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Abstract

In this note, the Morrey spaces and the Sobolev—Morrey spaces are considered. In particular, the
K -functional with respect to these spaces is estimated from above and below. As an application, we
characterize the Nikol’skii—-Besov—Morrey spaces via real interpolation.
© 2019 Elsevier Inc. All rights reserved.
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1. Introduction

We aim to describe the K-functional for the pair consisting of the Morrey space and the
Sobolev—Morrey spaces via the modulus of continuity of the Morrey spaces over the interval
(a, b). As a corollary, we can describe the Nikol’skii—-Besov—Morrey spaces over the infinite
interval (a, b) C R via real interpolation.

The Morrey spaces were introduced by [22], where C. Morrey studied the local behavior of
solutions to elliptic differential equations. Now the Morrey spaces are used in several branches
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of mathematics such as real analysis, PDE and potential theory. Let 1 < g < p < oo. Recall
that the Morrey space M (IR") is the set of all L,(IR")-locally integrable functions f for which
the norm

11 i
1 gy = sup 101777 ( f Fldy)”,
OCR" [¢]

is finite, where Q runs over all cubes in R". Clearly if p = g, MJ(R") coincides with the
Lebesgue space L ,(R"). Moreover, M;"(R”) coincides with the space Loo(R"). If 1 < ¢ <
p < 00, there are difficulties in handling the Morrey spaces due to the following reasons:
(1) Unless p/q is fixed, Mé’(R”) do not interpolate well see [5,13,14,19,20,29,43,44].!
(2) The Morrey space /\/lg (R™) is not reflexive; see [36, Example 5.2] and [42, Theorem
1.3].
(3) The space D(IR"), the space of all compactly supported infinitely differentiable functions,
is not dense in /\/lé7 (R™); see [40, Proposition 2.16].
(4) The Morrey space M5 (R") is not separable; see [40, Proposition 2.16].
(5) According to the terminology of [3], ./\/lg (R™) is not a Banach function space; see
[36, Example 3.3].

(6) The Morrey space M/ (R") is not embedded into L;(R") + L (R") as the example of
the function

o0
1
> logy10gy 17 i1 rsttogs togo 71711
=100

implies; see [14, Section 6].

Detailed exposition of various properties of the Morrey spaces and their numerous general-
izations can be found in recent books [1,33] and survey papers [6,7,11,26,28,37,38]. Despite
the difficulties in handling the Morrey spaces mentioned above, we can still consider the real in-
terpolation between the Morrey spaces M} (a, b) and the homogeneous and non-homogeneous
Sobolev—Morrey spaces W’ (M (a. b)), W (M{(a, b)) respectively, where r € N.

2. Preliminaries

Let —o0o <a<b<ooand 1 < g < p < oco. The Morrey space M{;(a,b) is the set of
measurable functions f € L,(a, b) for which the norm

1.1
1Al mp sy = SUP (B=a)" N fllLy@p
(e, f)C(a,b)
is finite.
Note that for (¢, d) C (a, b),

1Az .ty < WP a2 .y feMia,b), (2.1)
and that for any 2 € R and for all f € MJ(a+h,b+ h)

(ACRO! YT VA VT (2.2)

1 Note that the local variant ﬁ./\/lg (R) of the spaces Mg (R™), defined by the above expression for || f|| MERY

where cubes Q should contain the origin, is good for interpolation. The scale EM,’; (R) is closed under the procedure
of the real method of interpolation; see [8—10,21].
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Lemma 2.1. Let a,b,c,d € Rsatisfy a < c <d <b,andlet1 < g < p <oo. Ifa
measurable function f defined on (a, b) is supported on a subinterval [c, d] of (a, b), then

||f||M{]’(a,b) = ||f”M§(c,d)‘

Proof. Clearly
1_1 1_1
||f||M5;(a,b) = sup (B—a)? fl,ep= sup (B—a)” 7| fllL,qepnic.a-
(o, B)C(a,b) (ae,B)C(a.b)
There are five possibilities to consider:
MHDa<a<pB<cord<a<p<b;
Qa<a=<c<pB=d
Ba<a<c<d<p<b;
@ c<a<p<d,
BS)c<a<d=<p=<bh.
Hence
0 in case (1);

I fllLyepy —in case (2);
||f||Lq (@pned) = I flleye.ay —in case (3);

I fllL,@p) —in case (4);

I fllL @ay —in case (5).
Moreover,

B —c in case (2);
B—a>141 d—c incase (3);

d —a in case (5).

SO’

Therefore, since % 5

S1C
Q=

1_1
Il @ey =max ) sup (B—c)? I fl,ep. sup (d—c)” Tl flzyear

(c.p)C(c,d) (c,d)C(a. B)
1_1 1_1
sup (B—a)” N flley@ps sup (d—a)? 91 flley@a
(a.f)C(c.d) (a,d)C(c,d)

1_1
= sup (=) NSl = 1l car
(y.8)C(c,d)

This completes the proof. [

The next lemma shows that the Morrey norm is local in the following sense:
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Lemma 2.2, Let—co<a<b<oo,1<qg<p<oo andlet f € ./\/l(';(a, b)ﬂ/\/lf;(b, 2b—a).
Then f € M} (a,2b — a) and

”f”Mf,’(a,Zh—a) = ”f”_/\/tg(a,b) + ”f”./\/lg(b,Zb—a)‘ (2~3)

Proof. If we invoke Lemma 2.1, then we have

”f”./\/lg(a,Zb—a) < ”X(a.h)f”M[;(a,zb,a) + ||X(h,2b—a)f||,/\/15(a,2b7a)
= ”f”Mg(a,b) + ”f”Mg(b,zbfay O

We move on to the Sobolev—Morrey spaces. Let —oo <a <b <00, 1 <g < p < oo and
r € N. The homogeneous Sobolev—Morrey space W" (/\/lg (a, b)) is defined as the space of all
functions f € Lll"c(a, b) for which the weak derivative ) exists on (a, b) and

X — r)
”f”W’(Mf;(a,b)) =|f ”Mf;(a,b) < Q.

(Recall that the weak derivative £ of a function f € L1,°C(a, b) exists on (a, b) if and only
if f is equivalent to a function f such that f(”l) exists and is locally absolutely continuous
on (a, b). Moreover, f is equivalent to the derivative £ which exists almost everywhere
on (a, b).)

The non-homogeneous Sobolev—Morrey space W’M{; (a, b) is a subset of W’ (/\/l,’; (a, b))
consisting of all functions f, for which

,
— (k)
1 Nwr iz = D IOl aazian < 0
k=0

For any complex valued function f on (a,b) and h € R, T(h)f is defined by
Th) f(x):= f(x+h), xe€(a—h,b—h).
Let r € N. The rth difference of f : (a, b) — C with step length & € R, which is a function
defined on (a, b) N (a — rh, b — rh), is defined by

A f =Y =1t (,Z) T(hK)f = (T(h) = T(O)) f. 24)
k=0

Definition 2.3. Let —co < a < b < 00,1 < g < p < oo, and let r € N. The
MY (a, b)-modulus of continuity of order r of f € MU (a,b) is defined for ¢ > 0 by

o, (f,1; MP)(a, b)) == sup |

0=|h|=t ‘ & f H My ((”»b)ﬂ(a—rh,h—rh))

p
ALf H MP(ab—rhy: SUP
—t<h=<0

- max{ sup ‘A; fH Mg(a,h,b)}. 2.5)

0<h<t

Lemma 24. Let —co<a<b<ooand1 <g<p<oo,reN, andfe/\/lg(a,b). Then
for any m € N

w,(f,mt; M (a, b)) = m"o.(f, t; M}(a,b)). (2.6)
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Proof. Recall that for all 7 € R

m—1 m—1
A f) =" Y T (tky 4+ + ko )h) A £ (x)
k=0 kr=0

for all x € (a,b) N(a — rmh, b — rmh) (see, for example, [4], §16).
By (2.2) it follows that for any interval (¢, 8) C (a, b) N\ (a — rmh, b — rmh)

m— m—1
1A fllLg@p < D D T (U + -+ + k) AL Fll Ly sy
k=0 k=0
m—1 m—1
= C Y G F Lot ey ety B ey )
k=0 k=0
m—1 m—1
< sup A;lf R 1],
(v,8)C(a,b)N(a—rh,b—rh) ” HLq(V"S) kZO ];)
—y=B—« 1 r=
=m" sup A f .
(. 8)C(@.b)a—rh.b—rh) ” h ”Lq(y’a)
S—y=p—a

For h > 0,

a+ kit +k)h>a
and

B+ + --+k)h<b—mrh+@m— 1)rh =b —rh,
hence

(@ + (ki + -+ k)h, B+ (ki + -+ k)h) C(a,b—rh),
and similarly for each 4 < O,

(@ +(ky + -+ k)h, B+ (ky + - +k)h) C(a —rh,b).

Therefore

w,(f, mt; MP(a, b)) < su A7
r(f, M‘I( ))_0<\h|1§)mt I hf”/\/lf;((a,b)ﬂ(a—rh,b—rh))

= sup

Ar
0<|n|=t ” mnf”M‘I; ((a,b)ﬂ(tl*mrr],bfmrn))

Sl

1
= sup sup (B—a)? 914, fllLy@p

O<Inl<t  (a,)C(a,b)N(a—mry,b—mrn)

1_1
<m sup @=»)r | Azf“Lq (9)

(y,8)C(a,b)N(a—rn,b—rn)

= m o, (f.t: MB(a,b)). O

Corollary 2.5. Let —oo <a <b<ooand1 <qg<p <oo,reN and f € Mi(a,b).
Then for any m > 1

oy (fymt; M (a, b)) < 2'm" w,(f, t; Ml (a, b)). 2.7)
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Proof. It suffices to note that m < [m] + 1, ([m] + l)r < 2"m’”, and to use the monotonicity
of w, and inequality (2.6). O

Corollary 2.6. Let —co <a<b<ocand1 <g<p<oo,reN, and f er](a,b). Then
forany 0 < vy < vy <oo, forall0 <t <1

™" o, (f, 1" M (a, b)) < 27t m" o, (f, 1% MP(a, b)). (2.8)
Proof. It suffices to note that using Corollary 2.5

o (f, 1" MP(a, b)) = w,(f, 1”212 MP(a, b)) < 21" " w,(f, 1" MP(a, b)). O

(2.9)

Lemma 2.7. Let —o0c <a<b<ocoandl1 <g<p <oo,reN, andletfe./\/lg(a,b).
Then

w,(f, 1; M{(a, b)) <2

fHM{;(a,b)
forall t > 0.

Proof. Using (2.2), (2.4), (2.5) and the triangle inequality, we have
w,(f, t; Mp(a, b))

< max { sup Z( )nT(hk)anp(ab siye SUP Z (k) ||T<hk)f||Mg(a,,,,b)}

Osh=t =h=0,_

= max { sup Z( ) IIfIIMp(ﬁkh bk SllP Z <k> ”f”/\/[(’;(af(rfk)h,bJrkh)
0<h<t \—o h<01"g

<2 f|ml@p O

Let g € W’ (M(’;(a,b)). For all ¢ € (“r;b h—) for almost all x € (a,b), such that
x +rt € (a, b) we have

t t
Alg(x) = f f g+t 4 -+ 1)dty - -dt,. (2.10)
0 0
We will use (2.10) to prove the following fact:
Lemma 28. Ler —oo<a<b <00, 1<g=<p=<ooreNandfeW (Mia,b)). Then

o, (fot; MJ@. D) <t 1 f N ppiamy 1> 0.

Proof. Fix h € (0, ¢]. Using (2.10) and the generalized Minkowski inequality (see [12, Lemma
3.3]), we obtain

4371 M2 (@b)a—rhb-rh))

h h
:H/ / FOC+t+-+1)dty - - dt
0 0

./\/lé7 ((a,b)ﬂ(a—rh,h—rh))
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h h
5/0 /0 Hf<f>(.+t1+...+t,)

Z/Oh.../ohﬂf<r>

< BN g -

1 "dtr

M2 (@b)nta—rhb-rh))

dty ---dt,
MY (@.D)@—rh+ty++ty b—rhtty 4 +r))

The proof for the case h € [—f, 0) is similar. [

Now we define the Peetre K -functionals related to the Morrey space M} (a, b).

Definition 2.9. Let —0o <a <b <o00,1 < g < p <ooandr € N. Let f € MJ(a,b).
For t > 0, the Peetre K-functional with respect to the pair M/(a, b) and wr (Mg (a, b)) is
defined as

. vea — : (r) .
K(f.t; M(l;(a, b), W (Mf;(a, b))) = geW’(l./{l/lf;];(a,b)) [||f - g”/\x({,’(a,h) +ilg ||/\/lf;(a,h)} ;

and for pair of M/ (a, b) and W" M} (a, b) is defined as

K(fot My o), W ME@ b = inf 1 = gl g + 8w (v |
f Mg q cew I = 8lmzap 1181w (M2 a.n)

- _ , ®y
= geW'mj\fg(a.b) { If g”M{,(a.b) +1 g Ilg ”Mfl(a.b)} .

In the proof of the next theorem, we need the Steklov-type function S, f for f € M{(a, b):
Let f € Mg(a,b) and 0 <t < (%5%)". Set

SFN) = %fm DMC (;) (10 o) |dhy--dn, @)
0

1

== Ao, SRy - dhy + f(x)
t/[()‘(‘/?]r hy 4 thy 1

for x € (a, b — r2/t) and

S () =~ /{_mr [i(—l)’“ (;) Fx 10+ b)) |dhy - dh, 212)

! I=1
1

= — Al an fx)dhy---dh, + f(x)
¢ /[—I/?,O]’ hy+hy+-+hy

for x € (a + r>/t, b).
Theorem 2.10. Let I C R be an infinite interval, r € N and 1 < g < p < co. Then there

exist c1(r), co(r) > 0 depending only on r such that for all f € ./\/lg(l)ﬂ wr (./\/lf;(l)) and for
all t > 0, we have

c1(r) o, (f. 1 ME(D) < K (f, 1 ME(D, W (ME(D)) < ex(r) o, (f, /7; ME(D)).
(2.13)
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Proof. Let g e W’ (MJ(D)). Then g € M{;(I). Therefore, thanks to Lemmas 2.7 and 2.8,
(2.10) and the definition of K(f, ; M§ (1), W™ (M} (D))), we obtain
o (f, Vt; MED) < o, (f — 8, V1 MED) + w:(8, V/1; MI(I)
<2Nf = glapay + 1187 Iz
<2°01f = glazay + 118 aapry)-
Since g € Vi/’(./\/lf]7 (1)) is arbitrary, we have
c1(r) o (f. V/t: MI(D) < K (f.1: M), W (ME(D)))

for any f € ./\/lg (I), where c¢;(r) := 27". Thus, the left-hand-side inequality in (2.13) is proved.
In order to prove the right-hand-side inequality, we consider two cases.
Case 1: Let I = (a,00), and a > —oo. By (2.11), applying the generalized Minkowski
inequality for the Morrey spaces and Lemma 2.4, we get

SHGEY S /{0 e
= ‘/0 i Ayt +h’f()HM”aoo) hy---dh,
< s |40 lf dhy ---dh,
O<h<r i Mgacort Jio, iy
< . (f, r/t; MP(a, 00)) (2.14)
< Fo(f, /1 M2 (a, 50)). (2.15)

Since for almost all x € (a, 00)
([ rerman) = ([ sndn) = i +0 - o = 4050)
and for r > 1

dk
[0, /11"

dkfl 1 d x+r it
4 14 IGhy + - -+ h)dhy ---dh, | d
dxk—1 1 dx /X. (./[o,{ﬁ]rl Sl +1thy+ -+ h))dh ) u

1 a*!
= - — A r I(h hr dh dhr )
I dxt! (/[O,W]'—' SEARRCREN S )

it follows that for any natural k < r
dk
_k(/ f(x+l(h1+-~-+h,))dhl...dhr>
dx* \Jyo, iy

1
_ / Ak f+1lhgpr + -+ h)dhyy - --dh, ifk <r,
1\ Jyo, gy~

l_,A;(ﬂf(x) if k=r.

(2.16)
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By applying formula (2.16) with kK = r, we get that for almost all x € (a, co)

SNV = - Z( '+ (r)dd(/ f<x+z<h1+~~-+h,>>dh1~-dhr>
x [0, Y117

+1 (T —r AT
= IZ(_lﬁ <z)l A7 f ().
=1
Hence by Minkowski’s inequality and Lemma 2.4

Wr (MP(a,00)) ‘ ’(f) HMF(“ o0)

=< ? Z <;) A
=1
; > <;> 1™ w, (f, 13/1; M (a, OO))
=1
: ; ('l") or (f. 4/t Mia, 00))

2r—1
t
Since SF,(f) € W’ (Mi(a, 0)),

S|

r
IfﬂfHMé’(a,OO)

IA

o (f, i M2, oo)) . 2.17)

K (f,1; MI(a, 00), W’ (M?(a, 0))) < ”f — S f)H Mo 1] SHO HM&’W@)
<" +2 - Do, (f, Vi M (a, oo))
=20, (f. 4/t Mia, 00))

and the right-hand side inequality in (2.13) follows with c;(r) = 2r".
Case 2. If I = (—o0, b) for any b < oo, then the above arguments work if the operator
S7.(f) is replaced by the operator S_,(f). O

Theorem 2.11. Let —co <a < b < oo, r € Nand 1 < g < p < oo. Then there exist
c3(r), ca(r) > 0 depending only on r such that for all f € W™ (MJ(a, b)), we have

c3(r) [[Ih 1A AE @y + > o (f. Vi Mij (@, b))} < K(f.t; Mg(a,b), W (Mg(a, b)) (2.18)
k=1

for all t > 0, where [t]; := min{t, 1}; and
K(f,t; ME(a, b), W' (ME(a, b))

sam(l+G-a™) [tllfllMg(a,b) + ) ox(f, Vi Ml (a, b)):| ; (2.19)

k=1

forall 0 < ¢ < min {(%)r’ 1}-
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Proof. Step 1: Let g € W" (/\/lf;(a, b)). By Lemmas 2.7 and 2.8 for any k = 1,2,...,r
o (f, V1; ME(a, b)) < ox(f — g, V/1; ME(a, b)) + wi (g, v/t; M (a, b))
<2 = gl T 118N aip -

Also,

[]y ”f”/\/lf;(a,b) <[thlf - g”./\/lg(a,b) +[th ”g”/\/lf;(a,b) <If- g”/\/lf;(a,b) + t”g”/\/lf;(a,b)'
So,
,
k/ .. 1
NI gz + D @k (o V1 ME@,5)) < 271 f = 8llagzasy + 118w sty
k=1

1
=2 (1 = 8llaagian + 1181w aggian) -

Since g € W” (./\/lf; (a, b)) is arbitrary, we have

27! ([t]lllfll Map T 2ok (f. V1 Mi(a, b))) < K (f.1; M{(a, b), W (Mf(a,b));
k=1
for all + > 0. Thus, inequality (2.18) is proved with c3(r) =27,

Step 2: In order to prove (2.19) for the interval (a, 00), a > —oo, we use estimate (2.14):

SED = F| stpiaey = 77 0r (1, 41 M@, 000, (2.20)
and the analogous estimate for the interval (—oo, b), where b < oo:

In the case of a finite interval (a, b), following the arguments in the proof of Theorem 2.10,
we get

S0 = Fllaapcoon = 7" (f 3t ME (=00, b). @21)

+
S0~ F|ag(ap-tse) S s 25, F | g .-

A’fH < sup
h 4 _b=a) =
O<h<rl/t Mq <a$b 3 )

O<h<r ¥/t

because (a, b — 25%) C (a,b —rh) forany 0 <t < (”Sr;f)’. Hence by Lemma 2.4

Analogously

S50 = 1| aapaatsey = o (£ r 85 MG @, 1) = o (145 M7 @, ).
(2.22)

S0~ I | sap(urese) = o (13 My @, 1)) 223)

Step 3: If the interval (a, b) is infinite, similarly to the proof of Theorem 2.10 (see formula
(2.17))

2r
SHO g = Zor (£ V5 M] (@.00)) (2.24)
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for any a > —oo and

So(P" ”Mp( o < Zt (£ 5 My (—00.)) (2.25)

for any b < oo.
If the interval (a, b) is finite, then by the arguments used in the proof of formula (2.17)

L (r),,
1 - r —r r
7 121 <l>l sup ||Ahf||/v1£,’(a,b—rh)-

O<h<ri/t

S:-t(f)(r) Ar\/*f”/\/lp(a po b= bea)

Hence
p

S5 =, (£, 45 Mi(a, b)) (2.26)

Analogously,

IA

M(ab=t50)

S (N

Step 4: Consider the interval (a, co) where a > —oo. First of all, by (2.11) we have

L (7
H Sj,,(f)”Mg(a,oo) = t Z (l) '

=1

_Z(>/of]’ r

r , . >
= (1) 1 a0 =2 1ty = =10 1 aagiar
=1
(2.28)

2" .
Mtz = o (£ V5 M@, b)) (227)

f £ (A 1+ )Yy -,
[0, Yir Mb(a,00)

I A

F-in ot m)| o dhydi
Mg (a,00)

Letnext k e N, 1 <k <r — 1. By applying formula (2.16), we get
s}, (f)(")(X)

= Z( i+t (r> — (/ fx+Ih + -+ h))dhy ---dh,)
d}C [O,I/;]’

=- ZH)“' (;) I / Al f @+ U higr + -+ b))y - dh,.
t =1 [0, (‘/;]r—k
Hence, by Minkowski’s inequalities for sums and integrals

i S,T,(f)(k) ||./\/lf;(u,oo)
dk

() = (] )
<! o FC+U + -+ ho)dh - dh,
1 Z (l dxk [0, /51" : : Mg(a,oo)

-2
tl Q(/{]r—k

k
Al%f(. gy + -+ hr))H/\/lg(a,oo) dhigy -+~ dh,
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If we invoke Lemma 2.4, then we have

(«/—)r -+ r A
*) k k
” (f) ||Mp(a oo) ( ) ! ‘ ff”/\/lg(a,oo)

r—k T
(*[) () I ey (£, 137 M (@, 00))

r—k ’
M) ( )wk(f Jt; MP (a, 00)).

1_1
r

By Corollary 2.5 with r replaced by k and m = ¢+ "%

IS5 o) = —<f ) Fan(f, s MP (a, 00)) < —wk<f Vi; MP (@, 00)).

(2.29)
Analogously,
27‘
IO vip ooy = TN I Iagz oo (2.30)
and
4r
1S5 g oy < xS V15 MG (00, b)) 2.31)

forb<oo,keN,1<k<r-—1.
Step 5: Next consider the case of a finite interval (a, b). First of all

ReRER) -
0]

o G AU+ R gt 50y Ay - dy
t ; (l [O’W]r Mq(a,b - )
1 r

< ; ; (l) /[\O,M]V ”f||Mg(a,b7h>%"+[(hl+m+hr)) dhl .. dh,
1A (r

T ; <l> /[07 vir ”f”Mg(“’b*’%“+l(h1+-~+hr)) dhy ---dh,
20

< 171 o ahan,
t =1 (l [0, /71 Mg(“b—%ﬂzﬁ)

since t < (l% r

Similarly to the above for any k = 1,2, ...,r — 1, we get applying inequality (2.2)

k
AL

_Z<) [OJ]rk“AJf(+l(hk+1+ +h))H by i -l
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§_Z<)lk/owk
()i

o
: t) ;(1) llk H ’ffHM”(ab 14/7)

since (a, b — 5% + 1(r — k)3/1) C (a, b — 13/1). Hence, by Lemma 2.4 and Corollary 2.5

W& () ] ]
S (H® HMg(a,b_b%) <= ; <1> r Ok (f, 1/t; MP(a, b)) (2.32)

r/\r—k r
<@ (Z (g)) o (1.5 Mya. )
=1

2r .,
~ iy e (£, Mita. b))

4"
< — (o (£. 95 M@, b))
Analogously, for any k =1,2,...,r — 1

dhii1---dh
rff"Mp a h—b—a+l(hk+|+ thy )) k+1 r

dh ---dh,
“ffHM” b3 (- k)f) ket

IA

St iapap e = gwk (£ ¥ Mo 1) 2.33)

Step 6: We deal with the interval (a, co) where a > —oo. Since S, t( f)ew” (M,‘; (a, oo)), by
inequalities (2.20), (2.24), (2.28) and (2.29), we get

K (f.1: Mf(a, 00, W (MG (@, 00)) = | = S5(H] paraooy

,(f)“”HMg o

= o, (.45 Mf(a,00)) +2" (ml g + 2o (f, Vs Mia, oo)))
k=1

< (I‘r + 2}’) ([t]l ”f”_/\/[g(a,oo) + Zwk (f’ \k/;’ Mg(d’ OO)>) :
k=1

Analogously, by inequalities (2.21), (2.25), (2.30) and (2.31), we get
K (f,1; M (=00, b), W (ME (=00, b))

< (rr + 2r) <[I]1 ”f”,/\/lg(—oo,b) + Zwk (f’ v M (=00, b))) :
k=1

which completes the proof of inequality (2.19) in the case of an infinite interval (a, b).
Step 7: Next we consider the case of a finite interval (a, b). Let

1
1 if 0<x<-—,
3
1 2
px) =31 -Cx - if - <x<Z=,
3 3
2
0 if —<x<1.
3
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and ¥, ,(x) = ¢ ()ﬁ) Then

0<vap(x)<1 for a<x<b, Yop(x)=1 on [a,a+ b;a]’

Yas(@) =0 on [b— b%“ bl
and

(k) c(r)

V4 bl Loota,py = m, k=0,1,....r 2.34)

where c(r) =3"(r + D).
Let for any x € (a, b),
S () facx<arl=a
S () = Yap @S (@) + 1 = Yap (S, (@) if a+ b%a Lo b = a

_ . b—a
S ()x) if b— =< b.

By Lemma 2.1, (2.22) and (2.23), we have

S0 = | pia = | Vo (S5O = )+ A=) (520 = 1) | agia

= |55 = 7 asp gy + 5500 = Fagparisony
<2 w, (f, St M (a, b)) (2.35)

Step 8: Next, by applying Lemmas 2.1 and 2.2, the Leibniz formula, (2.26), (2.27),
(2.32)—(2.34), we get that for any k =0, 1,...,r

k + k
Sr,t(f)( )”M(]/’(aah) = Sr,[(f)( )HMfl](a,a‘Fb%a)

(WSS + (1 = vanS ()Y |

k
SHL] IVIRESSED'S @
1=0
k
k
2 ()
=0

k
< ok+1 hax (m)
=200 max (19, i) >

+]

- (k)
Mbarbze p-tzay T | Sp () H M (b-152 by

=

+ k (k=1)
SHC | a5z 1985 Nt

- k (k=D - k
St | g sz sy 1 (1= ¥00) ™ Natar + [ S OOP | aarr 52 4

k
+ @ - @)
Sr,f(f) HMZ;(u,aer%”) + Z Sr,t(f) HM,f(aerZ‘”,b))
=0

k4241

k
= (O (1+G-a)) [[th||f||Mg<(,¢b)+sz (flx’ft;Mf,’(a,b))]
=1

Hence

$:4(f)]

Wwr (MY (a.b))

re(r)2%+2

k
== ((1+6-a7)) [ml 1 aaga + Do (£ V7 M, b))] ,
=1

(2.36)
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Since S, ;(f) € W’(./\/lg(a, b)) by inequalities (2.35) and (2.36),
K,(f.1: ME(a, b). W' (M2 (a, b))
= | = S| aggiam + 1

Sr,t(f)” W’(./\/lf;(u,b))
<ér((1+B-a))) [[th 1 anga + ; o (f, 45 My, b))}
where ¢(r) = 2r" 4+ re(r)4”, which completes the proof of inequality (2.19). [
Remark 2.12. Note that if ¢ > (24)", then
, b—a
wr(f7 \/;7 M(l;(av b)) = Wy <fv T9 Mg(as b)) )

and for all t > O

Ko (f, 1 MEGa, b), W' (MD(@, D)) < 1L f iz,

3. Interpolation theorems

Recall that, given two compatible Banach spaces Xp, X1, 0 <6 <1 and | < s < oo, the
interpolation space (Xo, X1),  is defined as the set of all f € Xo + X, for which

00 s dt
||f||(Xo.X1)9_3 = {/ (t—OK(fvt; XO,Xl)) T} < 0
0

(with standard modification for s = 00).

ForA >0, reNyr > A 1<s <00, <g < p < oo the homogeneous Nikol’skii—
Besov—Morrey spaces BS” (Mg (a, b)) are defined as the spaces of all measurable functions
f defined on (a, b) for which

o s dt)s
it gy ={ [ ot Mgy 2] < oo

Theorem 2.10 immediately implies the following result.
Theorem 3.1. Let 0 < 0 < 1,1 <g < p <oo,r € Nand 0 < s < oo. Assume that
(a, b) C R is an infinite interval. Then
(Mo b), W7 (M@, b)) = B (M2, b).
0,s

Moreover, there exist cs(r), ce(r) > 0 depending only on r such that

K0T, < . < S0r,r
CS(F)"f"B? (Mg(llb)) = ”f”(Mg(a,b),W’(Mg(a,b)))M = C6(r)||f||3§ (Ms((l,b))

forall f € MG(a,b)yn W’ (M(a,b)).

Proof. It suffices to apply inequality (2.13) and change the variable: </t = 7. [

In its turn Theorem 2.11 implies the following result.
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Theorem 3.2. Let0 <0 <1, 1 <g<p<oo,reN 0<s <ooand(a,b)CR. Then
(Mg(a, b), W' (M!(a, b)))e’s = MP(a, b)) (N B (M2 (a, b)) .

Moreover, there exist c1(r), cs(r) > 0 depending only on r such that

_1 1 :
C7(I’) {S s (9(1 - 0)) $ “f“./\/[g(a,b) + Z ”f”Bfk’k(Mg(a,b))}
k=1

< .
= ”f”(Mg(a,b),W’(Mg(a,b)))m

<) ((1+ G -a)™)) {si O =00 1 Flirian + Y IF ng,wg(a,,,»}

k=1

for all f € Mi(a,b)(\N_,B** (M}(a,b)).

Proof. Step 1: By inequality (2.18), we get

1
e _ sdt]s
I (My@b.wr (Mh@b)), > c3(r) {/0 (; 9[t]1||f||/\45,’<a,h>> 7}

1
1 o] 5
=C3(r){f t(lfe)sAdH_f tesldt} ||f||M5(a’b)
0 1

= 6557 O =) fllparany
and fork=1,2,...,r
o s dt }
LA (Mb@h.wr(Mp@b)),, = cs(r) {/o (t_gwk(f’ Vi M‘I;(a’b))) 7}
= c3(rks </ (r % wr(f. s MP(a, b))’ dt_7:>
0

= O ork @ ey

Hence
c3(r) [ _1 1 d
”f”(Mg(a,b),W*(M,’;(a,b)))eﬂx > P (s s (9(] — 9)) $ ”f”./\/lg(a,h) + I; “f”fi?k'k(/\/l,’;(a,b))) .
Thus,
c3(r)
c7(r) = 1

does the job.
Step 2: Next, let u = min{(%)r, 1}. Since

K(f, 1; M2(a, b), W (ME(a, ) = I fllazany
and

1~ = max {(3r2)9’(b —a)fr, 1} <G max{b—a) ", 1} <3 (1+0G-a)"),
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it follows from Remark 2.12 that

1

falr , sdt ] 1
UM (7K (fo1: Mi@. b, W (ME(@. b)) 7} <697 w1 pagany
<3Oy (1+ (b —a)) 11 a2

From Theorem 2.11 we deduce
1

UO# (K (f.1: M@, b), W' (ML (a, b))’ ?}
- e - 13 p “ar)®
<am(1+G-a™) /O NI gy + D (f,ﬁ;Mq(a,b)) =
k=1

—r " _ s dt %
<a(+G-a) ){/0 (N gz 7}
+am) (1+G-a™ Z{/ ( twx (f, Vit Mg(a,b)»S#}?

e (1+G-a)
1 U e s d H
x [((l—em:||f||Mg(a,b)+st{/o (v~ ex (f. 7 Mf (@, b)) 7’} }
k=1

<amr(l+b-a™) {«1 — 097 1l izany + D 171 ng-k(Mg(a‘h))} :

k=1
By the two above inequalities and the obvious inequality

07 +(1—0)F <207 +(1—6)") =201 —0)5
it follows that

(WAl (M2 @n)wr (M@.b)),

1 1 d
< 2max(3'r%, es(r)r) (w(@(l =) N f gz + DI ng,k(Mg(a,b)J .

k=1
Thus,

cs(r) = 2max{3"r?", ca(r)r}
does the job. [

Here we survey the Nikol’skii-Besov—Morrey spaces. In 1984, Netrusov [25] defined the
Nikol’skii-Besov—Morrey spaces and obtained some embedding results. In surveys [37,38]
Sickel gave a detailed discussion of the real interpolation of the Morrey spaces and Nikol’skii—
Besov—Morrey spaces. Further results on interpolation of the Nikol’skii—-Besov—Morrey spaces
can be found in [43,44]. In 1994, Kozono and Yamazaki [18] shed light on the Besov—Morrey
spaces from the point of view of differential equations. In [18] they used the Morrey space
MY to investigate the Cauchy problem for the Navier-Stokes equation. In 2005 Najafov
considered the Nikol’skii-Besov—Morrey spaces with dominant mixed derivatives in [23].
Motivated by this, Tang and Xu [39] defined the non-homogeneous Triebel-Lizorkin—Morrey
spaces, or equivalently, the non-homogeneous Morrey type Triebel-Lizorkin spaces in words
of the paper [39]. Recently this type of function spaces is called a smoothness Morrey
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spaces. Sawano and Wang obtained the trace theorem independently in [32, Theorem 1.1] and
[41, Proposition 1.10], respectively. The wavelet characterization of the smoothness Morrey
spaces can be found in [27,30]. Triebel-Lizorkin—-Morrey spaces cover Hardy—Morrey spaces;
see [31, Theorem 4.2]. We refer to [15-17,34,35,39] for embedding relations of these function
spaces. See also [2,24] for more about the generalized Nikol’skii-Besov—Morrey spaces.
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