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Abstract

The Easy Path Wavelet Transform (EPWT) (Plonka, 2009) [26] has recently been proposed by one of
the authors as a tool for sparse representations of bivariate functions from discrete data, in particular from
image data. The EPWT is a locally adaptive wavelet transform. It works along pathways through the array
of function values and it exploits the local correlations of the given data in a simple appropriate manner. In
this paper, we aim to provide a theoretical understanding of the performance of the EPWT. In particular, we
derive conditions for the path vectors of the EPWT that need to be met in order to achieve optimal N-term
approximations for piecewise Holder smooth functions with singularities along curves.
© 2013 Elsevier Inc. All rights reserved.
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1. Introduction

During the last few years, there has been an increasing interest in efficient representations
of large multi-dimensional data, especially for signals. In the one-dimensional case, wavelets
are particularly efficient to represent piecewise smooth signals with point singularities. In two
dimensions, however, tensor product wavelet bases are no longer optimal for the representation
of piecewise smooth functions with discontinuities along curves.
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Within the last few years, more sophisticated methods were developed to design approxi-
mation schemes for efficient representations of two-dimensional data, in particular for images,
where correlations along curves are essentially taken into account to capture the geometry of the
given data. Curvelets [3,2], shearlets [13,14] and directionlets [35] are examples for non-adaptive
highly redundant function frames with strong anisotropic directional selectivity.

For piecewise Holder smooth functions of second order with discontinuities along C2-curves,
Candes and Donoho [3] proved that a best approximation fy to a given function f with N
curvelets satisfies the asymptotic bound

If — fnl3 < C N~2(logy N)3,

whereas a (tensor product) wavelet expansion leads to asymptotically only O(N 1) [22]. Up to
the (log, N )3 factor, this curvelet approximation result is optimal (see [7, Section 7.4]). A similar
estimate has been achieved by Guo and Labate [13] for shearlet frames. These results, however,
are not adaptive with respect to the assumed regularity of the target function, and so they cannot
be applied to images of less regularity, i.e., images which are not at least piecewise C2 with
discontinuities along C2-curves. Just recently, the N-term approximation properties of compactly
supported shearlet frames have been studied also in the 3D case, [20]. Using two smoothness
parameters « and B in (1, 2] controlling the classical as well as the anisotropic smoothness, nearly
optimal approximation rates are proven in [20]. In [12], a general framework called “parabolic
molecules” has been presented covering most of the curvelet- and shearlet-like constructions and
showing that these systems all provide the same approximation results.

In the bivariate case, for piecewise Holder smooth functions of order @ # 2, one may rather
adapt the approximation scheme to the image geometry instead of fixing a basis or a frame
beforehand to approximate f. During the last few years, several different approaches were
developed for doing so [1,5,6,8,9,15,19,21,23,26,27,29-31,36]. In [21], for instance, bandelet
orthogonal bases and frames are introduced to adapt to the geometric regularity of the image.
Due to their construction, the utilized bandelets are anisotropic wavelets that are warped along
a geometrical flow to generate orthonormal bases in different bands. Le Pennec and Mallat [21]
showed that their bandelet dictionary yields asymptotically optimal N-term approximations, even
in more general image models, where the edges may also be blurred.

Further examples for geometry-based image representations are the nonlinear edge-
adapted (EA) multiscale decompositions in [1,15] (and references therein) based on ENO
reconstructions. We remark that the resulting ENO-EA schemes lead to an optimal N-term
approximation, yielding || f — fN||% < C N2 for piecewise C>-functions with discontinuities
along C2-curves. Moreover, unlike previous non-adaptive schemes, the ENO-EA multiresolution
techniques provide optimal approximation results also for BV -spaces and L? spaces, see [1].

In [26], a new locally adaptive discrete wavelet transform for sparse image representations,
termed Easy Path Wavelet Transform (EPWT), has been proposed by one of the authors. The
EPWT works along pathways through the array of function values, where it essentially exploits
the local correlations of image values in an appropriate manner. We remark that the EPWT is
not restricted to a regular (two-dimensional) grid of image pixels, but it can be extended, in a
more general setting, to scattered data approximation in higher dimensions. In [27], the EPWT
has been applied to data representations on the sphere. In the implementation of the EPWT,
one needs to work with suitable data structures to efficiently store the path vectors that need
to be accessed during the performance of the EPWT reconstruction. To reduce the resulting
adaptivity costs, we have proposed a hybrid method for smooth image approximations in [29],
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where an efficient edge representation by the EPWT is combined with favorable properties of the
biorthogonal tensor product wavelet transform.

In [28], we have proven optimal N-term approximation rates for the EPWT for piecewise
Holder continuous functions of order « € (0, 1]. Our proof in [28] is mainly based on an
adaptive multiresolution analysis structure, which is only available using piecewise constant Haar
wavelets along the pathways.

But the EPWT does not necessarily need to be restricted to Haar wavelets. In fact, the
numerical results in [26,33] show a much higher efficiency for smoother wavelet bases as e.g.
Daubechies D4 filters and biorthogonal 7-9 filters. These observations motivate us to study the
N-term approximation for Holder smooth functions of order o > 1 in this paper. In particular,
we will derive conditions for the path vectors leading to optimal N-term approximation by the
EPWT. More precisely, we present three conditions for the “optimal” path vectors that imply
optimal N-term approximations of the form

If— fnl3 <CN™ (1.1)

for the application of the EPWT to piecewise Holder smooth functions of order « > 1, with
allowing discontinuities along smooth curves of finite length. Unfortunately, the three conditions
on the path vectors are very difficult to ensure. We regard these conditions as an idealized setting
which heuristically explains the performance of the EPWT with higher order wavelets, and which
give us a hint on how to construct suitable path vectors. The path constructions of the “relaxed
EPWT” in [26] aimed at a good compromise to produce many small wavelet coefficients, on the
one hand, and low costs for path coding, on the other hand. Interestingly enough, our results in
this paper show that the path constructions in [26] yield already a fairly good tradeoff to meet the
optimal path vector conditions. In our previous paper [16], we have applied the EPWT in image
denoising, with path vectors that approximatively satisfy the optimal path vector conditions.

With using piecewise constant functions for the approximation of a bivariate function f, the
EPWT yields an adaptive multiresolution analysis when relying on an adaptive Haar wavelet
basis (see [26,28]). If, however, smoother wavelet bases are utilized in the EPWT approach, such
an interpretation is not obvious. In fact, while Haar wavelets admit a straightforward transfer
from one-dimensional functions along pathways to bivariate Haar-like functions, we cannot rely
on such simple connections between smooth one-dimensional wavelets (used by the EPWT) and
a bivariate approximation of the “low-pass” function. Therefore, in this paper we will apply
a suitable interpolation method, by using polyharmonic spline kernels, to represent the arising
bivariate “low-pass” functions after each level of the EPWT. One key property of polyharmonic
spline interpolation is polynomial reproduction of arbitrary order. We will come back to relevant
approximation properties of polyharmonic splines in Section 2.

The outline of this paper is as follows. In Section 2, we first introduce the utilized function
model, some issues on polyharmonic spline interpolation, and the EPWT algorithm. Then, in
Section 3, we study the decay of EPWT-wavelet coefficients, where we will consider the highest
level of the EPWT in detail. To achieve optimal decay results for the EPWT wavelet coefficients
at all levels, we require three specific side conditions for the path vectors in the EPWT algorithm,
the region condition, the path smoothness condition and the diameter condition, see Section 3.2.
We also show, why the path smoothness condition is very restrictive. In fact, it cannot be met for
the usual EPWT as described in [26] for « > 1. Therefore, in this paper we introduce suitable
smooth path functions in order to derive the path vectors for the EPWT. Finally, Section 4 is
devoted to the proof of asymptotically optimal N-term error estimates of the form (1.1) for
piecewise Holder smooth functions.
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2. The EPWT and polyharmonic spline interpolation
2.1. The function model

Suppose that 2 C [0, 1]*> has a sufficiently smooth Lipschitz boundary. Further, let F €
L%(£2) be a piecewise smooth bivariate function, being smooth over a finite set of regions
{£2:}1<i<k, where each region (2; has a sufficiently smooth boundary (2. In other words, the
boundary curves have bounded derivatives; in particular, they are Lipschitz and of finite length.
Moreover, the set {{2;}1<;<k is assumed to be a disjoint partition of {2, so that

K
Um:ﬁ
i=1

where each closure ﬁi is a connected subset of (2, fori = 1,..., K.

More precisely, we assume that F' is Holder smooth of order « > 0 in each region (2,
1 <i < K, so that every pu-th derivative of F on (2; with |u| = |« satisfies an estimate of
the form

IF®(x) — F¥(p)] < Cllx —yI$7"™ forall x, y € 0.

Note that this assumption for F is equivalent to the condition that for each xg € (2; there exists
a bivariate polynomial g, of degree |« ] (usually the Taylor polynomial of F of degree |« | at
X0 € () satisfying

|F(x) = ga(x —x0)| < Cllx —xoll3 2.1

for every x € (2; in a neighborhood of x¢, where the constant C > 0 does not depend on x or
Xxo. But F may be discontinuous across the boundaries between adjacent regions. Note that the
Holder space C¥ (%) of order @ > 0, being equipped with the norm

|[F (x) — F (y)]
IFliceca) = IFllcaig) + Y. sup ]
|wl=la) ¥7Y [lx —}’||2

coincides with the Besov space Bg, ,,({2), when « is not an integer. Here, we use the C led (42
norm

IF ety = sup [F)l+ Y sup [0*F(x),
xel); Itl=|o| X€EL2

see e.g. [4, Chapter 3.2]. In order to be able to apply the known error estimates and boundedness
estimates for polyharmonic spline interpolation within the next sections, we slightly strengthen
the smoothness condition for F by assuming the F on (2 is also contained in the Sobolev space
W;‘“(Q,-), where for« = m € N, Wé”“(()i) consists of all functions f € L?(§2) having

distributional derivatives D* f, |u| < m + 1, in L%(£2;), and where for « € (m, m + 1) we use

2
2va+1) £ 2
IIfIIW2a+I(Rz) = (/Rz(l + 101 f ()] dw) ,
and

1 sty = inflllglysni gz, : & € Wt R, gla, = £).
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Here the Fourier transform of f is given by f (w) = fR2 f(x)e™ "% x. The Sobolev embedding
theorems state that Wg'H C C%, see e.g. [34]. Moreover, the Sobolev embedding is usually
sharp, i.e., the functions in Wé"“ possessing a pointwise Holder exponent greater than o form

a so-called HR-small set of W;“H, where this set is both Haar null and of first Baire category,
see [11].

Now by quasi-uniform sampling, the bivariate function F' is assumed to be given by its func-
tion values taken at a finite grid />;. For a suitable integer J > 1, let {F (y)}yer,, be the given
samples of F, where Ir; C £2 with #I,; = 22/, and

min [yi — 2l > €277, sup inf [lx — yll, <27V 2.2)
Y1, 026l xe Y€

with a positive constant 1 being independent of J. Moreover, let
I'? ={yehy:ye) forl<i<K (2.3)

be the set of grid points that are contained in the regions (2, for 1 < i < K, where we as-
sume J to be large enough, so that the sample points in Fiy are sufficiently dense, which in
turn leads to sufficiently accurate approximations to F on the subdomains I by polyharmonic
splines interpolation (see Section 2.2). Obviously,

K
27

U I =Dy,

i=1

and for the size #Fizj we have #Fl.zj <#l; = 22J for every i with1 <i < K.

Remark. Note that our assumption concerning the Lipschitz smoothness of the subdomains’ (2;
boundaries is quite restrictive. Indeed, for image partitions, this condition is rather unlikely to be
satisfied. In that case, the boundary curves of the subdomains are usually only piecewise smooth.

2.2. Polyharmonic spline interpolation

Next we compute a (piecewise) sufficiently smooth approximation to F from its given sam-
ples. To this end, we construct a suitable interpolant F>/ satisfying the interpolation conditions

F?(y) = F(y) forally € Iy. (2.4)

This is accomplished by the application of polyharmonic spline interpolation separately in
each individual region (2;, in order to first obtain, for every index i, 1 <i < K, a polyharmonic
spline interpolant FiN satisfying

F¥(y) = F(y) forally e I'* (2.5)

at the interpolation points I iy C ;. For the required (global) interpolant F2/, we then let

K
F¥(x) =Y FY (0)x0,(x) forxen (2.6)
i=1
to satisfy the interpolation conditions in (2.4), where x ), is the characteristic function of (2;.
Recall that polyharmonic splines, due to Duchon [10], are suitable tools for multivariate
interpolation from scattered data. For further details on polyharmonic splines, especially for
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relevant aspects concerning their local approximation properties, we refer to [18, Section 3.8].
We apply the polyharmonic spline interpolation scheme in two dimensions. Then the interpolant
FiZJ in (2.5) is assumed to have the form

FPx =Y ¢ da(lx—yl) + i), Q2.7

2J
yel7

where? fora € (m,m + 1), m € N, we use the fixed polyharmonic spline kernel ¢ (r) = r2e,
and p;, € P, is a polynomial in the linear space P, of all bivariate polynomials of degree at
most m. By Theorem 8.16 in [38],

- 222 P+ 1) 5o

¢o(@) = WHUJ”Q )
and hence ¢, is of order [a] = m + 1. Fora = m € N, we choose ¢, (r) = r2m log(r), such
that ¢ = ¢, is again of order m + 1 with the generalized Fourier transform

G (@) = (=1)" 122" Tn + 1ym! )22,

see [38, Theorem 8.17].

Note that the interpolant F>/ in (2.7) has #I'*/ + dim(P,,) parameters, ie., the #I'*/
coefficients cfl in its major part and another dim(P,,) = (m + 1)(m + 2)/2 parameters in its
polynomial part. However, the interpolation problem (2.5) yields only #Fizj linear conditions on
the #Fin + (m + 1)(m + 2)/2 parameters of FI.ZJ . To eliminate additional degrees of freedom,
we require another set of (m + 1)(m + 2)/2 linear constraints on the coefficients cﬁl, as given by
the vanishing moment conditions

Z cil p(y)=0 forall p € P,. 2.8)
yEFizj

To compute the coefficients of the polyharmonic spline interpolant FiZJ , this then amounts to
solving a square linear system with #Fizj + dim(P,,) equations, (2.5) and (2.8), for #Fiy +
dim(P,,) unknowns, given by the parameters of FiZJ .

According to the seminal work of Micchelli [24] on (conditionally) positive definite functions,
this square linear equation system has a unique solution, provided that the set of interpolation
points are P,,-regular, i.e., for p € P,, we have the implication

p(y) =0 forallye I’ = p=0, (2.9)

so that every polynomial in P, can uniquely be reconstructed from its values on Fiy . In
fact, this complies with earlier results in [10], where the well-posedness of the polyharmonic
spline interpolation scheme is proven via a variational theory concerning (polyharmonic) splines
minimizing rotation-invariant semi-norms in Sobolev spaces.

Therefore, we can conclude that the polyharmonic spline interpolant Fi“ in (2.7), satisfying
(2.5) and (2.8), is unique provided that the interpolation points Fin satisfy the (rather weak)
regularity conditions in (2.9). From now we will tacitly assume that the conditions in (2.9) are
fulfilled. In this case, we can further conclude that the polyharmonic spline interpolation scheme
achieves to reconstruct polynomials of degree m.
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Concerning the local approximation order of polyharmonic spline interpolation, we refer
to [17]. In the subsequent analysis in this paper, we require one specific approximation result
for polyharmonic spline interpolation concerning its global approximation behavior. From
Lemma 4.1 in [25], we observe the estimate

K
2J 1
IF = F¥ll20) < Cr Y hG IF s g, (2.10)

i=1
for the interpolation error in Sobolev spaces, where the fill distance

heo = sup inf |lx —ylla <2772 forl <i<K
xefy yel'?

measures the density of the interpolation points in (2;. In particular, we also have
2J
”F - F ”W;Jrl(gi) =< C”F”WgH(.Qi)’
and hence

IE lyas1 gy < (€ + DIFllyas g

i.e., the interpolant F2/ is uniformly bounded in the W;‘“ (£2;)-norm independently of 2.J, see
[25, Corollary 4.3]. Finally, by a continuous embedding of W;“ (f2;) in C¥({2;), we ensure the
boundedness of || F2/ || ce independently of J, see e.g. [32, Theorem 3.2.1].

2.3. The EPWT algorithm

Now let us briefly recall the EPWT algorithm from our previous work [26]. To this end,
letp € C B for B > «a, be a sufficiently smooth, compactly supported, one-dimensional scal-
ing function, i.e., the integer translates of ¢ form a Riesz basis of the scaling space Vp =
clos;2span {¢(- — k) : k € Z}. Further, let ¢ be a corresponding biorthogonal and sufficiently
smooth scaling function with compact support, and let ¢ and v be a corresponding pair of com-
pactly supported wavelet functions. We refer to [4, Chapter 2] for a comprehensive survey on
biorthogonal scaling functions and wavelet bases and summarize only the notation needed for
the biorthogonal wavelet transform. For j, k € Z, let

Qix(t) =202/t —k) and () =272y (2t — k),

likewise for ¢ and . The functions ¢, @ and ¥, ¥ are assumed to satisfy the refinement equa-
tions

PX) =V2Y hap@x—n)  Y(x) =v2) gup2x —n)
G =V2Y ha@x—n)  Y(x) =v2) GugQ2x —n)

with finite sequences of filter coefficients (h,),cz, (fz”)nez and (gn)nez, (Gn)nez. By assump-
tion, the polynomial reproduction property

> {Pm-@jk) 0jk = pm forall j € Z,
k
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is satisfied for each polynomial p,, of degree less than or equal to m = [, and so,
(Pm, ¥jx) =0 forall j,k € Z.

With these assumptions, {y/;x : j, k € Z} and {Iﬁj’k . j,k € Z} form biorthogonal Riesz
bases of L2(R), i.e., for each function f € L%(R), we have

f= Y (Lviaic= Y (f 0V

J.keZ J.keZ

For a given univariate function f/, j € Z, of the form f/(x) =Y,z ¢/ (n) ¢, » one decom-
position step of the discrete (biorthogonal) wavelet transform can be represented in the form

e =7 + ¢/,

where
) = chil(n)wj—m and g/ '(x) = Zdj*l(n) Vi-ln
nez nez
with
N my = (7, @jm1n) and @77 Nm) = (f Uimin)- 2.11)

Conversely, one step of the inverse discrete wavelet transform yields for given functions f/~!
and g/~! the reconstruction

Fl@)=>cdmygin withc! () = (171, ¢ja) + (87" @)
nez
We recall that the EPWT is a wavelet transform that works along path vectors through
point subsets of I>;. For the characterization of suitable path vectors we first need to introduce

neighborhoods of points in I,;. For each point y = (y1, y2) € I, we define its neighborhood
by

N) = {x = (x1,x2) € Ly \ {y}: llx — ylla < 27712},

where [lx — y[5 = (x1 = yD)? + (x2 = y2)*.

Now the EPWT algorithm is performed as follows. For the application of the 2J/-th level of
the EPWT we need to find a path vector p* = (p¥ (n))izzjo_ ! through the point set I>;. This
path vector is a suitable permutation of all points in /»;, which can be determined by using the
following strategy from [26]. Recall that I,; = UiK= | Fizj , where Fizj determines the lattice
points in §2;. Start with one point p’(0) in I" 121 . Now, for a given n-th component p?/ (n) being
contained in the set Fl.zj in (2.3), for some i € {1,..., K}, we choose the next component
P>/ (n + 1) of the path vector p?’, such that

PP+ 1) e NEH )N TH)\(p* ), ..., p¥ ()}, (2.12)

i.e., p?/ (n + 1) should be a neighbor point of p?/(n), lying in the same set I'*/, that has not
been used in the path, yet.

In situations where (N (p?/ (n)) N I'*)\ {p>/(0), ..., p*/ (n)} is an empty set, the path is
interrupted, and we need to start a new pathway by choosing the next component p>/ (n + 1)
from Fl.zl \{p? (0), ..., p?/ (n)}. If, however, this set is also empty, we choose p*’ (n + 1) from



50 G. Plonka et al. / Journal of Approximation Theory 176 (2013) 42-67

the set of remaining points o \ { p*(0), ..., p?/ (n)}. For a more detailed description of the
path vector construction we refer to [26].

In particular, for a suitably chosen path vector p?/, the number of interruptions can be
bounded by K =cC 1K, where K is the number of regions, and where the constant C; does
not depend on J but only on the shape of the regions (2;, see [28]. The so obtained vector p?” is
composed of connected pathways, i.e., each pair of consecutive components in these pathways
is neighboring.

Now, we consider the data vector

(o), = (o),

and apply one level of a one-dimensional (periodic) wavelet transform to the function values

of F?/ along the path p?/. This yields the low-pass vector (¢>/ _1(6))52:](; -1

wavelet coefficients (dzj -1 (E))%ZZJ(; -1 according to the formulae in (2.11). Due to the piecewise
smoothness of F2/ along the path vector p?”, it follows that most of the wavelet coefficients in
d?’~1 are small, whereas the wavelet coefficients corresponding to an interruption of the path
(within one region or from one region to another) may possess significant amplitudes. We remark
already here that, by contrast to the original EPWT algorithm described in this subsection, for
the case of piecewise Holder smooth images of order « > 1, we will introduce a smooth path
function p*’ in Section 3.1. This path function will determine the components of the path vector
pzj and is assumed to have bounded derivatives almost everywhere. Note that for « > 1, wavelet
coefficients of (arbitrary) large magnitude may occur in situations where the derivatives of the
path function are not uniformly bounded, as e.g. at tight turns of /.
As regards the next level of the EPWT, the path vector p?/ yields a new subset of points

and the vector of

K
-1 = {p”(ze) cg=0,..., 2271 _ 1} -y

i=1
where FiZJ_l = {pzj(%) : p2](26) € FiZJ}. Atlevel j = 2J — 1, we first locate a second
connected path vector p>/~! = (pZJ_l(Z))ﬁiJ(;l*] through I'>/~1  i.e., the entries of p?’/~!
form a permutation of the points in I'>/~!. Similarly as before, we require that p>/~!(n) and
p*’~1(n+1) are neighbors lying in the same point set I'>' ', Here, p>/~!(n) and p*/~!(n+1)
are said to be neighbors, i.e., p2/~'(n + 1) € N(p*/ ' (n)), iff

HPZJfl(n) — P+ l)H2 <o I+,

Again, the number of path interruptions can be bounded by C; K, where C does not depend on
J. Then we apply one level of the one-dimensional wavelet transform to the permuted data vector
27—
(czj_l(perzj_l(ﬁ)))%zjo 1_1, where the permutation per?’ =1 is defined by per¥=l(t) =
k iff p?/=1) = p?/(2k) for £,k = 0,...,2%/=1 — 1. We obtain the low-pass vector
27-2 22]7271 ) 22]7271 .
(c @) —o and the vector (d @)i—o of wavelet coefficients.
We continue by iteration over the remaining levels j for j = 2J — 2, ..., 1, where at every

level j we first construct a path pj =( pj (ﬁ))ﬁigl through the set

K .
ri=ptey:e=o,....2 -1y=Jr/
i=0
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b
a o—‘f/T *~— 1 /

3 \ 3 . \\\1 3

/< /

{ ~ S S

Fig. 1. Path construction. (a) level six, (b) level five, (c) level four, (d) level three.

with applying similar strategies as described above. Here, p/(n) and p/(n + 1) are called
neighbors, iff

[p/n = pi+ 1| < p2ir, (2.13)
where D > /2 is a suitably determined constant (in the above description of p?’/ and p*/~!
we have chosen D = +/2). Then we apply the wavelet transform to the permuted vector

(c/ (perd (€))%, yielding ¢/ =" and d=.

Example. In this example, we explain the construction of the path vectors through the remaining
data points with the low-pass values by a toy example. To this end, let £2 = [0, 1)? be divided into
only two regions, {21 and (2. The function F is assumed to be Holder continuous in each of these
regions, but may be discontinuous across the curve separating the two regions §2; and (2. In our
toy example, we have J = 3, i.e., an 8 x 8 image with 64 data values. At the highest level of the
EPWT, we choose a path p® through the underlying point set Is = {(273n1,23n,) : ny,ny =
0,....,7} = F16 U F26 , such that each two consecutive components in the path are neighbors. We
first pick all points in I 16 , before jumping to I'?, see Fig. 1(a). For the path construction at the
next level, we first determine the set I'> = F15 u Fzs (containing only each second component of
p®), see Fig. 1(b), before we construct a path according to the above description. Fig. 1(c) and
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(d) show the sets I'* and I"* along with their corresponding path vectors. Besides, we tried to
find the path vectors in a way such that the angles formed by the polygonal line of the path are as
large as possible. In fact, the polygonal lines for p® and p> do not contain angles being smaller
than 90 degrees, while the polygonal line of p* possesses two such angles, one in each region.
In fact, locally straight polygonal lines of the path vectors give rise to obtain better smoothness
bounds for the path functions /7 that we will introduce in Section 3. In this example, we have

IS+ 1) —pPlla <V5<D,  |Ip°(n+1)—p° )l <~5<2D,
Ip*n+1) = p*m)la <4 <2D,  IpPn+1)— pP)|l <10 < V8D

(with one path interruption at each level for the jump from one region to the other), so that
the path construction satisfies the above requirements with D = +/5. This simple example also
illustrates that the path construction leads at each level to point sets Fij with quasi-uniformly
distributed points. See Section 3.2 for more explanation about the used quasi-uniformity.

Remark 1. Considering the above strategy of the EPWT algorithm, it is heuristically clear that
we are able to reduce the number of significant wavelet coefficients to a multiple of the number
K of regions, where the target function F is smooth. Indeed, only when the path skips from
one region to another, a finite number of significant wavelet coefficients will occur. This is in
contrast to the usual tensor product wavelet transform, where the number of significant wavelet
coefficients is usually related to the total length of the “smooth regions” boundaries and hence
depends on the level j of the wavelet transform.

Remark 2. As shown in [26], the choice of the path vectors at each level is crucial for the
performance of the approximation by means of the EPWT. In particular, it is not a good idea to
take simply the same path vector p/(£) = p/*1(2¢) at each level, since one only exploits the
data correlation along this one path and the EPWT is reduced to a one-dimensional transform. In
Section 3.2, we will determine the so called diameter condition that requires the inequality (2.13)
for neighboring components in the path construction thereby avoiding the above mentioned
simple path choice. Our numerical experiments with the EPWT imply that the constant D should
be chosen rather small, e.g. D ~ 2, see [33]. On the other hand, a too small D induces a
small number of neighborhood points and hence yields a higher number of path interruptions. In
Section 3.2, we will show that the inequality (2.13) for path construction implies a quasi-uniform
distribution of values in I/ at each level of the EPWT.

Remark 3. Note that the implementation of the EPWT algorithm, as described above, is rather
straightforward. In the original version of the EPWT, we first determine, at each level, a path
vector p/, before we apply a wavelet filter bank to the one-dimensional data vector that is
ordered according to the path vector. In contrast to that strategy (from our previous work), we
now consider using a slightly different approach to obtain the theoretical estimates of our present
paper. To this end, we derive the path vector p/ by first determining a piecewise smooth path
function p/, whose construction is detailed in the following of this paper. We also consider
slightly different data vectors cf, (€) in the theoretical estimates of Sections 3 and 4, where we
will use L2-projection operators determined by the dual scaling and wavelet functions, @ and 1.
Further, we will employ polyharmonic spline interpolation for analytical purpose.

Remark 4. Note that the components of the path vector p/ lie in I,; with containing 2d
entries, i.e., p/ € R%2/%2_ This is in contrast to the notation in [26]. Further, unlike in [26],
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we do no longer consider index sets but define a neighborhood of points by the Euclidean
distance.

3. Decay of wavelet coefficients generated by the EPWT

Before we turn to the technical details, let us first sketch the basic ideas of the proof for
optimal N-term approximations by the EPWT, where we use slightly changed notations.

As explained in the Section 2.2, we consider applying polyharmonic spline interpolation, from
given image values F(y), separately in the individual domains (2;,i = 1,..., K. We assume
that F is Holder smooth of order o on each 2;, so that the polyharmonic spline interpolant F2/
in (2.6), being Holder smooth of order at least ¢, reconstructs bivariate polynomials of degree
m = [a]. Further, we apply a generalized notion of a path p given as a sufficiently smooth planar
parameter curve.

At the 2J-th level of the EPWT, we first determine a (piecewise) smooth path function p2/ :
[0,1] — {2, such that each value y € I»; can be approximated at sufficient accuracy by

13” (2%) forsome ¢ € {0, ..., 227 _ 1}. Consecutive values 13” (2%) and 1321(52%1) should
approximate neighboring values in

]”‘—‘21 = 12j

lying in the same set £2; (up to O(K) exceptions). Now, a path vector p*/ e R2* *2 through
all values of I»; is determined by the permutation given by the order in which p2/ (¢/2%/), ¢ =
0,...,2% —1, approximates the values in /5.

The path function p?’ should be constructed such that only at most C;K discontinuities
(incurred by possible transitions from one region to another) may occur. In this way, we can
bound the number of “interruptions” in the path vector p*>/ by C K.

2J
Next, we consider a one-dimensional function f 2J (r) = Zi:o_l cf,J k) 2k (), t €[0,1),

which approximates the piecewise smooth one-dimensional and scaled restriction of F2/ along
the path p2/ satisfying

\F(p* @2 0) — e <277

Then, we apply one level of a smooth wavelet transform to f27.

In this way, significant wavelet coefficients may only occur at a finite number of locations
on the interval [0, 1) that correspond to discontinuities or to tight turns of the path function p>.
However, the number of such significant coefficients does not depend on 27 but on the number of
regions, K. Therefore, with the performance of one level of the (periodic) wavelet transform, we
will find that most of the wavelet coefficients of f>/ = f2/~1 4 g2/=1 occurring in the wavelet
part gzj_l, are small.

At the next j-th level of the EPWT, we consider the set

K .
I ={pte iy e=o0,...,2/ -1} = Ufl/.
i=1

By construction, we have #I'/ = 2/. Observe that I/ are point sets in 2. Again, we then
construct a smooth path function p/ that approximates the values in I'J in a suitable order and
thus determines the path vector p/ whose components are the values in I'7 in the order in which
they are approximated by p/. To obtain sufficiently accurate polyharmonic spline interpolations
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FJ to F with F/(y) = F(y) for y € I'/, and to apply the same arguments as at the highest level,
three specific conditions on the path functions 5/ need to be satisfied. We can briefly explain
these conditions, termed region condition, path smoothness condition and diameter condition, as
follows (for more details on these conditions we refer to Section 3.2).

Firstly, the region condition requires that the path function should prefer to approximate all
values of one region set f“i] , before proceeding with the values of the next region. In other words,

the path vector should prefer to traverse the points belonging to one region set j“i/ , before “jump-
ing” to another region, where jumps within one region should be avoided. Assuming further that
the path function is smooth with suitably bounded derivatives (path smoothness condition), we
can optimally exploit the smoothness of the function F along the path. Finally, the diameter con-
dition ensures a quasi-uniform distribution of remaining points in each I'J, and therefore leads
to a sufficiently accurate polyharmonic spline interpolation F/ at each level of the EPWT.

We remark that the region condition and the diameter condition can be forced by using the
strategies for the path construction as proposed in Section 2.2. The path smoothness condition
cannot be satisfied by the original path construction methods in [26]. But since the numerical
evaluations contain only a few levels of the EPWT, the path smoothness condition can be forced
by avoiding “small angles” in the path vector and by preferring “path snakes”, see e.g. examples
in [26]. The three path conditions will allow us to estimate the EPWT wavelet coefficients
similarly as for one-dimensional piecewise smooth functions with a finite number of singularities
to finally obtain an optimal N-term approximation using only the N most significant EPWT
wavelet coefficients for the image reconstruction.

3.1. The highest level of the EPWT

Let us now explain the 2J-th level of the EPWT in detail. The performance of the subsequent
levels of the EPWT and the corresponding estimates are then derived in a similar manner.

We consider a sufficiently smooth parameter curve 5>/ (1), ¢ € [0, 1], through 2 approximat-
ing the values in I'?/ in a certain order and the corresponding path vector p>/ of length 22/ with
values in Iy, where we assume that

e - pY @) <p2”) e=o0,...,2% —1, (3.1)

and where p is a fixed small constant (independent of J) with assuming ¥ (1) e 1, for
t e [e/2*7, (e +1)/271, if p*7(27%0) and p*/ (272 (€ + 1)) are in £;. Now, we regard the
function f2/ that is defined by the one-dimensional restriction of F2/ along the curve p*/,

@) =F¥ (ﬁ”(z)) fort € [0, 1].

If the path function 52/ crosses over from one region £2; to another, there may occur a discontinu-
ity of fZJ caused by a discontinuity of F2”, i.e., there are indices £ and £+ 1in {0, 1, ...,2% —
1}, where we have a discontinuity between F2I (ﬁ” (27%7¢)) and F¥ (ﬁzj (2_2] (£+1))),1e.,a
discontinuity of f2/ in the subinterval [£/227, (¢ + 1)/227]. Without loss of generality, we as-
sume that we have only discontinuities of /2’ caused by jumps from one region to another.

Recall that the trace theorem for Holder resp. Besov spaces (see [34]) implies that for F/ 27 Q2
€ BZ, o0(§2), the (scaled) restriction f 2J(t) along the curve p>’ () is again Holder smooth of
order « in each subinterval of [0, 1], determined by

T, ={tel0,1]: p* () € )
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and with assuming that the corresponding path vector p?’ has no interruptions in £2;. In particu-
lar, for every o € (0, 1), we find the estimate
|F2 (5> (1)) — F* (p* (1))

11#0 [t — 1]*
11,17 €T;

12 | cacry)

|F2 (5% (11)) — F2 (5% (t))| 1% (1) — p* (1) 11§

171y 15 (1) = p* ()15 lry — 1|
11,1 €T;

IA

I w152 18 7, -
For the case o € (1, 2), the chain rule yields

P ey = sup P @G @) = VEX (H (1) (52 ()]

1 #) |[1 _l‘2|05_1
1,0 eT;

IVF2 (5% (t1)) — VF (5> () 2
sup
1n#0

<
[ 172 () = 5> ()15~
1-12€44
15% (1) — p¥ )13,
o] e Merr
T IF 1(P2)) (1) — (5*) (1)
i Ity —rp]@~1
<

1 ean 157 1 gy + 1F Nleran 157 sy

In general, we have the following.

Lemma 3.1. Suppose that the parameter curve p* : [0, 1] — 2 satisfies in each subinterval
T; the smoothness condition

15 lcocry < C227° (32)

for all B < max{e, 1} and with a constant C being independent of J, i.e., p>’ € C(T;) for
a > 1and p*’ € CU(T}) for a = 1Li =1,..., K, with strictly bounded derivatives. Then for
the one-dimensional restriction fZJ (t) = F% (ﬁzj (t)) along the curve ﬁ” we have

172 licaqy < C27*IF licaay, (33)
where || F*/ llce(2,) is bounded by a constant which is independent of J.

Proof. For @ < 2 the assertion already follows from the previous observations. Let m = |«].
Further, we use the abbreviations F = F %) p = p*’. In the general case the formula by Faa
di Bruno implies that D™ 2/ (1) == 47 {2/ (1) = D™(F(j(1))) is a finite linear combination of
terms

Su,y(#) = D"F(X)lx=p(r) (D””ﬁl(t))bl ---(Dm"ﬁk(t))bk ,

Whel‘eﬁ( [S {ﬁ],ﬁz} fort =1,....k,my,...,mg,by,..., by € Nwithmb1+---+mpb, = m,
and with v € Né, |[v| < m. In the following estimate, limit our attention to the case k = 2, in
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order to alleviate notations and without loss of generality. For t1, t, € T; with t; # #, we now
obtain with (3.2) the estimate

|t — n|*™" @) — p) ;™™ ltr — e

X [(D™ p1 (1)1 (D™ pa(11))22| + |(D” F)(p(12))]

y (|(D'"1151(l‘1))}’1(szﬁz(ﬁ))b2 — (Dm‘ﬁl(tz))bl(szﬁz(tz))bzl>
[tg — )@=

S, (1) = Sug(2) _ (I(D”F)(ﬁ(n)) - (D“F)(ﬁ(tz))|> (Ilﬁ(n) - ﬁ(tz)ng‘”’)

a—m 2

~ ~ub ~nb ~nb
< |F|C¢1+\V|*m(ﬂi) ||P||C1(Tl) ||P||C1m|(Ti) ”p”sz(Tl) + ”F”CM(Q[-) (b1||P||sz2(Tl)

~nb1—1 ~ ~nb ~nby—1 ~
X 1Bl gy | Bll emisamry + B2l Bl g, gy | B o 7 1Bl omasanry )

< |Flca+ivl-m) oJ (@=m) 5 J (m1b1) 5J (m2b2)
+ ”F”C‘”‘(Qi)(bl2J(m2b2+mlb'_ml+m1+“_m) + b221(m1b1+m2bz—mz+mz+a—m))
< C2" Fllce()

where we have used the inequality |x* — y¥| < k|x —y| max{|x|, |y|}¥~! forx, y € R, k € N. The
boundedness of || F2/ lce(s;) by a constant which is independent of J has already been shown
in Section 2.2. Hence, the assertion follows. [J

Let us assume in the sequel that the path function p satisfies the smoothness condition (3.2)
in Lemma 3.1. Thus, we obtain for the N-th order modulus of smoothness of f2/ the estimate

on (¥ Mo = sup [AY [ loe S HNfH ey S @MU NIF licacay (3.4)
|| <h

within the subintervals, where f 2J s smooth, i.e., for N = le + 1] and

Tip = {t: ﬁzj(t+kh)e(2i,k=0,...,N},

see [4]. Next, we consider the L2-projection /27 := P»; f2/ of 2/ onto the scaling space
V3 = clos o yspanigasa : n=0,...,2% =1},

where ¢ is assumed to be a sufficiently smooth scaling function, see Section 2.2. Then, 2/ =

~ 2J
Py 3 = Zﬁ:o_ ! (2, ¢, J.n) 27,0 also satisfies a Holder smoothness condition of order «.
Following along the lines of [4, Theorem 3.3.3], we obtain in the subintervals Ti’z_zj the estimate

17 = 2 e, o = 172 = Poy P ey, 0 S on (P27 )
S QYN ey S QTN ey (3.5)
In particular,

|f2] (2—2J£) _ fZJ (2—2JE)| — |F2J (p~2] (2—21£)) _ fZJ (2—21£)| 5 2—.](1.
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In the next step, we decompose the function f2/ =Y, cf,f (€)gay,¢ with c%,’ ) = (>, 21.0)
into the low-pass part f2/~! and the high-pass part g2/~!. Applying one level of the one-
dimensional wavelet transform to the data set (C%J (Z))?zjofl, we obtain the decomposition
f2.l — fZJfl +g2J71 with

22]71_1 22]71_1
2J—1 2J—1 2J-1 2J—1
=Y ST e and g = Y T ) Yagia,
n=0 n=0

where cij_l(n) = (f*, @27_1.n) and df,"l(n) = (f*),¥2y_1.,). From the Holder smooth-
ness of f 2J , we find for ¢ € T; the representation
fH (1) = qa(t — 10) + R(t — 10)

for ¢y € {2_2]k ck=0,...,2% — 1} N T; and |t — 1| < 272/ where gy denotes the Taylor
polynomial of degree |« ] of ffj at 79, and where the remainder R satisfies the bound |R(f — 1) |
<cyp )2~/ Hence, if supp(Y¥27—1.,) € T; for some i, the wavelet coefficients satisfy

&>~ )| = [{ga (- — 10) + R = 10), Y27 1)) = (RC = 10), Y27 —1.0)]
" 2(—J+1/2)(ot+1)’

IA

_J il ~
Con 277 Wray—1.0llt = g,

where we have used ||1Z2/,1,,,||1 = 27741214 ||;. Observe that the constant Cp,n 1n this in-
equality depends on the choice of the wavelet basis but also on the (local) smoothness properties
of f2/, and hence on the (local) boundedness properties of the derivatives of the chosen path
function 5%/ in Lemma 3.1.

Now let A2/~ be the set of all n € {0, ..., 22/~1 —1}, where the above estimate for d2/ 1 (n)
is satisfied. Then, the number of the remaining 22/ ~! —#42/~! wavelet coefficients corresponds
to the number of positions, where f 2J is discontinuous (e.g. caused by crossing over of the path
function to another region) or where derivatives of f 2J are not suitably bounded, i.e., the constant
Cp,n 18 100 large (caused e.g. by tight turns of the path function 7>7). We assume that this number
is bounded by CK, where K is the number of regions in the original image F, and where the
constant C does not depend on 2.

Now, we consider the low-pass function f2/~! and reconstruct a bivariate function F2/~! as
follows. Taking only the path function values %/ (2=2/*1n), we put

jﬂiZJ—l — {p~2](2—2.]+1n) cn = 0’ .'.’22]—1 _ 1’ ﬁ21(2—21+1n) c 'Ql}

for each i = 1,...,K and [~ = UiK=1 fizjfl. We compute the polyharmonic spline
interpolant
K . .
FP7N =) Y0 el o (Ix = yll) + iy () | X, (0),
i=1 \ yef2/-1

satisfying the interpolation conditions

FH=H (@7 ) = 7 e ) foralln =0, 227 1.
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Therefore,

= |fY @Yty — pRI1 72y
= [f2 @ ) — Py fH @7 )
< o(=T+he = pe =T+ 2y (3.6)

where D = /2, and where the last inequality again follows analogously as in (3.5) since f 21
is the orthogonal projection of f2/ to

vil= closyapg yspan{gzj -1, : n =0, L 2d oy

The last inequality implies that F2/~1 is still a good approximation to F, since the interpo-
lation points have changed only slightly. However, only half of the interpolation points are left,
which are irregularly distributed in (2. Moreover, by (3.1) we have

max min |x —y| <27/F 4 27/ = p2=IF2 (3.7)
xef yel2-1

In order to apply the described procedure to the further levels of the EPWT in an analogous
manner we need that again || F2/ 1| Wt (2 is bounded independently of J and that
2 1

IF> — F¥ 72, S207H12@HD foralli =1,... K, (3.8)

~

holds. We assume that these conditions are indeed satisfied.

Remark 1. Unfortunately, we are not aware of a rigorous proof of this assertion in the literature
for polyharmonic spline approximation (other than interpolation). One needs to show that for
a suitably bounded approximation error (as in (3.6)) at the considered quasi-regular point grid
satisfying (3.7) the obtained approximant F2/~! has again a bounded norm in the corresponding
native space (here being equivalent to WS‘H ({2;)) that is independent of the number of grid
points. However, our assumption is strongly supported by the following observations.

Let X C £ be an arbitrary P,,-regular point set of size c92>’ ~! with fill distance hx ~ 27/+!
being completely different from the point set FiZJ determining the polyharmonic spline F2/ (i.e.,
XN Fiy = () and the distance between points of X and Fiu is suitably bounded from below a.e.).

Moreover, let Sg2s x be the polyharmonic spline interpolant of F 2 with F?/(x) = § p2 x (%)
for x € X. Then, by Theorem 11.36 in [38], we have

F¥ _ 5§ < C2IF e p27 , 3.9
I 72 xlloo < = Myt (3.9)

and further, ||SF2],X“W§‘“(Q,-) S ”FZJ”w;“(Qi) < ”F||W§‘“(Q,~)’ see [25, Corollary 4.3].
Hence, [|Sp2s x|l et ) is bounded independently of J. On the other hand, there exists a set
. g ;

Y C £ of points y € £, where the distance between F2/ and its interpolant satisfies

|F2 (y) = Spas x ()| > 271/, (3.10)

with some suitable ¢ > 0 being independent of J, since otherwise one could easily derive by an
inverse theorem that F2/ has even a higher Holder exponent than «, see e.g. Theorem 4.2 in [37].
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If we choose the constant ¢ in a way such that Y contains a quasi-uniformly distributed point
set Y2/=1 with #Y2/~1 ~ 22/=1 and with fill distance ~ 27/F!, then our argument works as
follows. Consider now a polyharmonic spline interpolant Sy2s-1 of Sp2s y with Syas-1(y) =
Spas x(y) fory € Y2/~1. Then we conclude as in Section 2.2 that

< < 2J
||SY2171 ”W;“(Q,') ~ ||SF21,X||W§+1(QI.) ~ | F ||W§+I(Qi)
and

ISy2-1 = F* 200,y < WSp2sy — Sp2r x N2y + 1Sk20 x — F* Ml 200
< (=J+1/D)(+1)

Y2J—1

while for y € we have

|F2 (y) = Sypar-i(y)| > ¢ 27/ F1/2e

by (3.10). If we can choose the point set X such that Y2/~ = [2/=1 then the needed assump-
tions on F2/~1 follow.

We finally show that one is able to choose the constant ¢ in (3.10) independently of J such
that ¥ contains a point set Y2/~! with the desired properties, i.e., with #Y2/~1 ~ 22/~1 and
with fill distance ~ 2~/*1. This can be seen by a geometric argument. Using the inverse error
estimate in Theorem 5.1 in [25] (with f = F* —Sp2/ x, u = a+1,and gx = 2/ F1/2+D)
we see that

12 = Spar g, ~ 272D,

Considering now a triangulation 7 of (2 with the vertex set X, let us consider in each triangle
T € T the point x7, where ¢ = maxyer |F> (x) — Sp2s x (0| = [F? (x7) — Spas x (x7)]-
With miny, vex [x1 — x2] ~ 27772 hy ~ 277+ and recalling that F?/ (x) — Sp2s x(x) =0
forx € X, it follows by linear approximation that fT |F2/ (x)—SFz/’X(x)|2dx ~ (cp 20-27+Dy2
and hence that

2J 2 —4J42 2
IF? = Spas xl172) ~ 2 > et
TeT

ie, Y pogch ~ 2072 FDa22/=1 Qince #7 = 22/~1, it follows from (3.9) that c7 needs to be
of size ~ 2(=/+1/2¢ for almost all triangles T

Remark 2. Compared with the original EPWT algorithm in [26], the condition (3.1) is an
important relaxation. Here the scaling and wavelet coefficients are computed from the function
£/ (t) that approximates F2/(p*/ (1)), but since p>/(272/¢),¢ = 0,...,2* — 1, do not
interpolate but only approximate the original grid points /5, we work with new function values
F (p* (2727 ¢)) of the polyharmonic spline function F 2/ instead of the given values F'(y), y €
I ;. The original EPWT relates to the special case u = 0, where we have interpolation in (3.1).

3.2. Conditions for the path vectors
Before we proceed with the error estimates for the further levels of the EPWT algorithm, we

want to fix specific side conditions for the path functions that are required for our error analysis,
and that have been implicitly used already in the estimates at the highest level in Section 3.1. The
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side conditions are termed (a) region condition, (b) path smoothness condition, and (c) diameter
condition, as stated below.

The region condition and the diameter condition have been similarly stated already in [28]
to prove the N-term approximation estimates. The region condition ensures that at each level
of the EPWT, the path function “jumps” only C1K times from one region (2; to another region
or inside a region. The diameter condition ensures that the remaining points in I/ are quasi-
uniformly distributed, such that there is a constant D, not depending on J or j, satisfying

max min [|x — y|» < (1 + «/E) D272, 3.11)

x€$ yeli

Further, at each level j of the EPWT, we assume that we can find a smooth function ﬁj :
[0,1] — {2 with uniformly bounded derivatives that approximates the values in I'J. This
leads us to the vector pf, whose components from I/ are suitably ordered, and we have
|p/(2770) — p/&)] < u2=J for £ = 0,...,2/ — 1. Further, we assume that p/ () € (2,
fort e [£/27, (£ 4+ 1)/27,if p/ (2727 ¢) and p/ (272 (£ + 1)) are in £2;.

Let us introduce the three conditions more explicitly.

(a) Region condition. At each level j of the EPWT, the path function 5/ is chosen, such that it
contains only at most C1K discontinuities caused by crossing over from one region {2 to
another region or by jumping within one region (2, where the constant C; is independent
of j.

(b) Path smoothness condition. The path function 5/ satisfies in each subinterval 7; the smooth-
ness condition

||ﬁj||cﬁ(Ti) < 2P

for all 8 < max{c«, 1} and with a constant C; being independent of j, i.e., ﬁj e CY(T;) for
a>land p/ € CY(T}) fora < 1,i =1, ..., K, with bounded derivatives.

(c) Diameter condition. At each level of the EPWT, we require for almost all values 27,0 =
0,...,2J — 2, the condition

1P/ @770 — p/@7 @+ 1) < D272, (3.12)

where D is independent of J and j, and where the number of values of 5/ (27/¢) which do
not satisfy the diameter condition, is bounded by a constant C3 not depending on j. Hence,
at each level j, consecutive components p/(27/¢) in the path function should be spatial
neighbors.

The conditions (a) and (c) can be enforced by the proposed path construction in Section 2.2,
see (2.12) for the region condition and (2.13) for the diameter condition. Particularly, the diameter
condition ensures a quasi-uniform distribution of the points in I'J. This can be seen inductively
as follows. For j = 2J, the assertion (3.11) is obvious, see also (3.7). Generally, assuming (3.11)
and (3.12) at level j + 1, it follows that

max min ||x — yll2 < max min |x — y|l2+ max min ||y — zl}2
x€8l yeli X€L2 ye i+l yely+l zeli

(142) D2 UHD2 4 p2=UHD2 = (14 V2) D212,

Unfortunately, the given path smoothness condition is rather restrictive. We consider discussing
an example, where the conditions for the path p/ are satisfied for o € (1, 2).

IA
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Example. We consider the domain (2 being the difference set between two concentric disks with
radii 71 < 77, a circular ring. In this case, we let the smooth path 52/ (at level J and for J large
enough) be a planar spiral curve. More precisely, we take an Archimedean spiral with parametric
form (a¢ cos ¢, apsing) with a = 277 /27 for ¢ € [p1, o] = [27w[27r1], 27|27 12 ]], see
Fig. 2. Then each straight line through the origin intersects the successive turnings of the spiral
in points with a constant separation distance 2ra = 27/. We can assume that we have to
approximate O(2%/ (r22 - rlz)rr) quasi-uniformly distributed points of I'>/ in the circular ring
while the length of the spiral is

¢
%[qﬁ ¢2+1+1n(¢ ¢2+1)} 2:0(2f(r§—r12)).

1

Hence, we find a suitable parameterization for 527, such that each point in I'>/ is approximated
sufficiently well by %/ (277¢), i.e., the path 5>/ meets the conditions (b) and (c) for & € (1, 2).
Fig. 2 shows an example for a set I'>/ of uniformly distributed points which can be approximated
sufficiently well by points on the Archimedean spiral, e.g., by their Euclidean projections onto

the curve p2”.

Remark 1. To understand the strength of the path smoothness condition (b), we follow the
arguments of Jean-Marie Mirebeau and show that the path vector p/ can only be taken straight
along a line if s < 1/4. In particular, if the path function p>/ is forced to interpolate the grid
points of the form (2‘1 ny, 2~/ ny),ny,ny € 7Z (regular grid), as in the situation of the EPWT
in [26], the path smoothness condition cannot be satisfied. Indeed, with (3.1) we find the estimate

Ip? (€ +1) = 2p* () + p* (€ — Dllso < 1Y @7 €+ 1)) — 257 27 0)

+57 @ U= D)oo +277 - 4.
But the smoothness condition (3.2) implies that
157 @2 @+ 1) =257 @70 + p @7 (€ — D)l
=Y+ - o) - Yo+ e e -l

= / B (@0 — ()t =27 dtl| o
Iy
S 2—2] 2_21(a_1)|ﬁ2J|C°‘(1) — 2—2](3{|ﬁ2]lca(1) S C22_Ja,

where Iy .= [2727¢,272/ (¢4 1)] C I, and where I denotes an interval where 1321 is C* smooth.
Hence,

Ip? (€ + 1) = 2p* (0) + p* (€ — Do <277 (227079 - ap).

For & > 1 the term C27(0~® tends to zero, as J — o00. On the other hand, if the points
pH e+, p* @), p* (t—1) (being samples from the regular grid 27/ ny, 277 ny), n1, ny € 7)
do not lie on the same line, then the norm on the left hand side is at least 2~ . Hence, for uw<1/4
the path conditions are incompatible.

Remark 2. The conditions (a) and (c) can slightly be relaxed in the sense that the constants Cy
and C3 may be allowed to depend polynomially on j (but not exponentially). In fact, considering
the proof of Theorem 4.1 (resp. Theorem 3.3 in [28]), one needs to ensure that a weighted sum
of all wavelet coefficients that are only satisfying the estimate (3.15) is still bounded.
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Fig. 2. Archimedean spiral. A not simply connected domain (2. The boundary of (2 is displayed with dashed lines. The
smooth path 132J (here for J = 3 and displayed with a solid line) is a planar spiral curve, an Archimedean spiral. The set
I'%J s illustrated by uniformly distributed points.

3.3. The further levels of the EPWT

Let us now explain the further levels of the EPWT. These are performed following along the
lines of the 2J-th level. We start with the polyharmonic spline interpolant

K
Filay =" > ¢l o (lx = yll2) + ph(x) | xa ()
i=1 \ yef
that satisfies the interpolation conditions F/ (pIt1@27n)) = i@ In)foralln =0,...,2/—1.

We fix a suitable path function p/ approximating the set IV = {p/t1(27/n) : n =0, ...,2/ 1}
with corresponding data values {F/ (p/*1(27/n)) : n =0, ...,2/ — 1}, such that the three path
conditions in Section 3.2 are satisfied. Then we determine the one-dimensional restriction of F/
along p/, f7(t) == F/ (p/ (1)) ,t € [0, 1]. The piecewise Holder smoothness of f/(¢) ensures
that

on(f7 h)oo S @IM)* for Ty :={t: p/(t +kh) € 2, k=0,...,N}.
Considering the L>-projection P; fi = Zﬁjz_o] c{,(n) @jn With c{,(n) = (fJ, @jn) of fj onto
the scaling space

vii= closy2pg yspanf{gj, : n=0,..., 2/ — 1y,
where ¢ is assumed to be a smooth scaling function as in Section 3.1, we have

17 = P f ey Swn(f7, 2777012 S omiel?,

where we have applied the diameter condition (3.12). We use the decomposition

. . o - .
Pifl=> ch®gje=f""4+g""=> e mojnt Y dp )V ia
V4 n n
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Then the Holder smoothness of P; f7 in the intervals 7; yields the Taylor expansion
P fI(t) = qu(t —10) + R(t — 19)  with |R(t — t0)| < c,(r) D% 277/

fort, ty € T;, where D is the constant in the diameter condition (3.12), and this gives the estimate
for the wavelet coefficients corresponding to the region (2;,

g~ )] = (R = 10), Fj—1.0)| < cpu D¥ 2714227002y
Com D* 27U DEHD/2, (3.13)

IA

where ¢, , depends on the local smoothness of P; f/ and hence on the derivative bounds of ; in
(3.2). Again, let 47! be the set of indices n from {0, ..., 2/~! — 1}, where d,j,_l(n) satisfies the
above estimate. Then the number of wavelet coefficients 2/~ — #4/~! which are not satisfying
this estimate (since supp ¥ j—1,n & T; for some i) is bounded by a constant independent of J
and j.

Finally, we obtain the polyharmonic spline interpolant

K
FITl =Y "1 D0 ¢ da(lx = ylo) + ph(0) | xe: (0),

i=1 \ yefi!

where I/ ™! = (57771 s n = 0,.... 2071 — 1, 27 n) € Q). Ti~" = UK T/,
through the interpolation conditions F/~'(p/(27/*n)) = fi=1@2~/*n) foralln = 0,...,
2/=1 _ 1. Hence, we obtain the estimate

1 (prervm) = ()|
= |1f1@ ) — Py fl @7t )| S 2700,

Let us summarize the above findings on the decay of the EPWT wavelet coefficients in the
following theorem.

Theorem 3.2. For j =2J —1,...,0, letdp(€) = (f/*!, ¥ ), € =0,...,2/ — 1, denote the
wavelet coefficients that are obtained by applying the EPWT algorithm to F (according to the
above definitions in Section 3), where we assume that F € L2(0) is piecewise Holder smooth
of order a as prescribed in Section 2.1. Further assume that the path functions pit!, j =
2J — 1,...,0, in the EPWT algorithm satisfy the region condition (a), the path smoothness
condition (b), and the diameter condition (c) of Section 3.2. Then, forall j =2J —1,...,0and
¢ € Al the estimate

|d}(£)] < C D* 2~I@+D/2 (3.14)

holds, where D > 1 is the constant of the diameter condition (3.12), « is the Holder exponent of
F, and C depends on the utilize_d wavelet basis and on the Holder constant in (2.1). Furthermore,
forall € € {0,...,2 — 1} \ A/, we obtain the estimate

ldj(0)] < C'279? (3.15)

with some constant C' being independent of J and j.
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Proof. The proof of (3.14) follows directly from (3.13). Likewise, forall £ € {0, ..., 2/ —1}\ A/,
i.e., for point sets that do not satisfy the diameter, the path smoothness, or the region condition,
we observe at least

ldj(0)] < ¢'279% = ¢' 271/

since we can assume that F/ is bounded, and hence the above estimate (3.14) holds for « = 0.
Thus (3.15) follows. [

4. Optimal N-term approximation obtained from the EPWT

Consider now the vector of all EPWT wavelet coefficients

d, =@’ O ... .d).a;H

9 p 9
with &) = (d} (@))ﬁ’ Yfor j =0,...,2J — 1, and with the mean value

At =d;10) = fO0) ~ 27 Z F*(y),

yel;

together with the side information on the path functions 52/, ..., p! at each iteration step. With
this information the reconstructed image F>/. is uniquely determined where F2/. is the polyhar-
monic spline interpolation satisfying

F2 <~21(2_2Jn)> — 22, n=0,...,2% 1.

rec

Indeed, reconsidering the (j + 1)-th level of the EPWT procedure, we observe that the scal-
ing coefficients c,,(n) = (fIt, ¢] ») and the wavelet coefficients dj = (fIt, 1//],,1) deter-
mine f/ and g/, and hence P; i1 f7+1 uniquely. Further, the polyharmonic spline interpolation
FJ*1 s entirely determined by f/*1(2~U*Dp) and the side information about the path function
ﬁj—i—l (2—(j+1)n)'

By the choice of the wavelet basis, it further follows forn =0, ..., 2/+1 _ 1 that

L L
|FIH (7 @0 D)y — FLE (I 20+ Day))
= |7 UTn) — Pipy fIHN U D)

<2 (j+1)0(/2’

where FZ! is uniquely determined by P; 1 SN2 U0y n = 0,..., 27+ — 1 and the side
information about the path pJ/+1.

In order to find a sparse approximation of the digital image F resp. F2/, we apply a shrinkage
procedure to the EPWT wavelet coefficients d ,], (£), using the hard threshold function

x |x|=o,
So(x) = - for some o > 0.
o (X) {O x| < o,

We now study the error of a sparse representation using only the N wavelet coefficients with
largest absolute value for an approximative reconstruction of F2/. For convenience, let Slzvl be
the set of indices (j, £) of the N wavelet coefficients with largest absolute value.

Moreover, let F 1%7]rec denote the polyharmonic spline interpolation determined by the recon-

structed function f n ci{ N2y, using only the N wavelet coefficients with largest
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absolute value, satisfying the interpolation conditions
2J ~2J (n—2J 2J (n—2J 2J
F2.. (p @ n)) = 2@ ¥n) forn=0,....2% 1.

While the wavelet basis used above is not orthonormal but stable, we can still estimate the dis-
tance of F2/ and F/%,Jrec by

en =IFY = Fil ol S ) @1
G.0gsy

This estimate is a direct consequence of Theorem 3.2. Indeed, at each level of the EPWT, we
observe that

1P~ Fliell 2y < 1P = Flllggy + 1FF = Flell 20

. 1/2
21 /

S Y idmr | g2
n=0

where the number of wavelet coefficients satisfying (3.14) is 2/ — C{K + C3, and where the
constants C; and C3 do not depend on j, see Section 3.2.

Now we obtain the main result of this paper, showing the optimal N-term approximation of
the EPWT algorithm.

Theorem 4.1. Let F 1%/ be the N-term approximation of F?’ as constructed above, and let the
assumptions of Theorem 3.2 be satisfied. Then the estimate

en = IIFY —F{/I53<CN™ .1
holds for all J € N, where the constant C < oo does not depend on J.

Proof. The proof can be carried out by following along the lines of the proof of Theorem 3.3
in[28]. O

Let us finally conclude by stating the following corollary.
Corollary 4.2. Let F € L%(2) be piecewise Holder continuous (as assumed in Section 2.1).
Then, for each € > 0 there exists an integer J (€), such that for all J > J (¢) the N-term estimate
IF— Fy'l7, <CN™* +¢
holds, where C is the constant in “4.1).

Proof. The proof follows directly from Theorem 4.1 and (2.10). [

Remark. Observe that the above “construction” using polyharmonic spline interpolations F/
and smooth path functions f7 is only done for analytical purposes. For a pragmatic implemen-
tation of the EPWT we refer to our previous works [26,29,33], where different versions of the
EPWT are tested, relying on various strategies for path construction. In particular, the relaxed
EPWT in [26] already covers the path conditions heuristically, where in the numerical imple-
mentation “path snakes” are preferred approximating the path smoothness condition.
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