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Abstract

In this note, the Morrey spaces and the Sobolev–Morrey spaces are considered. In particular, the
K -functional with respect to these spaces is estimated from above and below. As an application, we
characterize the Nikol’skii–Besov–Morrey spaces via real interpolation.
c⃝ 2019 Elsevier Inc. All rights reserved.
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1. Introduction

We aim to describe the K -functional for the pair consisting of the Morrey space and the
Sobolev–Morrey spaces via the modulus of continuity of the Morrey spaces over the interval
(a, b). As a corollary, we can describe the Nikol’skii–Besov–Morrey spaces over the infinite
interval (a, b) ⊂ R via real interpolation.

The Morrey spaces were introduced by [22], where C. Morrey studied the local behavior of
solutions to elliptic differential equations. Now the Morrey spaces are used in several branches

∗ Corresponding author.
E-mail addresses: Burenkov@cardiff.ac.uk (V. Burenkov), ghorbanalizadeh@iasbs.ac.ir (A. Ghorbanalizadeh),

ysawano@tmu.ac.jp (Y. Sawano).

https://doi.org/10.1016/j.jat.2019.105295
0021-9045/ c⃝ 2019 Elsevier Inc. All rights reserved.

http://www.elsevier.com/locate/jat
https://doi.org/10.1016/j.jat.2019.105295
http://www.elsevier.com/locate/jat
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jat.2019.105295&domain=pdf
mailto:Burenkov@cardiff.ac.uk
mailto:ghorbanalizadeh@iasbs.ac.ir
mailto:ysawano@tmu.ac.jp
https://doi.org/10.1016/j.jat.2019.105295


2 V. Burenkov, A. Ghorbanalizadeh and Y. Sawano / Journal of Approximation Theory 248 (2019) 105295

of mathematics such as real analysis, PDE and potential theory. Let 1 ≤ q ≤ p ≤ ∞. Recall
that the Morrey space Mp

q (Rn) is the set of all Lq (Rn)-locally integrable functions f for which
the norm

∥ f ∥Mp
q (Rn ) := sup

Q⊂Rn
|Q|

1
p −

1
q
(∫

Q
| f (y)|qdy

) 1
q
,

is finite, where Q runs over all cubes in Rn . Clearly if p = q, Mp
q (Rn) coincides with the

Lebesgue space L p(Rn). Moreover, M∞
q (Rn) coincides with the space L∞(Rn). If 1 < q <

p < ∞, there are difficulties in handling the Morrey spaces due to the following reasons:

(1) Unless p/q is fixed, Mp
q (Rn) do not interpolate well see [5,13,14,19,20,29,43,44].1

(2) The Morrey space Mp
q (Rn) is not reflexive; see [36, Example 5.2] and [42, Theorem

1.3].
(3) The space D(Rn), the space of all compactly supported infinitely differentiable functions,

is not dense in Mp
q (Rn); see [40, Proposition 2.16].

(4) The Morrey space Mp
q (Rn) is not separable; see [40, Proposition 2.16].

(5) According to the terminology of [3], Mp
q (Rn) is not a Banach function space; see

[36, Example 3.3].
(6) The Morrey space Mp

q (Rn) is not embedded into L1(Rn) + L∞(Rn) as the example of
the function

∞∑
j=100

[log2 log2 j]1/pχ[ j !, j !+[log2 log2 j]−1]

implies; see [14, Section 6].

Detailed exposition of various properties of the Morrey spaces and their numerous general-
izations can be found in recent books [1,33] and survey papers [6,7,11,26,28,37,38]. Despite
the difficulties in handling the Morrey spaces mentioned above, we can still consider the real in-
terpolation between the Morrey spaces Mp

q (a, b) and the homogeneous and non-homogeneous
Sobolev–Morrey spaces Ẇ r

(
Mp

q (a, b)
)
, W r

(
Mp

q (a, b)
)

respectively, where r ∈ N.

2. Preliminaries

Let −∞ ≤ a < b ≤ ∞ and 1 ≤ q ≤ p ≤ ∞. The Morrey space Mp
q (a, b) is the set of

measurable functions f ∈ Lq (a, b) for which the norm

∥ f ∥Mp
q (a,b) = sup

(α,β)⊂(a,b)

(
β − α

) 1
p −

1
q ∥ f ∥Lq (α,β)

is finite.
Note that for (c, d) ⊂ (a, b),

∥ f ∥Mp
q (c,d) ≤ ∥ f ∥Mp

q (a,b); f ∈ Mp
q (a, b), (2.1)

and that for any h ∈ R and for all f ∈ Mp
q (a + h, b + h)

∥ f (· + h)∥Mp
q (a,b) = ∥ f ∥Mp

q (a+h,b+h). (2.2)

1 Note that the local variant LMp
q (R) of the spaces Mp

q (Rn), defined by the above expression for ∥ f ∥Mp
q (Rn ),

where cubes Q should contain the origin, is good for interpolation. The scale LMp
q (R) is closed under the procedure

of the real method of interpolation; see [8–10,21].
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Lemma 2.1. Let a, b, c, d ∈ R satisfy a ≤ c < d ≤ b, and let 1 ≤ q ≤ p ≤ ∞. If a
measurable function f defined on (a, b) is supported on a subinterval [c, d] of (a, b), then

∥ f ∥Mp
q (a,b) = ∥ f ∥Mp

q (c,d).

Proof. Clearly

∥ f ∥Mp
q (a,b) = sup

(α,β)⊂(a,b)

(
β − α

) 1
p −

1
q ∥ f ∥Lq (α,β) = sup

(α,β)⊂(a,b)

(
β − α

) 1
p −

1
q ∥ f ∥Lq ((α,β)∩(c,d)).

There are five possibilities to consider:

(1) a ≤ α < β ≤ c or d ≤ α < β ≤ b;

(2) a ≤ α ≤ c < β ≤ d;

(3) a ≤ α ≤ c < d < β ≤ b;

(4) c < α < β ≤ d;

(5) c < α < d ≤ β ≤ b.

Hence

∥ f ∥
Lq

(
(α,β)∩(c,d)

) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 in case (1);

∥ f ∥Lq (c,β) in case (2);

∥ f ∥Lq (c,d) in case (3);

∥ f ∥Lq (α,β) in case (4);

∥ f ∥Lq (α,d) in case (5).

Moreover,

β − α ≥

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
β − c in case (2);

d − c in case (3);

d − α in case (5).

Therefore, since 1
p −

1
q ≤ 0,

∥ f ∥Mp
q (a,b) = max

{
sup

(c,β)⊂(c,d)

(
β − c

) 1
p −

1
q ∥ f ∥Lq (c,β), sup

(c,d)⊂(α,β)

(
d − c

) 1
p −

1
q ∥ f ∥Lq (c,d),

sup
(α,β)⊂(c,d)

α>c

(
β − α

) 1
p −

1
q ∥ f ∥Lq (α,β), sup

(α,d)⊂(c,d)
α>c

(
d − α

) 1
p −

1
q ∥ f ∥Lq (α,d)

⎫⎬⎭
= sup

(γ,δ)⊂(c,d)

(
δ − γ

) 1
p −

1
q ∥ f ∥Lq (γ,δ) = ∥ f ∥Mp

q (c,d).

This completes the proof. □

The next lemma shows that the Morrey norm is local in the following sense:
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Lemma 2.2. Let −∞ ≤ a < b ≤ ∞, 1 ≤ q ≤ p ≤ ∞, and let f ∈ Mp
q (a, b)∩Mp

q (b, 2b−a).
Then f ∈ Mp

q (a, 2b − a) and

∥ f ∥Mp
q (a,2b−a) ≤ ∥ f ∥Mp

q (a,b) + ∥ f ∥Mp
q (b,2b−a). (2.3)

Proof. If we invoke Lemma 2.1, then we have

∥ f ∥Mp
q (a,2b−a) ≤ ∥χ(a,b) f ∥Mp

q (a,2b−a) + ∥χ(b,2b−a) f ∥Mp
q (a,2b−a)

= ∥ f ∥Mp
q (a,b) + ∥ f ∥Mp

q (b,2b−a). □

We move on to the Sobolev–Morrey spaces. Let −∞ ≤ a < b ≤ ∞, 1 ≤ q ≤ p ≤ ∞ and
r ∈ N. The homogeneous Sobolev–Morrey space Ẇ r

(
Mp

q (a, b)
)

is defined as the space of all
functions f ∈ L loc

1 (a, b) for which the weak derivative f (r ) exists on (a, b) and

∥ f ∥Ẇ r(Mp
q (a,b)) := ∥ f (r )

∥Mp
q (a,b) < ∞.

(Recall that the weak derivative f (r ) of a function f ∈ L loc
1 (a, b) exists on (a, b) if and only

if f is equivalent to a function f̃ such that f̃ (r−1) exists and is locally absolutely continuous
on (a, b). Moreover, f (r ) is equivalent to the derivative f̃ (r ) which exists almost everywhere
on (a, b). )

The non-homogeneous Sobolev–Morrey space W rMp
q (a, b) is a subset of Ẇ r

(
Mp

q (a, b)
)

consisting of all functions f , for which

∥ f ∥W r(Mp
q (a,b)) :=

r∑
k=0

∥ f (k)
∥Mp

q (a,b) < ∞.

For any complex valued function f on (a, b) and h ∈ R, T (h) f is defined by

T (h) f (x) := f (x + h), x ∈ (a − h, b − h).

Let r ∈ N. The r th difference of f : (a, b) → C with step length h ∈ R, which is a function
defined on (a, b) ∩ (a − rh, b − rh), is defined by

∆r
h f :=

r∑
k=0

(−1)r−k
(

r
k

)
T (hk) f = (T (h) − T (0))r f. (2.4)

Definition 2.3. Let −∞ ≤ a < b ≤ ∞, 1 ≤ q ≤ p ≤ ∞, and let r ∈ N. The
Mp

q (a, b)-modulus of continuity of order r of f ∈ Mp
q (a, b) is defined for t > 0 by

ωr ( f, t;Mp
q (a, b)) := sup

0≤|h|≤t

∆r
h f

Mp

q

(
(a,b)∩(a−rh,b−rh)

)
= max

{
sup

0≤h≤t

∆r
h f
Mp

q (a,b−rh), sup
−t≤h≤0

∆r
h f
Mp

q (a−rh,b)

}
. (2.5)

Lemma 2.4. Let −∞ ≤ a < b ≤ ∞ and 1 ≤ q ≤ p ≤ ∞, r ∈ N, and f ∈ Mp
q (a, b). Then

for any m ∈ N

ωr ( f,mt;Mp
q (a, b)) ≤ mrωr ( f, t;Mp

q (a, b)). (2.6)
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Proof. Recall that for all h ∈ R

∆r
mh f (x) =

m−1∑
k1=0

· · ·

m−1∑
kr =0

T
(
(k1 + · · · + kr )h

)
∆r

h f (x)

for all x ∈ (a, b) ∩ (a − rmh, b − rmh) (see, for example, [4], §16).
By (2.2) it follows that for any interval (α, β) ⊂ (a, b) ∩ (a − rmh, b − rmh)

∥∆r
mh f ∥Lq (α,β) ≤

m−1∑
k1=0

· · ·

m−1∑
kr =0

∥T
(
(k1 + · · · + kr )h

)
∆r

h f ∥Lq (α,β)

=

m−1∑
k1=0

· · ·

m−1∑
kr =0

∥∆r
h f ∥Lq (α+(k1+···+kr )h,β+(k1+···+kr )h)

≤ sup
(γ,δ)⊂(a,b)∩(a−rh,b−rh)

δ−γ=β−α

∆r
h f


Lq (γ,δ)

⎛⎝m−1∑
k1=0

· · ·

m−1∑
kr =0

1

⎞⎠ ,
= mr sup

(γ,δ)⊂(a,b)∩(a−rh,b−rh)
δ−γ=β−α

∆r
h f


Lq (γ,δ).

For h > 0,

α + (k1 + · · · + kr )h ≥ a

and

β + (k1 + · · · + kr )h ≤ b − mrh + (m − 1)rh = b − rh,

hence

(α + (k1 + · · · + kr )h, β + (k1 + · · · + kr )h) ⊂ (a, b − rh),

and similarly for each h < 0,

(α + (k1 + · · · + kr )h, β + (k1 + · · · + kr )h) ⊂ (a − rh, b).

Therefore

ωr ( f,mt;Mp
q (a, b)) ≤ sup

0<|h|≤mt
∥∆r

h f ∥
Mp

q

(
(a,b)∩(a−rh,b−rh)

)
= sup

0<|η|≤t
∥∆r

mη f ∥
Mp

q

(
(a,b)∩(a−mrη,b−mrη)

)
= sup

0<|η|≤t
sup

(α,β)⊂(a,b)∩(a−mrη,b−mrη)

(
β − α

) 1
p −

1
q ∥∆r

mη f ∥Lq (α,β)

≤ mr sup
(γ,δ)⊂(a,b)∩(a−rη,b−rη)

(
δ − γ

) 1
p −

1
q
∆r

h f


Lq

(
γ,δ

)
= mrωr ( f, t;Mp

q (a, b)). □

Corollary 2.5. Let −∞ ≤ a < b ≤ ∞ and 1 ≤ q ≤ p ≤ ∞, r ∈ N, and f ∈ Mp
q (a, b).

Then for any m ≥ 1

ωr ( f,mt;Mp
q (a, b)) ≤ 2r mrωr ( f, t;Mp

q (a, b)). (2.7)
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Proof. It suffices to note that m ≤ [m] + 1,
(
[m] + 1

)r
≤ 2r mr , and to use the monotonicity

of ωr and inequality (2.6). □

Corollary 2.6. Let −∞ ≤ a < b ≤ ∞ and 1 ≤ q ≤ p ≤ ∞, r ∈ N, and f ∈ Mp
q (a, b). Then

for any 0 < ν1 < ν2 < ∞, for all 0 < t ≤ 1

t−ν1rωr ( f, tν1;Mp
q (a, b)) ≤ 2r t−ν2r mrωr ( f, tν2;Mp

q (a, b)). (2.8)

Proof. It suffices to note that using Corollary 2.5

ωr ( f, tν1;Mp
q (a, b)) = ωr ( f, tν1−ν2 tν2;Mp

q (a, b)) ≤ 2r t (ν1−ν2)rωr ( f, tν2;Mp
q (a, b)). □

(2.9)

Lemma 2.7. Let −∞ ≤ a < b ≤ ∞ and 1 ≤ q ≤ p ≤ ∞, r ∈ N, and let f ∈ Mp
q (a, b).

Then

ωr ( f, t;Mp
q (a, b)) ≤ 2r

 f
Mp

q (a,b)

for all t > 0.

Proof. Using (2.2), (2.4), (2.5) and the triangle inequality, we have

ωr ( f, t;Mp
q (a, b))

≤ max

{
sup

0≤h≤t

r∑
k=0

(
r
k

)
∥T (hk) f ∥Mp

q (a,b−rh), sup
−t≤h≤0

r∑
k=0

(
r
k

)
∥T (hk) f ∥Mp

q (a−rh,b)

}

= max

{
sup

0≤h≤t

r∑
k=0

(
r
k

)
∥ f ∥Mp

q (a+kh,b−(r−k)h), sup
−t≤h≤0

r∑
k=0

(
r
k

)
∥ f ∥Mp

q (a−(r−k)h,b+kh)

}
≤ 2r

 f
Mp

q (a,b). □

Let g ∈ Ẇ r
(
Mp

q (a, b)
)
. For all t ∈

( a−b
r , b−a

r

)
, for almost all x ∈ (a, b), such that

x + r t ∈ (a, b) we have

∆r
t g(x) =

∫ t

0
· · ·

∫ t

0
g(r )(x + t1 + · · · + tr )dt1 · · · dtr . (2.10)

We will use (2.10) to prove the following fact:

Lemma 2.8. Let −∞ ≤ a < b ≤ ∞, 1 ≤ q ≤ p ≤ ∞, r ∈ N and f ∈ W r
(
Mp

q (a, b)
)
. Then

ωr ( f, t;Mp
q (a, b)) ≤ tr

∥ f (r )
∥Mp

q (a,b), t > 0.

Proof. Fix h ∈ (0, t]. Using (2.10) and the generalized Minkowski inequality (see [12, Lemma
3.3]), we obtain∆r

h f

Mp

q

(
(a,b)∩(a−rh,b−rh)

)
=

 ∫ h

0
· · ·

∫ h

0
f (r )(· + t1 + · · · + tr )dt1 · · · dtr


Mp

q

(
(a,b)∩(a−rh,b−rh)

)
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≤

∫ h

0
· · ·

∫ h

0

 f (r )(· + t1 + · · · + tr )

Mp

q

(
(a,b)∩(a−rh,b−rh)

)dt1 · · · dtr

=

∫ h

0
· · ·

∫ h

0

 f (r )

Mp

q ((a,b)∩(a−rh+t1+···+tr ,b−rh+t1+···+tr ))
dt1 · · · dtr

≤ hr
∥ f (r )

∥Mp
q (a,b).

The proof for the case h ∈ [−t, 0) is similar. □

Now we define the Peetre K -functionals related to the Morrey space Mp
q (a, b).

Definition 2.9. Let −∞ ≤ a < b ≤ ∞, 1 ≤ q ≤ p ≤ ∞ and r ∈ N. Let f ∈ Mp
q (a, b).

For t > 0, the Peetre K -functional with respect to the pair Mp
q (a, b) and Ẇ r

(
Mp

q (a, b)
)

is
defined as

K ( f, t;Mp
q (a, b), Ẇ r (Mp

q (a, b)
)
) := inf

g∈Ẇ r (Mp
q (a,b))

{
∥ f − g∥Mp

q (a,b) + t∥g(r )
∥Mp

q (a,b)

}
;

and for pair of Mp
q (a, b) and W rMp

q (a, b) is defined as

K ( f, t;Mp
q (a, b),W r (Mp

q (a, b))) := inf
g∈W rMp

q (a,b)

{
∥ f − g∥Mp

q (a,b) + t∥g∥W r
(
Mp

q (a,b)
)}

= inf
g∈W rMp

q (a,b)

{
∥ f − g∥Mp

q (a,b) + t
r∑

k=0

∥g(k)
∥Mp

q (a,b)

}
.

In the proof of the next theorem, we need the Steklov-type function S±
r,t f for f ∈ Mp

q (a, b):
Let f ∈ Mp

q (a, b) and 0 < t <
( b−a

r2

)r . Set

S+

r,t ( f )(x) :=
1
t

∫
[0, r√t]r

[ r∑
l=1

(−1)l+1
(

r
l

)
f
(

x + l(h1 + · · · + hr )
)]

dh1 · · · dhr (2.11)

=
1
t

∫
[0, r√t]r

∆r
h1+···+hr

f (x)dh1 · · · dhr + f (x)

for x ∈ (a, b − r2 r
√

t) and

S−

r,t ( f )(x) :=
1
t

∫
[− r√t,0]r

[ r∑
l=1

(−1)l+1
(

r
l

)
f
(

x + l(h1 + · · · + hr )
)]

dh1 · · · dhr (2.12)

=
1
t

∫
[− r√t,0]r

∆r
h1+h2+···+hr

f (x)dh1 · · · dhr + f (x)

for x ∈ (a + r2 r
√

t, b).

Theorem 2.10. Let I ⊂ R be an infinite interval, r ∈ N and 1 ≤ q ≤ p ≤ ∞. Then there
exist c1(r ), c2(r ) > 0 depending only on r such that for all f ∈ Mp

q (I ) ∩ Ẇ r
(
Mp

q (I )
)

and for
all t > 0, we have

c1(r ) ωr
(

f, r√t;Mp
q (I )

)
≤ K

(
f, t;Mp

q (I ), Ẇ r (Mp
q (I )

))
≤ c2(r ) ωr

(
f, r√t;Mp

q (I )
)
.

(2.13)
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Proof. Let g ∈ Ẇ r
(
Mp

q (I )
)
. Then g(r )

∈ Mp
q (I ). Therefore, thanks to Lemmas 2.7 and 2.8,

(2.10) and the definition of K ( f, t;Mp
q (I ), Ẇ r

(
Mp

q (I )
)
), we obtain

ωr ( f, r√t;Mp
q (I )) ≤ ωr ( f − g, r√t;Mp

q (I )) + ωr (g, r√t;Mp
q (I ))

≤ 2r
∥ f − g∥Mp

q (I ) + t∥g(r )
∥Mp

q (I )

≤ 2r (∥ f − g∥Mp
q (I ) + t∥g(r )

∥Mp
q (I )).

Since g ∈ Ẇ r (Mp
q (I )) is arbitrary, we have

c1(r ) ωr ( f, r√t;Mp
q (I )) ≤ K

(
f, t;Mp

q (I ), Ẇ r (Mp
q (I )

))
for any f ∈ Mp

q (I ), where c1(r ) := 2−r . Thus, the left-hand-side inequality in (2.13) is proved.
In order to prove the right-hand-side inequality, we consider two cases.
Case 1: Let I = (a,∞), and a ≥ −∞. By (2.11), applying the generalized Minkowski

inequality for the Morrey spaces and Lemma 2.4, we getS+

r,t ( f ) − f

Mp

q (a,∞)
=

1
t

 ∫
[0, r√t]r

∆r
h1+···+hr

f (·)dh1 · · · dhr


Mp

q (a,∞)

≤
1
t

∫
[0, r√t]r

∆r
h1+···+hr

f (·)

Mp

q (a,∞)
dh1 · · · dhr

≤ sup
0≤h≤r r√t

∆r
h f (·)


Mp

q (a,∞)

1
t

∫
[0, r√t]r

dh1 · · · dhr

≤ ωr ( f, r r√t;Mp
q (a,∞)) (2.14)

≤ r rωr ( f, r√t;Mp
q (a,∞)). (2.15)

Since for almost all x ∈ (a,∞)

d
dx

(∫ t

0
f (x + h1)dh1

)
=

d
dx

(∫ x+t

x
f (u1)du1

)
= f (x + t) − f (x) = ∆t f (x)

and for r > 1

dk

dxk

(∫
[0, r√t]r

f (x + l(h1 + · · · + hr ))dh1 · · · dhr

)
=

dk−1

dxk−1

1
l

d
dx

(∫ x+r r√t

x

(∫
[0, r√t]r−1

f (u1 + l(h2 + · · · + hr ))dh1 · · · dhr

)
du1

)

=
1
l

dk−1

dxk−1

(∫
[0, r√t]r−1

∆r r√t f (x + l(h2 + · · · + hr ))dh1 · · · dhr

)
,

it follows that for any natural k ≤ r

dk

dxk

(∫
[0, r√t]r

f (x + l(h1 + · · · + hr ))dh1 · · · dhr

)

=

⎧⎪⎨⎪⎩
1
lk

(∫
[0, r√t]r−k

∆k
r r√t f (x + l(hk+1 + · · · + hr ))dhk+1 · · · dhr

)
if k < r,

1
lr
∆r

r r√t f (x) if k = r.
(2.16)
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By applying formula (2.16) with k = r , we get that for almost all x ∈ (a,∞)

S+

r,t ( f )(r )(x) =
1
t

r∑
l=1

(−1)l+1
(

r
l

)
dr

dxr

(∫
[0, r√t]r

f (x + l(h1 + · · · + hr ))dh1 · · · dhr

)

=
1
t

r∑
l=1

(−1)l+1
(

r
l

)
l−r∆r

l r√t f (x).

Hence by Minkowski’s inequality and Lemma 2.4S+

r,t ( f )


Ẇ r(Mp
q (a,∞))

=

S+

r,t ( f )(r )
Mp

q (a,∞)

≤
1
t

r∑
l=1

(
r
l

)
l−r
∆r

l r√t f
Mp

q (a,∞)

≤
1
t

r∑
l=1

(
r
l

)
l−rωr

(
f, l r√t;Mp

q (a,∞)
)

≤
1
t

r∑
l=1

(
r
l

)
ωr

(
f, r√t;Mp

q (a,∞)
)

=
2r

− 1
t

ωr

(
f, r√t;Mp

q (a,∞)
)
. (2.17)

Since S+
r,t ( f ) ∈ Ẇ r

(
Mp

q (a,∞)
)
,

K
(

f, t;Mp
q (a,∞), Ẇ r (Mp

q (a,∞)
))

≤

 f − S+

r,t ( f )
Mp

q (a,∞) + t
S+

r,t ( f )(r )
Mp

q (a,∞)

≤ (r r
+ 2r

− 1)ωr

(
f, r√t;Mp

q (a,∞)
)

≤ 2r rωr

(
f, r√t;Mp

q (a,∞)
)

and the right-hand side inequality in (2.13) follows with c2(r ) = 2r r .
Case 2. If I = (−∞, b) for any b ≤ ∞, then the above arguments work if the operator

S+
r,t ( f ) is replaced by the operator S−

r,t ( f ). □

Theorem 2.11. Let −∞ ≤ a < b ≤ ∞, r ∈ N and 1 ≤ q ≤ p ≤ ∞. Then there exist
c3(r ), c4(r ) > 0 depending only on r such that for all f ∈ W r

(
Mp

q (a, b)
)
, we have

c3(r )

[
[t]1∥ f ∥Mp

q (a,b) +

r∑
k=1

ωk
(

f, k√t;Mp
q (a, b)

)]
≤ K ( f, t;Mp

q (a, b),W r (Mp
q (a, b)

)
) (2.18)

for all t > 0, where [t]1 := min{t, 1}; and

K ( f, t;Mp
q (a, b),W r (Mp

q (a, b)
)
)

≤ c4(r )
(
1 + (b − a)−r) [t∥ f ∥Mp

q (a,b) +

r∑
k=1

ωk
(

f, k√t;Mp
q (a, b)

)]
; (2.19)

for all 0 < t ≤ min
{

( b−a
3r2 )r , 1

}
.
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Proof. Step 1: Let g ∈ W r
(
Mp

q (a, b)
)
. By Lemmas 2.7 and 2.8 for any k = 1, 2, . . . , r

ωk
(

f, k√t;Mp
q (a, b)

)
≤ ωk

(
f − g, k√t;Mp

q (a, b)
)
+ ωk

(
g, k√t;Mp

q (a, b)
)

≤ 2k
∥ f − g∥Mp

q (a,b) + t∥g(k)
∥Mp

q (a,b).

Also,

[t]1∥ f ∥Mp
q (a,b) ≤ [t]1∥ f − g∥Mp

q (a,b) + [t]1∥g∥Mp
q (a,b) ≤ ∥ f − g∥Mp

q (a,b) + t∥g∥Mp
q (a,b).

So,

[t]1∥ f ∥Mp
q (a,b) +

r∑
k=1

ωk
(

f, k√t;Mp
q (a, b)

)
≤ 2r+1

∥ f − g∥Mp
q (a,b) + t∥g∥W rMp

q (a,b)

≤ 2r+1
(
∥ f − g∥Mp

q (a,b) + t∥g∥W rMp
q (a,b)

)
.

Since g ∈ W r
(
Mp

q (a, b)
)

is arbitrary, we have

2−r−1

(
[t]1∥ f ∥Mp

q (a,b) +

r∑
k=1

ωk
(

f, k√t;Mp
q (a, b)

))
≤ K

(
f, t;Mp

q (a, b),W r (Mp
q (a, b)

))
;

for all t ≥ 0. Thus, inequality (2.18) is proved with c3(r ) = 2−r−1.
Step 2: In order to prove (2.19) for the interval (a,∞), a ≥ −∞, we use estimate (2.14):S+

r,t ( f ) − f
Mp

q (a,∞) ≤ r rωr ( f, r√t;Mp
q (a,∞)). (2.20)

and the analogous estimate for the interval (−∞, b), where b ≤ ∞:S−

r,t ( f ) − f
Mp

q (−∞,b) ≤ r rωr ( f, r√t;Mp
q (−∞, b)). (2.21)

In the case of a finite interval (a, b), following the arguments in the proof of Theorem 2.10,
we getS+

r,t ( f ) − f
Mp

q

(
a,b−

b−a
3

) ≤ sup
0<h≤r r√t

∆r
h f
Mp

q

(
a,b−

b−a
3

) ≤ sup
0<h≤r r√t

∆r
h f
Mp

q (a,b−rh).

because
(
a, b −

b−a
3

)
⊂ (a, b − rh) for any 0 < t ≤ ( b−a

3r2 )r . Hence by Lemma 2.4S+

r,t ( f ) − f
Mp

q

(
a,b−

b−a
3

) ≤ ωr

(
f, r r√t;Mp

q (a, b)
)

≤ r rωr

(
f, r√t;Mp

q (a, b)
)
.

(2.22)

AnalogouslyS−

r,t ( f ) − f
Mp

q

(
a+

b−a
3 ,b

) ≤ r rωr

(
f, r√t;Mp

q (a, b)
)
. (2.23)

Step 3: If the interval (a, b) is infinite, similarly to the proof of Theorem 2.10 (see formula
(2.17))S+

r,t ( f )(r )
Mp

q (a,∞) ≤
2r

t
ωr

(
f, r√t;Mp

q (a,∞)
)

(2.24)



V. Burenkov, A. Ghorbanalizadeh and Y. Sawano / Journal of Approximation Theory 248 (2019) 105295 11

for any a ≥ −∞ andS−

r,t ( f )(r )
Mp

q (−∞,b) ≤
2r

t
ωr

(
f, r√t;Mp

q (−∞, b)
)

(2.25)

for any b ≤ ∞.
If the interval (a, b) is finite, then by the arguments used in the proof of formula (2.17)S+

r,t ( f )(r )
Mp

q (a,b−
b−a

3 ) ≤
1
t

r∑
l=1

(
r
l

)
l−r
∆r

l r√t f
Mp

q (a,b−
b−a

3 )

≤
1
t

r∑
l=1

(
r
l

)
l−r sup

0<h≤r r√t
∥∆r

h f ∥Mp
q (a,b−rh).

HenceS+

r,t ( f )(r )
Mp

q (a,b−
b−a

3 ) ≤
2r

t
ωr

(
f, r√t;Mp

q (a, b)
)
. (2.26)

Analogously,S−

r,t ( f )(r )
Mp

q (a+
b−a

3 ,b) ≤
2r

t
ωr

(
f, r√t;Mp

q (a, b)
)
. (2.27)

Step 4: Consider the interval (a,∞) where a ≥ −∞. First of all, by (2.11) we haveS+

r,t ( f )

Mp

q (a,∞) ≤
1
t

r∑
l=1

(
r
l

)∫
[0, r√t]r

f
(
· + l(h1 + · · · + hr )

)
dh1 · · · dhr


Mp

q (a,∞)

≤
1
t

r∑
l=1

(
r
l

)∫
[0, r√t]r

 f
(
· + l(h1 + · · · + hr )

)
Mp

q (a,∞)
dh1 · · · dhr

≤

r∑
l=1

(
r
l

)
∥ f ∥Mp

q (a,∞) = 2r
∥ f ∥Mp

q (a,∞) ≤
2r

t
[t]1 ∥ f ∥Mp

q (a,∞) .

(2.28)

Let next k ∈ N, 1 ≤ k ≤ r − 1. By applying formula (2.16), we get

S+

r,t ( f )(k)(x)

=
1
t

r∑
l=1

(−1)l+1
(

r
l

)
dk

dxk

(∫
[0, r√t]r

f (x + l(h1 + · · · + hr ))dh1 · · · dhr

)

=
1
t

r∑
l=1

(−1)l+1
(

r
l

)
l−k

∫
[0, r√t]r−k

∆r
l r√t f (x + l(hk+1 + · · · + hr ))dhk+1 · · · dhr .

Hence, by Minkowski’s inequalities for sums and integralsS+

r,t ( f )(k)

Mp

q (a,∞)

≤
1
t

r∑
l=1

(
r
l

)
l−k

 dk

dxk

(∫
[0, r√t]r

f (· + l(h1 + · · · + hr ))dh1 · · · dhr

)
Mp

q (a,∞)

=
1
t

r∑
l=1

(
r
l

)
l−k

∫
[0, r√t]r−k

∆k
l r√t f (· + l(hk+1 + · · · + hr ))


Mp

q (a,∞)
dhk+1 · · · dhr



12 V. Burenkov, A. Ghorbanalizadeh and Y. Sawano / Journal of Approximation Theory 248 (2019) 105295

If we invoke Lemma 2.4, then we haveS+

r,t ( f )(k)

Mp

q (a,∞)
≤

( r
√

t)r−k

t

r∑
l=1

(
r
l

)
l−k

∆k
l r√t f


Mp

q (a,∞)

≤
( r
√

t)r−k

t

r∑
l=1

(
r
l

)
l−kωk( f, l r√t;Mp

q (a,∞))

≤
( r
√

t)r−k

t

r∑
l=1

(
r
l

)
ωk( f, r√t;Mp

q (a,∞)).

By Corollary 2.5 with r replaced by k and m = t
1
r −

1
k

S+

r,t ( f )(k)

Mp

q (a,∞)
≤

2r

t
( r√t)r−kωk( f, r√t;Mp

q (a,∞)) ≤
4r

t
ωk( f, k√t;Mp

q (a,∞)).

(2.29)

Analogously,S−

r,t ( f )

Mp

q (−∞,b) ≤
2r

t
[t]1 ∥ f ∥Mp

q (−∞,b) (2.30)

and S−

r,t ( f )(k)

Mp

q (−∞,b) ≤
4r

t
ωk( f, k√t;Mp

q (−∞, b)) (2.31)

for b ≤ ∞, k ∈ N, 1 ≤ k ≤ r − 1.
Step 5: Next consider the case of a finite interval (a, b). First of allS+

r,t ( f )
Mp

q (a,b−
b−a

3 )

≤
1
t

r∑
l=1

(
r
l

)∫
[0, r√t]r

∥ f (· + l(h1 + · · · + hr ))∥Mp
q (a,b−

b−a
3 ) dh1 · · · dhr

≤
1
t

r∑
l=1

(
r
l

)∫
[0, r√t]r

∥ f ∥Mp
q

(
a,b−

b−a
3 +l(h1+···+hr )

) dh1 · · · dhr

≤
1
t

r∑
l=1

(
r
l

)∫
[0, r√t]r

∥ f ∥Mp
q

(
a,b−

b−a
3 +l(h1+···+hr )

) dh1 · · · dhr

≤
1
t

r∑
l=1

(
r
l

)∫
[0, r√t]r

∥ f ∥Mp
q

(
a,b−

b−a
3 +r2 r√t

) dh1 · · · dhr

≤ 2r
∥ f ∥Mp

q (a,b)
;

since t ≤

(
b−a
3r2

)r
.

Similarly to the above for any k = 1, 2, . . . , r − 1, we get applying inequality (2.2)S+

r,t ( f )(k)
Mp

q (a,b−
b−a

3 )

≤
1
t

r∑
l=1

(
r
l

)
1
lk

∫
[0, r√t]r−k

∆k
r r√t f (· + l(hk+1 + · · · + hr ))


Mp

q (a,b−
b−a

3 )
dhk+1 · · · dhr
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≤
1
t

r∑
l=1

(
r
l

)
1
lk

∫
[0, r√t]r−k

∆k
r r√t f


Mp

q

(
a,b−

b−a
3 +l(hk+1+···+hr )

) dhk+1 · · · dhr

≤
1
t

r∑
l=1

(
r
l

)
1
lk

∫
[0, r√t]r−k

∆k
r r√t f


Mp

q

(
a,b−

b−a
3 +l(r−k) r√t

) dhk+1 · · · dhr

≤
( r
√

t)r−k

t

r∑
l=1

(
r
l

)
1
lk

∆k
r r√t f


Mp

q (a,b−l r√t)

since (a, b −
b−a

3 + l(r − k) r
√

t) ⊂ (a, b − l r
√

t). Hence, by Lemma 2.4 and Corollary 2.5S+

r,t ( f )(k)
Mp

q (a,b−
b−a

3 ) ≤
( r
√

t)r−k

t

r∑
l=1

(
r
l

)
1
lk
ωk

(
f, l r√t;Mp

q (a, b)
)

(2.32)

≤
( r
√

t)r−k

t

(
r∑

l=1

(
r
l

))
ωk

(
f, r√t;Mp

q (a, b)
)

≤
2r

t
( r√t)r−kωk

(
f, r√t;Mp

q (a, b)
)

≤
4r

t
( r√t)r−kωk

(
f, k√t;Mp

q (a, b)
)
.

Analogously, for any k = 1, 2, . . . , r − 1S−

r,t ( f )(k)
Mp

q (a,b−
b−a

3 ) ≤
4r

t
ωk

(
f, k√t;Mp

q (a, b)
)
. (2.33)

Step 6: We deal with the interval (a,∞) where a ≥ −∞. Since S+
r,t ( f ) ∈ W r

(
Mp

q (a,∞)
)
, by

inequalities (2.20), (2.24), (2.28) and (2.29), we get

K
(

f, t;Mp
q (a,∞),W r (Mp

q (a,∞))
)

≤
 f − S+

r,t ( f )

Mp

q (a,∞) + t
r∑

k=0

S+
r,t ( f )(k)


Mp

q (a,∞)

≤ rrωr

(
f, r√t;Mp

q (a,∞)
)

+ 2r

(
[t]1∥ f ∥Mp

q (a,∞) +

r∑
k=1

ωk

(
f, k√t;Mp

q (a,∞)
))

≤
(
rr

+ 2r ) ([t]1∥ f ∥Mp
q (a,∞) +

r∑
k=1

ωk

(
f, k√t;Mp

q (a,∞)
))
.

Analogously, by inequalities (2.21), (2.25), (2.30) and (2.31), we get

K
(

f, t;Mp
q (−∞, b),W r (Mp

q (−∞, b))
)

≤
(
r r

+ 2r) ([t]1∥ f ∥Mp
q (−∞,b) +

r∑
k=1

ωk

(
f, k√t;Mp

q (−∞, b)
))
.

which completes the proof of inequality (2.19) in the case of an infinite interval (a, b).
Step 7: Next we consider the case of a finite interval (a, b). Let

ϕ(x) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
1 if 0 ≤ x ≤

1
3
,

1 − (3x − 1)r+1 if
1
3
< x <

2
3
,

0 if
2
3

≤ x ≤ 1 .
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and ψa,b(x) = ϕ
( x−a

b−a

)
. Then

0 ≤ ψa,b(x) ≤ 1 for a ≤ x ≤ b, ψa,b(x) = 1 on [a, a +
b − a

3
],

ψa,b(x) = 0 on [b −
b − a

3
, b],

and

∥ψ
(k)
a,b∥L∞(a,b) ≤

c(r )
(b − a)k

, k = 0, 1, . . . , r, (2.34)

where c(r ) = 3r (r + 1)!.
Let for any x ∈ (a, b),

Sr,t ( f )(x) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
S+

r,t ( f )(x) if a < x ≤ a +
b − a

3
,

ψa,b(x)S+
r,t ( f )(x) + (1 − ψa,b(x))S−

r,t ( f )(x) if a +
b − a

3
< x < b −

b − a
3

,

S−
r,t ( f )(x) if b −

b − a
3

≤ x < b.

By Lemma 2.1, (2.22) and (2.23), we haveSr,t ( f ) − f
Mp

q (a,b)
=

ψa,b
(
S+

r,t ( f ) − f
)
+ (1 − ψa,b)

(
S−

r,t ( f ) − f
) Mp

q (a,b)

≤

S+

r,t ( f ) − f
Mp

q

(
a,b−

b−a
3

) +

S−

r,t ( f ) − f
Mp

q

(
a+

b−a
3 ,b

)
≤ 2r rωr

(
f, r√t;Mp

q (a, b)
)

(2.35)

Step 8: Next, by applying Lemmas 2.1 and 2.2, the Leibniz formula, (2.26), (2.27),
(2.32)–(2.34), we get that for any k = 0, 1, . . . , rSr,t ( f )(k)

Mp
q (a,b) =

S+
r,t ( f )(k)

Mp
q (a,a+

b−a
3 )

+

 (ψa,b(x)S+
r,t ( f ) + (1 − ψa,b)S−

r,t ( f )
)(k)

Mp
q (a+

b−a
3 ,b−

b−a
3 ) +

S−
r,t ( f )(k)

Mp
q (b−

b−a
3 ,b)

≤

S+
r,t ( f )(k)

Mp
q (a,a+

b−a
3 ) +

k∑
l=0

(
k
l

)S+
r,t ( f )(k)

Mp
q (a+

b−a
3 ,b−

b−a
3 )∥ψ

(k−l)
a,b ∥L∞(a,b)

+

k∑
l=0

(
k
l

)S−
r,t ( f )(k)

Mp
q (a+

b−a
3 ,b−

b−a
3 )∥

(
1 − ψa,b

)(k−l)
∥L∞(a,b) +

S−
r,t ( f )(k)

Mp
q (b−

b−a
3 ,b)

≤ 2k+1 max
0≤m≤k

∥ψ
(m)
a,b ∥L∞(a,b)

( k∑
l=0

S+
r,t ( f )(l)

Mp
q (a,a+

b−a
3 ) +

k∑
l=0

S−
r,t ( f )(l)

Mp
q (a+

b−a
3 ,b)

)

≤
2k+2+r

t

(
c(r )

(
1 + (b − a)−r )) [[t]1∥ f ∥Mp

q (a,b) +

k∑
l=1

ωl

(
f, l√t;Mp

q (a, b)
)]
.

HenceSr,t ( f )
W r (Mp

q (a,b))

≤
rc(r )22r+2

t

((
1 + (b − a)−r)) [[t]1∥ f ∥Mp

q (a,b) +

k∑
l=1

ωl

(
f, l√t;Mp

q (a, b)
)]
,

(2.36)
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Since Sr,t ( f ) ∈ W r (Mp
q (a, b)) by inequalities (2.35) and (2.36),

Kr ( f, t;Mp
q (a, b),W r (Mp

q (a, b)))

≤

 f − Sr,t ( f )
Mp

q (a,b) + t
Sr,t ( f )

W r (Mp
q (a,b))

≤ c̃(r )
((

1 + (b − a)−r)) [[t]1∥ f ∥Mp
q (a,b) +

r∑
k=1

ωk

(
f, k√t;Mp

q (a, b)
)]

where c̃(r ) = 2r r
+ rc(r )4r , which completes the proof of inequality (2.19). □

Remark 2.12. Note that if t > ( b−a
r )r , then

ωr
(

f, r√t;Mp
q (a, b)

)
= ωr

(
f,

b − a
r

;Mp
q (a, b)

)
,

and for all t > 0

Kr ( f, t;Mp
q (a, b), Ẇ r (Mp

q (a, b)
)
) ≤ ∥ f ∥Mp

q (a,b).

3. Interpolation theorems

Recall that, given two compatible Banach spaces X0, X1, 0 < θ < 1 and 1 ≤ s ≤ ∞, the
interpolation space (X0, X1)θ,s is defined as the set of all f ∈ X0 + X1, for which

∥ f ∥(X0,X1)θ,s =

{∫
∞

0

(
t−θK ( f, t; X0, X1)

)s dt
t

} 1
s

< ∞

(with standard modification for s = ∞).
For λ > 0, r ∈ N, r > λ, 1 ≤ s ≤ ∞, 1 ≤ q ≤ p ≤ ∞ the homogeneous Nikol’skii–

Besov–Morrey spaces Ḃλ,rs

(
Mp

q (a, b)
)

are defined as the spaces of all measurable functions
f defined on (a, b) for which

∥ f ∥Ḃλ,rs (Mp
q (a,b))

=

{∫
∞

0

(
t−λωr ( f, t;Mp

q (a, b))
)s dt

t

} 1
s

< ∞.

Theorem 2.10 immediately implies the following result.

Theorem 3.1. Let 0 < θ < 1, 1 ≤ q ≤ p ≤ ∞, r ∈ N and 0 < s ≤ ∞. Assume that
(a, b) ⊂ R is an infinite interval. Then(

Mp
q (a, b), Ẇ r (Mp

q (a, b)
))
θ,s

= Ḃθr,r
s (Mp

q (a, b)).

Moreover, there exist c5(r ), c6(r ) > 0 depending only on r such that

c5(r )∥ f ∥Ḃθr,r
s (Mp

q (a,b)) ≤ ∥ f ∥(
Mp

q (a,b),Ẇ r(Mp
q (a,b))

)
θ,s

≤ c6(r )∥ f ∥Ḃθr,r
s (Mp

q (a,b))

for all f ∈ Mp
q (a, b) ∩ Ẇ r

(
Mp

q (a, b)
)
.

Proof. It suffices to apply inequality (2.13) and change the variable: r
√

t = τ . □

In its turn Theorem 2.11 implies the following result.
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Theorem 3.2. Let 0 < θ < 1, 1 ≤ q ≤ p ≤ ∞, r ∈ N, 0 < s ≤ ∞ and (a, b) ⊂ R. Then(
Mp

q (a, b),W r (Mp
q (a, b)

))
θ,s

= Mp
q (a, b)

⋂(
∩

r
k=1 Ḃθk,k

s (Mp
q (a, b))

)
.

Moreover, there exist c7(r ), c8(r ) > 0 depending only on r such that

c7(r )

{
s−

1
s (θ (1 − θ ))

1
s ∥ f ∥Mp

q (a,b) +

r∑
k=1

∥ f ∥Ḃθk,k
s (Mp

q (a,b))

}
≤ ∥ f ∥(

Mp
q (a,b),Ẇ r(Mp

q (a,b))
)
θ,s

≤ c8(r )
((

1 + (b − a)−r)) {s−
1
s (θ (1 − θ ))

1
s ∥ f ∥Mp

q (a,b) +

r∑
k=1

∥ f ∥Ḃθk,k
s (Mp

q (a,b))

}

for all f ∈ Mp
q (a, b)

⋂
∩

r
k=1 Bθk,k

s

(
Mp

q (a, b)
)
.

Proof. Step 1: By inequality (2.18), we get

∥ f ∥(
Mp

q (a,b),W r(Mp
q (a,b))

)
θ,s

≥ c3(r )
{∫

∞

0

(
t−θ [t]1∥ f ∥Mp

q (a,b)

)s dt
t

} 1
s

= c3(r )
{∫ 1

0
t (1−θ )s−1dt +

∫
∞

1
t−θs−1dt

} 1
s

∥ f ∥Mp
q (a,b)

= c3(r )s−
1
s (θ (1 − θ ))−

1
s ∥ f ∥Mp

q (a,b)

and for k = 1, 2, . . . , r

∥ f ∥(
Mp

q (a,b),W r(Mp
q (a,b))

)
θ,s

≥ c3(r )
{∫

∞

0

(
t−θωk( f, k√t;Mp

q (a, b))
)s dt

t

} 1
s

= c3(r )k
1
s

(∫
∞

0

(
τ−θkωk( f, τ ;Mp

q (a, b))
)s dτ
τ

)
≥ c3(r )∥ f ∥Ḃθk,k

s (Mp
q (a,b)).

Hence

∥ f ∥(Mp
q (a,b),W r

(
Mp

q (a,b)
))
θ,s

≥
c3(r )
r + 1

(
s−

1
s (θ (1 − θ ))−

1
s ∥ f ∥Mp

q (a,b) +

r∑
k=1

∥ f ∥Ḃθk,k
s (Mp

q (a,b))

)
.

Thus,

c7(r ) =
c3(r )
r + 1

does the job.
Step 2: Next, let µ = min{( b−a

3r2 )r , 1}. Since

K ( f, t;Mp
q (a, b),W r (Mp

q (a, b)
)
) ≤ ∥ f ∥Mp

q (a,b),

and

µ−θ
= max

{
(3r2)θr (b − a)−θr , 1

}
≤ (3r2)r max

{
(b − a)−θr , 1

}
≤ 3r r2r (1 + (b − a)−r ) ,
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it follows from Remark 2.12 that{∫
∞

µ

(
t−θ K

(
f, t;Mp

q (a, b),W r
(
Mp

q (a, b)
)))s dt

t

} 1
s

≤ (θs)−
1
s µ−θ

∥ f ∥Mp
q (a,b)

≤ 3r r2r (θs)−
1
s
(
1 + (b − a)−r )

∥ f ∥Mp
q (a,b).

From Theorem 2.11 we deduce{∫ µ

0

(
t−θK

(
f, t;Mp

q (a, b),W r (Mp
q (a, b)

)))s dt
t

} 1
s

≤ c4(r )
(
1 + (b − a)−r ) {∫ µ

0

[
t−θ

(
[t]1∥ f ∥Mp

q (a,b) +

r∑
k=1

ωk

(
f, k√t;Mp

q (a, b)
))]s

dt
t

} 1
s

≤ c4(r )
(
1 + (b − a)−r ) {∫ µ

0

(
t−θ [t]1∥ f ∥Mp

q (a,b)

)s dt
t

} 1
s

+ c4(r )
(
1 + (b − a)−r ) r∑

k=1

{∫ µ

0

(
t−θωk

(
f, k√t;Mp

q (a, b)
))s dt

t

} 1
s

≤ c4(r )
(
1 + (b − a)−r )

×

[
((1 − θ )s)−

1
s ∥ f ∥Mp

q (a,b) +

r∑
k=1

k
1
s

{∫
∞

0

(
τ−θkωk

(
f, τ ;Mp

q (a, b)
))s dτ

τ

} 1
s
]

≤ c4(r )r
(
1 + (b − a)−r ) [((1 − θ )s)−

1
s ∥ f ∥Mp

q (a,b) +

r∑
k=1

∥ f ∥Ḃθk,k
s (Mp

q (a,b))

]
.

By the two above inequalities and the obvious inequality

θ−
1
s + (1 − θ )−

1
s ≤ 2(θ−1

+ (1 − θ )−1)
1
s = 2(θ (1 − θ ))−

1
s

it follows that

∥ f ∥(
Mp

q (a,b),W r(Mp
q (a,b))

)
θ,s

≤ 2 max{3rr2r , c4(r )r}

(
s−

1
s (θ (1 − θ ))−

1
s ∥ f ∥Mp

q (a,b) +

r∑
k=1

∥ f ∥Ḃθk,k
s (Mp

q (a,b))

)
.

Thus,

c8(r ) = 2 max{3rr2r , c4(r )r}

does the job. □

Here we survey the Nikol’skii–Besov–Morrey spaces. In 1984, Netrusov [25] defined the
Nikol’skii–Besov–Morrey spaces and obtained some embedding results. In surveys [37,38]
Sickel gave a detailed discussion of the real interpolation of the Morrey spaces and Nikol’skii–
Besov–Morrey spaces. Further results on interpolation of the Nikol’skii–Besov–Morrey spaces
can be found in [43,44]. In 1994, Kozono and Yamazaki [18] shed light on the Besov–Morrey
spaces from the point of view of differential equations. In [18] they used the Morrey space
Mp

q to investigate the Cauchy problem for the Navier–Stokes equation. In 2005 Najafov
considered the Nikol’skii–Besov–Morrey spaces with dominant mixed derivatives in [23].
Motivated by this, Tang and Xu [39] defined the non-homogeneous Triebel–Lizorkin–Morrey
spaces, or equivalently, the non-homogeneous Morrey type Triebel–Lizorkin spaces in words
of the paper [39]. Recently this type of function spaces is called a smoothness Morrey
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spaces. Sawano and Wang obtained the trace theorem independently in [32, Theorem 1.1] and
[41, Proposition 1.10], respectively. The wavelet characterization of the smoothness Morrey
spaces can be found in [27,30]. Triebel–Lizorkin–Morrey spaces cover Hardy–Morrey spaces;
see [31, Theorem 4.2]. We refer to [15–17,34,35,39] for embedding relations of these function
spaces. See also [2,24] for more about the generalized Nikol’skii–Besov–Morrey spaces.
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