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Abstract
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0. Introduction

In approximation theory one is often faced with the following problem. We start with a signal,
i.e., a vector x in some Banach space X. We then consider the (unique) expansion Y o, x;e; of
x with respect to some (Schauder) basis (e;) of X. For example, this may be a Fourier expansion
of x, or it may be a wavelet expansion in L,. We then wish to approximate x by considering
m-term approximations with respect to the basis. The smallest error is given by

on(x) = inf{ Hx — Zaiei
icA

We are interested in algorithms that are easy to implement and that produce the best m-term
approximation, or at least get close to it. A very natural process is the greedy algorithm which
we now describe. For each x = )" x;e; € X we fix a permutation p = py of N (not necessarily
unique) such that |x, )| > [x,2)| > - - -. We then define the mth greedy approximant to xby

:ACN, |Al =m, (ai)iea C R}~

m
Gn(X) = ) Xp@r€nti-
i=1

For this to make sense we need inf ||e;|| > 0, otherwise (x;) may be unbounded. In fact, since
we will be dealing with democratic bases, all our bases will be seminormalized, which means
that 0 < inf|le;|| < sup|le;|| < oc. It follows that the biorthogonal functionals (e}) are also
seminormalized. Note that a space with a seminormalized basis (e;) can be easily renormed to
make (e;) normalized, i.e., ||e;|| = 1 for all i € N.

We measure the efficiency of the greedy algorithm by comparing it to the best m-term
approximation. We say that (e;) is a greedy basis for X if there exists C > 0 (C-greedy) such that

lx — Gn(x)|| < Co,u(x) forall x € X and for all m € N.

The smallest C is the greedy constant of the basis. Note that being a greedy basis is a strong
property. It implies in particular the strictly weaker property that G,, (x) converges to x for all
x € X. If this weaker property holds, then we say that the basis (e;) is quasi-greedy. This is still
a non-trivial property: a Schauder basis need not be quasi-greedy in general.

The simplest examples of greedy bases include the unit vector basis of £, (1 < p < 00) or
cop, or orthonormal bases of a separable Hilbert space. An important and non-trivial example is
the Haar basis of L,[0, 1] (1 < p < oo) which was shown to be greedy by V.N. Temlyakov [8].
This result was later established by P. Wojtaszczyk [9] using a different method which extended
to the Haar system in one-dimensional dyadic Hardy space H,(R), 0 < p < 1. We also men-
tion two recent results. S.J. Dilworth, D. Freeman, E. Odell and Th. Schlumprecht [3] proved that
(@2, ¢3) ¢, has a greedy basis whenever 1 < p < coand I < g < 0o. Answering a question
raised in [3], G. Schechtman showed that none of the space (@;’;] EP)(,,’ 1 <p#gqg < o0,
(@;’;1 Z,,)CO, 1 <p < oo,and (@:Ozl Co)eq, 1 < g < oo, have greedy bases [7].

Greedy bases are closely related to unconditional bases. We recall that a basis (e;) of a Banach
space X is said to be unconditional if there is a constant K (K -unconditional) such that

H Zaiei <K- H Zbiei

The best constant K is the unconditional constant of the basis which we denote by Ky. The
property of being unconditional is easily seen to be equivalent to that of being suppression

) whenever |a;| < |b;| foralli € N.
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unconditional which means that for some constant K (suppression K -unconditional) the natural
projection onto any subsequence of the basis has norm at most K:

| > ae
i€eA

The smallest K is the suppression unconditional constant of the basis and is denoted by K. It
is easy to verify that Kg < Ky < 2Kg. Note that it is trivial to renorm the space X so that in
the new norm the basis is suppression 1-unconditional. Indeed, for A C N the map P4: X — X,

o0
<K- H Zaiei H forall (a;) CR, ACN.
i=1

defined by Py (ZieN X; e,-) = ) ;ca Xi€i, is bounded in norm by Ks. Hence
llxll = sup{l| Pa(x)|l : A C N}

is a Kg-equivalent norm on X in which (e;) is suppression 1-unconditional. Similarly, using
maps M,: X — X given by ) xje; — »_ A;xje;, where A = (A;) € By, we can define a
Ky-equivalent norm on X in which (e;) is 1-unconditional.

In [6], S.V. Konyagin and V.N. Temlyakov introduced the notion of greedy and democratic
bases and proved the following characterization.

Theorem 1 ([6, Theorem 1]). A basis of a Banach space is greedy if and only if it is uncondi-
tional and democratic.

A basis (e;) is said to be democratic if there is a constant A > 1 (A-democratic) such that
[ 2] =a]Ze
icA ieB
By carefully following the proof of [10, Theorem 1], one obtains the following estimates:

Ks < C, A<C and C <Ks+ KsKj - A.

whenever |A| < |B|.

One can in fact get slightly better estimates by amalgamating some of the steps in that proof:

Ks <C, A<C and C<Ks+K}-A. (1)

That is, a C-greedy basis is suppression C-unconditional and C-democratic, and conversely,
an unconditional and A-democratic basis is C-greedy with C < Kg + K %, - A. In particular
a l-unconditional, 1-democratic basis is 2-greedy. By [5, Theorem 3.1] the constant 2 is best
possible. Thus, improving the democracy constant by renorming will not in general improve the
greedy constant beyond 2.

In this paper we are concerned with the problem whether a Banach space X with a greedy ba-
sis (e;) can be renormed so that in the new norm the greedy constant of the basis (e;) is improved
ideally to 1 or at least to 1 + ¢ where ¢ > 0 can be chosen arbitrarily small. As a byproduct,
we also obtain results on renormings that improve the democracy constant. The maps P4 and
M, that were used above in renormings that improve the unconditional constants are linear. By
contrast, the functions G, that map vectors to their greedy approximants are not linear, and that
is what makes the problem of improving the greedy constant far from trivial.

In the rest of this section we recall what is already known about this problem and state our
new results. Definitions will be given in later sections when needed.

In [1] F. Albiac and P. Wojtaszczyk gave a characterization of 1-greedy bases in terms of a
weak symmetry property of the basis. They raised several open problems about symmetry prop-
erties of 1-greedy bases and about the possibility of improving greedy and democratic constants
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by renorming. Most of the problems were answered by four of the authors of this paper in [5].
In Section 1 we recall the Albiac—Wojtaszczyk characterization, and a theorem from [5] which
shows that a space with an unconditional, bidemocratic basis can be renormed to make the basis
I-unconditional and 1-bidemocratic. By (1), such a basis is 2-greedy. Here we will obtain the
following stronger result.

Theorem A. Let X be a Banach space with an unconditional, bidemocratic basis (e;). Then
for all ¢ > 0 there is an equivalent norm on X with respect to which (e;) is 1-unconditional,
1-bidemocratic and (1 + €)-greedy.

In particular, the above result applies to the Haar basis of L,[0,1] for 1 < p < oo.In [1]
Albiac and Wojtaszczyk raise the problem whether L [0, 1] can be renormed so that the Haar
basis becomes 1-greedy in the new norm. This problem is still open. The result above gets close
to giving a positive answer.

Section 3 is concerned with the general case, i.e., when we do not assume bidemocracy. In [1]
Albiac and Wojtaszczyk asked whether the democracy constant can be improved to 1. It was
already shown in [5] that the answer in general is ‘no’: the Haar system of dyadic Hjp, or an
arbitrary unconditional basis of Tsirelson’s space T cannot be made 1-democratic by renorming.
Here we are able to prove the following positive result.

Theorem B. Let (¢;) be an unconditional and democratic basis of a Banach space X. For any
& > 0 there is an equivalent norm on X with respect to which (e;) is normalized, 1-unconditional
and (1 + &)-democratic.

This answers a question raised by W.B. Johnson. By Eq. (1), it follows from this theorem that
if (e;) is a greedy basis of a Banach space X, then for all ¢ > 0 there is an equivalent norm on X
with respect to which (e;) is 1-unconditional and (2 + ¢)-greedy. The following problem remains
open in its full generality.

Problem C. Let X be a Banach space with a greedy basis (¢;). Given ¢ > 0, does there exist an
equivalent norm on X with respect to which (e;) is 1-unconditional and (1 + €)-greedy?

In the last section we will give a positive answer for a large class of bases. As an application
we obtain, for any ¢ > 0, a renorming of Hardy space Hj and of Tsirelson’s space T such that
the Haar system, respectively, unit vector basis is (1 + ¢)-greedy.

1. Bidemocratic bases

The aim of this section is to prove Theorem A. We first recall the Albiac—Wojtaszczyk char-
acterization of 1-greedy bases [1]. In fact a trivial modification of their proof gives a characteri-
zation of C-greedy bases for an arbitrary C > 1. For the sake of completeness we shall state and
prove their result here in that more general form.

Let (e;) be a basis of a Banach space X with biorthogonal sequence (e;k ). For a finite set
A C N we denote by 14 the vector ) ;. , ¢; of X or sometimes the vector ) ;. , e/ in X*. It will
be clear from the context which one is meant. For example the notation ||14| means the norm
of ) ;.4 e in X, whereas [|14]/* indicates the norm in the dual space of ) ;4 . The support
with respect to the basis (e;) of a vector x = )_ x;e; in X is the set supp(x) = {i € N: x; # 0}.
The subspace of vectors with finite support, i.e., the linear span of (e;), can be identified in the
obvious way with the space cog of real sequences that are eventually zero. The basis (e;) then
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corresponds to the unit vector basis of cpg. Given vectors x = Y x;e; and y = Y yje; in cgp, we
say y is a greedy rearrangement of xif there exist w, u = (u;), t = (t;) € cqo of pairwise disjoint
support such that x = w +u, y = w + ¢, [supp(u)| = [supp(?)|, and [|wll¢,, < |u;| = |¢;| for
alli € supp(u), j € supp(?). To put it informally, y is obtained from x by moving (and possibly
changing the sign of) some of the coefficients of x of maximum modulus to co-ordinates where
x is zero. Given C > 1, we say that (e;) has Property (A) with constant Cif for all x, y € cop we
have ||y]| < C|x]|| whenever y is a greedy rearrangement of x.

Theorem 2 (cf. [1, Theorem 3.4]). Let (e;) be a basis of a Banach space X. If (e;) is C-greedy,
then it is suppression C-unconditional and has Property (A) with constant C. Conversely, if
(e;) is suppression K -unconditional and has Property (A) with constant C, then it is greedy
with constant at most K*C.

In particular, a suppression 1-unconditional basis of a Banach space is C-greedy if and only
if it satisfies Property (A) with constant C.

Proof. First assume that (¢;) is C-greedy. We show that if x = ) x;e; € X has finite support
and A C N, then | D icaXi€i || < CJx||. Let B = supp(x) \ A and m = |B|. Choose a real
number A > ||x[l¢,andsetz =) ;4 xje; +A1p. Then G, (z) = Alpand w = ), (A —Xx;j)e;
is an m-term approximation to z. It follows that

| > xie
icA

as required. We next show that (e;) has Property (A) with constant C. Let y = w + ¢ be a greedy
rearrangement of x = w + u, where w, u, t € cqg are as in the definition above. Fix § > 0 and
setz =w + (1 +8)u +t. Let m = |supp(u)| = |supp(?)|. Then G,,(z) = (1 + §)u, whereas ¢ is
another m-term approximation to z. It follows that

Iyl =llz = Gn@Il = Cliz — 1]l = Cllx + dull.

Letting § — 0 yields ||y|| < C|jx||, as required.

To prove the converse, fix x = ) xje; € copandm € N.Let ) ; <4 Xie; be the mth greedy ap-
proximant to x, and let b = ) ', bie; be an arbitrary m-term approximation. Let s = min{|x;]| :
i € A}, and for each i € N let ¢; be the sign of x;. Note that |x;| > s > |x;| foralli € A
and j ¢ A. The following is a well known consequence of suppression K -unconditionality. If
0<y <ziorz; <y <Oforalli €N, then || > yiei || < K|| > zie H We use this in the first
and third inequalities below, whereas the second inequality uses Property (A).

lx — 0ol = H D xiei+ Y (i —bdei+ Y xiei

icA\B ieB i¢AUB

=z = Gn@I = Cllz —wl = Clix|,

1 1
= ?H D seieit Y xie EK—CH > seei+ Y xiei‘
reA\B igAUB i€B\A i¢AUB

1 1
= K2C H l,;\:Ax"eiJri%Bx"ei = gl = |-

This completes the proof. [

Remark. Let (¢;) be a 1-unconditional basis of a Banach space X. For x € cq define || - || to
be the function

lzlle = |z + llzllen, - %

’
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which defines a norm on spanfe; : i € N\ supp(x)}. Theorem 2 implies that (e;) is C-greedy if
and only if for every x € cgp with ||x|l¢,, < 1 the norm || - || is C-democratic. This character-
ization of greedy bases is slightly different from the one given by Konyagin and Temlyakov [6]
where they only assume the democracy of | - ||, for x = 0. However, for our purposes, the above
result has the advantage that the greedy constant is the same as the Property (A) constant.

We next recall the notion of bidemocracy, which was introduced by S.J. Dilworth, N.J. Kalton,
D. Kutzarova and V.N. Temlyakov in [4], and the corresponding renorming result [5, Theo-
rem 2.1]. Suppose that (e;) is a seminormalized basis of a Banach space X with biorthogonal
sequence (e}'). The fundamental function ¢ of (e;) is defined by

¢(n) = sup Zei .

|Al<n icA

The dual fundamental function ¢* is given by

¢*(n) = sup Ze;“ .

|Al=n 7 jeA

We recall that (¢(n)/n) is a decreasing function of n, since for any A C N with |[A| =n > 2 we

have
ieA

Clearly, p(n)p*(n) > n. We say that (e;) is bidemocratic if there is a constant A > 1 (A-
bidemocratic) such that

=1 B3 3N’

ieA jeA\{i}

n
< ——pmn-1).
n—1

p(n)e*(n) < An foralln € N.

It is known [4, Proposition 4.2] that if (e;) is bidemocratic with constant A, then both (e;) and
(e}") are democratic with constant A. In [5] the following result was proved.

Theorem 3. Suppose that (e;) is a 1-unconditional and A-bidemocratic basis for a Banach
space X. Then

lell = max ). sup 02 ')D I @)

|A|<oo |Al

is an equivalent norm on X. Moreover, (e;) is 1-unconditional and 1-bidemocratic with respect
to || - . In particular, (e;) and (e}) are 1-democratic and 2-greedy.

By [5, Theorem 3.1], the conclusion that (e;) is 2-greedy whenever it is 1-unconditional and
1-democratic cannot be strengthened in general. We now prove a stronger theorem which is the
main result of this section. First we introduce two pieces of notation. For a vector x = ) _ x;e;
we write |x| for Y |x;|e;, and x > 0if x; > O foralli € N.

Theorem 4. Let X be a Banach space with an unconditional, bidemocratic basis (e;). Then
for all ¢ > 0 there is an equivalent norm on X with respect to which (e;) is 1-unconditional,
1-bidemocratic and (1 + €)-greedy.



S.J. Dilworth et al. / Journal of Approximation Theory 188 (2014) 39-56 45

Proof. After renorming, we may assume that the basis (e;) is normalized, 1-unconditional and
1-bidemocratic. Let ¢ and ¢* denote the fundamental and, respectively, dual fundamental
function of (e;). Fix ¢ € (0, 1). Define a new norm || - || on X as follows.

: 14): ¥* € eBy-, neN, ACN, |A| =n}.
@*(n)
It is clear that (e;) is a 1-unconditional basis in | - ||. We next prove that it also satisfies Property
(A) with constant 1 4 ¢. Fix x € cop and B, B C N\ supp(x) such that |lx|l,,, < 1 and
|B| = |B| < oo. It will be sufficient to prove that [lx + 1p]| < (1 + &)[lx + 1;[I. We may of
course assume that x > 0.

Letn € N, A C Nand x* € ¢ By« be such that |A| = n and

il = sup{{1x1, x* +

1
I + 1l = (x + 1p, 6" + —— 1)
p*(n)

1
= (x,x") + (1p, x") + ——(x, 1x) + |B N AL 3)

@*(n) @*(n)

Without loss of generality we may assume that supp(x*) U A C supp(x) U B, and hence x* > 0.
Note that

(1, x*) < el1pll < ep(IB]) = ep(|B))

IA

=8<x+11§, < ellx + 151, (4)

1
)
o*(1B1) °
Now choose A C N such thatfiﬂsupp(x) = ANsupp(x) and |§ﬁA| = |BNA|. Then |/§| =n
and

(x,14) + BN A| = (x,1;) +|B N Al )

‘We now obtain

1 1
llx + 15l = (x,x™) + (15, (x,14) by (3)
@*(n) @*(n)
1 1
S (T el Ll (e 1)+ S B N AL by @) and (5)
@*(n) (n)
1
< <x+13,x ool >+a|||x+1é||| as x* > 0
= (I +o)llx+1;ll,
as required. Thus, so far, we have that (e;) is 1-unconditional and (1 + ¢)-greedy in || - ||. It is also
clear that |le;|| = 1 + e for all i € N. Let ¢ and ¢* denote the fundamental and, respectively,
dual fundamental function of (e;) with respectto || - ||. Letm,n € N and A, B C Nwith |[A| =m

and |B| = n. By definition of || - ||, in the dual space we have ||——14[I* < 1, from which it

follows that y*(m) < ¢*(m). Also, for any x* € ¢ Bx+ we have

® (m)

A

gl + —IB NA|

« 1 p(m)
(13,)6 +(p*(m)1A>
epm + L1BOAD 4l < (1 1 oo,
BN A|

IA
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Hence ¢ (n) < (1 4 &)@(n), and (e;) is (1 + &)-bidemocratic in || - [|. So if we replace || - || with
ﬁm - |l and apply Theorem 3, then we obtain a new norm (1 4 ¢)-equivalent to || - ||, and with
respect to which (e;) is normalized, 1-unconditional, 1-bidemocratic and (1 + 8)2—greedy. O

Let us now observe that our theorem applies to a large class of Banach spaces and bases.
We say that a democratic basis (e;) (or its fundamental function @) has the upper regularity
property (or URP for short) if there exists an integer » > 2 such that

1
¢(rn) < re(n) foralln € N.
This is easily seen to be equivalent to the existence of 0 < 8 < 1 and a constant C such that

pn) < C(ﬁ)ﬂw(m) forall m < n.
m
This property was introduced in [4] where it was shown that a greedy basis of a Banach space
with nontrivial type has the URP and that a greedy basis with the URP is bidemocratic. More
precisely, they showed that if (e;) is a greedy basis with fundamental function ¢, and there exists
a constant C such that

n
w <Cn foralln €N, (6)

Lok ~

then (e;) is bidemocratic. It is of course clear that the URP implies (6).
It is well known that L [0, 1] for 1 < p < oo has nontrivial type. Thus we obtain the follow-
ing corollary.

Corollary 5. Let 1 < p < oo. For all ¢ > 0 there is an equivalent norm on L |0, 1] in which
the Haar basis is normalized, 1-unconditional, 1-bidemocratic and (1 + €)-greedy.

Remark. It follows from the Albiac—Wojtaszczyk characterization that a 1-greedy basis is sup-
pression 1-unconditional, and hence 2-unconditional. As shown in [5, Theorem 4.1], the uncon-
ditional constant 2 is in general the best one can say about a 1-greedy basis. This is why the
1-unconditionality was included in the above results.

2. The class of quasi-concave functions

We denote by R the set of (strictly) positive real numbers. Recall that the fundamental func-
tion ¢:N — R* of a basis of a Banach space is increasing and n > @ is decreasing. Let
us now call a function ¢:[1, co) — R defined on the real interval [1, o) a fundamental func-
tion if it is increasing and x +— @ is decreasing. Observe that every fundamental function ¢ is
subadditive. Indeed, for x, y € [1, co) we have

px+y) = PEHY) oy 2EHY) "y = M-x+@-y=<p(X)+¢(y).
X+y X+y X y
The fundamental function of a basis of a Banach space is the restriction to N of a fundamental
function in the above sense. Indeed, if ¢: N — R™ is the fundamental function of a basis, then
we can extend it to a function on [1, co) by linear interpolation. A straightforward calculation
shows that this extended function is a fundamental function in the above sense. The converse

is also true, i.e., if ¢:[1, 00) — Rt is a fundamental function, then its restriction to N is the
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fundamental function of a basis. This will be shown in Proposition 8 at the end of this section.
Given a fundamental function ¢:[1, 00) — R™ and a basis (¢;) of a Banach space, we say
that ¢ is a fundamental function for (e;) if the restriction of ¢ to N is the fundamental function
of (¢;).

Remark. In the literature fundamental functions in the above sense are also known as quasi-
concave functions. See for example [2, Definition 5.6 on page 69], where quasi-concave func-
tions are defined on the interval [0, 0o) and are naturally associated with rearrangement-invariant
spaces. Since we work with discrete lattices corresponding to unconditional bases which in gen-
eral are not symmetric, for us it will be more convenient to work with the definition above
instead.

We will now introduce a parameter § which provides information on the growth of fundamen-
tal functions. After that we will show that the concave envelope of a fundamental function is also
a fundamental function.

Let ¢:[1,00) — R™ be a fundamental function. It will sometimes be more convenient to
work with the function A:[1, o) — R™ defined by A(x) = @. Note that A is decreasing and
xA(x) is increasing. For y € [1, 0co) define

A
8,(y) = fiminf €9 _ jiming 20X
x—=>00 yp(x)  x—>00 A(x)

It follows from properties of A that §,, is decreasing and bounded above by 1. Hence
3(p) = inf §,(y) = lim §,(y) € [0, 1].
y=l1 y—o0
Let us now observe that the function §, and the parameter §(¢) depend only on the values of ¢
on N. Fix m € N. For any real x € [1, 00), putting n = | x| + 1, we have

A(mx) _ A(mx) - A(mn) _ X A(mn)
o o S T k1 A

It follows that for each y € [1, co0) we have

. A(mn) : A(mx) Ly] : A(mn)
inf —— > inf > . inf ,
neN, n>|y]+1 A(n) xeR, x>y A(x) Lyl + 1 neN, n>lyJ+1 A(n)

and hence we obtain

.. A(mn)
8p(m) = ll,nié%f )
Thus we have
A(mn)

3(p) = mli_)moo lilrgicgf O

One consequence of all this is that if (e;) is a basis of a Banach space, then the parameter §(¢)
is the same for any fundamental function ¢ for (e;).

Two fundamental functions ¢ and ¥ are said to be equivalent if there exist positive real num-

bers a and b such that ap(x) < ¥ (x) < bp(x) for all x € [1, 00). In this case we write ¢ ~ V.

Note that equivalence also only depends on the restrictions to N of ¢ and . Indeed, if for some
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b > 0 we have ¥ (n) < bp(n) for all n € N, then

v _ o vdxD
. x .
x Lx |
forall x € [1, 00). So for a basis (e;) of a Banach space with a fundamental function ¢, the prop-

erty of having §(¢) > 0 is invariant under renormings. We now prove a result about fundamental
functions with positive §-parameter. This will be used in Theorem 11 in the next section.

Vx) =x

< 2bg(Lx]) < 2bp(x)

Lemma 6. Let ¢ be a fundamental function with §(¢) > 0. Then for all ¢ > 0 and for allm € N

there exists a fundamental function Y ~ @ such that 5y (m) > 11?

Proof. It is enough to show that if §, (m?) > 8, then there exists a fundamental function ¢ ~ ¢
such that 8y (m) > V8. Indeed, assuming this result, we fix 0 < § < §(¢), choose k € N with

. . . k—j
5F > ﬁ, and obtain fundamental functions ¢ = @ ~ @1 ~ -+ ~ g such that 8, (m* ) >

8217' for j =0,1,2,..., k. Putting ¥ = ¢, completes the proof.

Set A(x) = @, x € [1, 00). To prove our initial claim, choose ng € N such that A(m2x) >
SA(x) for all real x > ng. We now define a new function u:[1, 00) — R* as follows. We set
u(x) = A(x) forall real x € [1, ng] and for all integers x of the form x = m*ng, k=0,1,2,....
We then extend the definition of p by interpolation as follows. Given a real number x € [ng, 00),
we fix an integer k > 0 such that x € [n, m2n], where n = m*ny. (Note that & is unique unless
x € {m*ng : j € N}.) Then there is a unique 6 € [0, 1] such that x = n' =% (m%n)?. We define

nx) = k(n)l_ek(mzn)g.
Note that for x = n and x = m?n this agrees with the previous definition of u(x) = A(x). It
follows that w(x) is well-defined, and in particular it does not depend on the choice of k when

x € {m*ng : j € N}. We now prove the following properties for each integer k > 0 with
2k
n = m=“no.

(1) wm(x) is decreasing and x u(x) is increasing on [n, m2n).
>i1) A (x) < u(x) < m?x(x) for all x € [n, m2n,
(iii) p(mx) > /$u(x) forall x € [n, m*n].

We will then set ¥ (x) = xu(x) for each x € [1, 00). Since u = A, and hence i = ¢, on the
set [1, ng] U {mzkno : k > 0}, property (i) implies that i is a fundamental function, which is
equivalent to ¢ by (ii), and satisfies 8., (m) > NG by (iii). This proves the initial claim, and hence
the lemma.

To see (i) simply differentiate the functions

)L(n)l_e)»(mzn)g and n'™? (mzn)g)»(n)l_ek(mzn)a

with respect to 6.
Next, fix 0 € [0, 1] and set x = nl~? (mzn)g. By the properties of A, we have

1-6 2_\6 1 1
n(x) = rn)" ""A(mn)” < A(n) =ni(n) - < xA(x) - —
n n
= nlfg(mzn)g - A(x) - l = ng)»(x) < mzk(x),
n

and, since A(m2n) > 81(n), we have

w(x) = 1m0 m®n)? > 8%1(n) > sr(x).
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Hence (ii) follows. Finally, fix 0 < 6 < 1. In order to verify (iii) we need to show that

1-6,,2,\0
p,(mn (mn))>\/g.

u(n' =0 (m2n)?) = @)

‘We consider two cases. When 0 < 0 < %, we can write m - n1—? (mzn)e = nl’g,(mzn)e/, where
0+ % = 0’'. Then, since A(m2n) > §1(n) and 8’ — 6 > 0, the left-hand side of (7) becomes

A 1—0’)\ 2. \6' , .
A(Zi))l—GAEZ?Z;@ > a7 (6xm)” " = 6.

In the second case, we have % <6 < 1landm-n'""m?n)? = (m2n)1_9/(m4n)9/, where
0+ % = 1 + @’. Then the left-hand side of (7) becomes

)»(mzn)l_e/)»(m“n)g/ - )»(mzn)l_@,(Sk(mzn))el
A=A m?2n)f  — A=A (m2n)?

2,\1-06
n

as required. [

We next prove that every fundamental function is equivalent to a concave one. This is standard
(see for example [2, Proposition 5.10]), but we repeat the simple proof here as we need a further
property concerning the § parameter.

Lemma 7. Let ¢ be a fundamental function. Then there exists a concave fundamental function
Y such that (x) < ¥ (x) < 2¢(x) for all x € [1, 00). Moreover, we have 8y (y) > 8,(y) for all
y € [1, 00).

Proof. We let ¥:[1, 0o) — R™ be the concave envelope of . Recall that this is the (pointwise)
smallest concave function dominating ¢, and is given by

Y(x) =sup Y tip(xi),
i=1

where the supremum is taken over all convex combinations x = Z?:l t;x; of numbers xq, ...,
Xxn € [1, 00). Of course this concave envelope exists if and only if the above supremum is finite
for every x. To verify that this is true in our case, note that either x; < x and ¢(x;) < ¢(x), or
x; > x and we have ¢(x;) = %ﬁ")xi < @xi. It follows that

Y npl) =0 Yi+ 0 S i < 200
i=1

Xi <X Xi =X

It follows that v exists, and ¢(x) < ¥ (x) < 2¢(x) for all x. We next show that ¢ is a funda-
mental function. Let 1 < x < y, and let x = Z;’zl t;x; be a convex combination of elements of
[1,00). Then ) 7_, #;(x; + y — x) = y, and hence

V() = D e +y—x) = Y he(x).
i=1 i=1
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Taking supremum yields ¥ (y) > ¥ (x), and so ¥ is increasing. Next, consider a convex combi-
nationy = Y /', f;y;. Letz = 5 Then x = Y, tizyi, and so

Vi) 1 ey i
> =) tigy) =) ti C =

X
n
eOi) yi 1
> Zfi_l L= = —Zfifﬂ(yz‘)-
~" v y yf

After taking supremum, this implies ( ) > (— which completes the proof that v is a funda-
mental function.
To show the “moreover” part of the lemma, first observe that if ¢ is bounded, then lim,_,

@(x) exists, and hence 6, (y) = % for all y € [1, 0o). Since in this case v is also bounded, we

have §,(y) = &y (y) = % for all y. Assume now that ¢ is unbounded. Fix y > 1. It will be
enough to show thatif 0 < § < §,(y) and & > 0, then § < (1 + £)dy (). Choose w € [1, c0)
such that p(yx) > dye(x) for all x > w. Since ¢(x) tends to infinity, we can then choose z > w
such that %cp(w) < ¢(2).

We will show that if x > z, then (1 4 &)y (yx) > §y¥ (x), which will complete the proof. Fix
a convex combination x = Y _, #;x;. By the definition of ¥, we have

Y(yx) = > tipyx).
i=1

Let = {i € {1,...,n}: x; = w}. By the choice of z, we have
8y Y tip(xi) < Syp(w) < ep(2) < ey (yx).
igl

It follows from this and from the choice of w that

Y(x) = Y tip(yx) =8y Y tip(x;) = 8y Zw(xl) — e (yx).

iel iel

Since this holds for all convex combinations Zi:l t;x; for x, we obtain that (1 + &)y (yx) >
3yy¥(x), as required. [

Our next result shows that every fundamental function arises from a basis in a Banach space.

Proposition 8. Let ¢:[1, 00) — R™ be a fundamental function. Then there is a Banach space
with a 1-unconditional basis (e;) whose fundamental function is the restriction of ¢ to N.

Proof. Let F be a family of finite subsets of N. The only condition we impose on F that it should
contain for every n € N a set of size n. By scaling we may assume that ¢ (1) = 1. Define a norm
|l - || on the space cqg of finite sequences as follows:

“’T'Al')Zm AeF) x=@) e

Il = e, v supf
It is clear that (e;) is a normalized, 1-unconditional basis of the completion X of (Coo, |- ||). Now
letm,n € N,let A € F withm = |A|, and let B C N with |B| = n. Then

e(AD p(IBNA|)

——|BNA| < ————|BNA|=¢(BNA|) < p).
Al | | < BN A | | = o D = o)
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It follows that || 3", .z ei| < @(n). On the other hand, since A € F, we have | >4 €] >
@(m). Thus the fundamental function of (e;) is indeed . [

Remark. As we mentioned at the start of this section, fundamental functions with a slightly
different definition were introduced in [2]. There, a continuous version of Proposition 8 shows
that every quasi-concave function is the fundamental function of a rearrangement-invariant space
(see [2, Proposition 5.8]). However, in our result the basis constructed clearly need not be
symmetric, or indeed even democratic. If for some § > 0 every finite £ C N has a subset
A € F with |A| > 8| E|, then (¢;) is %-democratic. If F is the set of all subsets of N, then (e;) is
bidemocratic.

It is also possible for (e;) to be democratic but not bidemocratic. For this to happen ¢ cannot
be arbitrary. For example, if ¢ has the URP and (e;) is democratic, then (e;) is automatically
bidemocratic [4, Proposition 4.4]. However, if ¢(n) = n, say, and F is the family S of Schreier
sets, i.e., sets A C N with |A| < min A, then the dual fundamental function cannot be bounded
otherwise X* would be isomorphic to ¢y, and hence X would be isomorphic to ¢;.

We will later prove a renorming result for bases with fundamental function ¢ satisfying
8(¢) > 0. Note that a basis with the URP clearly has §(¢) = 0. We conclude this section by ob-
serving that there are bases without the URP and with §(¢) = 0. Fix integers | =n; <np < ---.
Define ¢: N — R™ by setting ¢(1) = 1 and keeping @ constant on intervals [ng, nx41] when k
is odd, and keeping ¢ constant on intervals [ng, nx41] when £ is even. Extend ¢ to a fundamental
function defined on [1, oo). If the ny are sufficiently rapidly increasing, then 8, (m) = 0O for all
m € N. By Proposition 8 this ¢ is the fundamental function for some Schauder basis which fails

the URP provided the ny are sufficiently rapidly increasing.
3. The general case

In this section we will prove Theorem B and give a positive answer to Problem C in the case
the fundamental function ¢ has 6(¢) > 0. We will require the following crucial lemma.

Lemma 9. Let (e;) be a normalized, 1-unconditional, A-democratic basis of a Banach space X
with fundamental function ¢. Given 0 < q < 1, fix C > ﬁ and set

e(AD
|A]
Then for every finite E C N there exists A € A such that A C E and |A| > q|E]|.

A:IACN:Aﬁm’teand” 1A||*§C}.

Proof. Choose § > 0 such that C > U494 ety ¢ Nand E ¢ N with |E| = n. We induc-

dq(1—q)"
tively construct 7z 2@ in By and pairwise disjoint subsets Ep, E3, ... of E as follows.
Assume that for some k € N we have already defined z(V, ..., z%=1 and E|, ..., Ex_. Set

F, = E\ Uf‘;ll E; (so, in particular, F| = E). If |Fx| < (1 — g)n, then we stop. Otherwise we
choose z®) > 0 in B+ satisfying

suppz™ C Fi and (1, z%) = |15,
and define

Er={i € Fy : Z(I)+"-+sz)28},

1

This completes the induction step. We will see in a moment that this process terminates after a
finite number of steps. Assume that Eq, ..., E, and Fi, ..., Fy,4+1 have been defined for some
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m > 1 (note that | F1| = |E| > (1 —g)n, so at least one set E is defined). Foreachk =1,...,m
and for each i € E; we have

VD <,

and hence

We also have
ZED + .4 zl{'") <48 foralli € Fyyy.

It follows that

m
(20 oot ) = 3 (g 2V e 2 (1, 2O e 2)

k=1
< (14 n.
On the other hand, since |F;| > (1 —g)n foreachk =1, ..., m, and since ¢(x)/x is decreasing,
we have
m
(1 —q)n) p(n)
15,20 . w» @ (M> 4 > m(l — )
< g, 2+ ]; Fi» 2 A >m(l —q) A

Thus, we can deduce that
- (1+8)A on ’

I=q) o)
which in particular shows that the process does indeed terminate. Let m denote the time when this

happens, i.e., when |Fy,,+1| < (1 — g)n. Let us now set A = UZ;I E. It is clear that |A| > gn.
It remains to show that A € A. Since

®)

Z§1)+...+z§m)28 foralli € A,

it follows that |81 4* < |z(V+- - -4z ||* < m. Combining this observation with (8), we obtain
H<p(|A|)1 I* < me(Ah _ d +9)A4 n ¢(AD L +9HA 1 edAD _
|Al S|A =g [Al @) I=q) q o0
which completes the proof. [J

We are now ready to prove Theorem B on improving the democracy constant.

Theorem 10. Let (e;) be an unconditional and democratic basis of a Banach space X. For
any ¢ > 0 there is an equivalent norm || - || on X with respect to which (e;) is normalized,
1-unconditional and (1 + &)-democratic.

Proof. We can assume that (¢;) is a normalized, 1-unconditional basis. Let A be the democracy
constant and ¢ be a fundamental function for (e;). Given ¢ > 0, set g = 12 + -, ix C > %q),
and let A be the family given by Lemma 9. Then the following defines a C-equivalent norm
on X:

Il = llxll v sup{ {11, %u) cAeal
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Clearly, (e;) is still normalized and 1-unconditional in the new norm. We need to verify that it is
(1 4+ &)-democratic. Fix E C Nand letn = |E|. Taking A € Awith A C E and |A| > g|E|, we
obtain

el = 1z,

A A E
e(| I)1 >= ¢(A]) Al > ¢(E])
|Al |A] |E|
It remains to verify that [|[1g]] < ¢(n). On the one hand, by definition, we have ||1g| < ¢(n).
On the other hand, for an arbitrary A € A we have

1Al = ge(n).

A A ANE
(15, ¢(l |)1A>: pAD ANE| < ¢( D AN E| < (). O
|A] |A] |ANE|
Remark. The upper bound on the equivalence constant on || - || given by the proof of Theorem 10

(which in turn comes from the proof of Lemma 9) is of order % In special cases this can be
improved. For example, it is not hard to see that in Tsirelson’s space we get a constant of order
log % However, in general, the best constant must converge to infinity as ¢ goes to zero. Indeed,
assume that (e;) is a greedy basis of X for which there exists a constant C such that for all ¢ > 0
there is a C-equivalent norm || - || on X with respect to which (e;) is normalized and (1 + ¢)-
democratic. Fix a non-trivial ultrafilter ¢/ and define [|x|| = limg, ||x]|1 for x € X. Then || - ||
is a C-equivalent norm on X with respect to which (e;) is l—democra{lic. As mentioned in the
Introduction, there are greedy bases for which such renorming is not possible.

Theorem 11. Let (e;) be a greedy basis of a Banach space X with fundamental function ¢.
Assume that 5(¢) > 0. Then for all ¢ > 0 there is an equivalent norm on X with respect to which
(e;) is normalized, 1-unconditional and (1 + ¢)-greedy.

Proof. We can assume that (¢;) is normalized and 1-unconditional. Let A be the democracy
constant of (¢;). Given ¢ > 0, set g = ﬁ, fix C > ﬁ and let A be the family given
by Lemma 9. Next, fix m > 2 in N such that =5 < 1 + &. With the given & and m we apply
Lemma 6 and then Lemma 7 to obtain a concave fundamental function i and positive constants
a and b such that 8y (m) > g and ap(x) < ¥ (x) < be(x) for all x € [1, co). By the definition
of &y, we can choose an integer nop > % such that ¥ (x) > quﬂ( ) for all x > ng. Set

X
v (D) "
_ ea _m
s_1+£,L_ —— and

V(A ])
Fm = {Z A ; 1, : B CAi e A, Ayq,..., Ay pairwise disjoint}.
i=1 i
We are now ready to define a new norm || - || as follows.

llxll = sup{(|x|. x* + f + L14) : x* € sBx+, f € Fu. |A| <no}.

It is easy to verify that s||x| < [|x|| < (s + mbC + Lng)| /x| for all x € X, and it is clear
that (e;) is a 1-unconditional basis in || - [|. We next prove that it also satisfies Property (A) with
constant 1 4 4¢. Fix x € cgo with x > 0 and B, B C N\ supp(x) such that |x]l¢,, < 1 and

|B| = |B| < oc.Itis sufficient to prove that [|lx + 1g[| < (1 +4e)[lx + 1;].

For some x* € s By«, f = 1", w\%f‘)l& € F,, and A C N with |A| < ng we have

llx +1pll = (x +1p,x" + f + L1a)
= (x,x*) + (1p, x") + (x, f) + (1p, f) + L(x,14) + LIB N A]. (€))
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Without loss of generality we may assume that x* > 0. We now estimate some of the terms
above. First, we have

(1, x*) < sl1gll < se(IB]) < il/f(lél)-

On the other hand, we can choose C C B such that C € A and |C| > q|1§|. Then g =

%lc € Fum, and so

C
llx + 13l = (x + 15, 8) = 1//|(IC|I)|C| = I/I|(| ||)|C| > gy (1B)).

Hence, by the choice of s, we have

s(1+¢)

Ky ~
(1p,x*) < ;w(lBl) =< llx + 1zl = ellx + 131l (10)

Next, without loss of generality, we may assume that

V([ Aml) . Y (AiD
. 71 71 il
Al =B, Ty e
and hence we obtain
Va4 m Ay (Al)
x,1p) < (x,1p,). (11)
,Zl Al m—1 ; Al
Using the fact that @ is decreasing, we then obtain
1#(I
(1p. f) = Z D150 Bl < ZMB N BJ). (12)
We now consider two cases. In the first case we assume that |B| = |B| < ng. Then by the choice
of L we have
m "
> (BN Bl) <my(IB|) < eL|B| = elx + 15, L1) < ellx + 14]I. (13)

i=1
Choose A C N such that A N supp(x) = A Nsupp(x), |A N B| = |A N B| and |A| = |A|. We
then deduce that
llx + 130l = (x, x*) + (1, x*) + (x, f) + (1, f) + L{x,1a) + L|B N A| Dby (9)
(x x*) + (g, x") + (x, f) + (1g, f)
L{x,1;)+L|BNA| by choice of A
< (o, x") 4+ (x, f) + Lx )+LIBﬂA|+28I||x+13||| by (10), (12), (13)
< (x+ll§,x*+f+L1A +2eflx + 13| asx* >0
< (I +2e)lx + 13l

We now turn to the second case when |B| = | B| > ng. Then by concavity of ¥ and by the choice
of ng we obtain the estimate

m B
S vz n s <my () <+ ouas. (14)
i=1
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Now choose A as in the previous case, set A,- = A; and l§i = B; Nsupp(x) for 1 < i < m,and

choose B, = A,, € Asuchthat A,, C Band |A,| > g|B|. Theng = Y1, wl(kf:;‘)lgi € Fu,
and by (11) and the choice of m, we have

m—1 A A~m 5
wr1gg) =y LD g, HAD g
& Al | Al

—1
m (xo f) + v (|B))

|Aml = qlx, f) +q¥ (IB]). (15)
m |B

v

It follows that

llx + 15l = (x, x*) + (1p, x*) + (x, f) + (s, f) + L{x,14) + L| BN A] by (9)
=( x*) 4+ (1, x*) + (x, f) + (1B, f)
1;)+L|BNA| by choice of A

< (. x*) 4+ (x f)+ (g, f) + Lix, 1) + LIBN Al +ellx +15]| by (10)
< (0, x*) + (1 +e)2x + 15,8 + Lix, 1;) + LIBN Al +eflx + 15l

by (12), (14), (15)
< (I+e)Xx+1zx*  +g+L1;) +ellx + 15
< (1 +4e)lix + 15,

as required. Finally, it is easy to see that ||e; || = s + ¥ (1) + L for all i € N. So by scaling the
new norm, we make (e;) normalized, 1-unconditional and (1 + 4¢)-greedy. [

L{x,

The condition §(¢) > 0 says that the growth of ¢ on intervals of any given fixed size is
eventually linear. For example, when ¢(x) ~ x or ¢(x) ~ gx , then §(¢) > 0, so Theorem 11
applies. Note also that when ¢ has the URP, then §(¢) = 0. However, in that case the basis is
bidemocratic and Theorem 4 can be used. We next give an application of Theorem 11 in two
special cases. Note that neither of these bases is bidemocratic, so Theorem 4 cannot be applied.

Corollary 12. For all ¢ > 0 there is an equivalent norm on dyadic Hardy space H\ and on
Tsirelson’s space T such that the Haar system, respectively, the unit vector basis is normalized,
l-unconditional and (1 + €)-greedy.

4. Open problems

For bidemocratic bases we were able to achieve the best possible renorming for the democracy
constant (Theorem 3). For the greedy constant Theorem 4 gets arbitrarily close, but the following
remains open.

Problem 13. Let (¢;) be a bidemocratic basis of a Banach space X. Does there exist an equivalent
norm on X with respect to which (e;) is 1-greedy?

The following special case of interest was raised by Albiac and Wojtaszczyk.
Problem 14 (/1, Problem 6.2]). Let 1 < p < oo. Does there exist an equivalent norm on
L [0, 1] with respect to which the Haar basis is 1-greedy?

The other main problem that remains open concerns the greedy constant in the general, not
necessarily bidemocratic, case.
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Problem 15. Let (¢;) be a greedy basis of a Banach space X. Does there exist for any ¢ > 0 an
equivalent norm on X with respect to which the basis is (1 + ¢)-greedy?

This paper gives a positive answer for a large family of bases. In terms of the behaviour of the
fundamental function ¢, if ¢ has the URP, or if, on the other extreme, §(¢) > 0, then the answer is
‘yes’. If the basis is bidemocratic, or, more generally, if there is a constant C such that the family
A defined in Lemma 9 consists of all finite subsets of N, then the proof of Theorem 4 furnishes a
positive answer. However, as pointed out at the end of Section 2, there are fundamental functions
¢ with §(¢) = 0 and with

o @(mn)
lim limsup =1
m—>00 5 o0 mgo(n)

Note that this latter condition rules out properties like the URP. So there is still a gap.
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