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Abstract

We investigate the mutual location of the zeros of two families of orthogonal polynomials. One of the
families is orthogonal with respect to the measure d 4 (x), supported on the interval (a, b) and the other with
respect to the measure |x — ¢|%|x — d|” du(x), where ¢ and d are outside (a, b). We prove that the zeros of
these polynomials, if they are of equal or consecutive degrees, interlace when either0 < 7,y <lory =0
and 0 < 7 < 2. This result is inspired by an open question of Richard Askey and it generalizes recent
results on some families of orthogonal polynomials. Moreover, we obtain further statements on interlacing
of zeros of specific orthogonal polynomials, such as the Askey—Wilson ones.
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1. Introduction and statement of results

Let {pn(x)}72,, be a sequence of orthogonal polynomials with respect to a positive Borel
measure du(x) supported in the finite or infinite interval (a, b). It is well known that the zeros of
Pn(x) are real, distinct and lie in (a, b). Moreover, if we denote by x, , kK = 1, ..., n, the zeros
of p,(x), then

a < Xpt1,1 < Xp,l < X412 < Xp2 < -0 < Xt < Xnn < Xntlntl < b.

In other words, the zeros of p, (x) and p,+1(x) interlace.
Ifc,d ¢ (a,b)and T, y € R,letx, i (t,y,c,d),k =1, ..., n,bethe zeros of the polynomial
pn(t, ¥, ¢, d; x), orthogonal with respect to the measure

dipey(c,d; x) == |x —c|"|x —d|"du(x). (D
Obviously
a<xpi(t,y,c,d) < - <xpp(r,y,c,d) <b

for every 7,y € R and the zeros of p,(x) and p,(z, y, ¢, d; x) coincide when 7 = y = 0.
Then the natural question arises as to whether there is a neighborhood of the origin, such that the
zeros of p,(t, y, ¢, d; x) interlace with those of p,(x) and p,1(x) when the parameters T and
y are in the neighborhood. It is also interesting to know how the location of the points ¢ and d
influences this interlacing property.

Richard Askey [1] asked these questions in a particular situation. He conjectured that the zeros
of the Jacobi polynomials Pn(a”g ) (x) and Pn(aﬂ’ﬂ ) (x) interlace. The classical Theorem of Markov
(see [19, Theorem 6.12.1] or [12, Theorem 7.1.1]) implies that the zeros of the Jacobi polynomi-
als are decreasing functions of the parameter «. Then the conjecture of Askey is equivalent to the
statement that the zeros of Pn(a’ﬁ )(x) and P,faﬂ/’ﬂ )(x) interlace if 0 < y < 2. Observe that in this
case du(x) = (1 —x)%(1 +x)Pdx, 1 =0,a=—-1,b=d=1and0 < y < 2. Driver, Jordaan
and Mbuyi [10] established the latter generalized version of Askey’s conjecture. Moreover, they
provided an example which shows that if we stay within the class of Jacobi polynomials then the
interval 0 < y < 2 is the largest possible one with the above property.

There are many results in the literature which deal with interlacing of zeros of classical
discrete and continuous orthogonal polynomials, as well as of g-orthogonal polynomials,
when some of the parameters differ either by one or by two. To the best of our knowledge,
Levit [15] was the first to study these questions in the case of Hahn polynomials. If we
adopt the contemporary notation, as in [12], amongst the others, Levit proved that the zeros
of Qn(x;a, B, N) interlace with the zeros of Q,(x;«, 8 + 1, N) (see Theorem 5 in [15])
and also that the zeros of Q,(x;«, 8, N) and Q,(x;a — 1, 8 + 1, N) interlace (Theorem 4
in [15]). Observe that the limit relation between Hahn and Jacobi polynomials [12, formula
6.2.10] immediately implies that the zeros of P,,(a’ﬁ )(x) interlace with those of Pn(a"3 Jrl)(x) and

of Pn(a_l’ﬂ +1)(x). It is worth mentioning that Driver and Jordaan [7] considered the question
about interlacing of zeros of hypergeometric polynomials and in one of their applications they
rediscovered the interlacing of the zeros of Pn(a’ﬂ ) (x) and Pn(a’ﬂ +D (x). Another interesting result
of Levit, namely Theorem 6 in [15], is that O, (x; o, 8, N) and Q,(x; «, B, N + 1) also have
interlacing zeros. The limit relation between Hahn and Kravchuk polynomials (see the formula
after Proposition 6.2.2 in [12]), one concludes that the zeros of K, (x; p, N) and K,,(x; p, N+1)
also interlace. The latter statement was rediscovered various times, first by Laura Chihara and
Dennis Stanton [3] and recently by Jordaan and Todkos [13].
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The recent papers [6,8,9,11,16—18] also deal with problems concerning interlacing of zeros
of families of continuous or discrete orthogonal polynomials.

In most cases the authors of the above contributions obtain, exploring specific formulae for
the corresponding orthogonal polynomials, relations of the form

Cpu(z,y,c,d; x) = App(x) + Bpy—1(x),

where A, B and C are either constants or polynomials independent of n and the latter
immediately yields the desired interlacing of the zeros of the polynomials involved.

During the Conference on Special Functions and Applications, in 2007 in Marseille, the
second author asked if such techniques could be used to prove similar results for the zeros of g-
orthogonal polynomials. This was done by Jordaan and To6kos in [14] where interlacing of zeros
of the Al-Salam—Chihara, g-Meixner—Pollaczek, g-ultraspherical and g-Laguerre polynomials
with shifted parameters was obtained.

In this paper we approach the problem as suggested above and prove that the zeros of
pn(T, ¥, ¢, d; x) interlace with those of p,(x) and p,41(x) in some important situations. This
enables us to obtain most of the above cited results as immediate consequences and to deal with
some other families of orthogonal polynomials. At the end of the paper we provide an example
which involves the Askey—Wilson polynomials. Furthermore, the method of the proof allows us
to understand the role of the points ¢ and d and shed light on some examples furnished in the
previous contributions.

Before we state the main results, we prove that x, x(t, v, c,d), k = 1, ..., n, are monotonic
functions with respect to the parameters t and y .

Theorem 1. Letn € N, ¢,d € (a,b) and 7, y € [0, +00).

(1) If ¢ < a, then each zero x, (T, ¥, ¢, d) is an increasing function of t.
(i) If ¢ > b, then each zero x, (7, v, ¢, d) is a decreasing function of t.
(iii) If d < a, then each zero x, k (T, v, ¢, d) is an increasing function of y.
(iv) If d > b, then each zero x, 1 (T, ¥, ¢, d) is a decreasing function of y.

In what follows, when y = 0 and
dp(c; x) = |x — c|"dpu(x), 2
the corresponding orthogonal polynomials are denoted by p,(t,c;x) and their zeros by
xpk(t,0), k=1,...,n.
Corollary 1. Letn € Nand t € [0, +00).

(1) If ¢ < a, then each zero xy i (T, ¢) is an increasing function of t.
(i) If ¢ = b, then each zero x,, k (7, c) is a decreasing function of .

Now we state the interlacing property comparing the zeros of the polynomial p, (z, ¢; x) and
those of p, (x) and p,41(x).
Theorem 2. Let 0 < 7 < 2.
(1) If ¢ < a, then
Xn+1,1 < Xp,1 < xn,l(fa c) < xn,](z» )<< Xn+1,n

< Xp,n < xn,n(f, c) < xn,n(27 c) < Xn+1,n+1-
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@ii) If ¢ = b, then
Xn+1,1 < xn,l(za c) < xn,l(fa c) < Xn,l <" < Xp+l,n

< xn,n(z’ c) < xn,n(":’ c) < Xnn < Xp41,n+1-

Our next statement concerns the mutual location of the zeros of p,(z, y, ¢, d; x), pn(x) and
Dn+1(x).

Theorem 3. Letn € Nand 7,y € (0, 1].
1) If c,d < a, then
Xnt1,1 < Xp,1 < Xp,1(T, ¥, ¢,d) <+ < Xnyin
< Xpn < xn,n(ra Y, ¢, d) < Xn+1,n41-
(i) If ¢,d = b, then
Xn+1,1 < xn,l(fv Y, C, d) < Xn,l < < Xp+l,n
< xn,n(fa Y, ¢, d) < Xnn < Xp+1,n+1-

Observe that, if we set ¢ = d in Theorem 3, we immediately obtain the result in Theorem 2.
Nevertheless, we prefer to have separate statements because of their applications. Moreover, we
provide an independent proof of Theorem 2 first and then use some of the arguments in the proof
of Theorem 3.

The principal tools in our proofs are the classical Markov theorem which implies Theorem 1
immediately and an equivalent form of Christoffel’s formula [4] (see also [19, Theorem 2.5])
which provides a representation of p,(t, v, ¢, d; x) in terms of p,(x) and p,41(x) for integer

values of T and y. We emphasize that this form of Christoffel’s formula, stated in Lemma 1
below, is very useful in establishing Theorems 2 and 3.

2. Preliminaries

Christoffel’s formula [19, Theorem 2.5] implies that the monic polynomial p,(z, c¢; x), with
T = 1, can be written as

b
pn(c)

Pn(X)  pay1(x)

- n 1, c; = s
(=m0 Pn(©)  pus1(©

3)

or equivalently,

l n
pn<1,c;x>=—[pn+1(x) LEIICN )}
X —=cC n( )

Chihara [2, p. 37] obtained another representation of p, (1, ¢; x) which shows that it is a constant
multiple of the monic kernel polynomial K, (c, x) corresponding to p;(x),

I pall;

pn(1,c;x) = n(’)‘mc x),
where
n , , b
Kate, )= Y ZOPIE g2 = / 19O Pd (). )
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As an immediate consequence of the above formulae, Chihara obtains the following interlacing
property involving the zeros of p, (1, ¢; x), pn+1(x) and p, (x) (see [2, Theorem 7.2]):
if ¢ < a, then

Xnt1,1 < X1 < Xp1(1,0) < Xpg12 <o+ < Xpn < Xpon(1, €) < Xnt1,n415 ©)
if ¢ > b, then
Xn+1,1 < xn,l(l, c) < Xn,l < < Xpgln < xn,n(l, c) < Xnon < Xn+1,n+1- ©6)

For the monic polynomial p, (2, c; x), Christoffel’s formula [19, p. 30] reads as

Pn(x)  ppr1(x)  ppia(x)
Pn(©)  puy1(c)  pnt2(o)].
Ph©) Dot (©  Phas(©)

1
Pn(€)ppi1(€) = pu(C) pat1(c)

(x =) pu(2,¢;%) =

Using the formulae (3) we obtain the following useful representation for the polynomial
pn (25 C; -x)'

Lemma 1. The polynomial p,(2, c; x) can be represented as

1
pn(2,c5x) = oo [Pn42(x) = dnpuy1(x) + €npa(x)], @)

where
_ Pn+2(c) pn+l(17C; c) _ Pn+2(0) pn(c) ¢
pnt1(©)  pa(l,cie) T pasi(e)  puti(c) "

dn

and

_ Pnt1(1, ¢;¢) pry1(c) _ | Pr+1 ||;2¢ Ku+1(c,0)

e, = - = 5 > 0.
pu(l,c;0)  pn(o) ||Pn||,4 Ky(c, o)

Proof. Having in mind (3), we obtain

1 Pnyi1(l, c;0)
Pn(2,c5x) = P [pn+1(l, crx) —

1, c; .
—c pa(l,c;0) Pu(l.c x)]

Now (7) follows from the definition of p,+1(1, ¢; x) and p, (1, ¢; x).
3. Proofs of the theorems

Proof of Theorem 1. Using Markov’s theorem (see [19, Thm. 6.12.1] or [12, Thm. 7.1.1]) we
shall prove that all the zeros of p, (7, y, ¢, d; x) are increasing or decreasing functions of the
parameters T and y, depending on the location of the points ¢ and d.

We recall that the polynomial p,(t, y, ¢, d; x) is orthogonal with respect to

dpry(c,d;x) = |x —c|"|x —d["dp(x).

Since, for every fixed x € (a, b),

0
—Inlx —c|"|x =d|Y =In|x — |
at
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and

dlnlx —c| 1 >0, ifc<a

ax x—c|<0, ifc>b,

the statements (i) and (ii) of Theorem 1 follow from Markov’s theorem. The other two statements
follow in a similar way.

Proof of Theorem 2. We shall establish the interlacing of the zeros of p, (2, ¢; x) with those of
pn(x) and p,41(x). For the proof, we apply the recurrence relation

Pn2(x) = (X — Bus1) Pnt1(X) — Va1 pu(x)
in (7) to obtain

1
P@.ex) =0 [ = Bus1 = d) Pus1 (%) + (en = Vus )P (0)].

It is important to note that

2
€n — Yn+l = ”|I|);:|1|/|21M (KIZ:EC(,C,C)C) — 1) > 0. (8)
Evaluating p, (2, c; x) at the zeros x,,41 x we obtain
sign [pn(2, ¢; xns1,0)] = sign [(en = Yns1) PnGins1.0)]
= sign [(en — Yn+1)1sign[pn(xns1.4)]
= sign [pa(xnr10)] = (1",
fork=1,...,n+ 1. Since p,(x) and p,+1(x) have interlacing zeros, we conclude that
Xnt1,1 < Xp1(2,6) < Xpp12 <0 < Xngln < Xnn(2,6) < Xngintl- )
On the other hand, evaluating
(x = )?pn(2. ¢; X) = (x = Bu1 — du) Pup1 (X) + (en — Yny1) P (x) (10)

at x = ¢ and using (8), we obtain

Pny1(c) _
Pn(0)

Since, when ¢ < a, we have p;,1(c)/pn(c) < 0, and when ¢ > b, we have p,1(c)/pn(c) > 0,
we deduce that 8,41 + d, < cif ¢ <a and B,4+1 + d, > c if ¢ > b. Hence, evaluating (10) at
X = Xp k, we derive

(,Bn-i-l +dy, —c¢) ey — Vgl > 0.

sign [pn(2, ¢; X 0)] = sign [k — Bar1 — dn) Pat1 (n i) |
= Sign[(xn,k) — (Bpg1 + dn)]Sign[pn—&-l(xn,k)]’

fork =1,...,n. Since, when ¢ < a, we have 8,1 +d, < ¢ < x,, and when ¢ > b, we have
Bun+1 +dn > ¢ > x, ; we conclude that

sign [pn(2, ¢; xn)] = sign [pus1Gea)] = (=D ife <a
and

sign [pn(2. ¢; xu )] = —sign [par1 (ea)] = (=1 if e = b.
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Thus, if ¢ < a,
Bt +dn < ¢ < Xn1 < Xn1(2,0) <+ < Xpn < Xnn(2,0), (1)
and, if ¢ > b,
X 1(2,0) < Xt < < Xnn(2,€) < Xpn <€ < Burt + dy. (12)
Therefore, (9), (11), (12) and Corollary 1 yield the desired result.
Proof of Theorem 3. Recall that the polynomial p, (, c; x) is orthogonal with respect to
dpe(c; x) = |x —c"du(x)

and, for t = 1, p,(1, ¢c; x) reduces to the Christoffel polynomial which, by (3), can be
represented in the form

1 pnll7,

Pu(c)

Pn+1(0)
pn(c)

1
pn(l,c;x) = —— [pn+1(X) - pn(X)} = Ky (c, x).
X —C

Sett =y = 1in (1). We have
dpi(e,d; x) = |x —cllx —dldp(x) = |x —dldpi(c; x). (13)
Similar reasoning to that used in the proof of Theorem 2 yields

1 ~ ~
Pl 1 c,d;x) = —————— [(x = But1 — dn) Pt () + (@ — Vug1) Pa(0)] . (14)
x—0ox—d)

where
d = Pn+2(c) pn(c) ~
n — €n,

Pny1(c) Pnt1(c)
s _ P11l Ky (e, d) 40
Yl KauCeod) 7T
- I pnrill? (K,,+1(c, d) )
en — Yn+l = —1) #0,
T a2\ Kol d)

and then, as a consequence of (14), we obtain:
e if c,d < a, then
Xnt+1,1 < Xn1 < Xp1(1, 1, c,d) < -+ < Xptim
< Xpn < Xpn(1, 1, ¢,d) < Xpi1n415 (15)
e if c,d > b, then
X1l < Xp (L Le,d) <xp1 <o+ < Xpgin

< Xnn(l, L, c,d) < Xnn < Xntint1- (16)
On the other hand, by (13), (5) and (6), we conclude that, for every T > 0,
e if c,d < a, then
Xnt1,1(T,€) < xp1(7,¢) < xp1(7, L, ¢,d) <+ < xXpq1.0(7, 0)

< xn,n(T’ c) < xn,n(fy l,c,d) < xn+1,n+l(7:, c); (17)
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e if c,d > b, then
Xn1,1(T, €) < xn1(7, 1, ¢,d) < Xp1(T,¢) < -+ < Xpg1,0(T, €)
< Xpn(T, 1, ¢,d) < Xp0(T,€) < Xnt1,n41(T, €). (18)
Having in mind the monotonicity of x, x(z, ¥, ¢, d) with respectto 7,0 < v < 1, as well as
(15)—(18), we conclude that, for every 0 < 7 < 1,
e if c,d < a, then
Xnl,1 < Xn1 < X1 (T, Le,d) <o+ < Xpgin
< Xppn < Xpn(T,1,¢,d) < Xpt1.n+15
e if c,d > b, then
Xnt1,1 < xp1(7,1,¢,d) <xp1 <+ < Xpt1n
< xn,n(fv l,c,d) < Xn,n < Xn+1,n+1-
Now fix 7 and vary y. Since x, (7, ¥, ¢, d) is monotonic with respect to y and x, (7, c) =

xnk (7,0, c, d), from the above results and Theorem 2, we finally obtain the desired inequalities
for the zeros of p, (z, y, ¢, d; x), pa(x) and py+1(x).

4. Some applications

4.1. Interlacing of zeros of Jacobi polynomials

Consider the sequence of Jacobi polynomials p,(x) = P,,(a’ﬁ )(x) which are orthogonal
with respect to du(e, B;x) = w(o, B; x)dx in the interval (—1, 1), where w(a, B;x) =
(1 —x)*(1 + x)P, with o, B > —1 (see [12, p. 80]). If we take, for —1 < x < I,

du(z,a, B x) == |x + 1 w(a, B; x)dx = (1 — x)*(1 + x)P+7dx (19)
and

du(y,a, B;x) = |x — 1) w(a, B; x)dx = (1 — x)*T7 (1 + x)Pdx, (20)

then the polynomials which are orthogonal with respect to (19) and (20) are Pn(a”3 Jrr)(x) and

P,1(Ol+y’ﬂ )(x), respectively. Thus, by Theorem 2, we obtain the following.

Corollary 2. If x,1(x,8) < --- < Xxpa(a, B) denote the zeros of P,Ea”s)(x), then the
inequalities
Xnt1,1(e, B) < xn1(e, B) < xp1(at, B+7) <+ < Xng1,n(e, B)
< Xn,n(av B) < xn,n(aa B+1)< xn+l,n+l(av B)
and
Xnt1,1(0, B) < xp1( + v, B) < xp1(at, B) < -+ < Xpt1.0(a, B)
< Xn,n (@a+y,B) < xn,n(‘xa B) < Xn+1,n+1 (a, B)
holdfor0 <t <2and 0 <y <2.

These are exactly the results in Theorems 2.1 and 2.2 in the paper of Driver, Jordaan and
Mbuyi [10].
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4.2. Interlacing of zeros of Laguerre polynomials

Let p,(x) = L,(f‘)(x) be the Laguerre polynomials which are orthogonal in (0, +00) with

respect to the measure du(o; x) = w(a; x)dx, where w(o; x) = x%e™, with ¢ > —1 (see

[12, p. 98]). If we take, for x > 0,
du(r, o x) = |x|"w(a; x)dx = x*T e ¥ dx
then, by Theorem 2, we have the following.

Corollary 3. If x, 1(@) < -+ < xpn(a) denote the zeros of Lf,a)(x) then the inequalities
Xn1,1(00) < xp,1(@) < Xp1(0 +7) <0 < Xpyi,n(e)
< Xnn(@) < Xp(@ +7T) < Xnp1n41(@)
hold for every 0 < t < 2.
Thus we have obtained the result in Theorems 2.1 and 2.2 in the paper of Driver, Jordaan and
Mbuyi [11].

4.3. Interlacing of zeros of Meixner polynomials

The Meixner polynomials (see [12, p. 174])
—n, —x

L]
-2)

for B > O and c € (0, 1), are orthogonal with respect to a discrete measure whose distribution
has jumps (8)c*/x!atx =0, 1, ..., where (8)y = B(B+1)---(B+x —1) is the Pochhammer
symbol. In other words,

My (x; B, c) =2 Fi <

du(B, c; x) :=@cx, =0,1,....
x!
Then
dM(,3+1,c;x)=<1+%>du(ﬂ,c;x)=Mcx, x=0,1,...,
and
o by X o (B
dM(ﬂ—l—Z,c,x)—(1+—IB+1><l+ﬂ>du(ﬂ,c,x)_—x! c*,

x=0,1,....

Thus, denoting by m,, x (8, c) the zeros of M,,(x; B, c¢), by Theorem 2, we obtain the following.

Corollary 4. For 8 > 0,0 < ¢ < 1 and 0 < t < 2, the inequalities
Mmu+1,1(B,¢) < mp1(B,c) <mp1(B+7,0) <--- <muy1a(B,0)
< mn,n(.B’ c) < mnn(,B +1,0 < mn+l,n+l(ﬂ’ )
hold.

The latter results coincide with those in Theorem 2.1 and Corollary 2.2 in Jordaan and To6kos’
paper [13].
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4.4. Interlacing of zeros of Hahn polynomials

The Hahn polynomials (see [12, p. 177])

—n,n+aoa+p+1,—x

Qn(x;a,ﬁ,N)=3Fz( @+ 1. —N

1).

fora, B > —1 and n < N, are orthogonal with respect to a discrete measure

@+ Dy (B4 Dy

du(a, B, N;x) = 7 N_n x=0,1,...,N.
Note that
du(@+1, 8, N; x) = (1 + ﬁ) dilo p.N:x) = & ;2))“ (’i;i))’j)*!x,
and
X X
du(e+2,8,N;x) = (1 +a—~|—2> (l—i—a—H)du(a,ﬁ, N;x)
_ @43 B+ Dy
x! (N =x)!"~

forx =0,1,..., N.
We denote by g, k(a, B, N), 1 < k < n, the zeros of Q,(x; «, 8, N). Then, by Theorem 2,
we obtain the following.

Corollary 5. Fora, 8 > —1,n < N and 0 < t < 2, the inequalities
Qn+],l(057 ﬂv N) < qn,l(av ﬂ? N) < Qn,l(a + T, ,35 N) << 4n+],n(05, ﬂ’ N)
< Qn,n(as B, N) < Qn,n(a + T, ,Bs N) < QH+1,n+l(a’ ;31 N)
hold.

We also analyze the interlacing of the zeros of Hahn polynomials with respect to the parameter
B. Observe that

v _(BF1+N—x oy la+ Dy (B+2N—x
du(a,ﬂ+l,N,x)—(—'B+1 )d,u(a,,B,N,x)— T N0
and
. _(Bt2+N-—x\[(B+1+N—x )
du(a,,B+2,N,x)—( 12 )( 1 )d,u(oz,,B,N,x)
_(a+1)x(,3+3)N—x
T x! (N=x)"

forx =0,1,..., N. Then, by Theorem 2, we have the following.

Corollary 6. For o, 8 > —1,n < N and 0 < t < 2, the inequalities
Gn+1,1(a, B, N) < gu1(o, B+71,N) < gni(a, B, N) <+ < gut1,n(, B, N)
< Qn,n(as ﬁ + tv N) < Qn,n(av ﬁ? N) < Qn+1,n+1(05a ﬂv N)
hold.
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It is worth mentioning that the latter statement differs from the result in [13, Theorem 5.1]. The
reason is that in that theorem as well as in [12, Theorem 7.1.2] the monotonicity properties of the
zeros of Hahn polynomials, as defined in the present paper, and in these references, are not stated
correctly. These zeros are increasing functions of « and decreasing functions of 8, while the
zeros of Jacobi polynomials decrease with « and increase with 8. Both results can be established
via Markov’s theorem and the fact that their zeros possess opposite monotonicity behavior with
respect to the parameters o and § is rather clear from the limit relation (see [12, (6.2.10)])

. , PP (1 —2x)
lim Q(Nx;a, B, N) = T @h
N=oo PP (1)

4.5. Interlacing of zeros of Askey—Wilson polynomials

The Askey—Wilson polynomials (see [12, p. 381])

q7", tibtstaq" !, e, e

hiy, 1z, 1114

q,q),

where ¢t denotes the ordered tuple (¢, f2, 13, t4) and max{t(, f2, 13, 14} < 1, are orthogonal on
(—1, 1) with respect to the measure

Pu(x: tlg) =t " (tit2, 1113, 11143 @) 493 (

210 ,—2i6.
et? e ; 1
du(x; t, 1, 13, talq) == 4( 9)o ﬁdx,
. . e
[T (e tje™"%: q)oo

j=1

where x = cos 6. Let t; = ¢“. Then obviously
du(x; ¢, 13, 14lg) = (1 — 2xq% + q**) dp(x: g%, 12, 13, 14q),
du(x; ¢ " 13, 1lg) = (1= 2x¢% + @) (1 = 2x¢” + ¢P) du(x; 4%, 47 13, 14l g)
and
du(x; ¢**? 0,13, 1lg) = (1= 2xg% + ¢*) (1 = 2xg**! + g%
xdu(x; g%, 1, 3, t4]q).

Let k,, k(@) be the zeros of P,(x; g%, 12, t3, t4]q) and k, x (o, B) be the zeros of
P,(x; g%, qﬁ, 13, t4]q). Then we have the following.

Corollary 7. The inequalities
Knt+1,1(@) < k(@ +7) < kp (@) < -+ < kpt1,(@)
< Knn(0 +T) < kpn(@) < Kntln+1(@) (21
hold for 0 < t <2, and
Kn+1,1(, B) < kn (@47, B+ y) <kn1(@, B) <+ < Knt1n(@, B)
< Kn,n(a +1,8+y) < Kn,n(a» B) < Kn4-1,n+1 (o, B) (22)
holdfor0 < t,y < 1.
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In order to prove these statements, it suffices to observe that the extra factors which appear
in the above relations between the weight functions of Askey—Wilson polynomials have zeros
greater than one when the parameters are shifted by one or two. Then Theorems 2 and 3, for
these particular cases, imply that (21) holds for T = 2, while (22) holds for t = y = 1.
Finally, Markov’s theorem and straightforward calculations, as those on p. 154 in Jordaan and
Todkos [14], show that, for fixed «, the zeros k;,_j («+17) are decreasing functions of . Similarly,
for fixed  and B, the zeros k;,_j (¢ +7, B+ ) are decreasing functions of T and y. This completes
the proof of (21) for the whole range 0 < 7 < 2 of the parameter t and the proof of (22) for all
tand A withO <t <landO0 <y < 1.

Using similar arguments, we can establish the results on interlacing of zeros of g-orthogonal
polynomials, given in [14] as well as some extensions in the spirit of Corollary 7.

5. Further open questions

The first natural question which arises in connection with Theorem 2 is if the interval (0, 2]
is the largest possible one, such that, if t varies in it, the interlacing holds. A straightforward
observation is that this interval can be extended to [—2, 2] provided d i (c; x), given by (2) is
well defined. Moreover, it is of interest to see the role the points ¢ and d play when one considers
the latter question.

In most of the above mentioned recent contributions the authors considered this question for
the entire range of the parameters and in the classical cases they found proper numerical examples
which show that in these situations the interval (0, 2] is indeed the largest possible one. In what
follows we try to interpret these examples, especially the ones concerning the zeros of Jacobi
polynomials, using our proof of Theorem 2. Recall the identity

d2

el (LR RTERIE) B A}

where ¢, is a nonzero constant. If we consider the family of Jacobi polynomials, when these are
defined as hypergeometric functions, they exist beyond the range of orthogonality, so that

1 =PI ) =d, PCy (), dy #0.

Let us perform the well known procedure of separating a family of polynomials with respect
to an even measure, in a symmetric with respect to the origin interval, into two families,
via quadratic transformation, as described in [2] in the general setting or in [5] for the
ultraspherical polynomials. Then, denoting by 79,5“’5 ) (x) the Jacobi polynomials for the interval
[0, 1], orthogonal on it with respect to x* (1 — x)#, we see that the above identity reads as

(1 —x)P@D(x) =5,P % V(x), 8, #£0,

n+1
where either « = —1/2 or @« = 1/2. Then, if one chooses « = +1/2, 8 > —1, but very close
to —1 and T = 2, the zeros of P\*? ™™ (x) and Pﬁf)(x) will interlace but will be very close to

each other. Thus, if we increase t a bit, beyond the interval (0, 2], the zeros of the corresponding
polynomials will not interlace any longer. This is what happens indeed and it is not a surprise
that the examples given in [10] use parameters when either « or 8 is very close to —1.

However, this phenomenon permits another interpretation which is obvious from the proof
of Theorem 2. If one analyzes the arguments in that proof, it is clear that the positivity of the
constant e, — ¥y, given by (8) is crucial for the interlacing. The closer to zero it is, the closer
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the zeros of p,(2, ¢; x) and p,41(x) will be. On the other hand, because of the (4) of the kernel
polynomials, this constant is close to zero when pj,+1(c) is. This explains why the above example
and those provided in [10] use values of « or 8 near —1. Similar effect occurs for all families of
orthogonal polynomials.

Observe that when either the measure, or the location of the point c is such that the quantity
in (8) remains large, then we might expect that interlacing of the zeros of p, (t, c; x) with those
of p,(x) and p,1(x) still holds for all » when t varies beyond (0, 2]. Thus, we conjecture, for
instance that, if @ and § are fixed large positive numbers, then there is ¢ = ¢(«, 8) > 0, such that
the zeros of PP (x) interlace with the zeros of both " (x) and Pn(if )(x) foralln € N
and for every 7 € (0,2 + ¢).
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