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Abstract

This paper studies the approximation of generalized ridge functions, namely of functions which are
constant along some submanifolds of RY. We introduce the notion of linear-sleeve functions, whose
function values only depend on the distance to some unknown linear subspace L. We propose two
effective algorithms to approximate linear-sleeve functions f(x) = g(dist(x, L)Z), when both the linear
subspace L C RV and the function g € C*[0, 1] are unknown. We will prove error bounds for both
algorithms and provide an extensive numerical comparison of both. We further propose an approach of
how to apply these algorithms to capture general sleeve functions, which are constant along some lower
dimensional submanifolds.
© 2019 Elsevier Inc. All rights reserved.
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1. Introduction

Nowadays we are living in a world where the acquisition, analysis and storage of big data
play a major role. Usually data is modeled as functions f : X — Y, where X can be RY or a
general curved surface. In particular the approximation of such functions from point queries,
when N is very large, is an important field. Such problems arise, for example, in learning
theory [22], in modeling physical and biological systems [17], as well as neural networks [4]
and in parametric and stochastic PDEs [7].
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Because of the so-called curse of dimensionality, a notion introduced in 1961 by Richard
Bellman [3], the handling of functions in many variables is an ambitious task. Namely,
functions on R with smoothness of order s can in general be recovered with an accuracy of
at most n~*/" using at most n function evaluations. Thus, the learning of functions depending
on a large number of variables is particularly difficult even with smoothness assumptions
on f [9,10,19]. Certainly, we need to impose additional structure on f to achieve efficient
learning [6,14,16,20,21].

1.1. Ridge functions

One popular approach to break the curse of dimensionality is to consider ridge functions of
the form

RY D 2 5x+— f(x) = g(Ax), (1)

where A € R"*N_ with m considerably smaller than N, is usually called ridge matrix and
g € C°(R™), 1 <s <2, is called the ridge profile. The requirement for the function to have
at least one derivative is essential. In fact, it was shown in [18] that ridge functions need to
have a first derivative uniformly bounded away from zero in the origin in order to reduce the
complexity of the approximation task.

For particular choices of A different approaches to successfully learn ridge functions have
been investigated. For example, if A is of the form AT = lei,, ..., e;,] fore, € RY being the
canonical unit vectors and iy € {1,..., N}, f can be rewritten as a function which depends
only on a few variables, i.e., f(xi,...,xy) = g(x;,...,X;,). An approach to recover the
active variables and approximating the ridge profile g has been given in [11]. It was shown
that by adaptive sampling we can obtain similar estimates as if the active coordinates iy, ..., i,
are known to us.

Another special case of (1) is to assume that m = 1 and that the matrix A is therefore a
vector, usually called ridge vector and denoted by AT =: a. In this case, f is of the form

f(x) = g(x, a)). @)

The recovery of such ridge functions from point queries was first considered by Cohen,
Daubechies, DeVore, Kerkyacharian, and Picard in [6] for ridge functions with a positive ridge
vector. It was shown that the accuracy of their method is close to the approximation rate of
one-dimensional continuous functions.

However, the algorithm from [6] does not apply to arbitrary ridge vectors. In [14,16,21] new
algorithms were introduced to waive the assumption of a positive ridge vector. The main idea
of the algorithm in [16] is to approximate the gradient of f by divided differences, exploiting
the fact that the gradient of f is some scalar multiple of the ridge vector. The accuracy of the
approximation of the gradient is determined by the choice of the step size in the computation
of the divided differences, whereas the number of sampling points is fixed.

The approach by Fornasier, Schnass and Vybiral [14] is rather based on compressed sensing
and applies to (1) very generally. Thus, not the gradient but the directional derivatives of f were
approximated at a certain number of random points in random directions. However, especially
for the methods in [6,14], the authors need a restrictive assumption to use compressed sensing
techniques. That is, the ridge vector a can be well-approximated by a sparse subset of its
coefficients. In [21] this assumption could be removed by leveraging the Dantzig selector [5]
to recover an approximation of a.
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However, the structure assumption on f to be a ridge function can be very restrictive. If
we consider, for example a sensor network, where we have a certain number of sensors, say
N, which measure the moisture, temperature and pressure to forecast forest fire, the aim is to
compute the risk of fire by a function f : R?®» — R depending on the measurements of the
sensors. It is then very unlikely that the combination of measurements which yield the same
risk of fire lie on a 3N — 1-dimensional hyperplane, since also parameters like topography and
vegetation influence the prediction. Much more likely is the assumption that these combinations
lie on a lower dimensional manifold.

1.2. Sleeve functions

To allow for the recovery of more general functions, which are constant along some lower-
dimensional submanifolds, we will introduce the notion of sleeve functions and as a special case
of linear-sleeve functions. Within this paper we will then investigate and analyze algorithms
to capture linear-sleeve functions and we will propose a technique to apply these methods to
general sleeve functions.

Definition 1.1. Let ¢ € C°[—r, 7], r € R, M C R" a d-dimensional smooth submanifold
of RY, and tub,(M) := {x € RY : dist(x, M) < r}, then we call f : tub,(M) — R a sleeve
function if we can rewrite f in terms of g by

f(x) = g(dist(x, M)?), A3

for x € tub,(M). In the case where M is a linear subspace, we call f a linear-sleeve function
and denote L := M, to emphasize the special case, i.e., we write:

f(x) = g(dist(x, L)%. )

The need to restrict g to a bounded domain is twofold; on the one hand, if we wish to
recover g from a finite number of sampling points, we do need this restriction and on the
other hand, it is useful for the approximation task to have a unique mapping x — xo with
dist(x, M) = dist(x, x9). Thus, in the case of M being a linear subspace, r can be chosen
arbitrarily, where in the general case r is chosen to be the radius of a non-self-intersecting
tube around M. For an illustration of linear-sleeve functions we refer to Fig. 2.

Note that the notion of sleeve functions is indeed a generalization of ridge function, thus,
if L is an N — 1-dimensional subspace, we can rewrite dist(x, L) = (x, a)z, where a is the
normal vector of L. Also note that this formulation is very different from the one introduced
in [14]. Indeed, if f is of the form f = g(A-), the level sets are linear subspaces, whereas this
is not true for linear-sleeve functions (cf. Fig. 2).

Furthermore, observe that even by separating the approximation task in approximating g
and M, we cannot simply use manifold learning algorithms to approximate M, since manifold
learning algorithms (cf. e.g. [2,8]) usually assume that we can sample from the manifold.
However, we need to reconstruct the level sets (or at least one, namely M) without knowing
in advance to which level set the sampling points belong; actually it is very likely that all
sampling points belong to different level sets.

1.3. Our contribution

Our work studies the approximation of linear-sleeve function of the form f(x) =
g(dist(x, L)) for x € tub,(L), where g € C*[0, 1] is monotone and L C R¥ is a d-dimensional



104 S. Keiper / Journal of Approximation Theory 245 (2019) 101-129

subspace of RY under additional assumptions on the profile g (see Fig. 1). In particular we
will assume that the derivative of g is bounded. We will provide and analyze two different
algorithms to capture linear sleeve functions from point queries. Our main contributions can
be summarized as follows.

e Adaptive Algorithm. The first algorithm, to which we refer to as ATPE, is based on the
fact that the gradient of f in some x € RY is orthogonal to the level set of f in x. We will
show that the restriction of f to the plane, which is orthogonal to the gradient and which
is the tangent plane of the corresponding level set, is again a linear-sleeve function. We
will then argue that applying the same fact iteratively to the restrictions of f, the tangent
plane computed in the N — dth step gives a reconstruction of L. In ATPE we will then
substitute the gradient by divided differences, because we cannot compute the gradient
by point queries of f.

e Optimization Algorithm. The second algorithm, to which we refer to as OGM, is based
on a minimization over the Grassmannian manifold. Namely, it will define an objective
function, whose minimizer is L. However, we will see that we cannot define this objective
functions using only point samples of f. In OGM we therefore approximate this objective
function by an objective function whose minimizer L will be proven to be close to L.

e Error Bounds. Those two algorithms are of a rather different nature. Whereas the
approximation success of the first algorithm depends only on the error of the gradient
approximation by divided differences, the success of the second algorithms depends on
the error of the approximation of the objective function. The first main theorem states
that the error of the approximation of the d-dimensional subspace L using ATPE which
is a randomized algorithm can with high probability be bounded by

IL — Lilus < C(1 + K)YNIV/N —dh’,

where L is the approximation of L, i can be chosen arbitrarily small but fixed, C, K are
some positive constants which depend on the considered function class and the number of
function evaluations is given by (N + 1)(N — d). For the second main theorem we prove
that using OGM which also is a randomized algorithm the approximation error almost
surely is given by

IL — Ljus < Cv/N —dM™",

where M is the number of function samples and C a constant only depending poly-
nomially on the dimension of the space. Note that OGM, differently to ATPE, yields
a reconstruction error which decreases with the number of sampling points and is
not constrained by a fixed number of sampling points, and is therefore advantageous.
However, the first algorithm is more promising to apply also to the manifold case.

We further believe that our results will have some impact on the approximation of general
sleeve functions of the type (3). Due to the fact that we would need to optimize over all
possible d-dimensional submanifolds, to approximate general sleeve functions in a similar way
as proposed by OGM, we anticipate that an adaptation of ATPE is more promising.

We believe that one can also use gradient approximations to capture general sleeve functions
of the type (3). Roughly said, we propose to use the gradients to compute samples from the
manifold. More precisely, knowing the gradient of f at some point x, again would enable us to
approximate the sleeve profile g and, under additional assumption, we could use the direction
given by the gradient and the value of f in x to translate x to the manifold. A careful estimation
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dist(x1, M) = dist(x1,z0)

Fig. 1. Generalized ridge function of the form f(x) := g(dist(x, M)).

of the distribution of the translated sample points should then enable us to apply manifold
learning algorithms (e.g [2]) to estimate the manifold M.

Note that we will not study the question of stability of the algorithms in this paper. The
numerical experiments indicate that the algorithms might be stable in a certain sense. However,
an intensive numerical and theoretical analysis remains open for future work.

The paper is organized as follows: After introducing some preliminaries, we will present and
analyze ATPE in Section 3. In Section 4 we will introduce and analyze OGM. The consideration
will be completed in Section 5 by some promising numerical results.

2. Preliminaries

To put our results in a precise setting, we introduce the class LR (s, d) of all linear-sleeve
functions f(x) := g(dist(x, L)?), where g € C*[0, 1] and L C R" a d-dimensional subspace,

ie.,d € [N] :={1,..., N}. We use the following norm, subsequently referred to as Holder
norm, on C*. For k <s <k + 1, with k € N, we define
k
lglles = lgleso.n = 18%1ce—o + Y 18" o,
j=0

where g/ denotes the jth derivative of g, and, for 0 < 8 < 1, we set
. lg(x) — g
Iglcs == sup - B
wty =yl
Note that we call g Lipschitz continuous if |g|-1 is bounded. We then call |g|-1 Lipschitz
constant or Lipschitz norm of g. The ith coordinate of a vector x will be denoted by x;. If

the vector itself already has an index, e.g. x;, we denote the ith coordinate of x; by x;;. If we
want to highlight the dimension of the vector space, we sometimes write || - || o= Il -1l, for

the £, norm of a vector, for p = 1, 2. The weak-£, norm of a vector x € RY is the smallest
constant M, such that

#i:x; >e)<Me VP, £>0.

We further recall the following useful property of any norm on RV,
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Lemma 2.1 ([16]). Let || - || be any norm on RN and x € RN with |x|| =1, ¥ € RV \ {0} and
A € R. Then

) X 2|1 — Ax||
I sign(Q)— —x|| = ———.
X1l X1l

We will denote the ith canonical unit vector, with a one in the ith coordinate and zero
elsewhere, by e;. The Grassmannian manifold of all d-dimensional subspaces of R is denoted
by G(d, N) and for simplicity we will denote the orthogonal projection Pyx of a vector x € RY
to a subspace H = span{uy,...,uy} € G(d, N) by Hx. This notation relates to the matrix
representation of an orthogonal projection given by H = Zflzl u;u! . For a bounded operator
L : RN — RY the Hilbert—Schmidt norm is given by

N

2
> liLe;ll3.
i=1

For two d-dimensional subspaces L,L C RY the Hilbert-Schmidt distance is given by
IL — Z”HS = ||PL — Pjllus, i.e., by the Hilbert-Schmidt norm of the difference of the
corresponding projections. Further note, that the Hilbert—Schmidt norm ||L — L|gs coincides
with the Frobenius norm of the corresponding matrix representation, i.e., ||[L — Z4||HS =
|L — L||¢. The orthogonal complement of a subspace P is denoted by P+ and the distance of
a vector x € R" to a subspace, respective subset, P C R" is defined by

IL|lus =

dist(x, P) := min ||x — y|.
yepP

In the sequel, for two quantities A, B € R, which may depend on several parameters, we shall
write A < B, if there exists a constant C > 0 such that A < C B, uniformly in the parameters.
If the converse inequality holds true, we write A 2 B and if both inequalities hold, we shall
write A < B.

We will often say that we choose a vector in R"Y randomly. In that case, we mean with
respect to a probability measure that has a density with respect to the Lebesgue measure.

Finally, we want to recall some approximation properties of functions in C[0, 1]. For two
given integers S > 1 and M > 2, we consider the space Sy.5, h := 1/M, of piecewise
polynomials of degree S — 1 with equally spaced knots at the points ik, i = 1,..., M — 1,
and having continuous derivatives of order S — 2. It is well-known (cf. e.g. [10]) that there
is a class of linear operators Q, which maps C[0, 1] into S, 5. These operators are usually
called quasi-interpolants. For a function g € CJ[0, 1], the application of a quasi-interpolant

only depends on the values of g at the points ih, i = 0, ..., M. Furthermore, we can choose
the operator Q) to fulfill the following property: For all g € C*([0, 1]), 0 < s < S,
lg — Ongllcioy =< D|g|c-v[0,1]hs» ©)

with D, a constant depending only on S [10, pp. 354 ff].

3. An adaptive algorithm estimating tangent planes

An obvious approach to approximate sleeve functions of the form (3) is to apply the methods
to recover classical ridge functions of the form (2), i.e., to approximate a linear sleeve function
by a classical ridge function. Of course, this method can only provide good approximation
results if the sleeve function is close to a classical ridge function in a certain sense, cf. [15].
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L

{x : dist(z, L) = 1}

(o : dist(z, L)? = ca} {x : dist(x,L)? = ¢1} .

(s dist(, L) = s} {2 : dist(z, L)? = ea} =

{z : dist(x, L)? = c3} =

() (b)

Fig. 2. Generalized ridge function of the form f(x) := g(dist(x, L)?), where L is some one-dimensional affine
subspace of RN, The figures show three level sets for the function f(xi,x2,x3) = x% +x§ = dist(x, L), where
L :=span(1,0,0). (a) The level sets are illustrated in the ambient space R>. (b) Projection of the level sets onto
the subspace orthogonal to L, which is here the xy-plane.

However, it would be more convenient to approximate a function of the form (3) by an estimator
of the same form.
We first observe that we can rewrite a linear-sleeve function as

f(x) = g(dist(x, L)*) = g(l Px]3),

where P is the orthogonal projection to the (N — d)-dimensional subspace P orthogonal to L.
The algorithm, we will introduce in this section, will, similarly as in [6,16], exploit the fact
that we can estimate the tangent plane in some xo € RV of the (N —1)-dimensional submanifold

{x e RY : dist(x, L)* = dist(xo, L)*}

as the unique hyperplane which is orthogonal to the gradient of f in xo. We will then show
that the function f restricted to this tangent plane is again of the form (4). Of course, we
cannot compute the gradient by sampling the function; in the subsequent proposed algorithm
we therefore approximate the gradient by divided differences.

3.1. The algorithm

As mentioned before the idea of the first algorithm is to use the fact that the gradient of
the linear-sleeve function f in some x( is orthogonal to the level sets and that the restriction
of f to the corresponding tangent plane is again a linear sleeve function (cf. Fig. 3). We will
further show that applying this fact iteratively to restrictions of f finds after N — d steps the
wanted subspace L. Hence, the dimension d of the subspace needs to be known. To prove this
statement we introduce an adaptive and randomized algorithm to exactly recover the subspace
L by computing gradients of f (see Algorithm 1) and show in Theorem 3.1 that this algorithm
can recover the subspace L exactly. Thus, our first aim is to show that the system, which is
formed by the gradients of the restrictions of f, forms a basis for P = L*. Observe that
an essential step in this algorithm is to compute gradients of f and is therefore not useful to
approximate f from point samples. It only serves as an auxiliary tool to introduce the first
main Algorithm 2.
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tangent plane

Vf(a1)*

05 05

Fig. 3. The restriction of f to the affine subspace which is orthogonal to the gradient of f in some x; is again a
linear sleeve function. In the illustrated case we can recover L after two steps, because the gradient of the restriction
of f in some x, is orthogonal to L.

Algorithm 1: ATPC - Approximation by Adaptive Tangent Plane Computation

Data: f(-) = g(dist(-, L)?), dim(L) = d € [N].
Result: 77.
begin
N — f.
TN «— RV,
fori=N,...,d+1do
1. For some randomly chosen, normalized x; € T' compute V fi(x;).
2oup «— VDIV X
3. Ti' «— (span{u;, ..., un})t.
4. Let f=! be the restriction of f to T~ !

As mentioned before this algorithm iteratively computes restrictions of f, such that after
N — d steps the restriction of f will be exactly defined on L. Assume we have computed the
tangent plane 7' and the restriction f’ of f to the subspace T C R¥,fori = N,...,d+1. The
algorithm then chooses a point x; € T' randomly and computes the gradient of ' in x; (1.).
It then normalizes this gradient (2.) and determines the subspace T°~! which is orthogonal to
this gradient in 77 (3.). Finally we restrict f’ to T7'~! and repeat this procedure until i = d + 1.
The following theorem states that ATPC indeed succeeds to recover L.

Theorem 3.1. Let f(x) = g(dist(x, L)*) = g(|Px|3), g € C*[0,1], 1 < s < 2, for
x € tub(L) and the linear subspace P~ = L C RN. Compute T? as proposed in Algorithm 1.
Then L coincides with T® almost surely.

Proof. We write L as L = span{uy,...,uy} where {uy,...,uq,ug41,...,uy} is an
orthonormal basis of R, and let V. = [u;...uguqs; ...uy] be the corresponding matrix.
We begin by computing the gradient of f and obtain

V f(xn) = 28" (I Pxn|3) Pxn,

which is obviously orthogonal to L if Pxy # 0, which is almost surely true.
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Due to the orthogonality of V f(xy) to L, we can assume that uy = V f(xy)/[IVfxn)ll2
and then by definition 7V~! = (span{uy})* = span{ui, ..., uy—_1}. We now define f¥~! to
be the restriction of f to TV~ and AV~! : R¥~! — R by

Nel,ay 3 R X
"7 (3x) = f(V [0})—]0 v |:Oi|),

for £ € RV=!. Then VAN (%) = V f(x)T Vy_y, where V; == [uy...u;],i = 1,..., N, and
x = V(&,0)7 € TN-!. Thus, the gradient of 2V ~!, considered as a vector in RV is given by

N-1/3
7]t

where V; = [u; ...u;0...0]. We conclude that for some xy_; € TV! randomly chosen, we
have

VA ano1) = VVE V f(xn-1) = 28" (IPxy_13)VVE_ Px. ©6)

A straightforward computation shows that V'V, Px is the projection of Px to 7V~!. Thus,
it is obvious that for some xy_; € TV~!, chosen as in Algorithm 1, V f¥~!(xy_,) is orthogonal
to L, i.e., if Pxy_; # 0, which is almost surely the case.

Further, V f¥~=!(xy_,) is also orthogonal to uy, since it lies in 7V~!. Therefore, we set

un—1 = VIV an D/IV N v o)l

for some xy_; € TV~! and TV¥=2 := span{uy, ..., uny_»}. Note that again Pxy_; # 0 holds
almost surely. We repeat this procedure until we get a basis {ug41, ..., uy} of P, which yields
the desired space L = P+. [J

The previous theorem shows that, if we could compute the gradient in (N — d) points,
we would be able to recover the space L, respectively its orthogonal complement P, exactly.
However, ATPC is not based on sampling the function f, since gradients cannot be computed
exactly using point queries. Thus, we can only approximate the gradients by computing the
divided differences

fx +hep) — f(X)}N
h

Vi f(x) = |: .
i=1

We adapt the first step in ATPC by substituting the computation of the gradients by computing

divided difference and propose Algorithm 2, to which we will refer as ATPE, for the

approximation task.

It then only remains to recover the ridge profile g. The estimation of g is rather straightfor-
ward. As the gradient gives the direction in which f changes, f becomes a one-dimensional
function in the direction of the gradient. Hence, we can estimate g with well-known numerical
methods. Indeed, we have already seen that the gradient of f in some point x is given by
Vikx) = g’(||Px||%)Px, i.e., the normalized direction is a := Px/| Px|,. Setting x, := ta
yields

2

£ = g(I1Px ) = g(—— || Px[12) = g(r?)
' e IPx3" " ‘
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Algorithm 2: ATPE - Approximation by Adaptive Tangent Plane Estimation

Data: f(-) = g(dist(-, L)?).

Input: N~ eN,dim(L)=d € [N], h,h,o > 0.

Result: L.

begin

¥ — 1.

TV «— RV,

fori=N,...,d+1do

1. For some randomly chosen normalized x; € fi, such that f (X)) — fO)| >o,

compute

< P L
Wf@J:{ﬂm+%?—fmq

k=1

2.0 < Vi f '@/ IV F @D
3. T «— (span{ii;, ..., ix})" .
| 4. Let fi~! be the restriction of f to T~

L «— T4,
g <— interpolate{ f(\/ihiiy)},, m = 2|h~'].
| f <— g(dist(-, L)?).

Note, that we need to estimate the gradients at random points X; € RY such that
f {(X;) — f(0)| is not too small in order to control the constants of the approximation. We
therefore choose a threshold o in advance, on which the approximation constants will depend.
Thus in practice we choose a random sampling point and verify if this sampling point fulfills
the requirement, if not we choose another random point. This might increase the number of
necessary sampling points and the number will depend on the choice of the threshold o.
However, this number can be controlled. We will consider the following class of functions:

LR(s,d, c2,c3,0,€)
— {f = g(dist(-, L))* € LR(s,d):L C G(d, N), g'(t) € [c2, c3] for all 1,

N—d
P (g(z x2) € [g(0) — o, g(0) + a]) <&, x € SV uniformly distributed}
i=1

The described procedure, of course, cannot find the correct plane P. However, it is able to
compute a good approximation of P, where the approximation error depends on the choice

of h.
For reasons of clarity, the proof of the next theorem is moved to the next subsection.

Theorem 3.2. Let f be a linear-sleeve function of the form (4), i.e., f € LR(s,d, c2, 3,0, ¢€)
for some s € (1,2], d € [N], € € (0, 1) and some positive constants c,, c3, 0. By sampling the
function f at (N —d)(N + 1) appropriate points, ATPE constructs with probability larger than
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(1 — &)~ an approximation of L by a subspace L C RN, such that the error is bounded by
IL — Lilus < DEA + CKV4V/N —dn?2=,
for some arbitrarily small h > 0, where

K = 4|g/|cxfl + 4C3
C= | &
c0
D* = h* ey 4+ 4|g | st T2 4+ B)STD 4¢3 g! | -1 (2 + h)H,

which are constants depending only on the Hilder norm and bounds of g' as well as on the
choice of the thresholds o and ¢.
In particular if ¢’ is Lipschitz continuous, i.e. s = 2, it holds

IL = Lilgs S A+ ON VN —dh,
with C = CK.
If f is defined on the unit~62-ball By, = {x € RN : lxllo < 1} and 0 < h < 1, ATPE
constructs an approximation f of f such that the error is bounded by

1f = Fllee S B2 4p,

Note, that similar to the algorithm in [16], this algorithm uses a fixed number of samples
and the estimation cannot be improved by taking more samples. We therefore also aim for an
algorithm which yields a reconstruction whose error decreases with the number of sampling
points (cf. Section 4). Also note that due to the adaptive character of ATPE the reconstruction
error increases for smaller values of the Lipschitz continuity s.

To complete this subsection, we want to remark that ATPE could be also adapted to the
case that the dimension d of the subspace L is not known in advance. In that case, we would
not stop the algorithm after (N — d)-steps, but if the norm of the gradient, or the divided
differences, respectively, becomes smaller than a given threshold. Note that the restriction of
f to T would be the constant function and thus the gradient would indeed vanish.

Finally, note that we can perform a similar, but slightly worse, error analysis for the case
that f is of the form f(x) = g(|| Px||»), whereas before we considered sleeve functions of the
form f(x) = g(|| Px||%). See Remark 1 in the next subsection for a short explanation.

3.2. Proof of Theorem 3.2

As mentioned above, the idea is to approximate the gradients of f = fV and f' for
i=d+1,...,N—1.Since we need N + 1 samples for each gradient approximation, we need
(N — d)(N + 1) samples altogether. We already know from Theorem 3.1 that the subspace P
can be written in terms of the gradients of the restrictions of f and f itself. Hence, we assume
P = L' =span{ugy ..., uy}, where the u;’s are given as stated in Theorem 3.1.

Note that we will prove that the constants in Theorem 3.2 are given by

K =4|g'|cs-1 + 2c3 + max{||V f(xp)l2:i =N, ....d + 1}
C=2/min{|[VF")l:i=N,....,d+ 1}
DS — hzfsc?’ +4|g/|ca'*1h571(2+ h)Z(Sfl) + C3|g/|csfl(2 +h)571.
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The following estimations then yield the claim: By Eq. (6) we have
IV I3 = 12¢/AIPxI3)Pxll; < 2es]lx 3 = 2¢s,

where we used that x is assumed to be normalized. Furthermore we derive
|g(1Px13) = 8(O)| = |g'®] 1Px[3 < e3l| Px]3,

which yields by assumption

[8UIPxI3) — 8O _ 1f(0) = fO) _

C3 C3 C

o

2
Pxllz =

’

o)

with probability larger than 1 — ¢.
We split the proof by establishing several lemmata.

Lemma 3.3.  Under the assumptions of Theorem 3.2 and with the choice of the u;’s,
i=d+1,...,N, as proposed in Algorithm 2, we have

2D/N — dh*/?
IV £l

where Xy € RN is chosen randomly and uy =

iy —unll2 < =: So. @)

VfGEN)
IVfGENI2*

Proof. First, let us estimate the error between V f(x) and V, f(x). We can compute

_ S the) — f(x) _ gllP(x + he))13) — (Il Px]I3)

Vi f(x) = > P
P&+ hen)? — || Px])2
=g &) A 2 2
N he u)? — (x up)?
=g &n) ;
N
=& En) Y 2ujilx, uy) + hul,
j=d+1

N
=g/(&n) | 20Px1i+h Y uk ],
j=d+1

for some &; , between || Px||% and | P(x + hei)||§, where u j; denotes the ith entry of the vector
uj. We then estimate

N
&0 — 1 Px 3] < 1P+ hen)ll3 — I1PxIBI < D [(2h(x, uj)uji + h2u?)|

j=d+1
N
=20 |[Px)i|+h* Y % <2h+h?,
j=d+1

where we used the fact that u is a unit vector and that therefore all its entries (in absolute
value) and the entries of its projection are smaller than or equal to one. Thus, the error which
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we obtain by approximating the gradient can be estimated as
2

N N
IVFG) = Vif@I3 <Y Gl | Y up;

i=1 j=d+1

=z

+ 4> (/G — g/ (I1Px2)” (Px)?

i=1

N
+ 20 ) | E ] g/ E ) — & UPXIB)| I(Px)il Z %

i=1 j=d+1
=TT +T+7T.
To estimate those terms we take the following inequality into account:
N N S N N N N
)3 DIRTY DM DI | DI EDM DI
i=1 \j=d+1 i=1 \j=d+1 j=d+1 i=1 \ j=d+1

|
I
L0
ﬁ/

where we used in the second as well as in the last step that {u j} , forms an orthonormal
system, which spans H, so that Z iy u5; < 1foreachi =1, N and YN | %, =1 for
each j =1,...,d. Now the de§1red estimates follow 1mmed1ately.

2

T < hlg'lI%, Z Zu,, < (N = d)lig'I3,h°

i=1 j=1

N
Ty < 418 |0t Qh + W20 3 (P} < g/t (2 + B2,
i=1

Ts < 118 llollglles (N — d)h(2h + h?)* .
Thus, we can find a constant D > 0, independent of the dimensions d and N, such that
IV f(x) = Vi f(x)lla < DV'N —dh*">. ¥

The constant D can be chosen as stated by Theorem 3.2. Hence, applying Lemma 2.1, with
A = 1/|IVy f(x)|l2, proves the claim. [

Next, we use the approximation of the gradient to approximate the tangent plane TV ~! at x
with TV~ = span{V, f(x)*}. The approximation error is then, of course, given by (7). Further,
we let f¥~! and fN~! be the restriction of f to T¥~! and TV, respectively.

Again we want to compute the column vectors u; of V,i = N,...,d + 1, step by step as
the normalized gradients of f, f'. But instead of computing the gradient of f/ we can only
approximate it through an appr0x1mat10n of the gradient of fi. Thus, we iteratively set the
columns ii;, i = N,...,d+1 of V as the normalized approximated gradients of f. The error
of the approximatlon in each step can then be estimated by means of the following lemmata,
in particular, by means of Lemma 3.4 for the first step and Lemma 3.7 for the ith step.
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Before stating these lemmata, let us recall the definition of the matrices V, V,V; and V;,
i=N-1,...,d+1. Let

i =V f{G/IVaF G)lla and  w; = Vi f )/ IV £ ()2,

fori =N,...,d+ 1, where x; = VVT%; and %; as well as f’ and f' are chosen as proposed
in the Algorithms ATPC and ATPE. Then {uyy;,...,uy} as well as {ug41,...,uy} form
orthonormal systems and u;, u;,i = 1, ..., d, are chosen that the whole systems {u1, ..., uy}
and {iiy, ..., iy} form an orthonormal basis for RY. We can now define

V,:[M] uy ... U o ... 0], V:[M] uy ... MN],

Vi=[i1 i ... @ O ... 0], V=[i @ ... dn].

Lemma 3.4. With the same assumptions and choices as in Theorem 3.2 and Lemma 3.3, we
have

lin—1 —un_1la < C(1 + K)S51

We first have to prove the following lemma:

Lemma 3.5. With the same assumptions and choices as in Theorem 3.2 and Lemma 3.3, let
X = VVAll)Z, for some X € TN-1. We then have

[Px — Pxl2 < [Xl2lluy — tnll2.

Proof. We write x = ZlNz_ll X;u; with x; € R and |x;| < 1. Then we compute

N N-1
=2 = = 2
1Px — PEIF =1 D () (% ujdug, uihu; — (%, wihui |3
i=d+1 j=1
N—1
= 2 ~ ~ 2
= (X, un)unlls = 1)) Xiu;, un)uy|ls

< 201%13 (1 = (in, un)) -

In the step before the last we used that {u;, ..., #y} is an orthonormal basis (according to
Step 2. and 3. in the ATPE Algorithm) and in the last step additionally that 1 — (iy, uy)? =
(14 {an, uy)(1 — (ay, uy)) < 2(1 — {ay, uy)). By observing that

lun _ﬁN”% ={uy —un,uy —uy)=(un,uy)—2(uy,in)+{iy,in) =20 - (uy,iy)),
we deduce the claim. [J

We are now able to prove the error of the first step of our algorithm ATPE, i.e., Lemma 3.4.

Proof of Lemma 3.4. For simplicity we will write ¥ and x instead of Xy_; and xy_;.
Note that it is straightforward to show (compare to Eq. (6)) that V f'(x) = VV,.TV f(x) and
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Vi fix) = VViV, f. We hence obtain that

VV(x) Vi fNL(E)

_ _ AV = i N @)l
IV 1@l (VY@

IV V=100l

luy—1 —iin-1l2 =

2
< oo (VL ¥ 700~ VI 9 7ol
VYT
+ IVVT_\VF ) = VU V@l + IV VI V@ = VI f @)
2
v a—— T +T +T N
VTl (R

where we applied Lemma 2.1 with A = ||V, f N=1(¥)||, in the second step. Now, we can
estimate

N-1

To= 1) (ui, V)i — (e, VF )il = [y, V F)uy — (iin, V£ ))iinl2

i=1

< 20V F)lalluy — dinlz
as well as

T < V@) = Vi f@D)l: < 2DVN =i = S,
Finally, we estimate 7, by

T = IV f0) =V f@l = 2| ¢ 11 PxIDPx — g (IPEIRPE|

<2

gUPxIB) — g A PRID|1Px> +

‘s_

gUPFID|1Px - P, ]

< 2|g/les1 [IIPx]3 = I PX13

1
+ ZI‘ITa)f{g’(t)}IIPx — Pxl,
1=
< 4g'|cs-1II1Px — PEIS + 2[glloo |l Px — PX],,
which proves the lemma. [J

One can now prove similar estimates as in Lemma 3.4 for ||u; —ut;],, i =d+1,..., N —2.
However, we first need to prove a more general version of Lemma 3.5.

Lemma 3.6. With the same assumptions and choices as in Theorem 3.2 and Lemma 3.3, we
have for ; € T' and x = VV'%;, i =N —2,...,d + 1, that

N

~ 12 ~ 12 ~ 2

1Px; — PE;I3 < 1513 Y Nii; — ujl3-
j=itl

This inequality in turn yields the desired generalization of Lemma 3.4:

Lemma 3.7. With the same assumption and choices as in Theorem 3.2 and Lemma 3.3, for
i=0,...,d, we have

lun—i —iin_illa < DA+ KC) SE™",
0

foralli=0,...,N —d — 1.
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Proof. Using the same methods as in the proof of Lemma 3.4 and using Lemma 3.6, one can

show
i1
lun—i = an-ills < CKY_ S~ +CSo,
j=0
where the §;, j =1, ..., d are recursively defined. The claim then follows by induction. [J

Putting the conclusions of the previous lemmata together and observing that
N—d—1
Y A+KO =+ KOV
i=0
finishes the proof of the first part of Theorem 3.2.

It remains to bound the error of the approximation of f . For that let ¢ .= | Pty ||§ and g. =
g(c-) and remember that g = interpolato:{f(«/ﬁﬁ;\;)};”=l = interpolato:{g(ihllP12N||§)}:."=l =
interpolate{g.(i%)}".,. Thus g is a good approximation of g. and therefore ||g — gclloo S A.
The estimation of the error can now be divided in the following way:

@) = Foo| = |ePx1B) - ZUPxI)]
<|g(IPxI3) — g(IPx 13| + |g(IPx13) — (I Px|3)]
+ |gc(IPx13) — B Px )| = 1 + 11 +111.
A finer estimation of I gives
lg(IPx]13) — gl Px|)| < (A = O)llg ool PxII3 S 1 —c = [|Puyll3 — | Piin |3
<2||P(uy —iin)l3
< 2uy — i3 S B2V

I can be estimated analogously and clearly 711 < h. This concludes the proof. [

As mentioned in the end of the last subsection, we can perform a similar, but slightly worse,
error analysis for the case that f is of the form f(x) = g(dist(x, L)) = g(|| Px||2). Indeed, we
can estimate the approximation error of the gradient in the following way:

Remark 1. To approximate a function of the form f(x) = g(dist(x, L)) = g(||Px]2), for
x € RN, g € C!([0, 1]) and g’ Lipschitz continuous, we can utilize the following observation
to obtain a worse approximation result than for linear sleeve functions of the form (4). Namely,
we can rewrite the ith entry of the divided difference of || Px||, as:
IP(x +hed)lla = 1Pxlly  IP(x + hepll3 = |1 Px|3

h R IPGx A+ hepll2 + | Pxll2)
_ 2Px)i +h|Pell3

PG+ el + 1Pxl2

We then obtain the following estimate:

IV(IPx12)i — Vil Px|l2)i]

_|_2Px)i +hlPell;  (Px)i
|P(x + hepllz + [1Pxll2 1Pxll2

Vil Px|2)i =
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- PP Pxl> — (Pl Pxla = (P)| PGx + hep)lal + kil Peill
1Pxll (IPxll2 + PG+ ke

_ PPy — PG+ heplla | BlIPeil} _ ) [IPeill

- 1P 1PxIP = T Pxlg

Hence, we have:

20N —d
I1Pxll,

If || Px||, is small, this upper bound can become large. Fortunately, in the case of linear sleeve
functions of the form (4), we are not constrained by this term (cf. Eq. (8)).

IVAIPx2) = V([ Pxll)ll2 <

4. An optimization algorithm on the Grassmannian manifold

We will now reformulate the given approximation problem as an optimization problem over
the Grassmannian manifold G(d, N). This reformulation allows us to develop an algorithm
which yields a reconstruction whose error decreases with the number of sampling points.
Remember that the previous algorithm needed a fixed number of sampling points and the error
has decreased with the step size 4 in the computation of the divided differences. We again use
the following notation for f

f(x) = gdist(x, L)») = (| Px]]3),

where the operator P denotes the orthogonal projection Pp to the subspace P C R" orthogonal
to L. In the sequel of this section, we will, for brevity, assume that dim P = d where we
assumed dimP = N —d = N — dim L in the last section.

4.1. The algorithm

Let us assume without loss of generality that g is not the constant function. Otherwise we
do not need to find the subspace, since every subspace can be used to represent g as stated.
We first define for each H € G(d, N) a function fy as linear-sleeve function, namely by

fu(x) = g(IHx|]3). )

The main idea of the algorithm then uses the fact that fp = f and fy # f for H # P and,
thus, that P is the unique minimizer of

Gd,N)> H r—>/ | £(x) — fu()|?dx. (10)
[o, ¥

Note that we always mean the global minimizer of a function, if not differently referred.
Unfortunately, we cannot express the objective function (10) in terms of sampling the input
function f. On the one hand, we therefore need to replace the integral by a finite sum and on
the other hand, the definition of fj is not clear, since we do not know g in advance.
However, note that we can easily recover g by sampling f in some random direction 6.
Indeed, it holds for # € R that f (té) = g(t||Pé||2) and, since @ is almost surely not contained
in the orthogonal complement of P, g is up to the constant ||P6‘||2 umquely determined by
fC .). Hence, if we knew ||P9||2 approximately, sampling f at ihf,i = 1,..., M, where
h € (0,1) is the step size, gave an approximation to g. Namely, with g; = g(-||P9A||§),
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we let gé"’ be the approximation of g; from the sampling points (i, f (ih6)). We then set
M) = gy(ﬁé_lonH%), where p; is an approximation of || P4 |3.

One possibility to choose 6 such that we know ||Pé||§ approximately, is to choose 6 as
the approximation of the normalized gradient of f in some random direction 7. Indeed, the
normalized gradient of f is given by

_ Vf(m) Py
IVF@lz2 1Pl
Therefore, we have almost surely || P@|, = 1. Thus, we choose

3 he;) —
o where  d = LT eh) f N
2

‘Q}z

6 =

Yl

and let g;” = Qg be the approximation of gz, with Q) as introduced in the preliminaries
(see Eq. (9)).

The only remaining task is now to substitute the integral by a finite sum. Hence, we aim to
define the objective function

A " A 2
B G Ny s H e |3 | fen - f )| (an
i=1
for some xi, ..., x, € RY such that P is the unique minimizer of
F: G, N)3Hw | Y If0)— fulx)l, (12)

i=1

to ensure that the minimizer of FM is a good approximation of P. Certainly, P can only be
the unique minimizer of F if it uniquely minimizes the function

Gd,N)> H |y [IPxill2 — [ Hxill2l. (13)
i=1
Therefore, it is necessary to find x, ..., x, such that the map
A:GWd,N)> Hr ([Hxil2, ..., [Hxyll2)

is injective. This problem is known as projection retrieval [12] and discussed in the next
subsection.
The proposed procedure is summarized in Algorithm 3, to which we refer to as OGM.

We will now be able to prove the following main result in Section 4.3.

Theorem 4.1. Let f be a linear-sleeve function of the form (4), i.e., f € LR(s,d), s € (1,2],
d € [N], and f = g(dist(x, L)?) = g(||Px||2) for some d-dimensional subspace P C RV,
Suppose that the derivative of g is bounded from below by some positive constant, and let

P = argmlnHeG(N dN)f (H), where ]-"M(H) is defined as in (14) with 0 = ”va(%)lb for

some 1 € RYN. Then, we have

|1P— Pllus S M™*2,
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Algorithm 3: OGM - Approximation by Optimization over Grassmannian Manifold

For a given step size h € (0, 1) such that M :=h~! e N:

1. Choose direction 8 € S¥~!, such that we know || PO||» approximately (see explanations
above).

2. Sample y; := f(ih0),i=1,..., M.
3. Approximate gy := g(~||P9||§) by ) = Qu(ge), with knots {(ih, y,-)}f‘il.
4. Approximate || P6@|, by ||P§||2.

M amy IHAB
5. Set fy =& (IlPéHé)'
6. Minimize the objective function:

. " R 2
G, N)> H i Py = |2 | £o) = fif | (14)
i=I
M Am, IHAB
where f; = gy (||Pé||§)'

almost surely, with a constant depending only polynomially on the dimension of the space as
well as on the derivatives of g and on |V f(n)||2. In particular, if f € LR(2), then

|P— Pllus S M7

Note that the statement holds indeed only almost surely, since we have to ensure that

Pn #£0.

Further note, that the objective function (14) is non-convex, since f and therefore f might
be non-convex. Thus, to find the unique global minimizer might be very hard. Therefore, we
shell run the minimization using an appropriate initial guess. This might be found by running
ATPE.

The first step is to find measurements {x;}7_, which ensure that the map defined in (13) is
injective. Then we can turn to the error analysis and the proof of Theorem 4.1.

4.2. Projection retrieval

To find sampling points which ensure that the objective function has a unique minimizer,
we consider the special case where g is the identity and F is therefore given by F(H) =
Yo UIPxilla — |Hx;|l2)%. Thus, P is the unique minimizer of F(H) if and only if the
sampling points x;, i = 1, ..., n, determine P uniquely, i.e., if the map

A:G(d,N)> H v ([Hxil2, ..., [Hxall2)

is injective. We can show the following theorem.

Theorem 4.2. For every P € G(d, N) the quantities
1P(ei + el = | Pxikll2, for i=1...,N, k=1,...,N,

uniquely determine P.
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Proof. Let P, H C RY be two subspaces and let {uy, ..., us} be an orthonormal basis for P
and {vy, ..., vy} an orthonormal basis for H. Further, suppose that ||Px,‘,k||§ = ||Hx,-,k||§ for
i=1,...,N,k=1i,...,N. Fori =k, we obtain
d d d
> ovh = e v)? = [ Hxill} = 1 Pxil3 = Y u?.
j=l1 j=l1 j=1

This shows that the entries of the diagonal of the projection matrices corresponding to P and
H coincide. For the case i # k, we can compute

d d d d d d
Do) v+ Y v = IHxully = 1Pxicl3 = Y uf+2) wjivje+ Y u.
j=1 j=I j=I j=I j=1 j=1

Therefore, using the knowledge from the case where i equals k, this equation gives

d d
Zv.,-ivjk=2uj,~ujk, for i=1,...,.N, k=i+1,...,N.
j=1 j=1

Thus, due to the symmetry of a real projection matrix, both projection matrices coincide, since
the left-hand side equals the (i, k)th entry of the projection matrix corresponding to H and the
right-hand side to P, respectively. Therefore, we can conclude that H = P. [

We see that we need (N2 + N)/2 sampling points to ensure injectivity, if we choose them as
suggested by the last theorem. However, we believe a smaller number of sample points should
be sufficient. Indeed, we can ensure that a fewer number of sampling points are sufficient to
ensure almost surely injectivity, and therefore almost surely a unique minimizer. For this, we
adapt Theorem 4 in [12] to the real case and deduce that to ensure almost injectivity, we require
only (d + 1)(N + d/2) points.

Theorem 4.3 ([/2]). Let d < N € N. Draw a random subspace P uniformly with respect to
the Haar measure from the Grassmannian manifold G(d, N). Then the quantities

[ Peill2, [IP(ei + el
forie{l,...,N}and k € {i + 1, ...,d}, uniquely determine P with a probability of 1.

Note that the change in the second index set in comparison to [12] is due to taking the
symmetry of a real projection matrix into account. And the change in the number of necessary
measurements is due to some small typo in [12], since for this proposed procedure we need
to compute not only the first d columns of the projection matrix, but also all its diagonal
entries. However, also in [12] it is proven that the first d columns of the projection matrix
P determine the corresponding subspace almost surely uniquely. Thus, it would be desirable
to find points which allow us to directly determine the entries of the first d columns, without
computing all diagonal entries. This would deduce the number of necessary measurements to
Nd. In the case d = 1, the following result by Fickus, Mixon, Nelson, Wang [13], tells us that
N + 1 measurements are sufficient to ensure almost injectivity, which is almost the conjectured
number Nd.

Theorem 4.4 ([/3]). Consider ¢ = {¢;};_; C RN and the intensity measurement mapping
A : R¥/+1 — R” defined by (A(x))(i) = |(x,¢i)|2. Suppose each ¢; is nonzero. Then A
is almost surely injective if and only if @ spans RN and rank &5 + rank ogc > N for each
nonempty proper subset S C {1,..., N}.
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This shows that A cannot be almost injective if n < N+1. Moreover, for the case n = N+1,
it is almost injective if and only if @ is full spark, which means that every size-N collection
of vectors of @ is linearly independent. We remark that this result does not contradict the
above mentioned conjecture that Nd measurements are sufficient. Indeed, in our case we want
to recover the subspace and in this sense we can interpret the condition 1 = |v|, = (v, v),
for some vector v € RN of a orthonormal basis of this vector, as an additional measurement.
Of course, it is not generally true that every size-N subcollection of {eq, ..., ey, v} forms a
spanning set, because v could have zero entries. However, if we consider v as embedded in R™,
where {i{, ..., i,} are the indices of the nonzero-entries of v, then every size-m subcollection
of {eil, S €, v} forms a spanning set for R™. Thus by Theorem 12 in [13], the entries
i1, ...,iy of v are uniquely determined by these sampling points with a probability of 1. That
the other entries are equal to zero is already determined by the other sampling points.

As indicated by this discussion, we suspect that Nd sampling points is sufficient to ensure
almost surely injectivity of A. And, indeed, we are able to prove the following theorem, which
states that even a fewer number of sampling points are sufficient, although, we do not directly
determine the first d columns of the projection matrix.

Theorem 4.5. Draw a random subspace P uniformly with respect to the Haar measure from
the Grassmannian manifold G(d, N). Then the quantities

IPeilly, IP(ej +eol3, IPxll3

for a randomly chosen vector x € RV, i ¢ {1,...,.N — 1}, j € {1,...,d} and k €
{j+1,..., N}, uniquely determine P with a probability of 1.

Proof. We start with the same argumentation as in [12], which tells us that the first d columns
of the projection matrix P are linearly independent for almost every P, that the diagonal entries
of the projection matrix P are given by

Py = ||Pe;|3, for i=1,...,N,
and that the other entries can be computed as
2P; = ||[P(e; +¢))l5 — | Peill3 — | Pe; 3

We further note that we only need to observe N —1 diagonal entries to determine all N diagonal
entries of P. Indeed, if uy, ..., uy is any orthonormal system which spans P, it holds that

N N N d

2 2
D Pi=) IPelli =3 uj =d,
i=1 i=1 i=1 j=1

and, thus, Pyy =d — Zl]v:_ll P;;. Hence, by observing ||Pei||§, i=1,...,N —1, as well as
| Ple; +ek)||§, j=1,...,dand k= j+1,..., N, we can recover the first d — 1 columns of
the projection matrix P.

We now claim that there exist only finitely many projection matrices with the same first
d — 1 columns. This would show that there are only finitely many subspaces H which yield
the same measurements as P for the stated collection of quantities and that we therefore can
almost surely uniquely recover P by an additional random measurement.

Thus, suppose we already know the first d — 1 columns of the projection matrix. These are
clearly linearly independent considering the same random event, in which the first d columns
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of P are linearly independent. We can now use the fact that for a projection matrix P, it has
to hold that PP = P, and hence that each column of P lies in the span of the corresponding
subspace. Applying Gram—Schmidt orthonormalization to the first d — 1 columns, which are
linearly independent, gives an orthonormal system of d — 1 vectors, which we denote by
ui,...,uq—1. Thus, there is only one unknown basis vector, denoted by u,, for the subspace
P left. However, the measurements we have already taken determine the entries of this vector
uniquely in absolute value. Indeed, we have

d d—1
2 2 2 2
1Peill; =) uf = ug + ) _uj.
j=1 j=1

which is equivalent to
d—1
uy = ||Peill; — Y u3.
j=1
Note that we already know the right-hand side of the last equation. This shows that there
are indeed only finitely many subspaces which produce the same measurements as P. Hence,
taking some random measurement ||Px||% for some randomly chosen x € RV in addition,
yields the desired almost injectivity. [

The following corollary shows that if the dimension of the subspace is d > N/2, we
can choose the same measurements as if the dimension would be N — d. So we can further
deduce the number of measurements. For example, if the dimension d = N — 1, we can apply
Theorem 4.4 and find that N measurements are sufficient to ensure almost injectivity of A.

Corollary 4.6. With the same choice of measurements as in Theorem 4.5 we can uniquely
determine a randomly drawn subspace P € G(N — d, N) with a probability of 1, i.e., the
measurements

I Peill3, [IP(ei +eoll3, |IPx|3

for some random vector x eRN, ief{l,...,N—1)}, je{l,....,d}and ke {j+1,...,N},
uniquely determine P with probability 1.

Proof. For every y € RV it holds || Py|2 = | Hy|? if and only if [|PLy[2 = [y[2— [ Py|2 =
Iyll3 — IIHyll5 = [|H yll3, and therefore, we can apply the results of the above theorem. [J

4.3. Proof of Theorem 4.1

In the last subsection we have shown that we need less than Nd sampling points to ensure
that the objective function defined in (13), where g is assumed to be the identity, has almost
surely a unique minimizer. However, for ease of computation we will use the sampling points
proposed in Theorem 4.2. We first show that the measurements given in Theorem 4.2 also
ensure a unique minimizer of F, which was defined in (12). For this purpose we introduce a
bijective mapping

i{l. NN+ 1D/2} > {(.k):je{l,...,NLke{j,...., N}
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and set n = N(N + 1)/2 as well as

¢ if j =k,

o fori=1,...,n.
ej+ep if j#k,

Xi = X0 = Xjk =

Lemma 4.7. Suppose that g fulfills the assumption of Theorem 4.1. Then P is almost surely
the unique minimizer of

F:Gd,N)—- R, Hr— Z(f(xi) — fu(x))?,

i=1

where x;, i = 1, ..., n, are defined as above and fy in (9).

Proof. Suppose H € G(d, N) is another minimizer. Then for all i € {1, ..., n}, we conclude
g(||Pxi||§) = g(||Hxi||§). But since g is injective, this implies ||Px;|l» = |Hx;|, for all
i €{l,...,n}. Thus by the statements proved in Section 4.2 we conclude that P = H. [

Lemma 4.8. Under the same assumption as in Theorem 4.1, we have
|FM(H) — F(H)| < CVdM™",

where M was introduced in Eq. (11) and the constant depends on the derivatives of g and
on [V fmll.

Proof. We start by estimating F™(H) as

= |3 (10— fien)
N =l

" . 2
= | 2 (GFe = fuGo) + e = F o)
\ =l

< DD = fuCea? + | Y (fux) — fi )
\ i=I i=1

=FH) + | (fulxi) — fil ()2,

i=1
where we used the triangle inequality for || - || o in the second step. We can apply a similar

argument to F(H) to derive F(H) < ]:'M(H)—i-\/zl'-':l(fH(x;) — fly(x;))z. This in turn yields
the inequality

\F(H) = FMHE) < | D (fulx) — fil ()2
i=1
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We now split this inequality by

\F(H) — FM(H)|

n 2
= |2 (s HxIB) — gl Hxil) + 851 Hxi 1D — 821 Ha 1)

i=1

n n 2
= |2 (U HxID — g Hx D) + | D (sa(lHxi 1D — 82 (1 H:11)
\ i=l i=1

=1 (llg = gallow + g5 — )'lloc) = n(Ti + ).

For T, we estimate

Ti = sup () — g(IPAI3N| < 1g'lcl 1 — I PEI)

1€[0,1]
/ Vfim) Vif(m)
&'l ‘” IIVf(n)IIz||2 | ||Vhf(77)||2”2
\Y% \Y/ \Y -V,
<20g Il S Vaf ||2§4||g,”OOII S = Vi fmla
IVF@Ilz  IVafmlla IV Sll2
< Vdh'!?,

with a constant depending on ||g|lcc and ||V f(n)|2. Note that we used the estimate from
Lemma 3.3.
Using Property (5), we can bound 7, by

T, = sup [g;(1) — g ()| < Ch*,
tel0,1]

where C is a constant depending only on the degree of the interpolating polynomials. This
proves the lemma. [J

Theorem 4.9 (Convergence). Under the assumptions of Theorem 4.1, suppose that Pisa
minimizer of FM. Then it almost surely holds

IP — Pllus < n(N + DHVdM ™2,

with a constant depending on the Holder norm and bounds of g’ as well as on ||V f(n)ll2.

Proof. Let H, be a minimizer of #. First note that
F(Hy) < 2CNdh*/?,

because FM(Hy) < FM(P) = FM(P) — F(P) < C+/dh*/?, where we used the fact that H is
a minimizer in the first step, that 7(P) = 0 in the second step and the statement of the last
lemma in the third step. The stated bound then follows from F(Hy) < ‘]—' (Hp) — FM (Ho)‘ +
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‘ﬁM(HO)‘ < 2C/dh'2. This yields

n

20VAM™P = Fy = | Y (sIPxild) — g1 Hxi 1)

i=1

(15)

n

. 2
>minlg'| | Y (IPxil} — 1 Hxil13)".

i=1
Now define the matrix P by
Py =|Peill; and Py = P(e; + eI,
and H analogously by
Hii = |Hoe;ll; and  Hj; = ||Ho(ei + €))I3.

We further denote the matrix which only contains the diagonal entries of a matrix P, and is
zero elsewhere, by Pp and the matrix which is zero along the diagonal and coincides at all
off-diagonal entries with P by Pypp. We then have

n ) . . 1 . B
| PxilE = I Hoxi ) = 1 Pp = Ap + —= (Poo — Hob) Ir.
> (1Pl ) 5

i=1
Note that the {ij}th entry P;; of the projection matrix P to the belonging subspace is given
by
— 2 _ 2 2 2
Pij = ||Peill; and 2P = ||P(e; +e¢))ll; — [ Peill; — | Pejll-
Thus, defining

P22—H22 0 . e P22—H22

B = . . )

gives

~ - 1/~ ~
1P — Hllp = HPD —fip+5 (Pop — Hop — B - B")
F

V2-1

IPop — Hopllg + IBllg

+

~ - 1 ~ -
Pp —Hp +—= (Pop — flop)
F

/2

S ‘

n
2 ~ ~ ~ ~
< J > (1PxijI3 = 1Hxi113)” + ¥ = DIPp = Aplls + 1/41(P)op — Hopll

i=1

n
2
< (N + 1)J Z (||Px,~j II% — | Hx;j ||%) .

i=1
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Applying (15), we can therefore deduce

. é 2 —s
1P — Hllp <minlg'| | Y (I1Pxil3 — |1 Hx;]13)” < 2CvVdM ™7,

i=1

min |g’|
N +1

which proves the claim. [J

5. Numerical results

In this section we investigate the performance of the approximation schemes presented in
the last sections. Our algorithms separate the approximation task in approximating the one-
dimensional function g and the subspace P independently. Consequently, the quality of the
uniform approximation of f by f is then bounded by the corresponding error between g and
& and the error between P and P. In what follows, we will only discuss the approximation
error between P and }3 because the approximation error between g and g is well known,
cf. [10] and Section 2.

We consider two different functions, one which fulfills all assumptions of Theorem 4.1,
namely g = tanh, and one which does not fulfill the assumption of a positive derivative, namely
g = sin(5-), which is not monotone on its domain. We further consider for the dimension of
the subspace d = 1 and 8. For the dimension of the ambient space we choose N = 10 and
50. For each combination of N, d and g we ran 100 experiments, where we drew a subspace
P € G(d, N) uniformly at random. Note that the analysis of the algorithm makes heavy use
of the monotonicity of g. However, the numerics show that we have comparably good results
for the non-monotonic function sin(5-).

5.1. Numerical results for ATPE

The implementation of ATPE (Algorithm 2) is straightforward. However, to draw a random
vector from some tangent plane, we used a method of the Matlab toolbox Manopt [1] to draw
a random vector of RY and projected it to the tangent plane. The results can be seen in Fig. 4.
They show as promised that the error of the approximation becomes arbitrarily small for all
considered choices of d, N and g, if we choose / in computing the divided differences certainly
small.

5.2. Numerical Results for OGM (Algorithm 3)

To solve the optimization problem (14), we leverage the freely available Matlab toolbox
Manopt [1]. In particular, we imposed the manifold constraint by choosing the built-in
grassmann- factory and we selected the built-in steepestdescent solver, as steepest
descent is a well-known method to solve optimization problems. This solver requires both
a cost function and the Euclidean gradient of the cost function as inputs:

cost(H) = 0.25 Y (f(x) — interpl({ih},. (F(IPGADIDNL . IHxill3. “spline))’
k=1

=025 Z (f (xp) — £(xp))

k=1
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1,0E+01

1,0E+00 - i —
ny
) N —0—g = tanh, P € G(1,10)
1,0E-01

\\\,\1 g = tanh, P € G(8,10)
1,0E-02 g = tanh, P € G(1,50)
\\ \“ g = tanh, P € G(20,50
1,0E-03

Error

)

' \\ \\ —=g =sin(- x5), P € G(1,10)

1,06-04 =H=g =sin(- x5), P € G(8,10)
‘o\“ g =sin(-+5), P € G(1,50)

LOE0S = sin(- % 5), P € G(20,50)

1,0E-06 T T T T T d
1,0E-01 1,0E-02 1,0E-03 1,0E-04 1,0E-05 1,0E-06

Stepsize h for Divided Differences

Fig. 4. Average error of the approximation of randomly drawn subspaces P using ATPE depending of the step size
h in computing V, f. We plotted the error as the Hilbert—Schmidt distance ||P — P|lgs between the groundtruth P
and the reconstruction P.

n
egrad = Y (f(x) — fx0)) (interpt({ih}/L,, {f(I PGRNIDIL,.

k=1

||ka||§ + h/100, ‘spline’) — f(xy))Hy,
where Hy = [Hx;xy ... Hyx;x] and interpl(x, v, xq, ‘spline’) return interpolated values of
a one-dimensional function at specific query points xg using spline interpolation. The vector
x contains the sample points, and v contains the corresponding function values. Note, that the
Euclidean gradient ignores the manifold constraints.

Further observe, that even so OGM is shown to succeed to find an objective function
whose minimizer is a suitable approximation of the wanted subspace, it is not obvious that
the optimization algorithm can succeed to find this minimizer. In order to hope for this, we
need to input a default subspace to the optimization algorithm which is not too far from the
wanted one. In the following we choose those default subspaces uniformly at random in two
different neighborhoods of the wanted subspace.

Fig. 5 shows the results for both functions and the different choices of N and d, if the
default value for the optimization is a randomly chosen subspace in a distance of at most
+/2d(1 — cos(rr/3)) to the unique minimum P of the objective function (11), i.e., if the default
value is a rotation of P with an angle of at most /3. The error is given in a logarithmic scale
and the lines correspond to the different choices of g, N and d. We see that we can recover
all randomly drawn subspaces successfully, whenever the dimension is d = 1 or whenever
g = tanh. This fits to our analysis, where the theorems hold true for injective functions and
indeed sin(5-) is not at all injective.

Fig. 6 shows that for the case that the dimension is d = 8 and that we have g = sin(5.),
we can recover 95% of randomly drawn subspaces if we ensure that the default value for the
optimization is at most in a distance of +/2d(1 — cos(r/4)) to P. Thus, we see that for a more
carefully chosen default value, all subspaces can be recovered with a reasonable small error.
Note that the case d = 1 corresponds to the case of a usual ridge function, because if dim P = 1
we measure the distance to the N — 1-dimensional subspace P-.

Furthermore, as we have seen in Section 4.2 we can use fewer measurements to ensure
almost injectivity. We then also have to adapt the convergence analysis of Fu.
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Fig. 5. Default value for optimization is a random rotation of P by a factor of at most /3. We plotted the error
as the Hilbert—Schmidt distance |P — P||ys between the groundtruth P and the reconstruction P.

~-g = tanh and P € G(1,10)
-3-g = tanh and P € G(8,10)
-4-g = tanh and P € G(1,50)
g = sin and P € G(1,10)
x g =sin and P € G(8,10)
-0-g = sin and P € G(1,50)

1,0E+01 1,0e+01
1,0E+00 1,0E+00
1,0E-01 + 1,0E-01 +
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Fig. 6. Default value for optimization is a random rotation of P by a factor of at most /4. We plotted the error
as the Hilbert—-Schmidt distance ||P — PIIHS between the groundtruth P and the reconstruction p.
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