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Abstract

Despite the convolution preserving most of the smooth properties of the functions that take part in it,
there exist differentiable functions whose convolution is not differentiable. In the present result, we study
the algebraic genericity of the set of those functions. In particular, it is proved that periodic continuous
functions can be approximated by functions belonging to a vector space each of whose nonzero members
generates some convolution which is not differentiable.
© 2019 Elsevier Inc. All rights reserved.
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1. Introduction

Let us denote, as usual, by L”[—1, 1] the space of 2-periodic functions so that fll | f(x)]? dx
< oo and by C¥[—1, 1] the space of 2-periodic functions that are k times differentiable and whose
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kth derivative is continuous. In particular, C O[—1, 1], or C[—1, 1] for simplicity, will denote the
space of continuous 2-periodic functions and C*°[—1, 1] will denote the space of 2-periodic
functions which are infinitely many times differentiable. We will also denote by D[—1, 1] the
space of 2-periodic differentiable functions. Moreover, we endow C[—1, 1] with the topology
generated by the norm || f|| = max_;<;<; | f(s)|, which makes C[—1, 1] a separable Banach
space.

If f, g € L'[—1, 1], we define the convolution of f and g as the function

1
(f * ) = f 68— ).

We will refer to the functions f and g that take part in the convolution as “parent” functions. If
one of the functions (say, e.g., f) is fixed, the convolution may be regarded as an operator

T;: L'[-1,11 — L'[-1,1]
g = fxg.
It is known that some of the properties of the parent functions translate to their convolution:

Lemma 1.1. Let f, g € L'[-1,1].

() If f € C[—1,1] for some 0 < k < oo, then f x g € CK[—1, 1] (without any other
assumption on g). Furthermore, the kth derivative of f * g can be calculated via

d* & f
W(f * g)(x) = (W * g) (x).

(2) If f is Lipschitz (that is, there exists a constant L > 0 so that | f(x) — f(y)| < L|x — y|
for every x,y), then f % g is Lipschitz (without any other assumption on g).

The previous properties are well-known and can be consulted in most standard books where
convolution is defined (see, e.g., [23]). Results in this line, and the fact that in many cases
the convolution is more regular than its parent functions (see, e.g., [21] and the references
therein for examples of continuous nowhere differentiable functions whose convolution provides
a differentiable function, despite the self-convolution of the generality of continuous functions
being nowhere differentiable, see [20]) have, in part of the mathematical community, given
the convolution operator the label of “smoothing”. In fact, it is sometimes believed that the
convolution of a differentiable function with an integrable function is also differentiable (see,
e.g., the work by Folland, [18, Theorem 7.2]).

Nevertheless, in [22] the authors proved that this last intuition was not correct, and they
were able to present two differentiable functions whose convolution is not differentiable. The
idea (following a suggestion by Prof. F. Nazarov) was to consider two non-negative oscillating
functions with disjoint supports, so that the overlapping that happened once one of them was
slightly perturbed made the difference of quotients increase towards +oo. In particular, those
functions had non-integrable derivatives. On the other hand, it may be worth-noticing that the
convolution of one of the functions with the derivative of the other function was still well-defined.

In the present paper we will further examine these functions within the framework of their
algebraic genericity, that is, we shall focus on lineability, algebrability, and coneability problems
within this context. Many different topics have been linked, and thoroughly studied, to the area
of research known as lineability. For instance, the study of universality and universal series,
the study of the algebraic genericity of Weierstrass’ monsters and non-differentiable Pettis
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primitives, lattice theory, Whitney’s extension theorem and its variants, everywhere surjectivity,
set theoretical results and consistency, absolutely summing operators, Shannon sampling series,
basic sequences and series, among many others (see [1-17,24-27]). Although the previous
notions are, by now, well known to a number of authors, let us give a brief summary of them
here below:

Assume that X is a topological vector space and « is a cardinal number. Then a subset A C X
is said to be:

e lineable (resp. a-lineable) if there is an infinite dimensional vector space (resp. dim(M) =
a) M such that M \ {0} C A.

e dense-lineable (resp. a-dense-lineable) in X whenever there is a dense vector subspace
M of infinite dimension (resp. dim(M) = «) of X satisfying M \ {0} C A.

e coneable if there exist a positive (or negative) cone C and C \ {0} C A and such that C
contains infinitely many linearly independent elements.

e spaceable in X whenever there is a closed infinite-dimensional vector subspace M of X
such that M \ {0} C A.

And, provided that X is a vector space contained in some (linear) algebra, then A is called
algebrable if there is an algebra M so that M \ {0} C A and M is infinitely generated, that is,
the cardinality of any system of generators of M is infinite.

This paper is arranged in two main results. The first one deals with the existence of large
algebras (that is, with algebrability) of the biggest possible dimension (the continuum, c)
V.,W C D[—1,1] so that, if f € V \ {0} and g € W \ {0}, then f *x g is not differentiable
at 0 (Theorem 2.2). To this end, we will follow the same ideas as those used in [22], adapting
them to define the elements that constitute the sets of generators, first, and then verifying that
non-trivial algebraic combinations have similar behavior as the original functions. Secondly, we
shall focus on the existence of closed positive cones with the same property as mentioned before.

Concerning this last result, the reader might be tempted to study a stronger property than
closed-coneability, namely, spaceability, where a closed vector space instead of a closed cone
is considered. Nevertheless, spaceability is not possible to obtain, due to an important result by
Gurariy (see [19]) establishing the nonexistence of closed infinite dimensional vector spaces in
C[—1, 1] consisting of differentiable functions.

2. Structures within the set of differentiable functions whose convolution is not
differentiable

In the first theorem of this section we will use the following easily verified formula for the
product of sums:

[Ja+bo=> (T[] ] 2i]- @.1)
k=1 Ccly \keC  jel,\C
where we use the convention 1_[ ¢x = 1 and the notation I, = {1, 2, ...,n} (n € N).

ke
We will also need the following lemma, which can be regarded as an elementary exercise of
differentiation:

Lemma 2.1. Let 0 < b < a < 1 and let us consider the function t(x) = a* — b* for x > 1.
Then, T has a unique critical point
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In(b)
Xerit = loga/b @ )

which is a maximum.

Theorem 2.2. There exist two algebras of dimension ¢, V,W C D[—1, 1] so that, if f € V \{0}
and g € W\ {0}, then f x g is not differentiable at 0.

Proof of Theorem 2.2. Divide the interval [, =] into 2’ i subintervals of length

21 ’ 21 5i—1
1 1
1 a1
2i2—i T 92’
. 2. . .
Foreachi > landk = 0, 1,...,2" =1 — 1 consider two C*-hat functions, @i x and ¥ , so

that

2k+1 1 2k+2)

1
supp @ik < <5 + e 5 + e

q Vip C 1 n 2k 1 n 2k +1
u i,k = i PR -~ |
pp k 21 212 21 212
1  8k+5 1 8k+7
< <

¢ik(x) = 1 for 2 + 2i242  — r= 2i + 2i242

1 8k + 1 1 8k +3
Wi’k(x):]forf—i_wixfi_i_W'

and

Let A C (1, +00) be an uncountable family of Q-linearly independent elements. For A € A and

—1 < x <1 define

oo 27-i-1_g

L) =1x"Y Z ¢l (lxD), and
i=1 =
00 i —ifl_l

&) =[xy Yl (x]).

i=1 k=0

We also define, for ig > 1,

00 2i —i—1 1

Fri® =1x" ) Z ¢l (x]) and
i=ig
00 21 71' 1 —1

rig(r) = x" Y Z Yl (1x).-

i=igp

Let us show first that f; is a differentiable function for every A € A. Since f, is an even
function, it will suffice to show that f;(x) exists for 0 < x < 1 and that f (0) =
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Assume first x € ( ) Then, we can write

20’ 210 Hig—1
2i8_i0_1 1 1 1
A
fx()’) =Yy ; gozo k(y) for cvery y € (210 io— >

so f is differentiable on x.
Next, if x = 2+O for some iy > 1, we can see that

)

1 g+ ~Go+1) _ 1 1 1
L) =y . sigeiP—igen ) fory € | o + SGoTTP T o

and hence f is differentiable on x.
Finally, for x = 0, notice that
Zi —i—1 1

GRS ‘i Z @ (x) = 0.
x—=0t X )c—)()+ =0 ik

i=1

Via a similar argument, we obtain that g, is also differentiable, for every A € A.

We observe that, if i > 2 and A € A, then fy(x) — fi;,(x) = |x|* ZZO lzk o (pi}jk(|x|)
has a continuous derivative, and the same would happen for g, — g ;,. Therefore, if h €
L'[—1, 1], then (fr— far.ig)*h and (g, —gx.i,)*h are continuously differentiable (Lemma 1.1-(1)).

Let us show that V.= A{f, : A € A} and W = A{g, : A € A} (the two algebras generated
by the sets {f; : A € A} and {g, : A € A}, respectively) are the two algebras we are searching
for.

Indeed, consider «,, B, € R\ {0}, A, ug € Aand N.,, My, e Nforl <c <n, 1 <d <
m,1 <r<Randl <s < S, where m,n, R, S € N. Define next

f@) = ZaerN“
gx) = Zﬁfl"[g,’ii“m
s=1 =

We remark that for every r # r’ we can find at least one number 1 < ¢ < n so that N, # N,
since those exponents arise from different monomials in the algebraic combination considered to
obtain f (otherwise we may combine the corresponding coefficients «, and o, under one single
coefficient). The same happens with the exponents M, ;.

Forl <r <Rand1 <s < §, we will denote

n
= Z)LCNC,, and
c=1
m
Oy = Z I'Lde,s-
d=1

Letusselect ] <rp < Rand1 < sy < § so that

(2.2)

N, =min{n, : 1 <r <R} and

o5, =minfo; : 1 <5 < §}
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Denote I s = (I x Is) \ {(r0, So)} and notice that, since A, and u, are linearly independent,
we have

ro — Z)"C(NC,V - Nc,ro) >0 and

c=1

m
Oy — avo - ZMd(Md,s - Md,xo) > 0.

d=1
Hence, we can choose iy € N so that, for every |x| < 2,.0%2, we get
D o Bellx| e o) < —Wmfs‘)' : (2.3)
(r,s)elR. s
If now |x| < 2,.0%,, using the expression displayed in (2.1), we may write
R n
c,r M, s
I(f * )(x)| = Zarl"[fh. Zﬁsl_[g A KE))
r=1 c=1 s=1 =
R
= ( H[fxc”_fn + i ]
r=1 c=1
My My My
* (Z Ps H[g”dd h g#ddlo + g#ddlo] (x)
s=1 =
il N N, N,
_ L‘l r _ L‘l,l‘ Cl r
B o Z 1_[[ Jaey ’\01*!'0] 1_[ Srepio
r=I1 CCIy c1eC cpely\C
s N M N 2.4)
dy,s dy,s dy,s
* Zﬂ Z 1_[ [g“lll ~ 8uay. lo] 1_[ 8 1uay.io (x)
s=1  DCly djeD dy€l\D
R
d,s
= (2 1% Zmﬂ%mm

c=1 s=1

- S TI[A - ) T1 A
r }”Cl )“”1 io rz ]

(@,9)A(C,D)CIyxIm | \r=1  ¢jeC cr€l,\C
§ M M M
dy,s _ dy,s l_[ dy.s
Zﬂx H [g“dl gudlio] 8114y i x)
s=1 dyeD dyely\D

If we study the first term in this last inequality, we obtain

R n
", d,
D []h ) Zmﬂ%;m
r=1 c=1 s=1 d=1
m

1 R n
= [ (Ze T Z&Hﬁ%uﬂ)m
U A\r=1 c=1 s=1 d=1
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O{r,Bs/ l_[ )LAC/CZE)( )l_[giid,; (x —t)dt
(r,s)elpxlIg -
|ar0'BYo|/ l_[f)mC VO( )l—[gujf(?(x —1)dt
“ M,
_ |ar,3s|/ l_[f)w (t)l_[gﬂddfo(x — t)dl
d=1

(r,s)elR, s

la’Oﬂml/ l_[f/\: ro(t)l_[gudd,?(x —t)dt
- o | f H A”‘,;(:)l_[gu;’;gx—t)dt

(r, s)GIR s

+ Iamﬂgolf ]_[fx”"(t)]_[guj“’(x 1) dt

_ |Olr,33|/ Hfh (t)l_[gﬂddli)(x—t)df

(r,s)elR, s

v

Lo
and d; ; = 2i, + 2]2‘1—42'2 fori >1and 0 <k < 2i=i-1 _q, Using the notation we introduced in
(2.2),if 1 < r < R, then

Let us focus first on the integrals in [0, 1]. For the sake of simplicity, let us denote ¢; y =

0o 27711 4 N oo 271
N, N c,r
A;,gm—z Z [T(rreglzam) ™ =3 (D)
c=1 i=ig c=1 i=ig k=0

Similarly,

0o 27214

l_lgﬁf,"jo =3 .

j=io 1=0
Then

|Olr0,8€0|/ Hf)trtro()l_[guddlsé)(x—[)d[
- |ar,3s|/ l_[f/:kl(r)( )l_[gud‘l,’o(x —t)dt

(r,s)elR, s

0021711

=y Z f |aro/3v0|r"ro<o”’°<t)1'[gﬂd,°(x—t)

i=ig

- Z |arﬂa|tnr§0 (t)l_[gﬂddfo(x—t) dt

(r,s)€lR s



P. Jiménez-Rodriguez, G.A. Muiioz-Ferndndez, E. Sdez-Maestro et al. / Journal of Approximation Theory 241 (2019) 86—106

00 2’ —i-
35 [ (st Tl
i=ig g
00 2/ —j-1_
— > Bty Z x—r| “(lx —t)) | ar
(r,s)elR s j=ig 1=0
00 21 —i—1_

= Z Z / <|ar0/350|tnr°(ﬂﬂro (®) 1_[ gﬂj N (x —1)
i=ig =

0o 20%=i-1_]

AR D DD DD DI (7 e

j=ip  1=0  (rs)elg.s

x " x = 1Dl 0]
v (|x—t|)¢”’°<r)))

In particular, we remark that we are integrating over numbers that satisfy

0 ., 1 2207t
P g T T 2ig 2o~

Now, notice that if |x| <
we made in (2.3),

— S 05 —0y, Nr —Nr
D e Balt™ o e — |70y 0 (x — g ()

(r,s)€lR,s

then |[x —¢] <

200 71 ’ 21

ot Byl
< 3 Bl maxis, |y — gy o < 12nPul

(r,S)GIR_S

In conclusion,

m

|°‘ro:3vo|/ fofwo(t)l_[gudd (x —)dt
_ IarﬁSI/ l_[f]j‘,;(t)l_[gud S —0)dt

(r,s)elR s

oo2’

=> Z / <|aroﬂvo|r"fw”’°(t>]'[gw“"’(x—r)
i=ig

0o 2i%=i-1_)

—emox =0 3 3 ([l o — g7

Jj=ig =0 (r,s)elR s

x g 0 = il 0]
Y70 (1x — 1)) (r))) di

—— and therefore, if we recall the choice of iy
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002’

=3 Z f |aroﬁso|r"fw”'°<r>Hgﬂdd,ig’<x—r)

i=igp

0o 207-i-1_]

ar S T
_t'?r0|x O'ro Z Z | ()ﬁf()| ”0(| tl)(pn()(t) dt
=ig

o 2 L ety B
Nr, d?
_Z Z f ro 50 t']r0¢ O(t)l_[g/l.dlo(x_t) dt
i=i( k=0
21 —i—1_

Z / (4% roﬂéoltmo ho(l‘) ngd lO(x -1 dr,

for every |x| < 2,.()%1,1' > 0.

Via a similar argument, we can deduce that

lotry By | / ]_[fxr”"(t)]_[gﬂd O(x — t)dt

c=1

- lee, Bs I/ l_[ ;\:‘,;(t)ngw o —1)dt

(r, S)EIR s

002'_’1

ik |ar ﬂ& | T d,s
=3 ¥ f o |r|"'o<p”°<|r|>1_[guj "~ 1)) di > 0.

i=igp

Hence, we can write

R n
Yo ] h )+ Zﬁs Hgii:i':;) (x)
s=1 d=1

r=I1 c=1

2.
i 7171_1 d:
bk f e | " My,
=Y / ’0’3“’ tn»ow(t)]‘[gmm_t) dt,
k=0 Cik

for every |x| < 2%%],1' > ip.

| 8k+5 1
Denoting a; y = 7+ pyirEp bix =
are non negative, we see that

dik
/ t’?ro(pnrO(t) 1_[ Mddls(? <2T _ t) dt

ik

dik 1
:/ t’ifocpl O(I)ngddl(? ( Ziz) dt

ik

1 8k7
+ +

b. m
5 1
z/ l'lrol_[ :ﬁ( 27> dt.
aik
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(2.5)

iR and noticing that the functions <p k Jand g, ;
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Now, if
1 8k+5 1 8k +7
te E+W’E+W ,
we have that

1 1 8+1 1 8k+3
2 Sl T oy T e

My, 1 bi k 1\ %o

/ <t71r0 l_[g//,d l(? ( - i2>> dt :f (tnro <t — 27) > dt

aj k aj k

bi 1 \ ot

N

aj k 2

1 1 7]r0+050+1 bik

—_— t —_—

Ny + 05y + 1 < 2i2> _

aj k

1 1 8k+3)\"0t%t!
==+ ==
Nry + 05 + 1 (21 21242 )
1 8k + 1 Nrg+0sy+1
- <5 + 0i2+2 ) )
Using Lemma 2.1, we can write

1 8k 43\ /1 gk 4 1)t
<5 + 2i242 ) - (5 + 2i242 )

) {( 1 8k -+ 3)[[ﬂr0+as0+l]] ( 1 8k + 1)[[nr0+¢750+1]]
> min —_ 4 — — =+

t_

Then

v

k]

2i 2i2+2 2i 2i2+2

1 8k +3 [[nrg+osy+111+1 1 8k + 1 [[nrg+osy+111+1
<§ + 2i2+42 ) B (E + 2i2+2 ) ’

where [[x]] denotes the integer part of x.
On one hand,

1 8k +3 [[nrg+osy+11] 1 8k 4+ 1 [[rg +osy+11]
(5+5%=) (3+5%)

B 1 1 8k +3 [[1rg+osy+111-1
~ o241 [\ 2i + 9i2+2

< 8k+3)“’7r0+5x0+1]]2 (1 8k+ 1>

2i242 E + 2i242
1 [[77r0 + GSO + 1]] > 1 [[ﬂro + 050 + 1]]
= i241 Ul +osy +1=Di = 5i241  ollnry+osy +11%

1
2i
1 8k+1 [[nrgtosy+111-1
2_ 212+2 )

95
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Analogously,
1 8k +3 [[rgtosy+111+1 1 8k + 1 [[1rg+osy+111+1
<5 2i242 ) B (5 2i2+2 )
1 [[nro + O.SO + 1]] + 1 1 [[Uro + USO + 1]]
- 2i2+1 2[[’)r0+030+1]]i - 2i2+1 2[[77r0+‘7s0+1]]i

In conclusion,

1, B3\ 8k 1\ [l oy + 1]
20 242 ) = 57251 ollng s +111

Hence, we can work on the inequality obtained in (2.5) and conclude that

R n ‘ S m 1
‘(Zl a fiff,r;) . (Z 511 giﬁ‘fo) (5+)

s=1 d=1
2i2—i-1_1
bl g L1 [y toy + 1
- 2 par +o, +1 2i2+1  pllnrg+os,+111i
_ |(¥r0.350| [[Uro + USQ + 1]] 1

) Mo + Oy + 1 " o ([l Fosy + T+ D

for every i > ij. As a result,

)(Zle ar [Teo f;\]:]Lz(r) * (Zf:l Bs [Tz é’;ﬁd,’iz) (%)‘

i
1 .

—_ 1—>00
i2

i

Let us now take a look at the other terms that appear in the last inequality from (2.4)

R
Ncl,r er.r ch,r
2 2o [ = haln] T 5%

(&,2)#(C, D) Iy x I;m r=1 c1eC celp\C
S
A\ e e =] T1 =) (5
s gllvdl gudl,io gﬂdzvi() 21.2 .
s=1 dieD drely\D

If we take a look at the supports of the functions that take part in the previous expression, we
notice that

Ncl,r N(?],r ch,r _
1_[ I:f)tcl - )LclsiO:I 1_[ f}\czvio - O
c1eC cr€lp\C
unless C € {&, I,}, and the same will happen with

1—[ My, s My, s 1—[ Mg, s
gﬂdl gudl,io gp,dz,io’

dieD dyel,\D
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Therefore, we can write

2 z : 1_[ Nz.l r Ncl.r 1_[ NCZ r
or )"‘-l Aeypsio f o)

(D,2)#(C,D)C Iy x Iy r=I1 c1eC crelpy\C
S
o T -aes] T1 ) (5
s ng g#dl iy gﬂdz-,io 2i?
s=1 dieD dyely\D
S
Ncl r Ncl,r Mdl s Mdl,s
Zar [T = i) )+ { 228 T ™ = 0
CIEI,Z s=1 dlelm
Z | P Zﬂ [T 80
&r e, hey o s 8 11ay i
cr€ly drely
S
N(z) Mdla Mdl,x
Z“r [T 5 ) o\ 228 TT o™ — 8t
cr€ly s=1 dielpy

Since at least one of the functions that appear in each of the former convolutions is continuously
differentiable (and the other parent function is at least continuous), we can find a constant K > 0
so that, for every i > 1,

N,_1 r N(;l_r N"Z r
> > TT[ - ) T £k

(D,2)A(C, D) Iy xIy | \r=1  c¢jeC cr€l\C
S
e T -] T et (5
s ng g#dlqio gﬂdz-,io 2i?
s=1 dieD dyely\D
< K—
=85

and therefore

G x) (o) | [(S e TTic £25) = (20 80T ) (5)

21
1 - 1
2i% 2i%
— K —— o0,
i—00

which shows the non-differentiability of f * g at the origin. [

This result shows, in particular, that every function in C[—1, 1] can be approximated by
vectors taken from a linear space consisting of differentiable functions that (except for 0)
may be paired with another differentiable function so that the resulting convolution fails to be
differentiable at the origin. We need the following lemma, whose proof can be found in [2,
Section 7.3].

Lemma 2.3. Assume that « is an infinite cardinal number, that X is a separable metrizable
topological vector space, and that A, B are subsets of X satisfying the following conditions:
(1) A is lineable.

(i1) B is dense-lineable in X.
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(i) ANB =@.
(iv) A+ B C A.
Then A is a-dense-lineable in X.

Theorem 2.4. There exists a c-dimensional algebra W C D[—1, 1] such that the set
Ay ={f € D[-1,1]: forall g € W\ {0}, f * g is not differentiable at 0}

is c-dense-lineable in X.

Proof. Using Lemma 1.1, for every g € D[—1, 1] and every polynomial P, the function P *g is
differentiable. Therefore, if f, g € D[—1, 1], are functions such that f * g is not differentiable
at the origin, then (f + P)* g = f % g + P x g, is not differentiable either.

On the other hand, a well known refinement of the Weierstrass approximation theorem tells
us that, if ¢ > O and f : [a, b] — R is a continuous function with f(a) = f(b), then there is a
polynomial P such that P(a) = P(b), P'(a) = P'(b) and |P(x) — f(x)| < ¢ forall x € [a, D).
Taking [a, b] = [—1, 1], we derive that the vector space

P = {periodic extensions to R of the polynomials P such that P(—1) = P(1)
and P'(—1) = P’(l)}

is dense in C[—1, 1].

Finally, consider the c-dimensional linear algebras V, W <C D[—1, 1] constructed in
Theorem 2.2. Since V is in particular a c-dimensional vector space and Ay DO V, we derive
that Aw is c-lineable. Of course, Pi_1,;; N Aw = &, and Ay + P_;,;) C Aw thanks to the
property proved in the first paragraph of this proof. Thus, it is enough to apply Lemma 2.3 to
X =C[-1,1l,a:=¢,A:=Aw,and B = P_; 3. O

The algebras considered in Theorem 2.2 are generated by sets of the largest possible
cardinality (c), but they are not closed. Before giving the result that deals with closed structures,
we will state the following:

Remark 2.5. For xy # x| and v = (vy, v, v3, 1g) € R* there exists a unique cubic polynomial
Tryx; (V(X) = €333 + €232 + ¢1x + ¢y satisfying

Txo,xl (V)(xo) =y,
/ _
T) . (V(x0) = va, 26
Txo,X| (V)(x1) = v3,
T}, (V(x1) = va.
Notice that the conditions (2.6) translate into a linear system of equations,
3x12C3 + 2x1¢0 + ¢; = vy,
3x§C3 + 2xpc2 +¢1 = 12, 2.7)
x1363 +X1262 + x1c1 + ¢ = v3, '
X8C3 —i—xgcz + xoc1 + ¢co = vy,
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which has as determinant

3x12 2x1 1 0
3x2 2xg 1 0O
det 30 ) = —xf + 4x13x0 — 6x12x3 + 4x1x8 — xé =—(x; — x0)4.
X; x;p xp 1
xS xé xo 1

In particular, the matrix of the system is invertible and therefore there exists a unique solution.
Notice also that when v = 0 € R*, we obtain Ty, x, (v) = O for every xo # xi.

Theorem 2.6. There exist two closed positive cones of D[—1, 1] with the property that the

convolution of two elements, each one taken from each cone, is not differentiable at 0, as long as
the parent functions are nonzero.

Proof. Let {p,, : m € N} be the usual enumeration of prime numbers and define the function

BTL: N - N

n +— Pm)=min{m >1 : p,|n}

Consider also a bijection d = (dy,d>) : N - N x N. For a = (a;,a,...) € RN i>1,0<

k <2"~'—1andx € [0, 1], define the function ¢?, as follows:
Tisiv4 (00, 0, ag ¢pay, 0) (x) if 5 + 2/§T+:1 <x <+ sgtﬁ
o1 8kas 1, 8k+7
2(x)= (B ifor + v <X = 5 + if k is even
PikX) =1~ : if Ly k47 1y k42 ’
Tisiv7 ((@ayopan: 0,0,0)) (x) if 5 + 5 < x < 57 4+ %82,
0 otherwise,
T 144 (0, 0, agyepan, 0)) () if 5 + 23 < x < 5 + 55753,
o1, 8k4S 1, 8ka7
2 () = ] 9L o + 552 =X = 5 + 5w if k is odd
ik X) =1, _ el 8k47 1 2k42 ’
T; sk+7 ((@apepiinys 0,0, 0)) (x)  if o T <X <5+ T
0 otherwise,

where we are using the cubic polynomials considered in Remark 2.5 and we are denoting

1 [ LI+
2 281+2’ o + 28i+2"
Next, extend ¢}, to [—1, 0) via ¢, (—x) = @i x(x) (see Fig. 1 for a sketch of ¢7)).
The idea of using the functions d and ‘B is to repeat every pair of the sequence a infinitely
many times throughout a sequence of points that tend to 0. More concretely, if (m;, my) € Nx N

and we setn = d~'(my, my),i = pl forl > 1 and §§,t§ <x= zi, + %ﬂ for k even, we
obtain that

T I(V) XO X1 (V) fOr X0 =

(pl?tk(‘x) = A4, (PG) = adl(m(p,ll)) = Ady(n) = Am, -

Similarly, if 5 + 5% < x < & 4+ 53 for k odd,

(pf:k(x) = Qm,-
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Paartoi)
@ (v(0)
1| 2k+2 1| 2k+4 1 2k +2 11 2k+4
i 2i {| 28 i 2 | o8 } 2 | o8i | 9i o8i
1 2kt 1 23 1, 2kt 1, 2%+3
21 28/ 2! 2?{1 21 2?41 2! 281
Fig. 1. Construction of the functions ¢?,, given two choices of even numbers ko and k1.
bay(p(iy)
(i)
bap(a)
Qay(p(i))

1\ 2K+
2! ZSI

1||[2k+2 1 2k‘.+ 4
90 98i bY 98

[
2k, +3
8¢

1 2k‘,+1 1 2k+3

2:+ 981 §+ 98i

Fig. 2. Construction of the functions wibk in comparison with the functions ¢?, .

In an analogous way, for x € [0,1], b e RY, i > 1, 0 < k < 27! — | we can define the

function
T; 5 (00, 0, by, (i, 0)) (x) if 2% + 22Tk1 <x< 2ll + Sé‘i—‘g,
1 Bkl 1 8k+3
by _ ) Paiepan if5r + 5 <X <5+ %00 op -
Vi(x) = o3 s 3 ifkiseven,
T skv3 ((bayopans 0,0,0)) (x) if 57 + A5 < x < 7 + 2,
0 otherwise,
Tisi ((0.0. bayepany. 0) (¥)  if £+ 2 <x < L 4 54
1 Bkl L 8k+3
by ) Dacay if - + 8 <x <+ 54, .
Vi) = o1, 8k43 S ifkisodd,
Tisiys ((bayopan: 0,0,0)) (x) if 57 + 5535 < x < 5 + %3,
0 otherwise,

and proceed to extend wibk to [—1, 0) via even symmetry. The reader can find a comparison
between the constructions of ¢!, and I/J}’k in Fig. 2.
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Consider the set cf ={xe€ RN : x, > Xn+1 > 0 for every n > 1} and define the operators

o: ¢f — C[-11]
a - 9(): [-1,1] - R

2Ti-1_1

X — Z Z ?’k(x),

k=0
v cj — C[-1,1]
b — ¥(): [-1,1] — R

oo 27i-1_4

x e 2ZZ¢k(x)
i=1 k=0

Notice that ¢ and ¥ are positive-linear due to the uniqueness of the polynomial satisfying

the conditions in (2.6). Trivially || #(a)|lc < |lalloc and @ is one-to-one, and the same properties

apply to V. Therefore, ® and ¥ are positive isomorphisms into @(c l) and W(c ), respectively,
so that @(cf) and W(cj) are closed positive cones.

Let now {a®)22 |, {(b®}22, € ¢ so that H(a™) % f e Cl=1,1] and ¥(b™) %
geC[-1,1].

Notice that ¢(a)(0) = 0 for every a € ¢| and set/; = d~'(I, 1). Then,

1 6 I 6\ (] 6
() i >
qﬁ(a")<zml +W) (2% * 28P11+2> ol + 28”'”)
1 6 ? a®
= ~n +
270 2871, +2 dl(‘ﬁ([’ll))

(1 6\ w 1 6
- 2’T+28P11+2 4 =00 f<21’_11+281911+2)'

Therefore

1 6
. (5 + i)

2Ph 51, T2

n)}oo

2.8)

and, in particular, {a; | is a bounded sequence. Since a™ is a non-increasing sequence for

every n € N, we obtain that {a‘g") : n,s > 1}is also a bounded set, let us say by M > 0.

Let now x € (0,1) and find integers i, k with i > 1 and 0 < k < 27~! — 1, so that
xe(d+3 F+%2).

Then #@™)(x) = x%¢, (x) —— f(x). On the other hand, @ (0) < max {ag cpa,

daypan} < M+ 1.
Let us choose & = x? (M + 1 — max {aq,¢pq)), dacpay}) > 0 (so thate < x*(M + 1 —

flx)— x%of';)(x)

a(m)

(x)) for every m € N). Then we can find ny € N so that, for every n > ny,

g < x? [M +1-— <pf‘(k)(x)]. Hence
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e )‘ fael 00 < = (2[4 1 - o @]) +xei c0
=x(M+1).

Applying the Squeeze Theorem, we have that limx_,0+ 0 — o,

Since lim,_,o- £ = lim,_, (- ijz(:x’;) = lim,_ o+ £ T = 0, we obtain f’(0) = 0.

As in (2.8), we notice that, for every r € N,
1 6
(n) U (217_[" + 2871, +2>
a, 3
n— o0 1 6

where I, = d~'(r, 1).
Let next x € %, 2,%) Then

2Ti—1_y
@) =x2 Y o).
k=0
We observe that, if A; (V) is the matrix of the system in Remark 2.5, then the coefficients of the
cubic polynomial are given by A; ;(v)~'v. Therefore, if {(valio, € R4 is such that v, —— v,

n—00

then T; x(v,) —> T; x(v). In conclusion, for x € (2, , 2,1 |)

2Ti—1_4 27i-1_4
. ™ 1 oo a®
f) = lim x> Y7 gl ) = § R,
n—00
k=0
1
so f is differentiable on ( o7 7= 1)

If finally x = 2,%, notice that we can write

(n)
@) = Y0} | rigro_, ()

for
_ 1 2027G+D-1 _ 1y 41 1 1
y € Jiy = ig+1 28Go+1) "oip T80 )
On the other hand,
2 am 2 limy— 0o 2
i0+1’27;0+671()’) PR y (Pi0+1.27i0+6_1(Y)

for every y € (0, 1). In particular,
lim,,— o0 a®)
FO =y st )
for every y € J;,, so that f is differentiable on J;, (and therefore on x). In conclusion, f is a
differentiable function. Using a similar argument, g is also differentiable.

Assume next that both f and g are not zero. In this situation there must be some ry € N so
that a?) — a,, > 0.
0 n—soo )
Indeed, otherwise we can choose, given x € (0,1),i > 1 and 0 < 27i-1 _ 1 so that

1 2k 1 2k+2
X € [2—,+2W,27+2T)Then
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B(@™)(x) = x*¢? k V() < x maxl“c(il(fmz))’a;z(fmn)} — 0,
so f(x)=0.
Similarly, we can find sy € N so that b§’g) —> by, > 0.
n—o00

Set mg = d~'(rg, so) and let / > 1. For reasons that will be clarified later, we are going to
choose K > 0 is so that

n ) aryby, 1
<4max{a B i jonm e N}+2K)K < dno7s% 2.9
32 25[7/)10
For this K, we can find n; € N so that, for every x € [—1, 1],
max{| /() = 2@")(0, 1800 — P = K. (2.10)
Additionally (again, for reasons that will be revealed later) such n; can be chosen so that
b
am > 2o pon 5 P (2.11)
rO - ﬁ K \/i
Then
(f + 9@ = (f = 2@") + 0@")) * (g = PO + PB)) @)
> &@"™) % w(b")(x)
- (I(f — P@") x (g — Y)Y+ |(f — ¢@")) x ¥(b")|
+ [P(@") x (g — W(b"’))l)(X)
(2.9
> ¢@")x Ub")(x) — 2K* + 2K max{a”, b\ : i, j.n,m € N}
+ 2Kmax{a("),b(.m) 1i,j,n,meN})
= B@"™) % W(b)(x) — <4max{ W69 i, jon,m e N) +2K)K
(2.10) a by, 1
> pam W (b _ oS0 .
= 9" U)) - =7
Let us, for the sake of simplicity, denote o; ; = # + w and B x = # + w for
2Pm0 28Pmo +2 21’m0 281”m0+2

k=0,....277m2 _ 1 Then

() N b (] ()
d@) x W) (——) = [ d@") (—— —5) ¥®™)s)ds
28Pm0 —1 28[7m0

1
— / @(a(’”)) (s _ 11 ) Sp(b("’))(s)ds
—1 28pm0

since $(a™) is even
1

[
> /2””‘0 ! BHa™)) (s _ ) T(b")(s) ds
1 28Pm0
]
ZPmO
since @(a(’”)), F (b)) > 0
7[)1

my T _

> Z / @(a(””)(s—

) T (b")(s)ds.

2 pmo
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Now, notice that if

1 8k+1H+1 1 82k +1)+3
Se[al,k,ﬂl,k]Z[ — + ( ) + ( ) }

27Phig 28Phg+2  oPhg 28Dy +2
then
1 1 82k)+5 1 8(2k) + 7
B 28[7£n0 € |:2[’1an + 28[7£n0+2 ’ 2P;l110 28[7£n()+2 ]
Therefore

@( (nl)) 1 1 ? (ny)
a S — =15 — a
98Py 8Py ) AP Phng)
1 (nz) 1 2
_ _ _ (ng)
- <s 28leo> S =TT wid, )

@.11) < 1 )2 ar,
> (s——) 2
28Pmg \/i

(n7) _ 2y — 2pn) 5 2
UV (s)=s bd B2y e bso >

and, similarly,

S

Now, we get

BLk 1
/ gb(a<"l>)( s) T(b")(s)ds
ok 28pmo
2
> /ﬁl'k <s 1 ) 24ry by ds
ayk 28pm0 \/_\/_
Bk 4
> M/ (s — 11 ) ds
2 ok 28Pm0

_ anby L 8@0+7 : L 8@h+5 >
- 10 2P£n0 28p£rzo+2 2p£no 2817{710"’2

by 1

a,

0 —_—
10 8Py +1

1 8k +7\* 1 8QK+7\’/ 1 82k +5
: 1 + ] + ] + ] ] + 1
2Pm0 28Pm0+2 2Pm0 28pm0+2 2pm0 28p)?10+2

1 8(2k) +5\*
+---+ — + ;
2Pm0 28pm0+2
aro bSO 1 5 _ ar() bso

10 ~8pL +1 ~4pl, 12ph 42"
2°Pmy T4 2 Pmg 2 0

In conclusion,

[
27pm0 2_l

aryby, . aryby,

! - L0
=0 212pmo+2 16 - 25Pm0

@(a("”)* W(b("l))( 1 ) >
28Pm0
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so that
f*g( . )z@(a("f>)*xv<b<”“>—“’°bs° L b b ]
28Png 32 5P 16 - 23Pmg 32 55ping
_ arybs,
32257

and then we can write

1
f *g< 7 )
8pj ! !
12 mo > 28pm0 arobsg — 23pmo arobs()
]
zgl’mo

160 - 25p£n0 160 1—-o0

so proving that f % g is not differentiable at the origin. [J
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