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Abstract

The main results of this paper offer sufficient conditions in order that an approximate lower
Hermite—Hadamard type inequality implies an approximate convexity property. The failure of such an
implication with constant error term shows that functional error terms should be considered for the
inequalities and convexity properties in question. The key for the proof of the main result is a Korovkin
type theorem which enables us to deduce the approximate convexity property from the approximate lower
Hermite—Hadamard type inequality via an iteration process.
© 2012 Elsevier Inc. All rights reserved.
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1. Introduction

Throughout this paper R, R4, N and Z denote the sets of real, nonnegative real, natural and
integer numbers respectively. Let X be a real linear space and D C X be a convex set.
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One can easily see that, for any constant ¢ > 0, the e-convexity of f (cf. [14]), i.e., the validity
of

fax+A -y =tf)+A-0f(»)+e (x,yeD, tel01],

implies the following lower and upper e-Hermite—Hadamard inequalities

1
f(x;y>5/ fx+A—ny)di+e (x.yeD), b
0
and

w +e (x,yeD). (1.2)

1
/ fx+ 1 —1t)y)dt <

0
The above implication was discovered if ¢ = 0 by Hadamard [8] in 1893. (See also [21,16,
24.,7] for a historical account). For ¢ = 0, the converse is also known to be true (cf. [23,24]),
i.e., if a function f : D — R which is continuous over the segments of D satisfies (1.1)
or (1.2) with ¢ = 0, then it is also convex. Concerning the reversed implication for the case
& > 0, Nikodem et al. in [25] have recently shown that the e-Hermite-Hadamard inequalities
(1.1) and (1.2) do not imply the ce-convexity of f (with any ¢ > 0). Thus, in order to obtain
results that establish implications between the approximate Hermite—Hadamard inequalities and
the approximate Jensen inequality, one has to consider these inequalities with nonconstant error

terms.

In order to describe the old and new results about the connection of an approximate Jensen
convexity inequality and the approximate Hermite—Hadamard inequality with variable error
terms, we need to introduce the following terminology.

For a function f : D — R, we say that f is hemi- P, if, for all x, y € D, the mapping

t— f((A=0x+ty) (e€][0,1]) (1.3)

has property P. For example f is hemiintegrable, if for all x, y € D the mapping defined by
(1.3) is integrable. Analogously, we say that a function 4 : (D — D) — R is radially- P, if for all
u € D — D, the mapping

t— h(@u) (e][0,1)

has property P on [0, 1].
In [19] the authors established the connections between an upper Hermite—Hadamard type
inequality and a Jensen type inequality, which was stated in the following theorem.

Theorem A. Let ay : (D — D) — R be even and radially upper semicontinuous, p : [0, 1] —
R4 be integrable with fo] o0 = 1 and there exist ¢ > 0 and p > 0 such that

N 1 1
p(t) < c(—1In|1 —2¢)P~! (r e}o,z[Uk,lD,

and , € [0,1]. Then every f : D — R lower hemicontinuous function satisfying the
approximate upper Hermite—Hadamard inequality

1
/0 fax+d=-0y)p®mdt <rf(x)+A -2 f()+anx—y) (x,ye D),
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fulfills the approximate Jensen inequality

x+y f)+ f)
f( > )s 3 +

aj(x—y) (x,yeD) (1.4)

provided that oy : (D — D) — R is a radially lower semicontinuous solution of the functional
inequality

1
oy(u) > / ay(|1 =2tlu)p(®)dt + apgu) (u € (D — D))
0
and aj(0) > ay(0).

In [13], Hdzy and Péles obtained a relationship between a lower Hermite—Hadamard type
inequality and a Jensen type inequality by proving the following result. In Remark 3.20, we will
deduce this result as a consequence of Corollary 3.19.

Theorem B. Let oy : (D — D) — Ry be a nonnegative even function. Assume that f : D — R
is an upper hemicontinuous function satisfying the approximate lower Hermite—Hadamard
inequality

x + !

f< 2y)§/ fax+dA—-0y)dt +apx—y) (x,y€D). (1.5)
0

Then f satisfies the approximate Jensen inequality (1.4) where ay : 2(D — D) — Ry isa

nonnegative, radially increasing solution of the functional inequality

1
oy(u) > / ayQRtu)dt +ayg(m) (e D — D). (1.6)
0

The following theorem, which has been stated in [17,20,22,27,26], is also a consequence of
our main result. We will also derive it in Remark 3.22 by applying Corollary 3.21.

Theorem C. Let oy : (D — D) — R, be a nonnegative even function. Assume that f : D — R
is an upper hemibounded function satisfying the approximate Jensen inequality (1.4). Then f
also satisfies the following convexity type inequality

> 1
S =s)x+sy) <A =s)f(x)+sf(y)+ Z z—naJ(ZdZ(Z"S)(X - ) (1.7)
n=0

forallx,y € D,s € [0, 1], where dz(s) := dist(s, Z) == min{|s — z| : z € Z} for s € R.

In this paper we examine the implication from a lower Hermite—Hadamard type inequality
to a convexity type inequality. In Theorem 3.18 below, we generalize Theorem B replacing
the Lebesgue integral by an integral with respect to an arbitrary Borel probability measure.
This allows us to view an approximate Jensen inequality as a particular approximate
Hermite—Hadamard inequality. The reversed implication is established in the following theorem,
which was one of the main results of [18].

Theorem D. Let D be a convex set of a linear space X. Let A be a sigma algebra containing
the Borel subsets of [0, 1] and  be a probability measure on the measure space ([0, 1], A) such
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that the support of | is not a singleton. Denote

w1 :=/ tdu(t) and
[0,1]

S(u) = w0, u1]) tdu(t) — pn (Qur, 1) tdu(t).
1u1.1] 0.1

Assume that f : D — R is a hemi-u-integrable solution of the functional inequality

S =Dx+1y) <A =DF) +1f () +ney(@)  ((x,y) € D¥, 1 €0, 1])
where, for all (x,y) € D* = {(x,y) | x,y € D, x # y}, Nx,y © [0, 1] = R is a function such
that
—

H1
I(x,y) = / / (" = I tyxtty (1= )xty (ﬁ) dp(t)du(r")
11,11 /10,11 1wt

exists in [—o0, o] for all (x, y) € D**. Then, for all (x,y) € D**, the function f also satisfies
the lower Hermite—Hadamard type inequality

1
S = p)x + pry) < / F(L=Dx +ty)du@®) + ——1I(x,y) ((x,y) € D¥).
[0,1] S(u)

The main results of the subsequent sections concern convexity with respect to Chebyshev
systems. Thus, we will also need the following terminology. Given a nonempty open real interval
I, denote by A(7) and A°(I) the sets

{(x,y)elIxI|x<y} and {(x,y)elxI|x <y},

respectively. We say that a pair (wg, 1) is a Chebyshev system over I, if wg, w1 : I — R are
continuous functions and

wo(x)  wo(y)

E =140 @iy

>0 ((x,y) € A°(])). (1.8)

One can easily see, that if wq is a positive function, then (1.8) holds if and only if w1/wq is
strictly increasing on /. In this latter case, (wg, w;) will be called a positive Chebyshev system
over . On the other hand, we can always assume that ey is a positive function, because for every
Chebyshev system (wp, w1), there exists a, 8 € R such that cwy + Bw; > 0 (cf. [2-4]). In the
sequel, for fixed x, y € I, the partial functions u + 2(u, y) and u — (2(x, u) will be denoted
by £2(-, y) and {2(x, -), respectively. Observe that both partial functions are linear combinations
of the base functions w(y and w;. An important property of Chebyshev systems is that for every
two pairs (x, &), (y, n) € I x R with x # y the function w defined as

20, y) . 2(x,-)
20, y) 20, y)
is the unique linear combination of wp and w; such that w(x) = & and w(y) = n hold.

Given a positive Chebyshev system (wy, w1) over I and a proper subinterval J of 1, a function
f:J — Riscalled (wg, w1)-convex on J if, forall x < u < y from J,

fx) f@ f»
wo(x) wo(u) wo(y)| =0, (1.9)
wi(x) w1(®) wi(y)

w:=E£
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or equivalently,

2(u, y) 2(x, u)
f) < Q(x’y)f(X)Jr 2G.y)

If (1.9) holds with strict inequality sign “>", then f is said to be strictly (wg, w1)-convex on J.

f. (1.10)

Lemma 1.1 ([3,4]). Let (wg, w1) be a positive Chebyshev system over I, J C I be a proper
subinterval and f : J — R. Then the following statements are equivalent:

1) f is [strictly] (wo, wi)-convex on J;

-1
(i) (w%) o (Z—é) is [strictly] convex in the standard sense on g—(l) J);
(iii) for every u € J°, there exist constants o, B € R such that f(u) = awo(u) + Bwi(u)

and, for all x € J \ {u}, the inequality f(x) > awo(x) + Bwi(x) [the strict inequality

f(x) > awo(x) + Bwi(x)] holds.

In [5,3], the authors established the following connections between the (wg, wi)-convexity
and the Hermite—Hadamard type inequality.

Theorem E. Let (wq, 1) be a positive Chebyshev system on an open interval I and let p : [ —
R be a positive integrable function. Define, for all elements x < y of I, the functions &(x, y) and
c(x, y) by the formulas

-1 y y
E(x,y) = (ﬂ) fxy @ip and c(x,y) = ﬂ. (1.11)
@o [7 wop wo(§(x, y))
If the continuous function f : I — R, for all elements x < y of 1, satisfies the inequality
¥
c(x, ) f(EX, y) = / fp, (1.12)
X

then it is (wg, w1)-convex.

In Theorems 2.12 and 3.14 below, these results will also be generalized.
For the reversed implication the following theorem was obtained in [18]. To formulate its
result, consider the following basic assumptions.
(1) (T, A, ) is a measure space.
(2) A: T x A°(I) — Ry is u-integrable in its first variable.
(B)M : T x A°(I) — R is A-measurable in its first variable and for all + € T, the map
(x,y) = M(t, x, y) is a two-variable mean on /. My : A°(I) — [ is a strict mean such that

ulteT | A(t,x,y) >0, M(t,x,y) # My(x,y)} >0 if (x,y) € A°(]).

(4) There exists an (wp, @1)-Chebyshev system on I such that wg is positive. Furthermore, for
i €{0,1},

wi(Mo(x, y)) =/T/l(f,x7y)wi(M(Lx,y))dM(t) ((x,y) € A°(D).

Theorem F. Assume that (1)—(4) hold. Let f : I — R be a locally upper bounded Borel
measurable solution of the approximate (wg, w1)-convexity type functional inequality

2(u, y) 2(x,u)
fw) < Q(x’y)f(X)-i- 20 y)

JO) +éexy@) (uelx,yl),
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where for all (x,y) € A°(I) and u €lx, yl, the function (v, w) > &, 1) is bounded and
Borel measurable for (v, w) € [x,u] x [u,y]. Then f also satisfies the approximate lower
Hermite—Hadamard type inequality

JMo(x, y)) < fT/l(t,x,y)f(M(t,x,y))dM(t)+E(x,y) ((x,y) € AD)),

where E : A°(I) — R is defined by the following way
fT)é,y fr{’y @(_x’ Y, t/a t//)SM(t’,x,y),M(t”,x,y) (MO(X’ )’))dli(t//)dli(t/)
Jry Jr, 90y 70 dR G

E(x,y) =

’

where

T;,y ={teT |Alt,x,y) >0, M(t,x,y) < Mo(x, y)},
T/, =1{t € T | At,x,y) > 0, M(1,x,y) = Mo(x, )},
D(x, y, t',t") =AW, x, NVAQ", x, QM , x, y), M1, x, y)).

In Section 2, certain Korovkin type theorems [15,1] will be proved, which will play an
important role in the proof of the main results: Theorems 2.12 and 3.14. In Section 3, the
implication from an approximate lower Hermite—-Hadamard type inequality to an approximate
convexity inequality will be investigated.

Throughout this paper, the notation §; stands for the Dirac measure concentrated at the point
t €[0,1].

2. Korovkin type theorems

The subsequent results are Korovkin type theorems. In the sequel, denote by C([a, b]) and
B([a, b]) the space of continuous and bounded Borel measurable real valued functions defined
on the interval [a, b] equipped with the usual supremum norm.

Theorem 2.2. Let a < b, T, : B([a, b]) — B([a, b])(n € N) be a sequence of positive linear
operators and let (wg, w1) be a positive Chebyshev system over [a, b] such that

lim (T,w0) () = wo(u) and — lim (Tyw1)() = wi1() (u € [a,b]). 2.1

Suppose that there exists a function g € C([a, b]) with g(a) = g(b) = 0and g > 0 on Ja, b[
such that lim,_, oo (T,8)(m) = 0 for all u € [a, b]. Then, for all bounded upper semicontinuous
functions f : [a, b] - R,

Qu, b a,
limsup Ty, f(u) < f(a) QEZ b; +/0) QEZ Z;

(u € [a, b]). (2.2)

Remark 2.3. It easily follows from the above theorem that, if f is continuous, then (2.2) holds
with equality and the “limsup” can be replaced by “lim”. By a generalization of the classical
Korovkin theorem if, for some continuous (wq, w1)-convex function g : [a,b] — R, T,g
converges to g, then 7T, f converges to f forall f € C([a, b]).
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Proof. As a consequence of (2.1), it follows that

lim (7,2, b)) () = 2(u,b) and
n—oo 2.
lggo (Tuf2(a,u)) w) = 2(a,u) (u € la,b)). @3

To prove (2.2), let ¢ > 0 be arbitrary and define ¢ :]Ja, b[— R by

— .Q(Cl, b)f - f(a)‘Q(v b) - f(b)‘Q(a’ ) - SQ(CZ, b)CUO
v= Q(a.b)g '

Since f is upper semicontinuous at a and also at b, there exists 0 < 6 < }% such that

2a,b)f(u) — fla)2u,b) — f(b)2a,u) <e2(a,b)wo(u) ifa<u<a+4+},
2(a,b) f(u) — f(a)2(u,b) — f(b)2(a,u) < efl(a, b)wo(u) ifb—8<u <b.
Hence, the function ¢ is nonpositive on [a, a 4+ §[U]b — &, b]. On the other hand, ¢ is upper

semicontinuous on the compact interval [a + §, b — §], therefore ¢ attains its maximum on
[a + 8, b — &], which we denote by K. This implies that

f 2 r@a) 2D | gy [a, b]
a e on [a, b].
=) 20a.p)  CETEN M
Applying the linearity and the monotonicity of T, for all n € N and u € [a, b], we get
/(@)
T < T 20, b
(Tn )W) = 2. b) (Tnf2(-, D)) ()
Q)
t5 (Tnf2(a, ) (u) + K(Tng)(u) + &(Tnwo) ().
(a,b)
Upon taking the limit n» — oo and using (2.3), we obtain

. f(@ f®
limsup(T, f)) < o= Qe b) + 5=

which results the statement. [

2(a,u) + ewg(u) (u €la,bl,

The following result offers a sufficient condition for (2.2) to hold when the sequence (7},) is
obtained as the sequence of iterates of a positive linear operator.

Corollary 2.4. Let a < b, T : B([a, b]) — B([a, b])(n € N) be a positive linear operator and
let (wp, w1) be a positive Chebyshev system over [a, b] such that wy and w are fixed points of
T, ie.,

Twg=wg and Tw; = w;. 2.4)

Suppose that there exist a function g € C([a, b]) with g(a) = g(b) =0and g > Oon la, b[ and
a constant q €10, 1[ such that

(T ) <qgu) (u€la,b. (2.5)
Then, for all upper semicontinuous f € B([a, b)),

limsup T £0) = Flar D o ) 280 g, by 2.6)

1£sol<1)p fw) < f(a 2. b) f 2@.b) u € la, b)). .
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Remark 2.5. It easily follows from the above corollary that, if f is continuous, then (2.6) holds
with equality and the “limsup” can be replaced by “lim”.

Proof. We apply Theorem 2.2 to the sequence of operators T, := J". Now (2.1) automatically
holds by (2.4). On the other hand, by induction on n € N, we get 0 < T"g < ¢"g. Taking the
limit n — o0, this inequality yields that lim,_, o, 7" g = 0. Hence, Theorem 2.2 applies and we
obtain (2.2), which is now equivalent to (2.6). U

The following two results establish a connection between (wg, wi)-convexity and the

inequality f < T f.

Proposition 2.6. Let a < b, T : B([a, b]) = B(la, b])(n € N) be a positive linear operator
and let (wo, w1) be a positive Chebyshev system over [a, b] such that wy and w are fixed points
of T. Then, for all (wo, w1)-convex functions f : [a, b] - R,

f@) = (TfHw) (u€la,b) 2.7)
holds.

Proof. Assume that f : [a,b] — R is an (wg, w1)-convex function. Then it is continuous on
the interior of [a, b] and upper semicontinuous at the endpoints of [a, b], furthermore, it is also
bounded. Hence f € B([a, b]). In view of Lemma 1.1, for all u €]a, b[, there exist constants
o, B such that

awo(u) + for1(w) = f(u) and  awo+ o < f.
Applying T to the last inequality and using that wg and w; are fixed points of T, we get

awy + Bwy < Tf.
Evaluating both sides at u, it follows that

W) =awo(u) + Bor(u) < (Tf)w).
This proves (2.7). O
Proposition 2.7. Leta < b, T : B([a, b]) — B([a, b])(n € N) be a positive linear operator and
let (wo, 1) be a positive Chebyshev system over [a, b] such that wy and w; are fixed points of
T. Assume that there exists a function g € C([a, b]) with g(a) = g(b) =0and g > 0on Ja, b[

such that (2.5) holds for some q € [0, 1[. Then, for all bounded upper semicontinuous functions
f € B(la, b]) which satisfy f < T f, the inequality

2(u, b) 2(a,un)
2(a, b) + /0 2(a, b)

fw < fa) (u € [a, b)) (2.8)

holds.

Proof. Assume that f : [a, b] — R is a bounded upper semicontinuous function which satisfies
f < T f. Then, by induction, 7 f < T7"*! f and hence f < T” f follows for all n € N. On the
other hand, by Corollary 2.4, (2.6) also holds. Therefore, upon taking the limit » — o0 in the
inequality f < J" f, and using (2.6), the desired inequality (2.8) follows. [J

In what follows, we construct a large family of positive linear operators on B([a, b]) which
satisfies the assumptions of the previous results and will be instrumental in the investigation of
approximate convexity.
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For a triplet (i, A, m) define a linear operator J, 3 ,» : B(la,b]) — B([a,b]) by the
following formula:

(Taeam £ (u) :=/T?»(t,u)f(m(t,u))du(t), (2.9

where, on the data (u, A, m), we make the following assumptions.

(H1) (T, A, w) is a measure space.
(H2) A : T x[a, b] — R4 is measurable in its first variable and continuous in its second variable,
furthermore, the function £ : T — R, defined by

£(t) = sup A(t,u)

u€la,b]

is p-integrable, i.e., [ £(1)d (1) < +o0.

(H3) m : T x [a, b] — [a, b] is measurable in its first variable, continuous in its second variable
on [a, b] differentiable in its second variable at the endpoints of [a, b] and it is uniformly
calm at the endpoints of [a, b], i.e., there exist constants § > 0 and K > 0 such that

Im(t,v) —m(t,u)| < K|lv—u| ifu €{a,b}, vela,b], lv—u|<34.
Furthermore, forallt € T, m(t,a) = a, m(t, b) = b, and, for all u € [a, b],

ul{t €T | XMt,u) #0, m(t,u) #u} >0 ifu < {a, b},

, . (2.10)
ufteT | Ait,u) #0, m"(t,u) #1} >0 ifu € {a, b}.

(H4) There exists a positive Chebyshev system (wq, w1) over [a, b] such that wq is positive,
/ /

Z—(l] is differentiable at ¢ and b with (Z—é) (@) > 0 and (z—é) (b) > 0. Furthermore, for

i €{0,1},

w;(u) = / A, wwi(m(t, u)dut) (u € la,b)). (2.11)
T

Proposition 2.8. Assume that (i, A, m) fulfills hypotheses (H1)—(H4). Then
/ AMt,a)du(t) =1, / AL, b)du(t) =1, (2.12)
T T

/ Mt aym' (6, (e < 1, / A bym' (1, DY) < 1., 2.13)
T T
and

/A(t,a)(m/(t,a))pd,u(t) <1, /A(t,b)(m/(t,b))pd,u(t) <1 ifpelo 1.
T T
(2.14)

Proof. We note that a < m(t,u) < b for all (t,u) € T X [a, b], hence the assumptions
m(-,a) = a and m(-, b) = b imply that m'(¢,a) > 0 and m’(¢,b) > Oforallt € T.
The substitution # = a in (2.11) and m(-, a) = a yield that

wo(a)=f1rk(t,a)wo(m(t,a))du(t)=/T/\(t,a)wo(a)du(t)=wo(a)/Tk(t,a)du(t),
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which, by wg(a) > 0, results the first formula in (2.12). The proof of the second formula is
analogous.

To prove (2.13), let u €]a, b[ be arbitrary. Using (2.11), we have that

wo(u) - <ﬂ> (a) = / At ) - wo(m(t, u)) - (ﬂ) (m(t, a))d (1) (2.15)
wo T wo
and
w1 w1
wo(u) - (—) () = f At ) - wo(m(t, u)) - (—) (m(t, u))dpu (). (2.16)
w T wo

Subtracting (2.15) from (2.16) and then dividing by u — a, we get that

(2) 00— (2) @

u—a

wo(u) -

u—a

= / A, u) - wo(m(t, u)) - du(t). (2.17)
T

Observe that the integrand is a nonnegative measurable function of the variable ¢ for all
u € [a,b]. Now, let u, > a be an arbitrary sequence tending to a and substitute u by u, in
(2.17). Then, taking the limit # — oo and using the Fatou Lemma, we get

(2) ) - (2) @

wo(a) (%) (a) = liminf o (u) -

U, —a
9 (m(t, up)) — (2L (n(r, )
zliminf/ At ) - wo(m(t, uy)) - ( 0) ( °> du(t)
n—oo Jr U, —a
oL (m(t3 Mn)) - Z,A (m(tv a))
> / lminf A(7, u,) - wo(m(t, uy)) - ( ) ( ) du(r)
T N—=>00 U, —a

_ / At @) - (@) - (ﬂ) (@) - m'(t, a)du(0).
T ()

/
Using wop(a) - (g—é) (a) > 0, the first inequality in (2.13) follows. The proof of the second
inequality is analogous.
Let p €]0, 1] be fixed. The function s — s? is strictly concave over [0, oo[, therefore

sP<ps—D4+1 (se[0,00])
and the equality is valid if and only if s = 1. Hence,
m'(t,a))? < pm'(t,a) +1—p (teT), (2.18)

and the equality holds if and only if m’(¢, a) = 1. Thus, by the second inequality in assumption
(2.10), on a set of positive ;. measures we have strict inequality in (2.18). Multiplying this
inequality by A(#, a) and then integrating by ¢ with respect to u, and using (2.12) and (2.13),
it follows that
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f At a) - (m'(t,a)Pdu(t) < p/ A, a)-m'(t, a)dp(t)
T T

+d - P)/ AL, a)dp(r) < 1.
T
The proof of the second inequality in (2.14) is completely similar. [

Proposition 2.9. Assume that (u, X, m) fulfills hypotheses (H1)—-(H4) and define T, j m
by (2.9). Then Ty, . m : B(la, bl) — B(la, b]) is a bounded positive linear operator with

1T nml < fT COdu). 2.19)

In addition, T, 5 m has the following properties.
(1) Forall f € B(la, b)),
Tpamf)a) = fa) and (Tysrmf)b) = f(b). (2.20)

(i) If f : [a, b] = Ris bounded and lower (upper) semicontinuous then T, ;. m f is also lower
(upper) semicontinuous, respectively.
(i) If fn € B(la, b)) is a norm-bounded sequence converging pointwise to fo € B([a, b]) then

nin;o(ju,k,mﬁz)(u) = (Tu,k,nsz)(u) (u € [a, b]).

Proof. If f € B([a, b]) then, for all fixed u € [a, b], the function t +— A(t, u) f (m(t, u)) is
A-measurable on 7. On the other hand, |A (¢, u) f (m(¢, u))| < £(2)| f|l, hence the integral on the
right hand side of (2.9) is well-defined and

[(Tuem )W) S/TI/\(t,u)f(m(t,u))ldu(t) S/Tﬁ(t)du(t)llfll,

which proves the boundedness of T, ; ,» and (2.19). The linearity and positivity of Ty, i m
are obvious. The endpoint properties (2.20) are consequences of hypothesis (H3) and
Proposition 2.6.

Now we show that T, ; » f is lower semicontinuous whenever f € B([a, b]) is also lower
semicontinuous. Let (u,) be an arbitrary sequence in [a, b] converging to ug € [a, b]. By the
continuity—semicontinuity properties of A, m and f, and the uniform integrable bound estimate
|A(t, uy) f(m(t, uy))| < £(t)| fIl, the Fatou Lemma can be applied. Thus

Hminf(Ty xm f)(uy) = liminf/ At up) f(m(t, uy))du(t)
n—>oo n—>0oo T
> /liminfk(t,un)f(m(t,un))dﬂ(f)
T n—oo

> /T)»(t,uo)f(m(t,uo))du(t) = (T,n,m ) (o),

which proves the lower semicontinuity of T, ; » f at ug. Hence T, 3, f is lower semicontinuous
at every point of [a, b] provided that f is also lower semicontinuous on [a, b]. The proof for the
upper semicontinuity is analogous.

To verify (iii), assume that f;, € B([a, b]) is a norm-bounded sequence converging pointwise
to a function fj : [a, b] = R. Then fy € B([a, b]) and, by Lebesgue’s Dominated Convergence
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Theorem, for all u € [a, b],
im (T am f)@) = lim [ A, u) fu(m(t, u))du(t)
n—>0oo n—>oo T
- /T Jim (2 w) fu (o)) ()

= fT)»(t,u)fo(m(t,u))dM(t) = (T, a,m fo) (),

which proves (iii).
Finally, we prove that T, » ,, f is bounded Borel measurable for all f € B([a, b]). For this
purpose, define the class of functions By([a, b]) by

Bo([a,b]) :=={f € B([a,D]) | Tuamf € B(la, bD}.

Obviously, this class is a subspace of B([a, b]) which contains C([a, b]) because, by (ii), the
images of continuous functions are continuous. On the other hand, if f, is a norm-bounded
sequence of functions from By([a, b]) converging to a function fy € B([a, b]), then, by (iii),
Tu.a,m fo is the pointwise limit of the sequence of bounded Borel functions T, ; » fu, and hence,
Tu.a,m fo has to be also a Borel function, i.e., fo € Bo([a, b]). In other words, the class By([a, b])

is closed with respect to the pointwise convergence and contains C([a, b]). Hence the equality
Bo([a, b]) = B(la, b]) must hold (cf. [6]), which has to be proved. [

The following proposition is a counterpart of Proposition 2.6

Proposition 2.10. Assume that (., A, m) fulfills hypotheses (H1)-(H4) and define T, ) m
by (2.9). Then, for all strictly (wo, w1)-convex functions f : [a, b] - R,

f@) < Tuamf)w) (u€la,b). (2.21)

Proof. Let u €]a, b[ be a fixed element. Then, by Lemma 1.1, there exist constants «, 8 € R
such that

awo(u) + Boi() = f(u) and awo(v) + w1 (v) < f(v) (v ela,b]\{u}). (2.22)

We show that the image of the function f — (xwg + Bwi) by T 5 m is everywhere positive on
[a, b]. If this were not the case, then there would exist an element v € [a, b] such that

(‘Iu.,)»,m(f — 0wy — /30)1))(1)) =0.
Definition (2.9) of T, ;. yields that

/T)»(t, v) - (f —awy — o) (m(t, v))du(t) = 0.

The function ¢t — (f — awp — Bw1)(m(¢, v)) vanishes if and only if m(z, v) = u. Since the
integrand is a nonnegative measurable function of the variable 7, it can only vanish if and only if
the set

S={teT|rt,v) >0, m,v) # u}

has zero M measure.
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On the other hand, by assumption (H4), for i € {0, 1}, we also have that

w;(v) = / A, v)w; (m(t, v))du(t)=/ A, v)w; (m(t, v)du(t)
T T\S

= / M, v)w; (u)dpu(t) = w;(u) f A, v)du(t) = w;(u) / AL, v)du(t).
T\S T\S T
Dividing the above identities by each other, we get that
w1 w1
— () = — ).
o o
This, by the strict monotonicity of g—(l) contradicts v # u. Using also (2.11), this means that
awy + Bw = Tu,k,m(“wo + Bwr) < Tu,k,mf on [a, b].
Substituting the fixed element u €]a, b[ and using also (2.22), we get that
Jf ) = awo(u) + B () < (Tpm )W),
which proves (2.21). O

Theorem 2.11. Assume that (i1, A, m) fulfills hypotheses (H1)—(H4) and define T, 3 m by (2.9).
Then, there exists an (wq, w1)-concave function g : [a,b] — R, with g(a) = g(b) = 0, and a
constant g € [0, 1[ such that

(Tuamg W) < qg) (u € [a,bl). (2.23)

Proof. For p €]0, 1, define g, : [a, b] — R by the following way:

p p
gp(u) = wo(u) min ((ﬂ(u) - ﬂ(a)) , (ﬂ(w - ﬂ(u)) ) .
wo wo wo wo

Observe that g,,(a) = g,(b) =0, g, (u) > Oforall u €]a, b[, and

w1 o L
wo(u) <w—(u) — w—(a)) ifu € [a,c],
gp(u) = wo wo ) (2.24)
wo (1) (—l(b) - —l(u)) ifu € [c, bl
wo wo
where ¢ := (ﬂ)_l (lﬂ(a) + %%(b)), furthermore

2 wy
-1 p p
(5)-(2) 0 =mn( (-2 (20
wo wo wo wo
(v e [ﬂm), ﬂ(b)D :
wo wo

which is the minimum of two strictly concave functions on the interval [%(‘)(a), g—(‘)(b)] in the

standard sense. Therefore, by Lemma 1.1, g, is strictly (wo, w1)-concave (i.e., (—gp) is strictly
(wp, w1)-convex). Using Proposition 2.10, we obviously have that

‘T;J,,)L,mgp <gp On la, bl. (2.25)
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To prove (2.23), we will first show that

7, T
lim sup permep) ) <1 and limsup Gurm8p) @)
u—a gp(u) U b gp(u)

For the calculation of the first limit in (2.26), observe by (2.24) that, for u €]a, c],

< 1. (2.26)

(Thrmgp) () _ f A(t,u)gp(m(t’u))du(t)
gp(u) T gp(u)
wo(m(t, u)) z—(l)(m(f, u)) — i—(l)(a) g
= /T)»(t, u) w0l) ( %(')(u) — %(‘)(a) du(t). (2.27)

In what follows, to ensure the applicability of the Lebesgue Dominated Convergence Theorem,
we show that the integrand in the rightmost integral has a u-independent integrable upper bound.

/
Lete = % (2—(1)) (@). By the differentiability of %('), there exists n > 0 such that

Z_(l)(u) - g_(l)(a) w1 ! 1 [ !
_— = <—> (@) <= (—) (@) (u€la,a+n).
u—a w 2 \wo
Therefore,
1 {01\ w1 w1 3 (o)
3 (—) (@ Ww—a)<—w——(@) =3 (—) (@) -(u—a) (ucela,a+nl.
o wo o 2 \wo

(2.28)

Let§ > 0 and K > 1 be the constants required in hypothesis (H3) such that K§ < n. Define the
function £ : T — R, as in hypothesis (H2). Then ¢ is a p-integrable function and

At,u) <€(t) ((t,u) €T x[a,b]).

On the other hand, by the uniform calmness assumption on m, for (t,u) € T x]a, a + 48], we
have that |u — a| < n and |m(t, u) — m(¢, a)| < n, hence, applying (2.28), we obtain

2t 0) - 2@ 3 (3) @m0 —a

R GO N %(g—é)/(a).(u—a)
:3%531{ ((t,u) € Tx]a,a+ 68)).
u—a

Using the above estimates, it follows that, for (z, u) € T x]a, a + 8],

wo(m(t,u)) [ oxm(t,u) — 2l(a)
A, u) o o
wo(u) D) — 2 (a)
Therefore, upon taking the limit u — a in (2.27), Lebesgue’s Theorem can be applied. Let u,,

be an arbitrary sequence in Ja, a + &] converging to a. By taking a subsequence if necessary, we
(Tu,x.mgp)(un)
8p (1)

P
) < £(t) - llooll - oy Il - BK)P.

may assume that the sequence is convergent. Then we obtain

lim (TM,A,mgp) (un)
n—00 gp(un)
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< lim A, uy)
T

n—o0 @0 (Un) o (un) — 2h(a)

w1 _ w1 p
5/ lim (A(r,un)w()(m(t’”")) (‘”O(m(t’u")) ”O(a)> )du(t)
T

=00 w0(itn) 2L (i) — 2 (a)
=[x .aydn.
T
The choice of the sequence (u,) being arbitrary, we get, by the first relation in (2.14), that

Turmgp) (0 _ / Mt a)(m' (1. a)Pdu(t) < 1,
T

lim sup
u—a gp(u)

which results the first inequality of (2.26). The proof of the second inequality is similar.
Let p €]0, 1[. Consider, the function G, :]a, b[— R defined by

Gp(u) = (%) W) (u €la, bD).

p

Then, by Proposition 2.9, G, is continuous on ]a, b[ and, by (2.25), we have that G ,(u) < 1 for
all u €]a, b[. Using (2.26), we can find constants 0 < § < b%” and ¢gg € [0, 1[ such that

Gy(u) <qo ifuc€la,a+81U[b-3,0[.
Since G is continuous on Ja, b|,

q1 = sup  Gp(u) < 1.
uela+8,b—3]

Thus,
(Turmgp) () < max(qo. q1) - gp(u) (u €la, bl).

On the other hand, by (2.20) in Proposition 2.9, we also have that
(Tumgp)(a) =gp@) =0 and (Tyuimgp)b) =gpb) =0.

Then using the previous observations, we get (2.23) with g := max(qo, g1). U

The following theorem is the main result of this section.

Theorem 2.12. Assume that (i, A, m) fulfills hypotheses (H1)—(H4) and define T, . m by (2.9).
Then Ty m : B(la,b]) — B(la,bl) is a bounded positive linear operator with the
properties (1)—(ii) listed in Proposition 2.9. Furthermore, for all bounded upper semicontinuous
functions f : [a,b] = R,

2(u, b) 2(a,u)

1i£S£P(TM,A,mf)(M) = fla) 2. b) + f(b) 2. b) (u € [a, D). (2.29)
If, in addition, f satisfies the inequality f < Ty m f, then
0 0
@ = f@ D)y ey 2O e fa, b, 2:30)

2(a, b) 2(a, b)
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Proof. The first part of this theorem is a consequence of Proposition 2.9. By (2.11) in hypothesis
(H4), we obviously have that wy and w; are the fixed points of T, ; . Using also Theorem 2.11,
we get that there exists an (wg, ®1)-concave function g € C([a, b]) such that g(a) = g(b) =0
and (2.23) holds for some ¢ € [0, 1[. Hence Corollary 2.4 can be applied with T := T, i
and we obtain (2.6) which is equivalent to (2.29). If, in addition, f satisfies the inequality
f =< Tu,amf,then Proposition 2.7 can be applied and (2.30) follows. [

Corollary 2.13. Let v be a Borel probability measure on [0, 1], denote 11 = f[o,l] tdu(t)
and assume that the support of | is not a singleton, i.e., w # §&,,. Define the operator
Ju : B([a, b]) — B(la, b]) by the following formula:

(TH@) = (T f)(u)
/ f(L(u—a)Jra)du(t) ifa<u<(l—p)a+ ub,
[0,1]

= Mll_t (2.31)
/ f( (u—b)+b>du(t) if (1 —pa+pb <u=<b.
0.1 \1—wu
Then T, : B(la,bl) — B(la,b]) is a bounded positive linear operator with ||T,| = 1,
Tu(C(la, b)) € C(la, b]) and
Tuf)a) = f(a), TuH)b) = fb), and
inf £ = (Tuf)w) < sup £ (u € la,bl) (2.32)
@ [a,b]

for all f € B(la, b]). Furthermore, for all bounded upper semicontinuous functions f : [a, b]
— R,

limsup(T% f)(ta + (1 = 0)b) < tf (@) + (1 =) f(b) (¢ € [0, 1]). (2.33)

n—oo

If, in addition, f satisfies the inequality f < T f, then
fa+ A —=0b) <tf(a)+ (1A —1)f() (e€]l0,1]). (2.34)
Proof. The measure w is not a Dirac measure, therefore 0 < u; < 1 and hence T, is well-

defined. Define A : [0, 1] x [a,b] — Ry and m : [0, 1] x [a, b] — [a, b] by the following
way:

t
—(Ww —a)+a, ifa <u<({1-—pup)a+ ub,
At.u)=1 and m(t,u) = ’Lll_t (2.35)
T (u—>b)+b, if(1—pup)a+ub<u<hb.
— M1

One can see that T, defined in (2.31) equals T} ., defined in (2.9) with A and p from
(2.35). In order to make Theorem 2.12 appliable, it is enough to show that the triplet (A, w, m)
satisfies the conditions (H1)—(H4). It is obvious that (H1) and (H2) hold. Furthermore, the
equalities m(-,a) = a and m(-,b) = b are also trivial. Observe that m defined in (2.35)
is continuous in its first variable and differentiable in its second variable at every element
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u € la,b]\ {(1 — n1)a + p1b} and

1t
— ifa<u<({—pup)a-+ urb,
M1

1—1¢

I—
On the other hand, for all ¢ € [a, b]

m'(t,u) =

if (1 — py)a+ b <u < b.

t 1
m(t,u) —al=—w—a)< —wu—a) f0<u—a<p®-a),
w1 78l

and

|m(t,u) — b| = I_Mt b—a)< b—a) fO<b—u<{—-pu)b-—a).
1

1- I—
This shows that m is uniformly calm at the endpoints of [a, b]. (2.10) also holds, because if
u & {a, b}, then m(t,u) = u can hold if and only if # = p; and the support of w is not the
singleton g 1. Similarly, if u € {a, b}, then m’(¢, u) = 1 can hold if and only if # = u;, which
yields the second condition in (2.10). To show (H4), let (wp, w1) be the standard Chebyshev
system, i.e., wp(#) = 1 and wo(u) = u, if u € [a, b]. Using that p is a Borel probability measure
and the definition of u, we get that

1= f ldu(t) and u = f m(t,u)du(t) (u € la,b)),
[0,1] [0,1]
which proves that wy and w; are fixed points of T, and hence (H4) follows. Thus, all the
hypotheses (H1)—(H4) hold and hence Theorem 2.12 can be applied.
Therefore, T, is a bounded positive linear operator with the properties listed in the theorem,
(2.32) can be checked directly. Using the formula §2(x, y) = y —x, and putting u = ta+ (1 —1t)b
into (2.29) and (2.30), the inequalities (2.33) and (2.34) follow, respectively. [

Remark. The assumption in Corollary 2.13 that u is not a Dirac measure is essential, because if
u = 8; with 0 < v < 1, then 1 = 7 and T, is the identity operator on B([a, b]). Then, (2.33)
and (2.34) cannot hold for all upper semicontinuous functions.

3. From the Hermite-Hadamard inequality to the (wy, ®1)-convexity type inequality

To describe the regularity assumptions for our main results, we introduce the following
terminology for real valued functions defined on A(I). Let ¢ : A(I) — R. The function &
is called separately continuous (separately strictly increasing) if, for all z € I, the mappings
ur> &(u,z)and u — P(z, u) are continuous (strictly increasing) on the intervals | — oo, z] N 1
and on [z, oo[N], respectively. We say that @ is separately partially differentiable at the diagonal
of I x I if, for all z € I, the mappings u — P(u,z) and u — P(z, u) are differentiable at z
with derivatives denoted by 91 Y(z, z) and 9> @(z, z), respectively. The function @ is called a
two-variable mean on I if, for all (x, y) € A(I), the inequalities x < @(x, y) < y hold. A mean
@ is called strict if both of these inequalities are strict whenever x < y.

Consider the following approximate Hermite—Hadamard type functional inequality

f(Mo(x, y)) < /TA(t,x,y)f(M(t,x,y))dM(t) +E@x,y) ((x,y)eAd), GD
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for the unknown function f : I — R and error function E : A(I) — R, where we make the
following assumption.

(A1) (T, A, ) is a measure space.

(A2) A : T x A(I) — Ry is measurable in its first variable and separately continuous in its
second variable; furthermore, for all (x, y) € A(J) the function L, , : T — R, defined
by

Lx,y(t) = Sup max (A(t’xvu)’/l(tv M, )’))

u€lx,y]

is p-integrable, i.e., [ Ly y(1)du(t) < +oo.

(A3) M : T x A(I) — R is measurable in its first variable and for all # € T, the map
(x,y) — M(t,x,y) is a two-variable mean on I, which is separately continuous and
partially differentiable at the diagonal of I x I. My : A(I) — I is separately continuous,
strictly increasing and partially differentiable at the diagonal of I x [ with 91 My(z,z) > 0
and 0o My(z, z) > O for all z € I. Furthermore, M (¢, -) is separately uniformly calm with
respect to My at the diagonal of I x I, i.e., for all z € I, there exist constants § > 0 and
K > Osuchthat, forallr € T,

z—M(t,u,z) < K(z — My(u,z)) (u€lz-24,z2]),
M(t,z,u) —z < K(Mo(z,u) —z) (u € [z,z+38)),
and
ulteT | Alt,x,y) #0, M(t,x,y) # My(x, y)} >0 if (x,y) € A°(]),
wlteT | At,z,2) #0, O;M(t,z,2) # i Mo(z,2)} >0 ifzel, ie{l,?2}.
3.2)

(A4) There exist functions wg, w1 : I — R such that wg is positive, %‘) is differentiable on 7,

/
with (%) > 0. Furthermore, fori € {0, 1},

wi(Mo(x, y)) = /TA(f,x,y)wi(M(t,x,y))d,u(t) ((x,y) € AU)). (3.3)

Theorem 3.14. Suppose that conditions (A1)—(A4) hold and assume that f : I — R is an
upper semicontinuous solution of the functional inequality (3.1), where E : A(1) — R. Assume
that, for all (x,y) € A°(I),exy : [x,¥y] — R is a lower semicontinuous function with
&x,y(x) = &x,y(y) = 0 satisfying the following system of inequalities:

6y (Mo(r, 1)) = / Aty x, w)ex.y (Mt x, 1) dpe(t) + ECr ) (u € [x, y]),
T
(3.4)

8x,y(M0(uv)’))E/T/l(tau’)’)SX,y (M(t,u,y)dp) + E(u,y) (uelx,yl.

Then, for all fixed (x,y) € A°(l), the function f also satisfies the approximate (wg, w1)-
convexity inequality:

2u,y
fu) < 20y

2,
;f(x)+ (x ”;f<y>+ex,y(u) (u € [x. y]). (3.5)

2(x,y
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Proof. To prove (3.5), let (x, y) € A°(I) be fixed. In what follows, we will apply Theorem 2.12
for functions defined on the interval [a, b] := [x, y]. We are going to construct the functions A
and m so that all hypotheses of Theorem 2.12 be satisfied.

By the separate continuity and strict increasingness of the mean My, the functions u
Mo(u,y) and u + My(x,u) are continuous, strictly increasing and map [x,y] onto
[Mo(x, y), y] and [x, Mo(x, y)], respectively. Therefore they are continuously invertible and
hence there exist continuous functions « : [My(x, y),y] — [x,y]and B8 : [x, My(x, y)] —
[x, y] such that

Mo(a(u),y) =u (u € [Mo(x,y),y]) and Mo(x,Bu)) =u (€ [x, Mo(x,y)]).

Define the functions A, m : T X [x, y] - Rand e : [x, y] — R by the following formulas:

A(t, x, Bw)) ifu € [x, Mo(x, y)],
A, a@), y) ifu € [Mo(x,y), yl,
M(t,x, B(u)) ifu € [x, Mo(x, y)],
M(t,au),y) ifue[Mo(x,y), yl,

E(x,Bw)) ifu e [x, Mo(x, y)],
E(a(u),y) ifu e [Mo(x,y),y],

respectively. To see that A, m and e are correctly defined, observe that (x, (1)) = («(u), y) for
u = Mp(x,y). By (y) = y and B(x) = x, we can see that m(¢,x) = x, m(¢t,y) = y for all
teT.

It immediately follows from the definition of A and m and from the measurability and separate
continuity assumptions in (A2) and (A3) that . and m are measurable in their first variable and
continuous in their second variable. Using (A2), we can also see that A fulfills the integrability
condition in hypothesis (H2) with £(¢) := Ly ,(t).

Applying the partial differentiability assumptions of (A3) at z = x and z = y and the chain
rule and elementary calculus rule for the differentiation of real inverse functions, it follows that,
for all r € T, m is differentiable at the endpoints of [x, y] with

, Mt x, x)

M, y,
w'(t.xy = PMEXD) g iy = AME YY)
92 Mo(x, x) R2Mo(y, y)
To prove the uniform calmness property of m, we apply the uniform calmness of M with respect
to My at z = x and z = y from (A3). Then there exist constants 0 < § < y — x and K > 0 such
that

At u) = Ay y(t, u) = {

m(t,u) =my y(t,u) = { 3.6)

e(u) =exy(u) = {

3.7

y—M@,v,y) < K(y—Mo(v,y) (vely—34,yl,
M, x,v) —x < K(Mp(x,v) —x) (velx,x+46)].

Substituting v = a (1) and v = B(u) into these inequalities, we get

y—m(t,u) < K(y—u) (ue[My(y—35,),yD,
mt,u)—x < Ku—x) (uelx, Mo(x,x +95)]).

Choose 1 := min(Mo(x, x +8) —x,y — Mo(y — 8, y)). Then, n > 0 and
[x,x +n] S [x, Mo(x,x +8)] and [y —n,y] S [Mo(y —4é,y), y]

Then, we obtain that
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y—m(t,u) <Ky —u) (uely—n,yD,
m(t,u) —x < K(u—x) (uée€lx,x+n),
which yields the uniform calmness of m at the endpoints of [a, b].

To check condition (2.10), let u €]x, y[. In the case u < Mp(x, y) the equalities A (¢, u) = 0
and m(t, u) = u can hold if and only if A(¢,v) = 0 and M (¢, x, v) = My(x, v) are valid with
v = B(u), respectively. Therefore, applying the first inequality for (v, y) € A°(I), we get that
the first condition in (2.10) is satisfied. The case My(x, y) < u is analogous.

Using formulas (3.7), it is completely similar to show that the second part of condition (2.10)
in (H3) is a consequence of the second inequality in (3.2).

By condition (A4), fori € {0, 1}, we have that

w;i (Mo(x, v)) =/T/1(t,x, V)i (M(t, x,v))du(t) (v e [x,y]),

wi(M()(U, )’)) = /T A(ts v, )’)wi(M(ﬂ v, )’))dM(t) (U € [xv Y])

Substituting v = B(u) and v = «(u) into the above identities, respectively, we get that

i) = fT At Wy (. )dp() (€ [x, y]).

This proves that hypothesis (H4) is also satisfied.
Thus, we have verified that all the hypotheses (H1)—-(H4) of Theorem 2.12 are fulfilled.
Now define the operator T, ) » : B([x, y]) = B([x, y]) by (2.9). Using (3.1), we have that

F(Mo(x. ) < /T At x, ) f (M1, x, v) dp() + E(x,v) (v € [x, y]),
(3.8)
F(Mo(v, y)) < /T At v ) f (Mt v, ) dp() + E(v,y) (v € [x, y]).

The function f is upper semicontinuous, therefore, the restriction f[y, yj is bounded from above
(but maybe unbounded from below). Thus the integrals on the right hand side of (3.8) do exist
and, by the inequality (3.8), are also finite for all v € [x, y]. With the substitutions v = 8 (u) and
v = «a(u), respectively, we get that

£ = [ At fone)dpn) + e e L.y,
T
Therefore, we obtain that f|[,, y satisfies the following inequality

f|[x,y] =< r‘T;L,)L,m(f|[x,y]) +e. (39)

Similarly, due to the separate lower semicontinuity of ey, the integrals on the right hand side of
(3.4) exist and are also finite. Thus, replacing u by B(«) and () in inequality (3.4), respectively,
it follows that

ex,y = T am(ex,y) +e. (3.10)
Combining (3.9) and (3.10), we get that

Flivyr = &xy < Tpuam (Flixy) — €xy)- (3.11)
By our semicontinuity assumptions on f and &, y, the function i := f|x y] — &x,y is upper

semicontinuous, and (3.11) is equivalent to the inequality 2 < T, ; nh. In order to make
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Theorem 2.12 appliable, we approximate & by a sequence of upper semicontinuous and bounded
functions. For n € N, define
hyp = max(h, (—n)wol[x,y))-

Then, one can see that (h,) is a sequence of upper semicontinuous functions which pointwise
converges to . On the other hand,

(_”)wOl[x,y] = Tu,k,m(_nwohx,y]) =< Tu,k,mhn and h < T[L,)\.,mh =< Tu,k,mhn
Therefore, we get that
h, < ‘Tp,,k,mhn (n € N).

Now, applying the last statement of Theorem 2.12, for u € [x, y], we obtain that

2(u, y) 2(x,u)
hn(u) < hy (X) 20, y) +hn()’)m (n € N).
Upon taking the limit n — o0, it follows that
B Qu, y) Q(x, u)
) —éxy(u) = h(u) < h(X) 20, y) +h(y) 20 y)
R y) Q0x, 1)
f() 20, +f()9(x’y),

which results (3.5). O

The next result provides a necessary and sufficient condition for the existence of the family
of lower semicontinuous functions &y, : [x, y] — R satisfying ¢, y(x) = &, y(y) = 0 and
condition (3.4) of Theorem 3.14.

Proposition 3.15. Suppose that conditions (A1)—-(A4) hold and, in addition, E : A(I) — R4
is a nonnegative separately lower semicontinuous function with E(z,z) = 0 forall z € 1. Then
the following three statements are equivalent.

(1) For all (x,y) € A°(I), there exists a nonnegative bounded lower semicontinuous function
er Ty : [x, y]1 = Rsatisfying & (x) =&} (y) = 0 and condition (3.4) with equality.
(i) For all (x,y) € A°), there exists a bounded lower semicontinuous function &y y
[x, y] = R satisfying e y(x) = &x,y(y) = 0 and inequality (3.4).
(iii) For all (x,y) € A°(I), the series

o0

* . n

€ y _Zwuy}\.x,ymx,yex‘y
n=0

is pointwise convergent and bounded on |x, y], where the functions Ay y, my y, and ey y are
defined by (3.6).

Furthermore, if the above equivalent conditions are satisfied, then, for all (x,y) € A°(I),
the function & Yy IS bounded lower semicontinuous and satisfies €} y(xX) = eF SO0 = 0 and
condition (3.4) with equality.

Proof. The implication from (i) to (ii) holds trivially.

Consider the implication from (ii) to (iii). Let (x, y) € A°(I) and assume that there exists
a bounded lower semicontinuous solution &y y : [x,y] — R of (3.4) satisfying &, y(x) =
&x,y(y) = 0. Define the function e, y : [x, y] — R by (3.6). Since E is nonnegative, separately
bounded and separately lower semicontinuous, we have that e, , is nonnegative, bounded and
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lower semicontinuous. As we have seen in the proof of Theorem 3.14, the functions e, , and
&y,y satisfy the functional inequality (3.10) and hence
ex,y < €xy— ‘T;L,)Lx,y,mx.ygx,y~

Applying the positivity of T, 1, ,.m, ,,» we get by induction oni € N, that

i—1 i—1 i
‘Iﬂs)vx,y,mx y x.y ‘IM A, mgx’), - Tu,k,m‘QX,Y'

Summing these equalities from 1 to n, we get
Z P,y €60y = Ex,y r‘Tu womExy < €xy (meN). (3.12)

Hence, by the nonnegativity of ey, the series YT

by (3.12), is also bounded on [x, y]. This proves (iii).
Finally, assume that (iii) holds. By the lower semicontinuity and nonnegativity assumptions,

the series ) ;o T u by €527 has nonnegative and lower semicontinuous terms. Therefore, its

sum, denoted by &} Yy s also a lower semicontinuous function on [x, y]. To complete the proof,
we need to show that ey, , satisfies (3.4) with equality. Indeed,

n—1
E: Jyom €3y = €xy F Ty my E ,Mx)m“e,y :

i=0

[k, iy €x.y 1S POintwise convergent and,

Taking the limit » — oo and applying the pointwise convergence property of the operator
Tt ymyy» We get (). O

Now we consider the most important particular cases of Theorem 3.14. An immediate
consequence of Corollary 3.16 is Theorem E.

Corollary 3.16. Suppose that conditions (Al1)—(A4) hold and let f : I — R be an upper
semicontinuous function. Then f is a solution of the functional inequality

fMo(x,y)) < /TA(t,x,y)f(M(t,x,y))d/x(t) ((x,y) € AD)) (3.13)
if and only if f is (wg, w1)-convex.

Proof. Assume that f : I — R is an upper semicontinuous solution of the functional
inequality (3.13). Then f also fulfills (3.13) with E = 0 in (3.1). Then, for all (x, y) € A(I),
&x,y : [x,y] — R defined by &, , = 0 is a lower semicontinuous solution of (3.4). Hence
Theorem 3.14 can be applied, which results (3.5) holds &,y = 0. Thus f is (wg, @1)-convex.

Conversely, assume that f : I — Ris (wp, @1)-convex. Then f|[,, y] is upper semicontinuous
and bounded on [x, y]. The inequality (3.13) trivially holds if x = y € [I. Let (x,y) €
A°(I). Define the triplet (i, Ax,y, My ) by (3.18) as in the proof of Theorem 3.14. Then, by
Proposition 2.9 we have that (Tu,kx,y,mx.y fx) = f(x) and (Tu,/\x_y,mx,yf)(y) = f(y). On the
other hand, J := T}, 3, . .m, , 18 a positive linear operator with fixed points wo|[x,y] and @1|[x,y]-
Hence, by the (wg, w1)-convexity of f and Proposition 2.6, we get

f|[x,y] =< (Tu,)\x,y,mx,yf|[x,y])v

which means that
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flu) < /T)»x,y(t,u)f(mx,y(t,u))du(t) (u € [x, yD.

Substituting u = My(x, y) into the above inequality and using the definition of A, , and m, ,,
we get (3.13), which completes the proof. [

Remark 3.17. A direct consequence of this corollary is Theorem E. Indeed, suppose that, with
the notations introduced in (1.11), the assumptions of Theorem E hold and wy is positive and
(w1/wo) is differentiable. We show first that the conditions of Corollary 3.16 are also valid. Let
w denote the Lebesgue measure on [0, 1] and define, for all (x, y) € A°(I),t € [0, 1],

Mo(x,y) = &(x, y), M, x,y) =1 —1t)x+1y,
— 11— t
Atx.yy o O 0RA =03+ 13)
c(x,y)
It can be also seen that (A3) holds. We also have

y —x (!
» / p((1 =t)x +ty)w1 (1 — )x + ty)dt

f’ w1p
j‘y

1
/ A(t, x, Y)o (M(t, x, y))dt =
0

1
= / pw1 = wo§(x, y))

= wo(E(x, ) L (Ex. y)) = w1 (Mo(x, ¥))
cx. ) 0

and, similarly,

1 1 y
/ At %, YoM, %, y)dt = —— / px = wo(E(x, y),
0 c(x,y) Jx

which proves (3.3). Thus all the assumptions (A1)-A(4) are verified. Therefore, if a function
f : I — Rsatisfies (1.12), then it is (wp, w)-convex.

Theorem 3.18. Let i be a Borel probability measure on [0, 1], denote 1 := f[o 1 tdu(t) and
assume that the support of  is not a singleton, i.e., | # 8,,. Assume that f : D — Ris an
upper hemicontinuous solution of the functional inequality

S = pDx+pry) = /[0 ; f((A=Dx +1y)du@) + E(x,y)  ((x,y) € D), (3.14)

where E : D?> — TR. Assume that, for all (x,y) € D2, Nxy : [0,1] — R is a lower

semicontinuous function with ny y(0) = n (1) = 0 satisfying the following system of
inequalities:
Nx, )'(5)
/ 77xy m du(t)+E< <1—Mi>x+l%y) if s € [0, uyl,
[0.1] 1 o 1 ] 1 1 (3.15)
i (1—t))d;4(t)+E< x+<l _S>y,y) ifs e lup .
[0 ]J - L= L —pq
Then, for all x, y € D, the function f also satisfies the approximate convexity inequality:
fd=s)x+sy) <A —=9)fx)+s5f(y)+nxy(s) (s €[0, 1. (3.16)

Proof. Assume that (3.14) holds. Let x, y be arbitrarily fixed elements of D. Substituting x by
ux + (I —u)y and y by vx + (1 — v)y, where u < v from [0, 1], we get that
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FUA = ppu+pv)x + 10— 1A = pu — pnv)y)
< / fFAd=Du+tvx+ 1 —-0—-Hu—1tv)y)du)
[0,1]

+Eux+ (1 —-uwy,vx+ {1 —v)y). (3.17)
Define g := g,y : [0, 1] — R by the following way
g) = gxy() = flux + (1 —u)y) (u€l0,1])

and
Fu,v) = Eux+ 1 —u)y,vx+ (1 —v)y) ((u,v)e A0, 1])).
Then (3.17) reduces to

g((1 — ppu+ pv) < /[o | g((1 = Du +tv)du(t) + F(u,v) ((u,v) € A([0, 1])).
Define A : [0, 1] x A([0, 1]) — R4, M : [0, 1] x A([0, 1]) — [0, 1] and My : A([0, 1]) —
[0, 1] as follows:
A(t,u,v) =1, M(t,u,v) = (1 —t)u+tv, and (3.18)
Mo(u, v) = (1 — p)u + pv.

In order to make Theorem 3.14 appliable for the function g, it is enough to show that A, u, M,
and My satisfy the conditions (A1)-(A4). It is obvious that (Al) and (A2) hold. Observe
that M defined in (3.18) is measurable in its first variable and for all + € [0, 1], the map
(u,v) — M(t,u,v) is a two-variable mean on [0, 1], which is separately continuous and
partially differentiable at the diagonal of [0, 1] x [0, 1],i.e., forall # € [0, 1]

oyM(t,z,z)=1—t and HM(t,z,2) =t (z€][0,]1]).

The function My : A([0, 1]) — [0, 1] is also separately continuous, strictly increasing and
partially differentiable at the diagonal of [0, 1] x [0, 1], i.e.,

0iMy(z,z) =1—p1 and 0pMy(z,2) =pu1 (z €[0,1]).

Observe that these derivatives are positive for all z € [0, 1]. The uniform calmness of M with

] ] .,
e m) The equalities

respect to My also holds with K := max (
M(t,u,v) = Mo(u,v) ((u,v) € A°([0, 1])) and
oM(t,z,z) = 0iMy(z,z) (z€]0,1])
can hold if and only if t = 1, hence u # 8, yields that (2.10) holds. To show (A4), let (wp, 1)
be the standard Chebyshev system, i.e., wo(u) = 1 and wo(u) = u, if u € [0, 1]. Using that u is
a Borel probability measure and the definition of 11, we get that

1=/ ldu(t) and
[0,1]

(= pu+pv = f[o 1](1 —Du+tvdp@)  ((u,v) € A([0, 1)),

which proves that wg and w; fulfill (3.3) and hence (A4) follows.
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Let (u, v) € A°([0, 1]) be a fixed element and define ¢, , : [u, v] — R in the following way:

w—u
Eup(w) = Nux+(1—u)y,vx+(1—v)y (m) (w € [u, v]).

Then the definition of 7,y (1—u)y,vx+(1—v)y 1S correct and by its semicontinuity, &, is also lower
semicontinuous. We show that ¢, , is a solution of (3.4). Using (3.15) and the previous notations,
for w € [u, v], we have that

u(Mo(u, w)) = €4, ((1 — p1)u + piw)

u
w—u
/ Nux~+(1—u)y,vx+(1—v)y (l )du(l)
[0,1] vV—u
+Eux+ 0 —-uwy,wx+ (1 —w)y)
- / (1 — D + tw)dp(t) + F(u, w)
(0,11

w—u
= Nux+(1—u)y,vx+(1-v)y | 41 v —

v

= / (M, u, w)du(t) + F(u, w)
[0,1]

and

Euw(Mo(w, v)) = &, ((1 — p)w + p1v)

w—Uu
Nux+(1—u)y,vx+(1-v)y I-d—-pup(1-
V—Uu
w—Uu
Nux+(1-wyvx+(A-vy | L= A =) [ 1 — —— ] | dp@)
[0,1] V—Uu

+ E(wx + (1 —w)y,vx+ (1 —v)y)

- / (1 — Dw + r0)dp(®) + F(w, v)
[0,1]

v

= / (M, w,v))du(t) + F(w, v).
[0,1]

Then, ¢,, satisfies the condition (3.4) in Theorem 3.14. Furthermore, by the lower
semicontinuity of 7, y, the function g, , is also lower semicontinuous. On the other hand

eupU) = 77ux+(17u)y,vx+(17v)y(0) = 0 and Eu,v(v) = qu+(17u)y,ux+(17v)y(1) = 0. Thus,
we can apply Theorem 3.14 for the function g, which yields that for all s € [u, v],

v—ys S—u
g(s) = ——gw) + ——gv) + &4,0(5).
vV—u v—u
Substituting # = 0 and v = 1, we get that for all s € [0, 1],

gs) = flsx+ (1 —5)y) =1 —15)g0)+sg(l) +ep,1(s)
=1 =5)fy)+sf(x)+ nxy(s),

which means that (3.16) holds. [

The following corollary is a generalization of the result of [13] recalled in Theorem B.
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Corollary 3.19. Let gy : (D — D) — R and assume that f : D — R is an upper
hemicontinuous function satisfying the approximate lower Hermite—Hadamard inequality (1.5).
Then f satisfies the approximate convexity inequality

S@=s)x +s5y) < (1 =5)fx)+sf(y) +oymin2s, 2(1 —5))(x —y)) (3.19)

forall x,y € D,s € [0, 1], where ay : (D — D) — R is a radially lower semicontinuous
solution of the functional inequality

oy(su) > %/S oy(min2¢, 2(1 — t))u)dt + ag(su) (u € D — D, s €]0, 1]) (3.20)
0

with oy (0) = 0.

Proof. We apply Theorem 3.18, when p is the Lebesgue measure on [0, 1]. Then we obviously

have that | = fol tdt = L. Then, it can be seen that (3.14) is equivalent to the following system
of inequalities:

1 [ 1
% Nx,y(@®dt + E (x, (1 —25)x + 2sy) ifs € i|0, E] ,
Ne,y(s) = 10 3.21)

2—2s

1
/2 1nx,y(t)d,u(t)-|-E((2—2s)x—}-(2s—l)y,y) if s e:|%,1 .

Letay : (D—D) — Rbeaneven function and ay : (D— D) — R be alower semicontinuous
solution of (3.20). Define £ : D x D — Rand forall x,y € D, nyxy : [0,1] — R by the
following formulas:

E(x,y) =apg(x—y) (x,yeD),

Nx,y(8) == oy (min(2s, 2(1 — s))(x —y)) (s € [0, 1]).

We show that E and 7, satisfy (3.21). First, let s € ]0, %], then

v

1 2s
Nx,y(8) = ay(2s(x —y)) g/o oy (min(2, 2(1 — 1)) (x — y))dt + ap(2s(x — y))

1 2s
7 / Nx,y@)dt + E (x, (1 — 25)x + 2sy) .
0

On the other hand, if s € ]%, 1[, we obtain that

Ne,y(8) = ay2(1 = 5)(x = y))

1 2(1—s)
> 30— /o aymin(2¢, 2(1 — £))(x — y))dt + ag 21 —s)(x — y))
1 1
- 2(1 —5) Jas lo”(min(Ztv 21 =) (x —y)dt +ag2(1 —s)(x — y))
1 1
=5 _ 2y /; 1nx,y(t)dﬂ(t)+E((2—2S)x+(2s— Dy, y).

Hence (3.21) holds, which means that Theorem 3.18 can be applied. Thus, f satisfies (3.16),
which is equivalent to (3.19). O
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Remark 3.20. In what follows, we deduce the conclusion of Theorem B from the above
corollary. Let f be a hemicontinuous solution of (1.5) and assume that oy : (D — D) — R
is nonnegative and even. Let oy : 2(D — D) — R be a nonnegative radially increasing,
radially lower semicontinuous solution of (1.6). First, we show that the assumption (3.20) of
Corollary 3.19 holds for &y and oy . Indeed, for u € D — D and s €]0, 1], using (1.6), we get

s

1
ay(su) Z/ oy Rtsu)dt +ag(su) = %/ ayRru)dt + ag(su)
0 0

> %/ ay(min(2t, 2(1 — ))u)dt + ag(su),
0

which means that (3.20) holds. Thus, by Corollary 3.19, we get that (3.19) holds. This, with the
substitution s = %, implies (1.4).

The following result is related to the main result of the paper [12, Theorem 6] (cf. also
[9,10D).

Corollary 3.21. Let © €]0,1[ and E : D* — R. Assume that f : D — R is an upper
hemicontinuous solution of the functional inequality

fA=Dx+1y) A=) f) +1f(+Ex,y) ((x,y) € D?). (3.22)

Assume that, for all x,y € D,nyy : [0,1] — R is a lower semicontinuous function with
Nx,y(0) = nx y(1) = 0, satisfying the following system of inequalities:

T,y (;)—l—E(x,(l —%)x-{-%y) if s € [0, 7],

nx,y(s) = s—T 1—s 1—s (3.23)
(1—r)nx,y(i>+E<l x—i—(l—i)y,y> if s €[z, 1]

-7

Then, for all x,y € D, the function f also satisfies the approximate convexity inequality (3.16).

Proof. We apply Theorem 3.18, when w is a measure on [0, 1] defined by w := (1 — 7)8¢ + ;.
Then we obviously have that | = f[o 1 tdu(t) = . Now we can see that (3.22) and (3.23) are
equivalent to (3.14) and (3.15), respectively. [

Remark 3.22. In what follows, we deduce the conclusion of Theorem C from the above
corollary under stronger regularity assumption on oy and f. Let oy : (D — D) — R4 be a
nonnegative, even and radially lower semicontinuous function with «;(0) = 0 and assume that
f : D — Ris upper hemicontinuous and approximately Jensen convex in a sense of (1.4). For
all x, y € D, define E : D? - R and Nx,y : [0,1] = R, by

o0

1
E(x,y)=ayx—y) and nyy(s) = Z 2—na1(2dz(2"S)(x —-y) (s €[0,1]).
n=0

Then, f is also a solution of (3.22) with 7 = % By the nonnegativity and radial lower
semicontinuity of oy, for all x, y € D, we get that 7, , is lower semicontinuous on [0, 1].
Obviously, 1y y(0) = ny (1) = 0. We show that 7, , satisfies the functional equation (3.23)
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%nx,y(Zs) +ay2s(x —y)) ifs € |:O, ] ,
nx,y(s) = 1 (3.24)

Enx,y(Zs —D4+aj(2-25)(x —y)) ifse [%, 1] .

with equality, which can equivalently be written as

R =

Lets € [0, %], then

o 1 "
Mey(s) = s Qs(r =) + ) ey Qdz2"s)(x = y)
n=1

o0

11 i
=ay(2s(x —y)) + 3 Z 2—na1(2d2(2 25)(x — y))
n=0

1
=y (2s(x =) + 57y (29).

The case s € [%, 1] is similar. Thus, Corollary 3.21 yields that f is approximately convex in the

sense of (3.16) which is equivalent to (1.7).

We note that, in the case oy (u) = ||u||, Theorem C reduces to a result of Hizy and Péles [11]
which was the first to express approximate convexity properties in terms of the Takagi function.
In [17] the sharpness of the error term in (1.7) has been obtained for a large class of functions
oy, in particular when «j (1) = ||u#||” holds for some p €]0, 1].

In what follows, we examine the case, when X is a normed space and E is a linear combination
of the powers of the norm with positive exponents, i.e., if E is of the form

E(x.y) = /]O e e D) (3.25)

where v is a Borel measure on the open interval ]O, 1[. An important particular case is when v is
of the form ZLI cidq;» Where ci, ..., cp > 0,q1, ..., qx €]0, 1[.

Theorem 3.23. Let i be a Borel probability measure on [0, 1], denote p1 = f[0 1 tdu(t) and
assume that the support of w is not a singleton, i.e., w # 8,,. Let v be a Borel measure on 10, 1]
such that

/]0 1[)/(61)611)(4) < o0, (3.26)

where

wi (1 — 1)
1] = floyt9dn(@)’ (A —pun? = fio (1 —1)9du(7)

Assume that f : D — R is an upper hemicontinuous solution of the functional inequality

y(q) == max ( ) (g €10, 1]).

S =p)x +p1y) < /[0 | F(A=0)x +1y)du(r)

+ /]0 | Ix = yl%dv(q) ((x,y) € D?). (3.27)
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Then f also fulfills the convexity type inequality (3.16) for all x,y € D, where for all x, y € D,
Nx,y : [0, 11 — R is defined by

i s \? 1—s5\?
Nx,y(S) 1=/ v (g) min ((—) , < ) ) lx —yll9dv(g) (s €[0,1]). (3.28)
10,1( 75 1 —

Proof. Let E be defined by (3.25). Then (3.27) is equivalent to (3.14). To deduce (3.16) using
Theorem 3.18, it suffices to show that for all x, y € D the function 7, , defined by (3.28) satisfies
(3.15). Observe that, for all x, y € D, 5y y is finite-valued and continuous since (3.26) holds. It
is also obvious that 7y ,(0) = 1y (1) = 0. For all ¢ €]0, 1[, let ¢, : [0, 1] — R be defined by

q _ q
@q(s) = y(g) min ((i) ( L=s ) )
"1 -

Observe that 1, (s) = f]() 1[ %4 (s)|lx — yl9dv(q). First we show that ¢, satisfies the following
functional inequality,

s s \? .
g\ —1)du@®) + | — if 0 <s < i,
[0,1] 1 "1

Pq(s) = (3.29)

1—s 1—s\?7 .
g | 1— =1 )du@) + ifu <s <1.
[0,1] 1 — g 1 —

To see that (3.29) holds, let 0 < s < w1 be arbitrarily fixed. Using the definition of y, we
have that for all g €]0, 1[,

i
H‘]] - f[O,l] t9du(t)
Rearranging the previous inequality, we get that

t9dp(r)
y(q) = y(q)f[”T +1 (g €10, 1D.
1

v(g) =

c \4 .
Multiplying this inequality by (;%1) , it follows that

s \? s\’ s \?
y(q) <—> 2/ Y (@) (—2t du(r) + (—) (¢ €10, 1D
M1 [0,1] My M1

which implies that (3.29) holds for s € [0, w1]. The proof in the case u1 < s < 1 is similar.
Multiplying (3.29) by ||x — y||4, then integrating on ]0, 1[ for ¢ with respect to v, and finally
using Fubini’s theorem, we get that

Ne,y(8) = / Pq($)llx — yll?dv(q)
10,11

q
S K
= / / Pq (—t) lx — yll?du(t)dviq) +/ (—) Ilx — yll9dv(q)
10,11 /[0,1] M1 10,1] \ M1
S Ky q
= / / @q | —1 ) llx = yll?dv(g)du(t) +f — ] llx —yl9dv(g)
[0.11 J10,1] M1 10,17 \ M1
S Ky q .
= / Ny | —1 ) du(@) +/ — ) llx = yl4dv(g), if0<s < puj.
[0,1] 1 10,10 \ M1
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In the case 1 < s < 1, we similarly obtain that

1—s 1—s \?
Nx,y(8) > / Nx,y (1 - (- t)) du(t) +/ ( ) lx — ylldv(q).
[0,1] 1 — 1.0 \1 —

Thus, 7y y satisfies (3.15). Therefore, by Theorem 3.18, the statement follows. [

Corollary 3.24. Let v be a Borel measure on 10, 1[ such that

q+1
——— dv(g) < oo. (3.30)
/]Q][ qg+1—24

Assume that f : D — R is an upper hemicontinuous solution of the functional inequality

f<x—;y) < Ve —t)x+ty)dt+[ Ilx — yll9dv(g) ((x,y) € Dz).
[0,1] 10,1[

Then, forall x,y € D and s € [0, 1], f also fulfills the convexity type inequality
F@d=s)x~+sy) = (A—=95)f(x)+sf(y)
(g+ D29 |
+ / ———————min (s7, (1 —5)7) lx — y[|dv(q).
o1 q+1-—29 ( )

Proof. We want to apply Theorem 3.23. Let u be the Lebesgue measure, then ) = % and

(&) (8)'
(8) = dywear (8)' = o
1 . q+ 1
1-24 [l rage  q+1-29

y(g) = max

By (3.30), we get that (3.26) holds in Theorem 3.23. For all x, y € D and s € [0, 1], we obtain

that
qg+1 ) s\ [1—-5\4 p
(s) = — ) (= _y19d
Nx,y(5) /]0,1[ g+ 1-2 min ((1/2) ( 12 lx = yll*dv(q)

1)24
:/ (D in (59, (1= 9)7) I — y17dv(g),
o1 g+1-27

which proves the statement. [

Corollary 3.25. Let T €]0, 1[ and let v be a Borel measure on 10, 1[ such that

/ ! dv(q) < oo.
]

0.1 1 — (max(z, 1 — 7)) ¢

Assume that f : D — R is an upper hemicontinuous solution of the functional inequality

fd=-—ox+y)<tf+UA-0f()+ /]o ’ lx = yll%dv(q) ((x,y) € D?).
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Then, forall x,y € D and s € [0, 1], f also fulfills the convexity type inequality
Fd=s)x+sy) =A—=s5)f(x)+sf(y)

1 s\g [1—s\4
in((2)°, — yl9dv(q).
+/M]_(max(m_ml_qmm((r) (1_f)>”" yl9dviq)

Proof. We apply Theorem 3.23, when u is a measure on [0, 1] defined by w := (1 — 7)8¢ + ;.
Then, we obviously have that £; = 7 and

T4 (1—1)
79 — [[0’1] olddu(o)’ (1 —1)4 — f[O’l]a — 0)4d (o)

y(gq) = max

( 74 (1—1)4 ) 1

= max , = T
-1t (I1-7)1-(1-1) 1 — (max(z,1 —1))' ¢
Thus, forall x, y € D and s € [0, 1],

1 s\eg (1 —s5\4
= i - - qd
N,y () /]O,l[l_maxa,l_f)l—q m‘“((f) ’(1_1) )nx yldv(q).

which proves the statement. [
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