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Abstract

We shall present a new characterization of greedy bases and 1-greedy bases in terms of certain
functionals defined using distances to one dimensional subspaces generated by the basis. We also introduce
a new property that unifies the notions of unconditionality and democracy and allows us to recover a better
dependence on the constants.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction

Let (X, || - ||) be a real Banach space and let B = (e,);,> | be a semi-normalized Schauder
basis of X with biorthogonal functionals (e*)n_l, ie, 0 < inf, [le || < sup, lle,]l < oo and
for each x € X there exists a unique expansion x = Zn 1 en(x)e,. We denote by coo(N)
(resp. co(N)) the space of all sequences of real numbers with a finite number of non-zero terms
(resp. converging to zero). As usual supp(x) = {n € N : e;(x) # 0}, |A| stands for the
cardinal of A, P4(x) = ), caer(x)e, and 14 = ), 4 e,. Throughout the paper, we write
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X = (ef(x))nen € co(N), [ Xlloo = sup,, lej(x)| and xy = 0 whenever supp(x) N supp(y) = @.
We use the notation X, for the subspace of X of elements with finite support, i.e. x € X and
[supp(x)| < oo or x € cgo(N). Also for each m € N, |[A| = m and (&;)neca € {£1}, we
denote by 1,4 = ), .4 &nén, by [14] the one-dimensional subspace generated by 1,4 and by
[en, n € A] the m-dimensional subspace generated by {e,, n € A}.

Recall that a basis B in a Banach space X is called unconditional if any rearrangement of
the series Y oo, e}(x)e, converges in norm to x for any x € X. This turns out to be equivalent
the fact that the projections P4 are uniformly bounded on all sets A, i.e. there exists a constant
C > 0 such that

[PAa)| < Clix|l, xeXandA CN. (1)

In such a case we say that B is a C-suppression unconditional basis. The smallest constant that
satisfies (1) is the so-called suppression constant and it is denoted by Kj,. Moreover, we have
that

Ky = sup{|| Pall : A € Nis finite} = sup{|| P4ll : A C N is cofinite}.

In particular, for unconditional bases one has that x = "~ | e ) X)ex () where 7 : N — Nis
any permutation so that |e7’;(n) x)] = |ej;(n +1)()c)| for all n € N.
For each x € X and m € N, S.V. Konyagin and V.N. Temlyakov defined in [5] a greedy sum

of x of order m by
m
Gu(x) = e (@exq.
n=1

where 7 is a greedy ordering, that is 7 : N — N is a permutation such that supp(x) = {j :

e’/f(x) # 0} € 7 (N) and Ie;‘[(i)(x)| > |ej;(j)(x)| fori < j. Any sequence (G, (x));,_, is called

a greedy approximation of x. Of course we can have several greedy sums of the same order
whenever the sequence (e}‘f ()c))j?oz1 contains several terms with the same absolute value.

Given x = ) 2, ef(x)e; € X, we define the natural greedy ordering for x as the map
o : N — N such that supp(x) C p(N) and so that if j < k then either |e:‘)(j)(x)| > |e:‘)(k) ()]
or |e:(j)(x)| = |e;(k)(x)| and p(j) < p(k). The mth greedy sum of x is

Gl X, BI(x) = G (x) = Y€ (X)ep(,
j=1

and the sequence of maps {G,,} >, is known as the greedy algorithm associated to B in X. With

this notation out of the way we have that
lim [x — Gu(x)|l =0, 2
m— 00

for any x € X whenever B is unconditional.
Konyagin and Temlyakov (see [5]) also introduced the term of quasi-greedy basis for the basis
satisfying the existence of a universal constant C > 0 such that

IGn I = Clixll, xeX, meN. 3)

In such a case the basis is called a C-quasi-greedy basis.
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A bit later Wojtaszczyk (see [7]) proved that condition (3) is actually equivalent to (2). Of
course, (3) is equivalent to the existence of a universal constant C’ > 0 such that

x = Gn)Il < C'llxll, xeX, meN. )

Since G, (x) = Pj(x) for given A with |[A| = m, one has that any C-suppression uncondi-
tional basis is also a C-quasi-greedy basis.

Recently, Albiac and Ansorena [ 1, Theorem 2.1] showed that B is 1-suppression unconditional
if and only if sup,,py G ()| < 1 and if and only if sup,, ey (G I, ¥ —Ge@) 1} < [lx]].

For each m € N, the m-term error of approximation with respect to B is defined as

Om(x, B) = 0 (x) = inf{d(x, [en,n € A]) : A CN, |A| = m},

where d(x,Y) = inf{|]x — y|| : y € Y} foreach Y C X. Clearly 0,,(x) < ||lx — G, (x)]|. Bases
where the greedy algorithm is efficient in the sense that the error we make when approximating x
by G, (x) is comparable with o, (x) were first considered in [5] and called greedy bases. Namely
a basis B is said to be greedy if there exists an absolute constant C > 1 such that

lx = Gn(x)|| < Cop(x), VxeX, VmeN. 5)

In this case, we will say that B is C-greedy. The smallest constant C that satisfies (5) is the greedy
constant and is denoted by C,.
In the same paper, a basis 3 was said to be democratic if there is a constant D > 1 such that

[Tall = D1l (6)

for all A, B C N finite and the same cardinality. The smallest constant appearing in (6) is called
the democracy constant and B is said to be a D-democratic basis.

Theorem KT (/5,6]).

() If B is a C-greedy basis then B is C-democratic and C-suppression unconditional.
(i) If B is Ky, -suppression unconditional and D-democratic then B is (K, + Ks D)-greedy.

u

Notice from the dependence on the constants that 1-suppression unconditional and
1-democratic only gives 2-greedy. To characterize 1-greedy bases, Albiac and Wojtaszczyk
(see [3]) introduced the so-called Property (A). For each |S| < oo and x = Zne sep(x)e, € X,
we write M(x) == {n € S : |e}(x)| = max,, |e), (x)|}. A basis is said to have Property (A)
whenever

Y Oner(Xexim + (x — Punyx)
neM(x)

, N

x|l =

for all injective maps w : S — Nsuchthat 7 (j) = jif j € M(x) and 6, € {£1} with6, =1
whenever w(n) = n forn € M(x).

Theorem AW (/3, Theorem 3.4]). Let X be a Banach space and B a Schauder basis. Then B is
a 1-greedy basis if and only if B is 1-suppression unconditional and it has Property (A).

It has been recently shown by Albiac and Ansorena (see [2, Theorem 3.1]) that the bases with
Property (A) coincide with the almost-greedy bases with C,e = 1, that is to say

lx = Gn(| < ‘Ai‘nf lx = PA()Il, Vx eX, VmeN. ®)
=m
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Later on, Theorems AW and KT were generalized in [4] using the so-called Property (A) with
constant C (which has been also called C-symmetric for largest coefficients in [2]) where the
equality (7) is replaced for an inequality

Xl < C | D Oneienm + (x = Puwx) | -

neM(x)

©))

Theorem D (/4, Theorem 2]).

(i) If Bis a C-greedy basis then B is C-suppression unconditional and it has Property (A) with
constant C.

(i) If B is Ksy,-suppression unconditional and Property (A) with constant C then B is
K2,C-greedy.

Let us first reformulate Property (A) in terms useful for our purposes (see [4]).

Lemma 1.1. Let B be a Schauder basis of X. The basis B has the Property (A) with constant C
if and only if

x4+ Teall = Clix + 13l

forany e, &’ € {1}, |A| = |B| < 0o, ANB =0, x € X, with supp(x) N (AU B) = @ and
[Xllo < L.

Proof. Assume 3 has Property (A) with constant C. For each ¢, ¢’ € {£1}, A, B and x such that
|A| = |B|,ANB =@ and ||X||s < 1 with supp(x)N(AUB) = @, we write y = 1,4 +x. Hence
M(y) = AU {n € supp(x) : lef(x)| = 1}. Letw : A — B be a bijection and set 9, = ¢/ . for
n € A. Hence ||ly|| = Cll1gp + x||.

Conversely given x € X, with supp(x) = S and « = max{|e}(x)| : n € S} one can consider,
for each 7w and 0 in the conditions above, the set A = {j € M(x) : w(j) # j} and define

&n = |z*(x)| for each n € A. Now, selecting B = 7 (A) and ¢, = 6, for n € B, we have

(n)

1
Lea + —(x — Pax)
o

lxll = a

1
< Cua|lgp+ —(x — Pax)
a

= C|D_bne;(Xexm + (x — Pax)|. O

neA

We would like to introduce here two properties which encode the notions of unconditionality
and democracy or unconditionality and Property (A) at once.

Definition 1.2. A Schauder basis B is said to have Property (Q) with constant C whenever
Ix + 14l = Clix + y + 1l (10)

for any |A| = |B| < 00, ANB = @ and x,y € X, such that xy = 0, ||X]lcoc < 1 and
supp(x +y) N (AU B) = 0.
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Remark 1.3. Clearly Property (Q) with constant C on a basis 5 implies that B is
C-democratic and C-suppression unconditional. Conversely if B is D-democratic and
C-suppression unconditional then B has Property (Q) with constant C(1 + D).

Definition 1.4. Let z € X,.. We write Iy = X, and for z # 0 we define

I ={yeXc:zy =0,[supp(z)| < |{n : le;(y)| = 1}]}. (11)

Definition 1.5. A Schauder basis B is said to have Property (Q*) with constant C whenever
lx +zll < Clix + yll 12)

for any x, z, y € X, such that xz = 0, xy = 0, max{||X||co, [|Z]lcc} < land y € I7.

Remark 1.6. It is clear that Property (Q*) implies the Property (Q) and Property (A) with the
same constant.
Conversely if B is K -suppression unconditional and it has Property (A) with constant C then
B has Property (Q*) with constant K C.
Indeed, let x, z, y € X, such that xz = 0, xy = 0, max{||X|lco0, |Zllcc} < l and y € I},.If
z = 0 we have ||x|| < K||x + y|| using that the basis is K-suppression unconditional. Assume
now that z # 0 with A = supp(z). Select B C {n : |e}(y)| = 1} with |B| = |A| < oo and
;e

n T oen(y)

X + leall = Clix + Lepll = CK|lx + yll.

for n € B. Therefore

Notice that ||Z|lcc < 1 impli.es that z € co({le¢a : len| = 1}). Hence x 4+ z =
Z;":l Aj(x + 1,4)4) for some 1o = 1and 0 < Aj < 1 with ZT:I A; = 1 and we obtain
lx+zll <CKllx+yll. O

In this paper we also introduce two functionals depending only on distances to one
dimensional subspaces which allow us to characterize the greedy bases and 1-greedy bases.

Definition 1.7. Let 5 be a basis in a Banach space X, x € X and m € N. We define
Dy (x, B) = Dy (x) :=infld(x, [14]) : A CN,|A| =m},
and

D; (x,B) = Dj (x) == inf{d (x, [1:4]) : (&n) € {£1}, A C N, |A| = m]}.

In particular
D; (x,B) =Dy (x) == inf{|lx —a(la, —1a)ll : [A1U A2l =m, A1 N Ay =0, a € R}
Of course Vx € X one has
om(x) < Dy, (x) < Dp(x) < |Ix]l.

Our aim is to show that greedy bases can be actually defined using the functionals D}, or D,,
instead of o, and the use of the Property (Q*) allows us to improve the dependence of the
constants.
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Our main results establish firstly that Property (Q) and Property (Q*) are actually equivalent
(see Theorem 2.4), secondly that the conditions
lx —GnX)| < CDp(x), VxeX, VmeN,
(resp. lx — Gu(x)|| < CD}(x), Vx € X, Vm € N)
imply Property (Q) (resp. Property (Q*)) with constant C (see Proposition 2.1) and finally that

bases having Property (Q*) with constant C are C2-greedy bases (see Theorem 2.6). Combining
the results above one gets the following chain of equivalent formulations of greedy bases.

Corollary 1.8. Let X be a Banach space and B a Schauder basis of X. The following statements
are equivalent:

(1) B is greedy.
(ii) There exists an absolute constant C > 0 such that
lx — GunX)|| < CDj(x), VxeX, VmeN.
(iii) There exists an absolute constant C > 0 such that
lx —Gu()|| < CDp(x), VxeX, VmeN.
(iv) B satisfies the Q-property.

(V) B satisfies the Q*-property.
(vi) B is unconditional and democratic.

Corollary 1.9. Let B be a Schauder basis of X. Then B is 1-greedy if only if B satisfies the
Q*-property with constant 1 if and only if B is 1-unconditional and it has Property (A) with
constant C = 1.

Our proofs will follow closely the ideas in [2-5].

2. Bases with property (Q) and (Q%)

Proposition 2.1. Let X be a Banach space and B a Schauder basis of X. The following
statements are equivalent:

(1) There exists C > 0 such that
lx = Gnx)|| < CD,(x), VxeX, VmeN.
(ii) B has Property (Q).
(iii) B is a greedy basis.

Proof. Due to Remark 1.3 and Theorem KV only the implication (i) = (ii) requires a proof.

Assume (i). We shall see first that the basis is democratic. Let A, B with |A| = |B| = n
andm = |A\ B| = |B \ A|. Define, for each ¢ > 0, x = (1 + £)14\p + 1p and observe that
Gm(x) = (1 + )14\ p. Hence,

el = llx = Gn ()| < CDp(x) < Cllx — Ip\all = Cll1all + Cellla\all-

Now take the limit as ¢ — 0 to complete the argument.
Let us now prove the unconditionality of B. Let x € X, and supp(x) = B.Let A € B and
write m = |B \ A|. Select @ > 0 such that

a > sup lef(x)| + sup [ef(x)],
jeA jeB\A
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and define

y=2x —1—0{13\,4 = Z (o + e;(x))ej + Ze;(x)ej'
jEB\A JeA

Hence G, () = ZjeB\A (¢ + ejf(x))ej and Pa(x) =y — G,y (y). Then,
IPACOI =1y = G < CDw(y) < Clly —alpall =Clix]l. O

Proposition 2.2. Let B be a basis of X. The following statements are equivalent:
(1) There exists C > 0 such that
x4+ Teall = Clix + 1op + i 13)

forany A, B such that AN B = @ and |A| = |B| < 00, any (€;)nea, (6 nep € {£1} and
any x,y € X, such that xy =0, ||X]lco < 1 and (AU B) N (supp(x + y)) = 0.

(ii) B has Property (Q*) with constant C.
(iii) There exists C > 0 such that

Ixll = Clix — Pa(x) + 1yl 14)
forany x € X¢, t > || X|loo, finite set A and 'y € I'p,(x) with xy = 0.

Proof. (i) = (ii) Let x, y, z € X, with pairwise disjoint supports with max{||X|/co, |Zllcc} < 1
andy e I7.
For z = 0 we apply (13) with A = B = @ to obtain ||x| < Cl|lx + y|.
For z # 0, denote A = supp(z) and By = {n € supp(y) : |e}(y)| = 1}. Since |B;| > |A|
we select B C Bp with |B| = |A| and write y = Pg(y) + Ppc(y) = lgp + Ppc(y) where
eX(y
" = o

X+ leall < Clix + Lyp + Ppe(MI = Clix + ¥l V(en) € £1.

for n € B. From (13) we have

Notice that ||Z]loo < 1 implies thatz € co({1.4 : |&;| = 1}). Hence x +z = Z;’?:] Ajx+1.54)
for some Ie,(,])| =1land0 < i; <1 with Z;'?:] Aj =1 and we obtain ||x + z|| < C|lx + y|l.

(i) = (iii) Let x, y € X. withxy = 0, ¢ > || X||oo and a finite set A with y € I'p,(x).

In the case A N supp(x) = ¥ we have Pox = 0 and from (12) one gets | ¥ || < C||% 4 u/| for
any u € X, with xu = 0.

In the case A N supp(x) # @, let x; = )[—“ — PA();C), 71 = PA(f) and y; = y. Since
max{||X1 [loo, lIZ1llec} < 1 and y € I';; we can apply (12) to obtain

lxll = tllxr +z1ll = Clix — Pa(x) + 2yl

(iii) = (i) Let two finite and disjoint sets A and B with |A| = |B|, (€1)nea, (€, nep € {£1},
x,y € X, such that || X||cc < 1 withxy = 0 and (A U B) N (supp(x) U supp(y)) = @. We apply

(14)fort = 1,the set Aand u, v € X, givenbyu = x+ .4 and v = 15 + y, since |it]lco < 1,
v € I',, and supp(u) N supp(v) = . Therefore

lx + Leall = llull = Cllu — Pa(u) + vl = Clix + 1o + yll.
This finishes the proof. O
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Lemma 2.3. Let B be a Schauder basis of a Banach space X, x € X and a finite set A. Then
sup{llx + Leall = len| = 1} = sup{llx + ull : supp(u) = A, |lilloo < 1}
and

sup [lx + 1| < sup{llx + leall : lea] = 1} < 3 sup |lx + 1p]|.
BCA BCA

Proof. Denote

Iy = sup [x + 1],
BCA

I = sup{llx + Leall : len] = 1},
I3 = sup{[lx + ull : supp(u) = A, |lulloo < 1}.

Of course I; < I, since each B C A can be written as 1 3 = %(IA + (g — la\p)).

On the other hand I, < I3 follows trivially selecting u = 1.4. The other inequality I, > I3
follows using the same argument as in Proposition 2.2 since any u € X with ||i]|ec < 1 and
supp(u) = A satisfies that u = ZjeA e}'f(y)ej € co({lga : len| = 1}).

For the remaining inequality, denote AT :={j € A:¢; =1}and A~ :={j € A:¢gj = —1}.
Since g4 = 14+ — 14—, with AT, A= C A, we can write x + lg4 = 2(x + 14+) — (14 + x)
and therefore ||x 4+ 1.4 < 313 and we obtain I, < 313. [

Theorem 2.4. Let X be a Banach space and B a Schauder basis of X. B has Property (Q) if and
only if B has Property (Q*). Moreover, if we have Property (Q) with constant Cy and Property
(Q*) with constant C,, then

C) < Cy <6C;.
Proof. Of course Property (Q*) with constant C; implies Property (Q) with the same constant.
Assume that BB has the Property (Q) with constant Cy. In particular

1Pyl < Cillzll, zeXc, M| < oo. (15)

Let ley| = le,| = 1, |A| = |Bl, ANB =@ and x,y € X, withxy = 0, |Z]loc < 1 and
supp(x +y) N (AU B) = . By (15) and Property (Q), foreach A’ C A

x4+ 1al < Cillx + 14l < CPllx +y + 18], A’ C A. (16)
Applying Lemma 2.3, together with (15) and (16), we obtain, for 1., = 1g+ — 13-,

Ix + Leall <3 sup |lx + 1,1l <3CTlx +y+ 15
A'CA

< 3CH(lx +y + g+l + 115-1D
< 6CT|lx +y + Lygll.

This shows (13) and therefore 5 has Property (Q*) invoking Proposition 2.2. [

Let us mention the following result whose proof is borrowed from [3].
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Proposition 2.5. Let B be a C-suppression unconditional basis of X. Let x € X, A C supp(x)
and &, = e"—(x)forn € A. Then

ley ()]

Y er()en +1lea < Clx| (17)

neB

foreach B C supp(x) \ A and t < min{le}(x)|:n € A}.
Proof. Given B C supp(x) \ A and t < min{le}(x)| : n € A} we define

fz,B(S)=ZeZ(x)en+ZX[O @ eXe, 0=s <1

neB neA e ()]

Note that, since f; p(s) = Pa,x, we have that || f; p(s)|| < C||x|| and

1
> erx)en +1tlea :/ fi.8(s)ds.
0

neB

Hence, using the vector-valued Minkowski’s inequality, (17) is achieved. [

Theorem 2.6. Let X be a Banach space and B a Schauder basis of X.

(1) If there exists C > 0 such that
X = Gm()l < CDj,(x), VxeX, VmeN,

then B has Property (Q*) with constant C.
(ii) If B has Property (Q*) with constant C then

Ix = G| < C?0m(x), VxeX, VmeN.

Proof. (i) Due to the equivalences in Proposition 2.2 we shall show (13). Let us take ¢, &’ €
{£1}, |A] = |Bl, ANB = @ and x,y € X, such that xy = 0, |[X]lcc < 1 and

supp(x +y) N (AU B) = (. Let us write F' = supp(y), n, = ﬁ% for n € F and
define, for each § > O,

2=lga+x+y+L1ir+A+lyp.

Using that |e; (y + 1,7)| = |nn + (D] = les (01 + m) > 1 foreachn € F we
have G,,(z2) = (1 +68)1yp + y + 1,F, where m = |B| + | F|. Therefore
[Mea +xIl = llz — Gl
CD,(2) < Cliz— lea — LyF|
=Cllx+y+A+8)lyupll.

IA

Now taking the limit as § goes to 0 one gets (13).

(ii) By density and homogeneity, it suffices to prove the result when x is finitely supported with
IXlloo < 1.Letx € X, |[X|loo < 1,m € Nand let b € [e, : n € A] with |A| = m. Select B
with |B| = m and G, (x) = Pp(x).

Sett = min{|e*(x)| : n € B\ A} and set &, = <&

‘e*(i;‘ for n € supp(x).

n
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Taking into account that ¢ > ||X — Fl—?\(x_/) loo, We take in the formula (14) the vector x as
x — Pp(x),theset Aas A\ B and y = 1¢(p\4). Now from Proposition 2.2 we obtain

X = Gn()Il < Cllx — Pp(x) — Pa\p(x) + t1em\a)ll
= C||Paup)c(x — b) + tlm\a)ll.
Finally, since t < |e}(x — b)| forn € B\ A, applying Proposition 2.5 one gets
lx = Gn )l < C?llx = b,
This gives that ||[x — G, (x)|| < C 26, (x) and the proof is complete. [J

Remark 2.7. If we assume that 13 is a K-suppression unconditional basis satisfying Property
(A) with constant C we would have Property (Q*) with constant K C (see Remark 1.6), since
the argument in Theorem 2.6 part (ii) only makes use of Proposition 2.2 with constant K C and
Proposition 2.5 with constant K, we would obtain that B is a K>C-greedy basis. Hence we
recover the result in part (ii) in Theorem D.

3. Some properties of the new functionals D,, and Dj,

Of course Dy(x) = Di(x) = llx —G1()| = llx — e;(l)(x)ep(l)n. However calculating the
functionals Dy, (-) and D}, (-) for m > 2 is not easy in general. Let us study the situation for
Hilbert spaces and X = £7 with 1 < p < oo.

For Hilbert spaces and for orthonormal bases one can compute the functionals explicitly using
the inner product.

Proposition 3.1. Let H be a Hilbert space and B = (e,),, be an orthonormal basis of H. Then,
for x € H,

1
Dp(x) = \/IIXII2 — . sup {(x, 14)2 1 |A] = m},

1
Dl (x) = \/||x||2 = —sup {(x, 1ea)? £ |A] = m. (&) € (1)},

Proof. Leta € R, (¢,) € {1} and |A| = m. Then
lx — aleall® = [Ix]I* — 2(x, @le4) + a?|Al.

D ken £k (X)

o and its value is

Therefore the minimum of ||x — alg.4||? is achieved at ag =

2
Ix)? — W. Taking infimum over the corresponding families we obtain the result. [

Theorem 3.2. If H is a Hilbert space and B = (ey,), is an orthonormal basis of H, then

lim D,,(x) = lim Dj(x)=|x|, Vxel.
m-—>00 m—0Q
Proof. Since D}, (x) < Dy (x) < | x|, it suffices to see that limy,_ o D (x) = ||x||. Assume

first that x € X, and supp(x) = B with N = |B|. For each (¢,) € {1} and A such that |A| = m,
we have

2
1 1 |[ANB| Nlx|?
— (X, 1 2 = — * < 2 < .
|A|<x eA) A (keEAmB“:kek(x)) < lixll A = m
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From Proposition 3.4 we conclude that

Ixllv1—N/m <Dy, (x) < x|,

which gives the result for x € X..
For general x € X, given ¢ > 0, take first y € X, with ||x — y|| < ¢/2 and observe that

Dy, (x) = Dy (y) — llx = yll,
to conclude that
liminf Dy, (x) > llyll —e/2 > [Ix]| —e. (18)
m
As we know that D} (x) < ||x|| forallx € Xandm € N, then lim,, sup D} (x) < ||x||. Hence,
using this fact and taking the limit as ¢ goes to 0 in (18), we obtain the result. [

Now, we are going to show that for any finite set B and the canonical basis 5 in X = £7, we
have the same property as in Theorem 3.2 for concrete elements. To prove this, we shall use the
following elementary lemma.

Lemma3.3. Let 1 < p < oo and m, N € N such that m > N. Define, for « € R and
1<k <N,

H(a, k) = |1 —a|Pk + |al’(m — k) + (N — k)
and, foroa € R, k1, ko e Nand 1 <ky+k» <N,

L(at, k1, ko) = |1 —a|Pki + |1 + alPky + |o|P (m — (k1 + k2)) + (N — (k1 + k2)).
Then

m— N\~Vp-D\ P~
min  H(a, k) = min L(a, ki, ko) =N (1 + ( ) ) .
a€eR, 1<k<N aeR,1<k{+ky<N N

Proof. Using that H(«, k) > H(|a|, k) and L(«, k1, k2) = L(—«, k2, k1) we can restrict « to
a € RT. Also since (o« — 1)k +a” (m — k) and (o — 1)Pky + (1 + &) Pky + aPkj are increasing
for @ > 1, the minima are achieved over 0 < o < 1.

Let0 <o <1andO <k,ki,kp < Nandki+ky < N.We write H(a, k) = Hy (k) = Ji (o),
that is

Ho) = ((1 =) —a? = 1)k + N +aPm.
Similarly we write L(«, k1, ko) = Ly (k1, k2), that is

Lo (k1. ko) = ((1 —a) —af — 1)k1 n ((1 Fa) —af — 1>k2 +N+aPm.
Since (1 —a)? <aP +1and (1 + «)? > a? 4+ 1 we obtain that

min{Ly (k1,k2) : 0 < ki + ko < N} = min{H,(k) : 0 <k < N}
=1 —-a)’N +a”(@m — N).

1
Now the minimum of Jy (@), 0 < a < 1, is achieved at apjn = (1 + (#)ﬁ)’l and

1\ (=D
m—NY\ »r-l
JN(omin) = N (1 + < N > ) . O
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Proposition 3.4. Let X = €7 for some 1 < p < oo and B the canonical basis. If B C N and

|B| = N then
Dy(1p) =Di(1p) = (N —m)'/P, m <N, (19)
—1/(p-1\ VP
DmaB)=D:;<13)=N1/P<1+(%—1) ) . m=N, (20)
where p' = %.

Proof. Assume first that m < N.Leta € R, |g,] = 1 and A C N with |A|] = m. Set
lea = 14, — 14,. Observe that

s —aleall” = 11— al?[l1a,n8l1" + 11 + 114,017 + lel?I1a\s17 + [15\all”
2n

In particular
I1g —alall” =11 —al’[[1ansl” + lel”[1a\s 17 + 154l (22)

Therefore ||15 — aleall > | 1g\all = (N —m)'/P. This gives D, (15) > (N —m)'/7.

On the other hand, choosing A € B and « = 1 one concludes that (N—=m)VP = || 1g—14| >
D,,(1p). Therefore we obtain (19).

Assume now that m > N. Denoting k = |[A N B| = [[1angll?, k1 = [A1 N B| = [1a,n8lI”
and kp = |[A1 N B| = ||14,n8]|”, we can apply (21) and (22) together with Lemma 3.3 to obtain
(20). O

Remark 3.5. Similar arguments show that for X = ¢! and B the canonical basis and B ¢ N
N—-m, m=<N,;

with|B|=N0nehast(13)={m—N, N <m <2N;
N, m > 2N.
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