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Abstract

In this note we study a quantitative version of Bernstein’s approximation problem when the
polynomials are dense in weighted spaces on the real line completing a result of Mergelyan (1960).
We estimate in the logarithmic scale the error of the weighted polynomial approximation of the Cauchy
kernel.
© 2021 Elsevier Inc. All rights reserved.
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1. Introduction

The polynomial approximation problem in weighted spaces of functions on the real line is
a classical subject in analysis since the beginning of the 20th century.
Let W : R — [1, oo] be an upper semicontinuous function on the real line. We denote by

t
Cyw the linear space of continuous functions f : R — C such that |}im % = 0 endowed
t|—00
with finite semi-norm
f@)
I flloo,w = sup |=—=| < +00
T e W)
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We can think of Cy as a normed space (passing, as usual, to the quotient space under the
standard equivalence relation f v 8 < |If — &lloo.w = 0). Throughout the paper we always
assume that W grows to infinity faster than any polynomial:

lim
ltl>o00 W (2)
This condition ensures that the space Cy contains all polynomials.
In 1924, S. N. Bernstein [3] posed the following question: for which functions W satisfying
(1) are the polynomials dense in Cy ? The Bernstein weighted approximation problem has been

persistently attracting attention of analysts for almost a century.
T. Hall [7] proved in 1938 that if the polynomials are dense in Cy, then necessarily

/°° log W(t)
oo 1 +12

=0 VneNlN. ey

dt = oo. 2)

This condition fails to be sufficient for the density of polynomials [8, Section VI.H.3].

There are different approaches to Bernstein’s problem. We mention here two classical
papers by N. I. Akhiezer [2] and S. N. Mergelyan [12], both published in 1956. Let us recall
Mergelyan’s solution to Bernstein’s problem. He introduced the function

Ow(z) = sup{|P(Z)| P eP. PO <VI+2W(E), t e R}, 7€ C\R,

where P is the space of the polynomials. Mergelyan proved that the density of the polynomials
in Cy is equivalent to each of the following conditions:

o Oy(i) = oo,
/ > log 02y (1)
. ————dt =0
oo 14122

If the function W is such that the polynomials are dense in the space Cy, it is natural to
ask about the approximation rate by polynomials. More precisely, let P, denote the space of
the polynomials of degree less than or equal to n. For a function f € Cy and for positive n,
we can define the error of approximation by polynomials of degree n by

Ef) = jnf If = Pllow.

The asymptotics of the sequence {&,(f)} for various functions f were studied by numerous
authors, and we refer the reader to the survey papers of D. S. Lubinsky [10] and of
H. N. Mhaskar [14] on this subject.

For a particular class of functions f, the values &,(f) were estimated by N. I. Akhiezer [2];
G. Wahde [16] found estimates of such kind in the L? norm and used them to deal with
the uniform weighted approximation problem. M. M. Dzhrbashyan [6] studied the best
approximation error of the Cauchy kernel by rational functions.

In this paper, we concentrate on the case when the function f to be approximated is fixed
and equals the Cauchy kernel K(x) := (x —i)~!. In 1960, Mergelyan [13] found an upper
bound for &,(K) for quite a wide class of functions W. The main goal of the present paper is
to obtain matching upper and lower bounds for &,(K) in the logarithmic scale. An analogous
problem in L? norm is also considered. The proofs use the ideas from the paper [4] by A.
Borichev, M. Sodin, and the author.
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2. Main result

Definition 1. Let the function W be of the form
W(x) = exp(e(|x])), x €R,

where ¢ is a positive continuous function strictly increasing on R,. We will say that a function
W is a weight if it satisfies conditions (1) and (2).

Given n > ¢(0), define
A, = o ).

Given « € R we introduce the perturbed weight
Wa(x) = W) + 1),

and the corresponding function ¢, = log W,.
We deal with the space Cy equipped with the norm || f||.o,w defined in the introduction,
and with the weighted L? spaces defined as follows:

p 1/p
L@::{f:R->C:||f||,,,W:=</ /) dx) <oo},
R

W(x)
where p € [1,00). For 1 < p < oo and n € N, define

p,w}

The sequence (E,(p, W)), is nonincreasing; if the polynomials are dense in L"V’V(CW), then
this sequence tends to 0. We are interested in estimating the growth rate of the sequence
|log E,,(p, W)| as n — oo in terms of the function ¢.

An easy calculation shows that

1

x—i

E,(p,W):= inf { — 0(x)

QePy_)

E(p, W) = T L
Pai)=LPaePy | /X2 1|y Pa=1PaePy P
In particular, for the case p = 2 our results relate to the asymptotical properties of the

Christoffel function outside the real line (we refer to [9] for more information about the
Christoffel function). On the other hand, in terms of Mergelyan’s function {2 we have

1
Qw(i)

In our note we deal with the following classes of functions.

lim E,(co, W) =
n—0oQ

Definition 2. Given a continuous increasing function ¢ : Ry — R, satisfying condition (2),
we say that ¢ is

e normally growing if ¢(x)/x? is decreasing and ¢(x) is a convex function of logx on
[A, +00) for some A > 0;

e rapidly growing if ¢(x)/x'** is increasing on [A, +00) for some & > 0 and A > 0;

e regularly growing if it is either normally growing or rapidly growing.

3
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Remark 1. In the definition of normally growing functions by the convexity of ¢(x) as of
function of log x we mean that the function # — ¢(e’) is convex (for example, it holds in the
case when x¢'(x) is an increasing function).

Remark 2. There is a nonempty intersection between the classes of rapidly growing and
normally growing functions, e.g., the function ¢(x) = x*? satisfies both conditions.

Remark 3. Note that the polynomials are dense in Cy and in L%V provided that log W is a
regularly growing function [8, Sections VI.D, VI.G]. For normally growing weights, this can
be proved using the convexity of ¢(e'), and for rapidly growing weights this follows from the
fact that W(x) = el for |x| large enough. Therefore, for a regular weight W the sequence
(E,(p, W)) tends to 0. In particular, for all but finitely many n € N we have log E,, < 0.

We use the following notation: given two positive (or two negative) sequences (c,,) and (8,)
we will write

e o, < B, if for some constant C > 0 one has o, < C - 8, for n € N and
e o, ~ B, if both @, < B, and B, < «, are true.

~

Analogous notation is used for functions.
The main result of our paper is

Theorem 1. Suppose that ¢ is a regularly growing function. Given p € [1, 0o], we have

1
log E,(p, W) =~ —/ min (go <l> , n) dx.
0 X

The implicit constants may depend on ¢ but are independent of n.

Remark 4. The geometrical meaning of our growth classes can be illustrated by Fig. 1.

If the function ¢ grows rapidly, then the area of the part of the subgraph of the function

. 1 .
miny@ | — |, n¢ under the cut-off grows not slower than the area of the remaining part of
X

the subgraph as n tends to infinity, while in the case of the normal growth the part under the
cut-off grows not faster than the area of the remaining part of the subgraph.

4
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We also provide a reformulation of Theorem 1 which clarifies a bit our estimates.

Theorem 2. Under the hypothesis of Theorem 1, for 1 < p < oo, we have

(a) logE,(p, W) =~ —(0_7(”) if ¢ grows rapidly;
=l @(x)dx
(b) logE, (p, W) =~ —f > if ¢ grows normally.
0 x*+1

Due to Remark 4, Theorem 1 implies Theorem 2. The converse implication will be proven
in Section 4.1.
The following corollary can be verified by a simple calculation, which we skip.

Corollary 1. Let p € [1, o). Denote E,, .= E,(p, W). Then we have the following estimates.

o If p(x) = then

X
|log E,,| ~ loglog(n + e).

o If p(x) =xlog"(2+ x),v > —1, then
|log E,| ~ log" ™ n.

o Ifo(x)=x", v>1, then
|log E,| ~n'~!",

o If p(x) =exp(x”), v >0, then

n
log E,| >~ ——.
|log E,| (Togn)!/"

In Section 3 we establish some properties of the Tchebyshev polynomials and bring some
results by Videnskii and Mergelyan. In Section 4 we prove Theorem 1, first in the uniform
case and then in the L? case.

3. Preliminaries
3.1. Some properties of the Tchebyshev polynomials
In this subsection we have collected some properties of Tchebyshev polynomials that are

used in our paper. We start with the classical Tchebyshev inequality.
Let 7,, denote the Tchebyshev polynomial of the first kind of degree n:

T,(x) = % ((x +vx2— l)n + (x —Vx2 - 1)") .

Tchebyshev inequality. For any polynomial P, of degree n such that |P,| < 1 on [—1, 1],
we have

[Pal < |Ta on R\ (=L, 1).

We also need two technical results.
Lemma l. Letn =2k, ke N, and a € R. Then

1/1 "
T /a)l = 5 (5 + 1) .
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Proof.

IT,(i/a)| =

N =
N
Q| ~
_l_
|
le,_
|
—_
\/

=

_l_
/e
Q| ~

|

|
leH

|

—_
\—/
3

| =

| =

a 2 )
n —n
1+,/l+l +l l—i— 1+l >1 l—i-ln O
a a? 2 \a a? ~2\a '
Lemma 2. Let ¢ be a rapidly growing function. Then
T,(x/A, 2"
sup {I (x/ )I}5
x>An

W(x) en’

Proof. We have

/A = (2 [ ) (X S
W /A == || — — - — = = -
2\ A, Ty a2 A, \ a2

n
(= N x2 ) < zx " -
— — — — ), x > A,.
—\ A4, A2 -4, "

Therefore,
T(x/ Ay 2" !

sup {—' o/ )|}§—sup{ ad } 3)

x>Ap W(.X) AZ x>Ap W(.X)
Since the function ¢ is rapidly growing, for some ¢ > 0 and for large n we have

n An

log W =nlogx —p(x) <nlogx — %xua =: g, (x).

Furthermore,

, n n
8u(x) = T 1+ E)XSF,

and we conclude that the only critical point x* of the function g, satisfies the relation

X* 1+£_ 1
A, T l+4e

and, hence, the function g, decreases on [A,, 00). Therefore,

n

= 5 =90 = @A) =nlog Ay —n
for x > A,. Combining this with (3), we get
T,(x/A, 2"
up {| (x/ >|} 3
x>Ap

log

W) |~ e

for n large enough. [J
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3.2. Results of Mergelyan and Videnskii

The result of Mergelyan already mentioned in the introduction is based on a lemma by
Videnskii ([15], Lemma 3). For the reader’s convenience, we provide here the proofs of the
versions of both results, which suffice for our purposes.

Theorem 3 (Mergelyan, [13]). Let ¢ be a function satisfying (2) and such that ¢(t) is a convex
function of logt. Then we have

/

" p(x)dx
log E, (00, W) < — :
og Ey(00, W) S /0 241

A
with [, = =2
e

Lemma 3 (Videnskii, [15]). Let ¢(t) be a convex function of logt. Set

2k
M), = sup
x>0 W(x)
and
© 2k
X
F(x) = —_—
(x) ,; L

Then F(x) < W(x) < x2F(2x), x > 1.
Remark 5. Note that this lemma can also be derived from the results of [1].

3.2.1. Proof of the Videnskii lemma
The sequence (M}), increases for k sufficiently large. Set

2k

X
T(x) := sup —, x > 0.
k=0 My

Since the function ¢ — @(exp?t) is convex, the graph of the function
log T (expt) = sup (2kt — log M)
k=0
is an infinite polygon consisting of the supporting lines of ¢(exp ¢) with even slopes. Therefore,
we have T'(x) < W(x) for large |x|. Then
2%k

Fo=Y g <O cww, xek

2k
k>0 k>0

Next, let Kt — B be (some) supporting line of the graph of the convex function ¢(expt) at
a sufficiently large point #*:
p(exp(t)) > Kt — B, ¢@(exp(t*)) = Kt* — B, K,B eR".
If the slope K is even, then B =log Mk, and T (exp(t*)) = W(exp(¢*)). Otherwise, let m be
the integer part of K /2. Then log M,, < B and we have

p(exp(t*)) = Kt*— B < Kt* —log M,, < 2m +2)t* —logM,, < log (T(exp(t*))) +2t*,

7
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that is
W(x) < x>T(x)

for sufficiently large x = exp(¢*). Thus we obtain
2%k

Fix) = x2k - X - X\ S 2y X
=3 5 = 2y, = 7 (5) 257V
k>0 k>0

which proves the lemma. [

3.2.2. Proof of the Meréfkelyan theorem

1
We set M = sup x—, and b, := ——, so that
=0 W(x) 26M
F(x) = Z bkak.
k=0
. . . Wx) .
Fix n > ¢(0). By the definition of M, it is clear that by < o2k for every x > 0. Taking
X

x = A,, we see that
eZn

by < —.
e

n
A
Consider the polynomial P, = Zbkak. For |x| < ﬂ, we have
e

k=0
S S eZn S eZn
0= F) =Py s 3 ™ = 3 —x® < 30 S <172,
k=n+1 k=n+1 2n k=n+1
Since My <1, we have bg > 1, F(x) > 1, x € R, and, hence,

A2n

Py (x) = F(x)/2, x| < “

Let O, be a polynomial of degree n, with no zeros in the upper half plane and such that
|07 (x)| = Py (x), x € R. Then

F(x) > |Qa2(x)] = Pr(x) > 1.
By (4) we have

2 A2n
[0, ()] = Po(x) = F(x)/2, lx| < .
. . .. . A2n
By the Poisson formula and the Videnskii lemma we obtain that (I, := > ):
e
1 [ log|Qn(x)| 2 log |Q2(x)|
1 2 = — o= 4y > o = q
0g 12, nf_oo x2+1 XN/O PR R
2n Jog F(x) 2n Jog W(%) —2log x
> — dx+0() > 2 dx 4+ 0(1
N/O 8 PG x+(>N/O T + o)
20, In
>f e/ 4+ o >/ 4G
~ 0 )C2 + 1 ~ 0 )C2 + 1

8
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By the definition of E,(co, W) we see that

O .
log E, (00, W) < log 0. <log || Qslleo,w — log |Q,(i)]
n oo, Wy
1 I
" o(x) " p(x)
Stogh Pl — [ 500 < - [7 £

which proves the Mergelyan theorem. [

4. Proof of the main theorem

4.1. Equivalence of reformulations of the main theorem

Recall that the main result is presented in the introduction in two equivalent reformulations.
To show how Theorem 2 implies Theorem 1 we use the following lemma (as was noted in
the introduction the converse statement holds due to Remark 4).

Lemma 4. If a function ¢ is normally growing, then
/“ p()dx _ ¢(a)

0o xX24+17 a
while for a rapidly growing function ¢ we have

/a pdx (@)
0

x24+1 "~ a

, a>1,

a>1.

’

Proof. If the function <,o(x)/x2 decreases for x > A, then we have

a a a 2
/ p(dx _ / podx @) (¢ Pl gl@)
o X241 — Jp x2+1 7 a2 J4, x24+41"7 a -
If (,o(x)/)c1+£ increases for x > A and for some ¢ > 0, then
a a a . 1+¢
/ p(x)dx </ p)dx _ ¢la) [“x"dx w(a), 4> A O
o X241 Jy x24+1 ~alte J, x24+1 7 a -

Combining Theorem 3 with Lemma 4 in both cases we get
| /A" p)dx | 9(An)
—log E, =~ .
X241 A,

Changing the variables we obtain

A A 1
"e(x)dx  @(A,) / "e(x)dx  n f . 1
—logE, ~ —_— ~ — = -1, dx,
og /0 21 + A 1 2 + A A min | ¢ T n

which yields the statement of Theorem 1. [

4.2. Estimating log E,, for the uniform norm

4.2.1. The lower bound
Here we prove the following result.
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Lemma 5. Given a weight W we have
A)‘l
logE, 2 —/ poodx i,
0 .X2 + 1 An
where E, = E,(co, W).

Proof. Let P, be an extremal polynomial of degree n such that P,(i) = 1 and E, = || P, |l w, -
Then, using the Poisson integral formula for the half-plane and the subharmonicity of log | P, |,
we get

. log | P, (x)|dx (/ / > log | P,(x)ldx
0 =1log|P,(i)| < = I + D, 5
g | Pu(0) fR e ) e i+ L, (9

where a > 1 is some parameter to be chosen later.
We start by estimating the first integral:

“log |P,
I :/ —Ogl SN
—a X241

“ P,(x) dx log (x> + 1) “ (x)
B e Ao e s LG

a dx “ P &)
5/ 1og I Pu(®)loow, 5 +f0 xf+1dx SlogEn—i-/O x‘fde,
for a large enough.

The next step is to estimate the second integral in (5) with the help of the Tchebyshev
inequality (Section 3.1):

* log|T, <1 —a,al | Pn
,25/ og|T,(x/a)l +/ 0g (maxi—a.q) [Pal)

x2+1 x2+1
</ n- log(x/a)dx /"Q log (max|_g,q1 | P, |)dx
~J. x2+1 x2+1
n o0 > log (sup[_ Wl)
S— e\ raal 77
Na +A log ”P ”oo Wi 5 | 1 x2+ 1 +/a\ x2+ 1 dx

n 1 n a
§;+logEn+;log(W1(a))§ ;—i—l ¢ E, +M

By (5) and (6) we conclude that

a
—log E, ,S/ ) dx + . +<p(a).
0 X2+1

a
Finally, let a = A, = ¢~ '(n). Then
A

") n
—log E, -,
og 1,\,/0 e Tih

which proves the lemma. [

4.2.2. The upper bound
For normally growing ¢ we just use the Mergelyan Theorem. Indeed, since the function
@(x)/x? decreases for x large enough, we have ¢(2ex) < ¢(x). Therefore,

Ap Aoy Azy/(2e) Azp/(2e)
/ @(x)dx < / pydx f @(2ex) 2edx < / <p(x)dx. @
o x2+1 o x2+1 0 4e2x2 + 1 0 xz+1

10
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To obtain an upper bound in the case of rapidly growing functions ¢ we use the Tchebyshev
polynomials. Taking into account Lemma 1, Lemma 2, and the fact that

T,(x/A,
sup {I (x/ )|}51,
O<x<A, W(x)

we get by the definition of E,:

En< ”Tn(x/An)”oo,Wl < ”Tn(x/An)”oo,W
T LG/ADL T TG/ A

- 1 {|Tn(x/An)|}
< ———— max 1, Sup \—————
|Tn(l/An)| x>Ap W(x)

< ] 2" 1 41 - - 1 L1 -
max (1, — ) [ — <|— ,
~ en A, A,

and finally

n
logE, S ——. 8
ey ®)

4.2.3. Conclusion
Estimates (7), (8) together with Lemma 4 and Lemma 5 give Theorem 2 in the uniform
case.

4.3. Estimating log E,, for the weighted L? space, 1 < p < o0

4.3.1. The upper bound
Recall that for « € R we use the notation

Wy (x) == W(x)(x? 4+ 1)*/2.

Given 1 < p < 00, n > 0, we choose a polynomial P, of degree n such that

Emwm_HF_LM—mmm
and | P,(i)|] = 1. Then
El(p, W) < HL ’ IS
! NEZEN e x2+1
(] P dx sup | 1) " EP(00. W_s).
1) @2+ 1DP Y cer | Woi(x) "

Note, that for a rapidly growing function ¢ we have W(x) > eI, while for a normally
growing function W(x) 2> (x> + 1)? (see Lemma 3). In both cases it follows that
W(x)
2+ 1

Wo(x) = W(x),

and we get

log E,(p, W) < log E,(co, W/?).
11
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Since the function ¢ /2 grows regularly, we can use Theorem 1 for the case p = oo (which is
already proved) to obtain that

o1/ o 1
logE,(p, W) < — | min(=¢|—),n)dx < — —min{¢(—),n)dx,
0 2 X 0 2 X

which gives the upper estimate in Theorem | for 1 < p < oo.

4.3.2. The lower bound
Now, let P, be the extremal polynomial of degree n for the L? norm, such that P,(i) = 1
and

E (p, W) = IPall pw, -
Then

log | P, (x)|dx </ [ )loglP (X)) dx
0< =1+ I, 9
/]1; x? +1 [x|<An [x|>=Ap x? +1 : ? ( )

where A, = ¢~ !(n) as before.
To estimate the first integral we use the Jensen inequality:

An P,(x) Pdx An dx
I = lo “ +2 / x)+logvx2+1
: /_An & WoOVxZ+ 1] x2+1 P 0 ((p( ) & ) x2+1
An P,(x Pdx An p(x)dx
con{ [z ). [
—An | WOONX2+1] x>+ 1 o x2+1
A p(x)dx

Slog Eq(p, W) +/ (10)
0

X241
To estimate I, we use the following lemma.

Lemma 6. Let Q be a polynomial of degree n, a > 1 and p > 1. Then
2 pra

max Q1" 5 ”; |07 dx

—a,al —a

Proof. Let xo € J := [—a, a] be such that
max | Q] = [Q(xo)!

a
—. X0+

Then for every x € J; == [xo —
2n

that

a
ﬁ] N J there exists & on the interval J N J; such
n

10(x) — Q(xo)l = |x — xo - |Q'(§)] < o 2IQ 9]

Therefore, applying the classical Markov inequality [11]; [5, Theorem 5.1.8] on the interval
[—a, a], we obtain

19(x) = Qxo)| = 7 2IQ @l = Z——IQ(M)I = —IQ(xO)I

and, hence, we have

IQ(X)IE%IQ(Xo)I, Ix — xo| < 2“
12
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Thus,

“ 1
QPdx = [ 1Q1Pdx = —— —0(x)I”
—a JnJ, 41’!2 2p

proving the lemma. [J]

Finally, we turn to estimating /. By the Tchebyshev inequality,

* log|T,(x/A,)|dx o dx
12 S/ M +f log max |Pn| JE—
A x2+1 A, [~ An.An] x2+1

n

®n-l Ap)d > d
A

x2+1 —An.An] Lox241

n

By Lemma 6, we obtain that

n 1 n? [4n
L<—+ —-log|— P,|7dx
2NAn+An 0g<An/:An| | )
n logn®* 1 WP(A,) (A2 + 1)P/2 [An Py (x) r
<— + —log ——— dx
An An An An —Apn W(X)V x2 +1
log(A2 +1)—2log A, 1 An P, p
st L )
An An An —Apn W()C) )C2+1
no (A, 1
<— —log E(p, W
S + A + A og E,(p, W)
S 4 log Eq(p, W),
Ay

because n = ¢(A,).
Combining this estimate with (9) and (10) we get

A
" p(x)dx  @(A,)

—log E,(p, W) < —
og Eu(p )N/O 211 A

which completes the proof of Theorem 2 and, hence, of Theorem 1, inthecase 1 < p < oco. [
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