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Abstract

Denote by 75 (., w) the nth degree Chebyshev polynomial with respect to the positive weight w. It is
shown in this note that if w is C!* then T}, (cos ¢, w) = R{e "P72(e!?)} + o(1) where 7(z) stands for
the Szegd function corresponding to w. This extends an earlier result proved by Kro6 and Peherstorfer who
verified this asymptotic relation for C e >0 weights.
© 2014 Elsevier Inc. All rights reserved.
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Let w be a positive continuous weight function on [—1, 1] and denote by
T,(x,w) =aux" +---+ay, a,>0
the normalized Chebyshev polynomial of degree n with respect to w uniquely defined by
1= T, wwl < [[(@nx" +bp1x" '+ + b)w)|l,  Vbu_i,...,by € R.

Here || - - - || stands for the usual supremum norm on [—1, 1]. By the classical Chebyshev alter-
nation theorem 7}, (., w) is characterized by the property that function 7}, (., w)w equioscillates
n+ 1timeson[—1, 1] between 1 and —1.
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In case when w = pi with p,, a polynomial of degree m < n positive on [—1, 1] the ex-

tremal polynomial T}, (., w) can be found explicitly; this result goes back to Chebyshev (see [1]).
Namely, let g, be the well-known Fejer—Riesz representation of p,,, that is g, is the unique
polynomial of degree m with real coefficients and all zeros in |z| > 1 such that |g,,(¢/?)|> =
om(cos @), g, (0) > 0. Then with z = ¢'?, x = cos ¢ we have

Tu(x, 1/om) = Rz " gn (D)} ey
Clearly, T,, (., 1/pm)/pm equioscillates n + 1 times on [—1, 1] between 1 and —1. Since

-n 2

Rz g2 (@ + 3z 7"gA

n@Y =pp, z=e? 2
the n + 1 equioscillations of 7, (., 1/pn)/pm are zeros of ;“s{z_"g,zn (@))2.

Finding asymptotic representation for the weighted Chebyshev polynomials has been one
of the basic problems in Approximation Theory for many years. The nth root asymptotic of the
weighted Chebyshev polynomials was given by Fekete and Walsh [3]; strong asymptotics outside
[—1, 1] was found by Lubinsky and Saff (see [7,6]).

The first general result on strong asymptotics for weighted Chebyshev polynomials on [—1, 1]
was given in [4] where it was shown that if w is of the smoothness class CH o > 0 (that is
the second derivative of w(cos ¢) is Lipa) then T, (x, w) = Rz "7%(2)} + o(1), z =€'?, x =
cos ¢ uniformly for ¢ € [0, 7]. Here 7 (z) stand for the classical Szeg6 function corresponding to
the weight w, that is 7 (z) is the analytic and nonzero function on |z| < 1 satisfying the boundary
condition |7 (z)| = w(cos )~ 1/2, z = €%

In this note we will show that this result can be improved substantially by relaxing the
smoothness requirement on the weight. In fact we will prove that the above asymptotic relation
holds for weights whose first derivatives are of the Dini—Lipschitz class. For the positive and
differentiable on [—1, 1] weight w denote by w;(h) the modulus of continuity of the first
derivative of w(cos ¢). We shall say that w € C'* if w (h) satisfies the Dini—Lipschitz property

w1<l)=0< : ), n — oo. 3)
n logn

Theorem. Let w € C'* be a positive weight on [—1, 1]. Then as n — 00

T, (cos ¢, w) = Rie "2 (')} + o(1), 4)
uniformly for ¢ € [0, m].

Denote by P, the space of polynomials with real coefficients of degree at most n — 1. Given
f € C[—1, 1] having 0 as its best approximant out of P,, let y,,(f, w) be the nth weighted strong
unicity constant of f defined as

Ya(fiw) = sup [27x] ©)
ey Tw(f = p)ll — [wf

It is shown in [4], Lemma 3.2 that given positive weights wy, wy € C[—1, 1] we have that
17 (, wi) — T (i, w2l < cyn (T (., wa), w2) lwp — wal| (6)

where the positive constant ¢ depends only on the minima and maxima of weights wi, wy on
[—1,1].
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Now in order to derive asymptotics for 7, (., w) one could approximate weight w by recip-
rocals of polynomials 1/p,,, and use the explicit representation (1) for T, (., 1/0,,) and (6) with
wy = 1/py. This approach will be effective provided that the growth to infinity of the quantity
V(T (., 1/pm), 1/pm) as n — oo is compensated by a proper rate of approximation of w by
reciprocals of polynomials 1/ p,,. This method was used in [4] where it was shown that

V(T (s 1/ pm)s 1/ pm) = O (n?)

and a proper approximation result holds if w is C?t®, « > 0. In this note we will improve this
technique. First a sharper estimate y, (T, (., 1/om), 1/0m) = O(n) will be verified. Then we
will provide a more delicate approximation for the Szegd function by reciprocals of polynomi-
als using the de La Vallée Poussin sums. This will result in the replacement of C>**, o > 0
by the substantially wider class of weights w € C!T. We will also show that the estimate
Vu(Tu (., 1/pm), 1/pm) = O(n) is sharp in general (see the Remark after the proof of the the-
orem), which means that the weight must be C! in order for the above method to work. This
makes a substantial further extension of (4) to wider classes of weights rather unlikely.
First we need to verify a lemma which improves the estimate of Lemma 3.3 from [4].

Lemma. If o, is a polynomial of degree m < n such that 0 < a < p,, < b on[—1, 1], then
b
VH(TI'I(" l/pm)v l/pm) = 5(2”1 + 1. (7N

Proof. With 7 = ¢/?, x = cos ¢ denote
x =y T, (., 1/pm) + Ony1(x)

X = Yk ’
l<k<n+1 (3)

Ont1(x) ==sing{z g2 ()}, pe(x) =

where —1 =1 y] < y» < --- < Y, < Y41 = | are the equioscillation points of T,,(., 1/pom)/om-
By (2) the equioscillation points of 75 (., 1/0m)/om are the zeros of Q41 € Py42. It can easily
be shown using (1) and the fact that g,, is a polynomial of degree m < n with real coefficients
that the leading coefficients of (x — yx)7,, (., 1/p») and Q,+1(x) cancel out in (8), i.e., we have
pk € Py, 1 <k < n+ 1. Furthermore, py € P,,1 < k < n + 1 are uniquely defined by the
interpolation properties

(Pk/om)(yj) = sgnTy(yj, 1/pm), 1 =<j=n+1,j#k.
It was shown by Cline [2] (see [5], Theorem 4.10, p. 28 for a detailed proof) that

V(T 1/ pm)s 1/ pm) =  max pr/pmll, 9)
I<k<n+1
where by (8) and (2)
1 1
| nax_| I P/ om |l = ;(IITn(-, 1/ om) I +10411D < ;(b+ 10511 (10)

100410 < V1 — 23z "g2 ()] < bVT — 22

The last relation means that the polynomial Q1 of degree at most n + 1 has a circular majorant
on [—1,1]. Then by a known inequality for polynomials with circular majorants (see [8],
Theorem 1 on p. 448) we have || Q:H—l I < 2nb. Using this together with (9) and (10) we arrive
at estimate (7).
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Proof of the Theorem. Set £2(¢) := log w(cos ¢). Then | (¢/?)| = e~ ?®)/2 and hence

m(e'?) = exp(—2(¢)/2 — i 2($)/2) (11)

where the trigonometric conjugate of {2(¢) is denoted by (2(¢). Since {2(¢) is differentiable the
Jackson theorem and Privalov’s theorem for the trigonometric conjugate of {2(¢) yield

1 — 1
E,(2)=0 <Z,“”“/"’)’ E,@) =0 ( Ong> :

where E,(-) denotes the error of best uniform approximation on [—, 7] by trigonometric poly-
nomials of degree g, and w (k) is the modulus of continuity of the first derivative of w(cos ¢).
Let now #,(¢) be the g-th de La Vallée Poussin sum of {2(¢)

q

i
(@) = ——— Sk(12, @),
! q—1[q/2] k:%z:]ﬂ

where Si ({2, ¢) is its k-th Fourier sum. Then clearly #,(¢) is the g-th de La Vallée Poussin sum
of (2(¢). Since the de La Vallée Poussin sums provide asymptotically optimal orders of approx-
imation we obtain by the last two estimates that

1 - _ Io
||-Q_tq||[fn,n]= 0<5w1(1/q))s ”Q_tq”[fn,n]: 0( §q> (12)

Set now py(2) = —t,(¢)/2 —ity($)/2,z = ¢'?. Then using that £2(¢) is an even function (and
hence 1, is a cosine polynomial) it easily follows that p, is an algebraic polynomial of degree g
with real coefficients. Moreover using (12) and (11) we obtain that uniformly on |z| = 1

1

7(z) = elP1@ 4+ 0 ( 0g_q> . (13)
q

Now for arbitrary n € Nsetg := [n/logn], k := [n/q]—1 ~ logn, and let Ok (z) be the k — 1-st

Taylor polynomial of e*. Furthermore, set m := kq, gm(z) = Q(py(z)) € Pu, m < n. Then

by the remainder term estimate for the Taylor expansion of e? it follows from (13) that asn — oo

uniformly on |z| = 1

logg ck
7(z) = 8gm(2) + O e ta)= gm(2) +o(1). (14)
Since 7 (z) has no zeros in the closed unit disc ‘the polynomials g, also do not vanish on lz] <1
for n large enough. Let us show now that |g,, (¢!?)| provides an approximation for | (¢/?)| which

is finer than (14). Clearly,

k k
lgn @I = 10k(pg (I = PP + 0 (%) =e P10 (%) : (15)
On the other hand using the first estimate in (12)
1 1 1
et =D Lo -wi(l/g)) = ———+0(-wi(l/g)
q w(cos @) q

. 1
7 ?)* + 0 (;wl(l/q)> :
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Applying the last estimate together with (15) yields

. 1
17 () = |gm(e'?)|? +0< + wlﬂ/t])) (16)

k!
Now recall that g ~ L and hence by the Dini—Lipschitz condition (3) we have that la)l (1/q)
lo%w (logn

~

)= o(l/n) In addition, since k ~ logn we also have that 77 = o(1/n). This and
(16) ev1dently yield

1) = lgm(®)* +o(1/n),  w(cosd) = |gm(e'?)| 72+ o(1/n). (17)

Since g, € P, has real coefficients it follows that |g,, (e"‘1>)|2 = pm(cos ¢) with some polyno-
mial p,, € Py, m < n.
Now using (6) with wy = w, wy = me we have by (7) and (17)

17:.C, w) = T T/ pm) | = c(w)yn(Tu (., 1/ pm), 1/ pm) lw — 1/ o
< cr(w)nflw — 1/pmll = o(1).
In addition, by (14) as n — oo uniformly on |z| = 1
R{z "7 ()} — Mz " g2 ()} = o(1).
Finally, (1) and the last two estimates yield that uniformly for ¢ € [0, 7], z = el?
Rz ""72%(2)} = Tu(cos ¢, w) = o(1).

Remark. If we set p,, = 1 in the above lemma then it easily follows from (8) and (9) that

V(T D, D = Pl = [pnri (D] = Q@ (D + 1 =20+ 1,

i.e., (7) becomes an equality in this case. Hence the O (n) estimate for the strong unicity constant
given by the lemma is sharp, in general, yielding that the method used in this note cannot work for
non-differentiable weights. This gives rise to a conjecture that the above theorem fails in general
for non-differentiable weights, i.e., the C'* assumption imposed above cannot be substantially
weakened.

Conjecture. There exist positive Lipl weights w on [—1, 1] non-differentiable at some point of
(—1, 1) for which asymptotic relation (4) fails.
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