’ + (-)
AY mar ! m

1 1 1
- 4 _ a1 4 )P
+ mkl_ﬂ+m+<m> +

@

BN S

where Cy := 2 <C3 + 1K g SUED) 4 (20)75 4 Crep + 2cﬂ}.

By the choice of A, we can easily check that

N S J S
( 1 _ )23+a/y < )\lﬁ’ ( ]a >3s+a/y < )\‘ﬂ’
miY mar

1 Y

2= T
l< l <)»’3, ;<)\,3, l a1 < a8
m - \m - mi—8 — m -

So our theorem follows by taking C = 7C4 and ¢ = log :3—1'. (]
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