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Abstract

We give an elementary calculus proof of the asymptotic formulas for the zeros of the q-sine

and cosine functions which have been recently found numerically by Gosper and Suslov.

Monotone convergent sequences of the lower and upper bounds for these zeros are

constructed as an extension of our method. Improved asymptotics are found by a different

method using the Lagrange inversion formula. Asymptotic formulas for the points of

inflection of the basic sine and cosine functions are conjectured. Analytic continuation of the

q-zeta function is discussed as an application. An interpretation of the zeros is given.
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1. Introduction

This paper continues a series of papers dedicated to investigation of the basic
Fourier series introduced recently by Bustoz and Suslov [4]. See [4,7,11,22,23,25] for
an introduction to the theory of q-Fourier series, [12–15,20,21] regarding the
corresponding basic exponential function on a q-quadratic grid [18], a review article
[22], and a forthcoming monograph [26]. The case of a q-linear lattice is investigated
in [3]. In the current paper we give a rigorous proof of the asymptotic formulas for
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the zeros of the basic sine and cosine functions numerically found in [7]. Improved
asymptotics are found by a different method.
The q-sine and cosine functions under consideration can be introduced as

SqðZ;oÞ ¼
ð�io; q1=2Þ

N
� ðio; q1=2Þ

N

2ið�qo2; q2Þ
N

¼ 1

ð�qo2; q2Þ
N

XN
k¼0

ð�1Þk qkðkþ1=2Þ

ðq1=2; q1=2Þ2kþ1
o2kþ1 ð1:1Þ

and

CqðZ;oÞ ¼
ð�io; q1=2Þ

N
þ ðio; q1=2Þ

N

2ð�qo2; q2Þ
N

¼ 1

ð�qo2; q2Þ
N

XN
k¼0

ð�1Þk qkðk�1=2Þ

ðq1=2; q1=2Þ2k

o2k: ð1:2Þ

Functions SqðZ;oÞ and CqðZ;oÞ are special cases of the q-sine Sqðx;oÞ and q-

cosine Cqðx;oÞ functions in two independent variables x and o when x ¼ Z ¼
ðq1=4 þ q�1=4Þ=2; see [4,26] for more details. We use the standard notations [5] for the
basic hypergeometric series and for the q-shifted factorials throughout the paper.
The o-zeros of the SqðZ;oÞ are the eigenvalues related to the basic Fourier series

on a q-quadratic grid [4,26]. Their asymptotics are very important for investigation
of the convergence of these series [24]. The main properties of these zeros were
discussed in [4,9,10] from different viewpoints. We remind the reader that when
0oqo1 all zeros of SqðZ;oÞ and CqðZ;oÞ are real. Also these zeros are simple, the

positive zeros of the basic sine function SqðZ;oÞ are interlaced with those of the basic
cosine function CqðZ;oÞ; see Theorems 1–4 of [4] or Section 5.4 of [26]. Asymptotic

behavior of the large zeros of these q-trigonometric functions has been discussed in
Theorems 5 and 6 of [4]; see also [7] for numerical investigation of these zeros.
Let 0 ¼ o0oo1oo2oo3o? be positive zeros of SqðZ;oÞ and let

$1o$2o$3o? be positive zeros of CqðZ;oÞ: Gosper and Suslov [7] have found

numerically the following asymptotic formulas:

on ¼ q1=4�n � c1ðqÞ þ oð1Þ ð1:3Þ

and

$n ¼ q3=4�n � c1ðqÞ þ oð1Þ ð1:4Þ

as n-N: Here,

c1ðqÞ ¼
q1=4

2ð1� q1=2Þ
ðq; q2Þ2

N

ðq2; q2Þ2
N

¼ q1=4ð1þ q1=2Þð1þ qÞ
2G2

q2ð1=2Þ
ð1:5Þ

and Gq2ðzÞ is the q-gamma function. Function c1ðqÞ is nonnegative and increasing on
½0; 1�; see [7] or Fig. 6 below for the graph of this function and Appendix C for the
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proof of the monotonicity. The maximum value of this function on ½0; 1� is
lim

q-1�
c1ðqÞ ¼ 2=pC0:63661977236758: ð1:6Þ

Numerical analysis in [7] has shown that asymptotic formulas (1.3)–(1.4) are pretty
accurate.
Our main objective in the current paper is to present a rigorous proof of these

formulas and to find the next terms in these asymptotic expansions. The paper is
organized as follows. In Section 2 we discuss some properties of the basic
trigonometric functions SqðZ;oÞ and CqðZ;oÞ and then give elementary calculus

proofs of the asymptotic formulas (1.3)–(1.4) and some of their modifications in
Section 3. In Section 4 we construct monotone convergent sequences of the lower
and upper bounds for all positive zeros of these q-sine and cosine functions as an
extension of our method. In Section 5 we discuss the points of inflection of the basic
sine and cosine functions. In Section 6 we give a mechanical interpretation of the
zeros. Improved asymptotics of the zeros, which are the main result of this paper, are
established in Section 7 on the basis of the Lagrange inversion formula. The last
section is devoted to an application. Here we apply the above asymptotics of the
zeros in order to present an analytic continuation of the q-zeta function zqðzÞ
originally introduced in [24] for the half-plane Re z41 to the larger domain Re z4
�3: Several useful asymptotic formulas and estimates needed for the investigation of
the q-Fourier series are derived in Appendix A. Alternative forms of a constant in the
new asymptotic formulas from Section 7 are derived in Appendix B.

2. Some properties of q-sine and cosine functions

In this section we remind the reader main properties of the basic sine and cosine
functions that are important for further consideration. The large o-asymptotics of
the SqðZ;oÞ and CqðZ;oÞ can be investigated on the basis of the following

expressions:

CqðZ;oÞ ¼
ðq1=2o2; q3=2=o2; q2Þ

N

ðq1=2; qÞ
N
ðq;�qo2;�q=o2; q2Þ

N

Cq Z;
q1=2

o

� �

� o
ðq3=2o2; q1=2=o2; q2Þ

N

ðq1=2; qÞ
N
ðq;�qo2;�q=o2; q2Þ

N

Sq Z;
q1=2

o

� �
ð2:1Þ

and

SqðZ;oÞ ¼o
ðq3=2o2; q1=2=o2; q2Þ

N

ðq1=2; qÞ
N
ðq;�qo2;�q=o2; q2Þ

N

Cq Z;
q1=2

o

� �

þ ðq1=2o2; q3=2=o2; q2Þ
N

ðq1=2; qÞ
N
ðq;�qo2;�q=o2; q2Þ

N

Sq Z;
q1=2

o

� �
: ð2:2Þ

These formulas follow directly from (4.3) and (4.4) of [7], see also (5.16) and (5.17)

of [4], when we substitute eiy ¼ q1=4: One can easily see that Eqs. (2.1)–(2.2) and
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(1.1)–(1.2) determine the asymptotic behavior of the basic trigonometric functions
SqðZ;oÞ and CqðZ;oÞ for the large values of the variable o:
It has been shown in [7] that the graphs of the SqðZ;oÞ and CqðZ;oÞ look much

more elegant if we choose a different normalization for these functions. An analog of
the main trigonometric identity for the basic trigonometric functions established in
[4] is

C2
qðZ;oÞ þ S2

qðZ;oÞ ¼
ð�o2; q2Þ

N

ð�qo2; q2Þ
N

: ð2:3Þ

Introducing functions

FðoÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�qo2; q2Þ

N

ð�o2; q2Þ
N

s
SqðZ;oÞ; ð2:4Þ

GðoÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�qo2; q2Þ

N

ð�o2; q2Þ
N

s
CqðZ;oÞ; ð2:5Þ

one can rewrite (2.3) as

F 2ðoÞ þ G2ðoÞ ¼ 1: ð2:6Þ

The Wronskian of these functions has a simple explicit form

kðoÞ :¼ GðoÞF 0ðoÞ � G0ðoÞFðoÞ ¼
XN
k¼0

qk=2

1þ o2qk
ð2:7Þ

and the following differentiation formulas hold:

F 0ðoÞ ¼ kðoÞGðoÞ; G0ðoÞ ¼ �kðoÞFðoÞ: ð2:8Þ

See [7,26] for more details.
Functions FðoÞ and GðoÞ have the same real zeros as our original functions, the

SqðZ;oÞ and CqðZ;oÞ; but they obey nice properties similar to those for the classical

trigonometric functions [7]. For example, functions FðoÞ and GðoÞ are bounded for
all real values of o and change from �1 to 1: Moreover, all extrema of function
FðoÞ ðGðoÞÞ are located at zeros of GðoÞ ðFðoÞÞ; function FðoÞ ðGðoÞÞ is
monotone between any two successive zeros of GðoÞ ðFðoÞÞ: These properties are
direct consequences of (2.6)–(2.8). See [7] and Section 11.1 of [26] for the graphs of
FðoÞ and GðoÞ for different values of parameter q: It is worth mentioning that both
functions, FðoÞ and GðoÞ; satisfy the following differential equation:

u00 þ k2u ¼ ðlog kÞ0u0: ð2:9Þ

We shall use these properties of the functions FðoÞ and GðoÞ in order to prove the
asymptotic formulas (1.3)–(1.4).
One can easily see from (2.7) that

k0ðoÞ ¼ �2o
XN
k¼0

q3k=2

ð1þ o2qkÞ2
; ð2:10Þ
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which means that the kðoÞ is increasing for all negative values of the o; decreasing
for all positive ones, and attains its maximum at o ¼ 0: The large o-asymptotic of
kðoÞ can be found from the expansion [24]

kðoÞ ¼ ðq; qÞ2
N

ðq1=2; qÞ2
N

ð�q1=2o2;�q1=2=o2; qÞ
N

ð�o2;�q=o2; qÞ
N

� q1=2

o2
k

q1=2

o

� �
; ð2:11Þ

which is an easy consequence of the Ramanujan 1c1-summation formula; see, for

example, [5]. We remind the reader that the kðoÞ determines the L2-norm of the
basic trigonometric system up to a factor [4,24,26].
The large o-asymptotic of the k0ðoÞ follows from

k0ðoÞ ¼ � ðq; qÞ2
N

ðq1=2; qÞ2
N

ð�q1=2o2;�q1=2=o2; qÞ
N

oð�o2;�q=o2; qÞ
N

� ðq; qÞ2
N
ðq1=2; q1=2Þ2

N
o
ðq1=2o2; 1=o2; q1=2Þ

N

ð�o2;�q=o2; qÞ2
N

þ 2q1=2

o3

XN
k¼0

qk=2

ð1þ q1þk=o2Þ2
: ð2:12Þ

We shall derive this formula in Appendix A together with asymptotic expression for
the k00ðoÞ and uniform bounds for these derivatives.

3. Proof of asymptotic formulas

In this section we give a rigorous proof of (1.3)–(1.4) by means of, essentially,
elementary calculus tools only. These formulas have been conjectured in [7]. Let us
reformulate the main result in the form of a theorem.

Theorem 1. Let 0 ¼ o0oo1oo2oo3o? be positive zeros of SqðZ;oÞ and let

$1o$2o$3o? be positive zeros of CqðZ;oÞ for 0oqo1: Then,

on ¼ q1=4�n � c1ðqÞ þ oð1Þ; ð3:1Þ

$n ¼ q3=4�n � c1ðqÞ þ oð1Þ ð3:2Þ

as n-N; where

c1ðqÞ ¼
q1=4

2ð1� q1=2Þ
ðq; q2Þ2

N

ðq2; q2Þ2
N

: ð3:3Þ

Proof. Denote

oð0Þ
n ¼ q1=4�n: ð3:4Þ
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In view of (2.1)–(2.2) and (2.4)–(2.5)

Fðoð0Þ
n Þ

Gðoð0Þ
n Þ

¼ SqðZ;oð0Þ
n Þ

CqðZ;oð0Þ
n Þ

¼ SqðZ; q1=2=oð0Þ
n Þ

CqðZ; q1=2=oð0Þ
n Þ

40 ð3:5Þ

for all q1=2=oð0Þ
n o$1 or q1=4þno$1: The last inequality holds for all sufficiently large

values of n for any 0oqo1: This means that for the sufficiently large n we always

have omooð0Þ
n o$mþ1; where m; generally speaking, may be different from n (we

shall show later that m ¼ n for sufficiently large n). By the Mean Value Theorem for

the interval ½om;o
ð0Þ
n � one can write (see Fig. 1)

Fðoð0Þ
n Þ ¼ F 0ðcÞðoð0Þ

n � omÞ; ð3:6Þ

where cAðom;o
ð0Þ
n Þ: Hence,

oð0Þ
n � om ¼ Fðoð0Þ

n Þ
F 0ðcÞ ; ð3:7Þ

where F 0ðcÞ ¼ kðcÞGðcÞ by (2.8).
The following main inequalities hold:

0o
jFðoð0Þ

n Þj
kðomÞ

o
Fðoð0Þ

n Þ
F 0ðcÞ o

Fðoð0Þ
n Þ

kðoð0Þ
n ÞGðoð0Þ

n Þ
ð3:8Þ

in view of the monotonicity properties

kðomÞ4kðcÞ4kðoð0Þ
n Þ; jGðomÞj ¼ 14jGðcÞj4jGðoð0Þ

n Þj ð3:9Þ

1

0

–1

y

F �(   )

G �( )

�

F c( )

�m c�m

1

�n
0( )

F n� 0( )(       )

�m+1

Fig. 1. The Mean Value Theorem and Concavity of FðoÞ on the interval ½om;o
ð0Þ
n �;m ¼ 2l:
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on omocooð0Þ
n o$mþ1: These properties admit a simple geometric interpretation,

namely, function jFðoÞj is concave and

jF 0ðoð0Þ
n ÞjojF 0ðcÞjojF 0ðomÞj

on omocooð0Þ
n o$mþ1 (see Fig. 1). As a result

0o
jFðoð0Þ

n Þj
kðomÞ

ooð0Þ
n � omo

Fðoð0Þ
n Þ

kðoð0Þ
n ÞGðoð0Þ

n Þ
ð3:10Þ

by (3.7) and (3.8).
Our next step is to show that

lim
n-N

Fðoð0Þ
n Þ

kðoð0Þ
n ÞGðoð0Þ

n Þ
¼ q1=4

2ð1� q1=2Þ
ðq; q2Þ2

N

ðq2; q2Þ2
N

¼ c1ðqÞ: ð3:11Þ

Indeed, by (1.1)

lim
n-N

q�nSqðZ; q1=4þnÞ ¼ q1=4

1� q1=2
ð3:12Þ

and by (2.11)

lim
n-N

q�nkðq1=4�nÞ

¼ ðq; qÞ2
N

ðq1=2; qÞ2
N

lim
n-N

q�n ð�q1�2n; qÞ
N

ð�q1=2�2n; qÞ
N

¼ ðq; qÞ2
N

ðq1=2; qÞ2
N

lim
n-N

q�n ð�q1�2n; qÞ2nð�q; qÞ
N

ð�q1=2�2n; qÞ2nð�q1=2; qÞ
N

¼ ðq; qÞ2
N

ðq1=2; qÞ2
N

ð�q; qÞ
N

ð�q1=2; qÞ
N

lim
n-N

ð�1; qÞ2n

ð�q1=2; qÞ2n

¼ 2
ðq;�q; qÞ2

N

ðq1=2;�q1=2; qÞ2
N

¼ 2
ðq2; q2Þ2

N

ðq; q2Þ2
N

: ð3:13Þ

We have used (I.9) of [5] in the third line here. Thus, from (3.5) and (3.12)–(3.13)

lim
n-N

Fðoð0Þ
n Þ

kðoð0Þ
n ÞGðoð0Þ

n Þ
¼ lim

n-N

SqðZ; q1=2=oð0Þ
n Þ

kðoð0Þ
n ÞCqðZ; q1=2=oð0Þ

n Þ

¼ lim
n-N

q�nSqðZ; q1=4þnÞ
q�nkðq1=4�nÞ ¼ c1ðqÞ:

Let us rewrite (3.10) as

0o1� om

oð0Þ
n

o
1

oð0Þ
n

Fðoð0Þ
n Þ

kðoð0Þ
n ÞGðoð0Þ

n Þ
: ð3:14Þ
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Taking the limit n-N one gets by (3.11) and the Squeeze Theorem

lim
n-N

om

oð0Þ
n

¼ 1; or lim
n-N

qnom ¼ q1=4: ð3:15Þ

This justifies the leading term in (3.1) (cf. [4, Theorem 5]), if one can show that
m ¼ n: This can be done on the basis of Jensen’s Theorem and it is the only
‘nonelementary’ part of our proof.
The Jensen Theorem [16] states that if f ðzÞ is holomorphic in a circle of radius R

with the center at the origin, and f ð0Þa0; thenZ R

0

nf ðrÞ
r

dr ¼ 1

2p

Z 2p

0

log jf ðReiyÞjdy� log jf ð0Þj; ð3:16Þ

where nf ðrÞ is the number of zeros of f ðzÞ in the circle jzjor:

In view of (3.15), one can write omþ1ooð0Þ
nþ1o$mþ2: Indeed, if

omooð0Þ
n ooð0Þ

nþ1o$mþ1; then in a similar fashion,

1 ¼ lim
n-N

om

oð0Þ
nþ1

¼ lim
n-N

om

oð0Þ
n

oð0Þ
n

oð0Þ
nþ1

 !
¼ q;

which is a contradiction. By the definition of the nf ðrÞ and (3.15)

Z oð0Þ
nþ1

oð0Þ
n

nf ðrÞ
r

dr ¼
Z omþ1

oð0Þ
n

nf ðrÞ
r

dr þ
Z oð0Þ

nþ1

omþ1

nf ðrÞ
r

dr

¼ 2m log
omþ1

oð0Þ
n

þ 2ðm þ 1Þ log
oð0Þ

nþ1
omþ1

¼ 2m log
oð0Þ

nþ1

oð0Þ
n

þ 2 log
oð0Þ

nþ1
omþ1

¼ 2m log q�1 þ oð1Þ; n-N; ð3:17Þ

where f ðoÞ is an entire function with the simple zeros at o ¼ 7o1;7o2; 7o3;y
defined by

f ðoÞ ¼ ð�qo2; q2ÞSqðZ;oÞ
o

¼ ðq3=2o2; q1=2=o2; q2Þ
ðq1=2; qÞ

N
ðq;�q=o2; q2Þ

N

Cq Z;
q1=2

o

� �

þ ðq1=2o2; q3=2=o2; q2Þ
ðq1=2; qÞ

N
ðq;�q=o2; q2Þ

N

Sq Z;
q1=2

o

� �

¼ ðq2; q2Þ
N

ðq1=2; q1=2Þ
N

ðq3=2o2; q2Þð1þ oð1ÞÞ ð3:18Þ
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by (1.1)–(1.2) as o ¼ bq�n-N: By (3.16)

Z oð0Þ
nþ1

oð0Þ
n

nf ðrÞ
r

dr ¼ 1

2p

Z 2p

0

log
f ðoð0Þ

nþ1e
iyÞ

f ðoð0Þ
n eiyÞ

					
					 dy ð3:19Þ

and in view of (3.18)

f ðoð0Þ
nþ1e

iyÞ
f ðoð0Þ

n eiyÞ
¼ ð1� q�2ne2iyÞð1þ oð1ÞÞ

¼ � q�2ne2iyð1þ oð1ÞÞ; n-N:

Thus,

1

2p

Z 2p

0

log
f ðoð0Þ

nþ1e
iyÞ

f ðoð0Þ
n eiyÞ

					
					 dy ¼ 2n log q�1 þ oð1Þ; n-N ð3:20Þ

and, finally, by (3.17) and (3.19)–(3.20) we obtain

m ¼ n þ oð1Þ; n-N; ð3:21Þ

which implies that m ¼ n for sufficiently large n because m and n are both integers.
In order to complete the proof of the theorem one can now rewrite (3.10) with

m ¼ n as

jGðoð0Þ
n Þj kðo

ð0Þ
n Þ

kðonÞ
Fðoð0Þ

n Þ
kðoð0Þ

n ÞGðoð0Þ
n Þ

ooð0Þ
n � ono

Fðoð0Þ
n Þ

kðoð0Þ
n ÞGðoð0Þ

n Þ
: ð3:22Þ

Due to (3.15) where m ¼ n;

lim
n-N

jGðoð0Þ
n Þj ¼ jGðonÞj ¼ 1 ð3:23Þ

and

lim
n-N

kðoð0Þ
n Þ=kðonÞ ¼ 1: ð3:24Þ

Indeed, by (2.1) and (2.5)

Gðoð0Þ
n Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�q3=2�2n; q2Þ

N

ð�q1=2�2n; q2Þ
N

s
1

ðq1=2; qÞ
N


 ðq1�2n; q1þ2n; q2Þ
N

ðq;�q3=2�2n;�q1=2þ2n; q2Þ
N

CqðZ; q1=4þnÞ:
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Using (I.9) of [5]

lim
n-N

jGðoð0Þ
n Þj

¼ lim
n-N

qn=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�q1=2; q2Þnð�q3=2; q2Þ

N

ð�q3=2; q2Þnð�q1=2; q2Þ
N

s
1

ðq1=2; qÞ
N

 


q�n=2 ðq; q2Þnðq1þ2n; q2Þ
N

ð�q1=2; q2Þnð�q1=2þ2n;�q3=2; q2Þ
N

CqðZ; q1=4þnÞ
�

¼ ðq; q2Þ
N

ðq1=2; qÞ
N
ð�q1=2;�q3=2; q2Þ

N

¼ ðq; q2Þ
N

ðq; q2Þ
N

¼ 1:

In a similar fashion, in view of (2.11) and (3.15) with m ¼ n;

lim
n-N

kðoð0Þ
n Þ

kðonÞ
¼ lim

n-N

ð�q1�2n;�o2
n; qÞ

N

ð�q1=2�2n;�q1=2o2
n; qÞ

N

¼ ð�q; qÞ
N

ð�q1=2; qÞ
N

lim
n-N

ð�1;�q=ðo2
nq2nÞ; qÞ2n

ð�q1=2;�q1=2=ðo2
nq2nÞ; qÞ2n


 lim
n-N

ð�ðo2
nq2nÞ; qÞ

N

ð�q1=2ðo2
nq2nÞ; qÞ

N

¼ð�q;�1;�q1=2;�q1=2; qÞ
N

ð�q1=2;�q1=2;�1;�q; qÞ
N

¼ 1:

Our final step is to take the limit n-N in (3.22). By the Squeeze Theorem

lim
n-N

ðoð0Þ
n � onÞ ¼ c1ðqÞ ð3:25Þ

due to (3.11), (3.23) and (3.24). This proves (3.1). The asymptotic formula (3.2) can
be justified in a similar fashion. We leave the details to the reader. &

Asymptotic formulas (3.1)–(3.2) can be modified in the following manner to give a
better approximation for the small zeros.

Theorem 2. Let 0 ¼ o0oo1oo2oo3o? be positive zeros of SqðZ;oÞ and let

$1o$2o$3o? be positive zeros of CqðZ;oÞ for 0oqo1: Then,

on ¼ oð0Þ
n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2c1ðqÞ=oð0Þ

n

q
þ oð1Þ; ð3:26Þ

$n ¼ $ ð0Þ
n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2c1ðqÞ=$ ð0Þ

n

q
þ oð1Þ ð3:27Þ

as n-N: Here oð0Þ
n ¼ q1=4�n; $

ð0Þ
n ¼ q3=4�n; and c1ðqÞ is defined by (3.3).

Proof. Let us consider the case of the q-sine function. Introduce

oð1Þ
n ¼ oð0Þ

n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2c1ðqÞ=oð0Þ

n

q
ð3:28Þ
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and rewrite (3.10) where m ¼ n in the form

oð1Þ
n � oð0Þ

n þ jFðoð0Þ
n Þj

kðonÞ
ooð1Þ

n � onooð1Þ
n � oð0Þ

n þ Fðoð0Þ
n Þ

F 0ðoð0Þ
n Þ

: ð3:29Þ

Taking the limit n-N with the help of the same arguments as in Theorem 1 one gets

lim
n-N

ðoð1Þ
n � onÞ ¼ 0; ð3:30Þ

which proves (3.26). The proof of (3.27) is similar. &

Numerical analysis shows that asymptotics (3.26)–(3.27) are pretty accurate. It is
of interest, nonetheless, to find next terms in asymptotic expansions (3.1)–(3.2).
Numerical analysis similar to one in [7] strongly indicates that the following
asymptotics hold.

Theorem 3. Let 0 ¼ o0oo1oo2oo3o? be positive zeros of SqðZ;oÞ and let

$1o$2o$3o? be positive zeros of CqðZ;oÞ for 0oqo1: Then

on ¼ oð0Þ
n � c1ðqÞ � c21ðqÞ=ð2oð0Þ

n Þ þ Oð1=ðoð0Þ
n Þ2Þ; ð3:31Þ

$n ¼ $ ð0Þ
n � c1ðqÞ � c21ðqÞ=ð2$ ð0Þ

n Þ þ Oð1=ð$ ð0Þ
n Þ2Þ ð3:32Þ

as n-N: Here oð0Þ
n ¼ q1=4�n; $

ð0Þ
n ¼ q3=4�n; and c1ðqÞ is defined by (3.3).

These asymptotics formally appear also if one expands the first terms in (3.26)–
(3.27). This observation proves our next result.

Theorem 4. The symbols oð1Þ in (3.26)–(3.27) should be replaced by oð1=oð0Þ
n Þ and

oð1=$ ð0Þ
n Þ; respectively.

It does not look that there are simple proofs of these theorems by the methods of
elementary calculus. We shall derive these and other improved asymptotics in
Section 7; see Theorem 7 for the main result of this paper.

4. Lower and upper bounds

The following theorem provides monotone convergent sequences of the lower and
upper bounds for all positive zeros of the basic sine and cosine functions.

Theorem 5. Let fongNn¼1 be positive zeros of SqðZ;oÞ and f$ngNn¼1 be positive zeros of

CqðZ;oÞ arranged in ascending order of magnitude. Choose onoU
ð0Þ
n o $nþ1;

LðkÞ
n ¼ U ðk�1Þ

n � FðU ðk�1Þ
n Þ

F 0ðU ðk�1Þ
n Þ

; ð4:1Þ
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U ðkÞ
n ¼ U ðk�1Þ

n � jFðU ðk�1Þ
n Þj

kðLðkÞ
n Þ

; ð4:2Þ

and $no %U
ð0Þ
n oon;

%LðkÞ
n ¼ %Uðk�1Þ

n � Gð %Uðk�1Þ
n Þ

G0ð %Uðk�1Þ
n Þ

; ð4:3Þ

%UðkÞ
n ¼ %Uðk�1Þ

n � jGð %Uðk�1Þ
n Þj

kð %LðkÞ
n Þ

ð4:4Þ

for all positive integer k ¼ 1; 2; 3;y : Then

Lð1Þ
n o?oLðk�1Þ

n oLðkÞ
n oonoU ðkÞ

n oU ðk�1Þ
n o?oU ð0Þ

n ; ð4:5Þ

lim
k-N

LðkÞ
n ¼ lim

k-N

U ðkÞ
n ¼ on; ð4:6Þ

and

%Lð1Þ
n o?o %Lðk�1Þ

n o %LðkÞ
n o$no %UðkÞ

n o %Uðk�1Þ
n o?o %Uð0Þ

n ; ð4:7Þ

lim
k-N

%LðkÞ
n ¼ lim

k-N

%UðkÞ
n ¼ $n: ð4:8Þ

Proof. Consider the case of the basic sine function. Let oAðon; $nþ1Þ and
xAð$n;onÞ: The same arguments as in Section 3—see (3.8)–(3.10) with m ¼ n—

1

0

–1

y

F �( )

�n�n

1

–1

� = ( )Ln
k � �n+1�= −( )Un

k 1� = ( )Un
k

Fig. 2. Geometric interpretation of the lower x ¼ o� FðoÞ=F 0ðoÞ ¼ L
ðkÞ
n and upper z ¼ o�

jFðoÞj=kðxÞ ¼ U
ðkÞ
n bounds of the zero on in Theorem 5, n ¼ 2m:
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result in

jFðoÞj
kðxÞ o

jFðoÞj
kðonÞ

oo� ono
FðoÞ
F 0ðoÞ; ð4:9Þ

or solving for on

o� FðoÞ
F 0ðoÞoonoo� jFðoÞj

kðxÞ : ð4:10Þ

Substituting o ¼ U
ðk�1Þ
n and x ¼ L

ðkÞ
n (see Fig. 2) one gets

LðkÞ
n oonoU ðkÞ

n ; k ¼ 1; 2; 3;y : ð4:11Þ

The monotonicity of the sequence of the upper bounds fU
ðkÞ
n gNk¼0 follows directly

from (4.2),

U ðk�1Þ
n � U ðkÞ

n ¼ jFðU ðk�1Þ
n Þj

kðLðkÞ
n Þ

40: ð4:12Þ

On the other hand, function

LðoÞ ¼ o� FðoÞ
F 0ðoÞ; LðU ðk�1Þ

n Þ ¼ LðkÞ
n ð4:13Þ

defined by (4.1) is monotone on ðon; $nþ1Þ because its derivative
dLðoÞ

do
¼ FðoÞF 00ðoÞ

ðF 0ðoÞÞ2
¼ FðoÞðk0ðoÞGðoÞ � k2ðoÞFðoÞÞ

ðF 0ðoÞÞ2
ð4:14Þ

does not change the sign on this interval. Hence, the sequence fU
ðkÞ
n gNk¼0 is decreasing

and bounded below, while the fL
ðkÞ
n gNk¼1 is increasing and bounded above. By the

Monotone Convergence Theorem the following limits exist:

lim
k-N

LðkÞ
n ¼ Lnpon; lim

k-N

U ðkÞ
n ¼ UnXon: ð4:15Þ

Finally, taking the limit k-N in (4.1)–(4.2) one gets

Ln ¼ Un ¼ on: ð4:16Þ

This proves (4.5)–(4.6). Similar arguments hold for the case of the basic cosine
function. We leave the details to the reader. &

Construction the lower and upper bounds for the zeros of the basic sine and cosine
functions in Theorem 5 is based on a simple geometric principle similar to geometric

interpretation of Newton’s method (see Fig. 3). Notice if, e.g., L
ðkÞ
n and U

ðk�1Þ
n satisfy

(4.1), then L
ðkÞ
n is the o-intercept of the tangent line to y ¼ FðoÞ at the point

U
ðk�1Þ
n ;F U

ðk�1Þ
n

� �� �
: Also, notice that U

ðkÞ
n defined by (4.2) is the o-intercept of the

line passing through the same point U
ðk�1Þ
n ;F U

ðk�1Þ
n

� �� �
with the slope
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ð�1ÞnkðLðkÞ
n Þ; such that kðLðkÞ

n Þ4kðonÞ ¼ jF 0ðonÞj: Eqs. (4.3)–(4.4) admit a similar
geometric interpretation.

If the convexity of FðoÞ does not change on the interval L
ð1Þ
n ;U

ð0Þ
n

� �
we can

choose the o-intercepts of the chords passing through the points L
ðkÞ
n ;F L

ðkÞ
n

� �� �
and U

ðk�1Þ
n ;F U

ðk�1Þ
n

� �� �
as another sequence of the upper bounds (see Fig. 4). This

consideration leads to the following theorem.

Theorem 6. Let fongNn¼1 be positive zeros of SqðZ;oÞ and f$ngNn¼1 be positive zeros of

CqðZ;oÞ arranged in ascending order of magnitude. Choose onoU
ð0Þ
n o$nþ1;

LðkÞ
n ¼ U ðk�1Þ

n � FðU ðk�1Þ
n Þ

F 0ðU ðk�1Þ
n Þ

; ð4:17Þ

U ðkÞ
n ¼ U ðk�1Þ

n � FðU ðk�1Þ
n Þ U

ðk�1Þ
n � L

ðkÞ
n

FðU ðk�1Þ
n Þ � FðLðkÞ

n Þ
; ð4:18Þ

F �(   )

� �nLn
1( ) Ln

2( ) Un
2( )

Un
0( )Un

1( )

F Un
1( )(      )  

F  Un
0( )(       )

Fig. 3. First upper U
ðkÞ
n and lower L

ðkÞ
n bounds of the zero on in Theorem 5, n ¼ 2m:
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and $no %U
ð0Þ
n o on;

%LðkÞ
n ¼ %Uðk�1Þ

n �
G %U

ðk�1Þ
n

� �
G0 %U

ðk�1Þ
n

� �; ð4:19Þ

%UðkÞ
n ¼ %Uðk�1Þ

n � G %Uðk�1Þ
n

� � %U
ðk�1Þ
n � %L

ðkÞ
n

G %U
ðk�1Þ
n

� �
� G %L

ðkÞ
n

� � ð4:20Þ

for k ¼ 1; 2; 3;y . If F 00ðLð1Þ
n ÞF 00ðU ð0Þ

n Þ40; then

Lð1Þ
n o?oLðk�1Þ

n oLðkÞ
n oonoU ðkÞ

n oU ðk�1Þ
n o?oU ð0Þ

n ; ð4:21Þ

lim
k-N

LðkÞ
n ¼ lim

k-N

U ðkÞ
n ¼ on; ð4:22Þ

�n

Ln
1( ) Ln

2( ) Un
2( ) Un

1( ) Un
0( )

F Un
1( )( )

F Ln
1( )( )

F Un
0( )( )

Fig. 4. First upper U
ðkÞ
n and lower L

ðkÞ
n bounds of the zero on in Theorem 6, n ¼ 2m:
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and if G00ðLð1Þ
n ÞG00ðU ð0Þ

n Þ40; then

%Lð1Þ
n o?o %Lðk�1Þ

n o %LðkÞ
n o$no %UðkÞ

n o %Uðk�1Þ
n o?o %Uð0Þ

n ; ð4:23Þ

lim
k-N

%LðkÞ
n ¼ lim

k-N

%UðkÞ
n ¼ $n: ð4:24Þ

Proof. We supply the details of the proof only for the case of the basic sine function.
The proof for the q-cosine function is similar. One can replace (4.10) by

o� FðoÞ
F 0ðoÞoonoo� FðoÞ o� x

FðoÞ � FðxÞ; ð4:25Þ

when oAðon; $nþ1Þ; xAð$n;onÞ and F 00ðxÞF 00ðoÞ40: The second inequality holds
due to the convexity of the basic sine function. Consider, for example, the case of
even zeros on ¼ o2m when F is concave on ðx;oÞ and F 00o0 (see Fig. 5). The case of

� �� �n

� �, F( )( )

� �, F( )( )

F �(   )

Fig. 5. Geometric interpretation of the lower x ¼ o� FðoÞ=F 0ðoÞ and upper z ¼ o� FðoÞðo�
xÞ=ðFðoÞ � FðxÞÞ bounds of the zero on in Theorem 6, n ¼ 2m:
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odd zeros can be discussed in a similar fashion. By the definition of concave function

FðcÞ4FðoÞ � FðxÞ
o� x

ðc � oÞ þ FðoÞ; cAðx;oÞ; ð4:26Þ

which means that the chord through the points ðx;FðxÞÞ and ðo;FðoÞÞ lies below the
graph of F on ðx;oÞ: The o-intercept of this chord is

z ¼ o� FðoÞ o� x
FðoÞ � FðxÞ ð4:27Þ

and

FðzÞ40; z4on; ð4:28Þ

which justifies the second inequality in (4.25).

Substituting o ¼ U
ðk�1Þ
n and x ¼ L

ðkÞ
n in (4.25) we get

LðkÞ
n oonoU ðkÞ

n ; k ¼ 1; 2; 3;y : ð4:29Þ

The monotonicity property (4.21) can be justified in the same manner as in the proof
of Theorem 5. Taking the limit k-N in (4.17)–(4.18) one gets (4.22). We leave the
details to the reader. &

Numerical examples of the monotone sequences of the lower and upper bounds
for the zeros of basic sine and cosine functions constructed in Theorems 5 and 6 are
presented in Appendix F of [26], where we consider only the cases of the first zeros in
order to compare the results with the corresponding sequences of the lower and
upper bounds for the first zeros available from the Euler–Rayleigh method in [7]; the
convergence is up to three or four times faster then one in the Euler–Rayleigh
method.

5. Points of inflection

The graphs of the FðoÞ and GðoÞ presented in [7] show that the concavity of these
q-sine and cosine functions changes somewhere before the zeros on and $n;
respectively. Here we discuss briefly the corresponding points of inflection. Detailed
analysis and numerical investigation will appear somewhere else. Consider the case
of the basic sine function FðoÞ: In view of (2.8),

F 00ðoÞ ¼ k0ðoÞGðoÞ � k2ðoÞFðoÞ; ð5:1Þ

and the location of the points of inflection can be found as the roots of the equation

FðoÞ
GðoÞ ¼

k0ðoÞ
k2ðoÞ ¼ � 1

kðoÞ

� �0
: ð5:2Þ

Also

d

do
FðoÞ
GðoÞ

� �
¼ kðoÞ

G2ðoÞ40 ð5:3Þ
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and the q-tangent function FðoÞ=GðoÞ is increasing from �N to þN on the each

interval ð$n; $nþ1Þ: On the other hand, function k0ðoÞ=k2ðoÞ is negative and
bounded for all o40: Thus, Eq. (5.2) has at least one solution on the each of the
subinterval ð$n;onÞ:
A similar analysis shows that the points of inflection of the basic cosine function

GðoÞ are determined as solutions of

GðoÞ
FðoÞ ¼ �k0ðoÞ

k2ðoÞ ¼
1

kðoÞ

� �0
ð5:4Þ

and this equation has at least one root on the each interval ðon�1; $nÞ:
Let us consider ‘‘asymptotic solutions’’ of (5.2) in the form

o ¼ bq�n; q3=4oboq1=4: ð5:5Þ

Substitute (5.5) into (5.2) and take the limit n-N: Using the limits

lim
n-N

Fðbq�nÞ
Gðbq�nÞ ¼ b

ðq3=2b2; q1=2=b2; q2Þ
N

ðq1=2b2; q3=2=b2; q2Þ
N

ð5:6Þ

and

� ðq; qÞ2
N

ðq1=2; qÞ2
N

b lim
n-N

k0ðbq�nÞ
k2ðbq�nÞ

¼ ð�b2;�q=b2; qÞ
N

ð�q1=2b2;�q1=2=b2; qÞ
N

þ ðq1=2; qÞ2
N

b2
ðq1=2; q1=2; q1=2b2; 1=b2; q1=2Þ

N

ð�q1=2b2;�q1=2=b2; qÞ2
N

; ð5:7Þ

which follow from (2.1)–(2.2) and (2.11)–(2.12) in a similar fashion as in Section 3,
we obtain the following transcendental equation:

� ðq; qÞ2
N

ðq1=2; qÞ2
N

b2
ðq3=2b2; q1=2=b2; q2Þ

N

ðq1=2b2; q3=2=b2; q2Þ
N

¼ ð�b2;�q=b2; qÞ
N

ð�q1=2b2;�q1=2=b2; qÞ
N

þ ðq1=2; qÞ2
N
b2

ðq1=2; q1=2; q1=2b2; 1=b2; q1=2Þ
N

ð�q1=2b2;�q1=2=b2; qÞ2
N

ð5:8Þ

for the parameter b: One can easily see that this equation has at least one solution for
q3=4oboq1=4:
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Similar arguments hold in the case of the q-cosine function. The corresponding
‘‘asymptotic equation’’ has the form

ðq; qÞ2
N

ðq1=2; qÞ2
N

ðq1=2b2; q3=2=b2; q2Þ
N

ðq3=2b2; q1=2=b2; q2Þ
N

¼ ð�b2;�q=b2; qÞ
N

ð�q1=2b2;�q1=2=b2; qÞ
N

þ ðq1=2; qÞ2
N

b2
ðq1=2; q1=2; q1=2b2; 1=b2; q1=2Þ

N

ð�q1=2b2;�q1=2=b2; qÞ2
N

: ð5:9Þ

This consideration motivates the following conjecture.

Conjecture 1. The leading terms of the large asymptotics of the points of inflection wn

and %wn of the basic sine FðoÞ and cosine GðoÞ functions, respectively, are defined by

lim
n-N

qnwn ¼ b0; q3=4ob0oq1=4 ð5:10Þ

and

lim
n-N

qn
%wn ¼ %b0; q1=4o %b0oq�1=4: ð5:11Þ

Here b0 and %b0 are solutions of the transcendental equations (5.8) and (5.9),
respectively.

6. Interpretation of zeros and other results

The following mechanical interpretation of the functions FðoÞ and GðoÞ defined
by (2.4)–(2.5) can be given. Introducing a new variable

vðoÞ ¼
Z o

0

kðsÞ ds ð6:1Þ

one can rewrite these functions as

FðoÞ ¼ sin vðoÞ; GðoÞ ¼ cos vðoÞ ð6:2Þ
in view of (2.8); see also [8]. These equations describe a circular motion with the
angular velocity

dv

do
¼ kðoÞ; ð6:3Þ

where the vðoÞ represents the total angle of rotation as a function of ‘‘time’’ o: Due
to (6.1) and (6.2) the following ‘‘quantization rules’’ hold

vðonÞ ¼
Z on

0

kðsÞ ds ¼ pn; ð6:4Þ

vð$nÞ ¼
Z $n

0

kðsÞ ds ¼ p
2
þ pn ð6:5Þ
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with n ¼ 0; 1; 2;y for the nonnegative zeros on and $n of the FðoÞ and GðoÞ;
respectively. This gives also a geometric interpretation of these zeros in terms of the
area under the graph of function kðoÞ: By (6.4)–(6.5) these zeros are completely
defined in terms of the function kðoÞ given by (2.7) only.
On the other hand, one can easily verify that

kðoÞ ¼
XN
k¼0

qk=2

1þ o2qk
¼ 1

2i

d

do
log

ð�io; q1=2Þ
N

ðio; q1=2Þ
N

: ð6:6Þ

Therefore

vðoÞ ¼
Z o

0

kðsÞ ds ¼ 1

2i
log

ð�io; q1=2Þ
N

ðio; q1=2Þ
N

ð6:7Þ

and our functions FðoÞ and GðoÞ can be rewritten as

FðoÞ ¼ sin
1

2i
log

ð�io; q1=2Þ
N

ðio; q1=2Þ
N

� �

¼ 1

ð�o2; qÞ1=2
N

XN
k¼0

ð�1Þk qkðkþ1=2Þ

ðq1=2; q1=2Þ2kþ1
o2kþ1; ð6:8Þ

GðoÞ ¼ cos
1

2i
log

ð�io; q1=2Þ
N

ðio; q1=2Þ
N

� �

¼ 1

ð�o2; qÞ1=2
N

XN
k¼0

ð�1Þk qkðk�1=2Þ

ðq1=2; q1=2Þ2k

o2k ð6:9Þ

by (1.1)–(1.2) and (2.4)–(2.5). In (6.7) we use the branch of the logarithm which takes
the value 2pin at on for each of the intervals onpooonþ1 with the cut along the
positive real axis. One can view this substitution as a q-analog of the logarithmic
scale.
It is important for the further consideration to find the large o-asymptotics of the

‘‘phase function’’ vðoÞ: Introducing the basic exponential function

EqðZ; ioÞ ¼ CqðZ;oÞ þ iSqðZ;oÞ ¼
ð�io; q1=2Þ

N

ð�qo2; q2Þ
N

; ð6:10Þ

see, for example, [22]; one can rewrite transformations (2.1)–(2.2) as

EqðZ; ioÞ

¼ ðq2; q2Þ
N

ðq1=2; q1=2Þ
N

ðq1=2o2; q3=2=o2; q2Þ
N

þ ioðq3=2o2; q1=2=o2; q2Þ
N

ð�qo2;�q=o2; q2Þ
N


 Eq Z;
iq1=2

o

� �
: ð6:11Þ

The expression in the second line here can be viewed as an analog of the q-
exponential function corresponding to the q-trigonometric functions discussed in [6].
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The last equation can be rewritten as

ð�io; q1=2Þ
N

¼ ðq2; q2Þ
N

ðq1=2; q1=2Þ
N


 ðq1=2o2; q3=2=o2; q2Þ
N

þ ioðq3=2o2; q1=2=o2; q2Þ
N

ðiq1=2=o; q1=2Þ
N

; ð6:12Þ

which gives the asymptotic behavior of the q-shifted factorials for the large values of
the o: Therefore

e2ivðoÞ ¼ ð�io; q1=2Þ
N

ðio; q1=2Þ
N

¼ðq1=2o2; q3=2=o2; q2Þ
N

þ ioðq3=2o2; q1=2=o2; q2Þ
N

ðq1=2o2; q3=2=o2; q2Þ
N

� ioðq3=2o2; q1=2=o2; q2Þ
N


 ð�iq1=2=o; q1=2Þ
N

ðiq1=2=o; q1=2Þ
N

ð6:13Þ

and the following ‘‘phase transformation’’ determines the large o-asymptotic of the
function vðoÞ:

vðoÞ ¼ 1

2i
log

ðq1=2o2; q3=2=o2; q2Þ
N

þ ioðq3=2o2; q1=2=o2; q2Þ
N

ðq1=2o2; q3=2=o2; q2Þ
N

� ioðq3=2o2; q1=2=o2; q2Þ
N

þ vðq1=2=oÞ: ð6:14Þ

In view of (6.3) and (6.12) this implies

kðoÞ ¼ 1

2i

d

do
log

ð�io; iq1=2=o; q1=2Þ
N

ðio;�iq1=2=o; q1=2Þ
N

� q1=2

o2
k

q1=2

o

� �
: ð6:15Þ

Comparing this transformation with (2.11), we arrive at the following differentiation
formula:

1

2i

d

do
log

ð�io; iq1=2=o; q1=2Þ
N

ðio;�iq1=2=o; q1=2Þ
N

¼ ðq; qÞ2
N

ðq1=2; qÞ2
N

ð�q1=2o2;�q1=2=o2; qÞ
N

ð�o2;�q=o2; qÞ
N

ð6:16Þ

and at the corresponding indefinite integral

ðq; qÞ2
N

ðq1=2; qÞ2
N

Z ð�q1=2o2;�q1=2=o2; qÞ
N

ð�o2;�q=o2; qÞ
N

do

¼ 1

2i
log

ð�io; iq1=2=o; q1=2Þ
N

ðio;�iq1=2=o; q1=2Þ
N

: ð6:17Þ

S.K. Suslov / Journal of Approximation Theory 121 (2003) 292–335312



Use of (6.6) gives an independent proof of these relations

d

do
log

ð�io; iq1=2=o; q1=2Þ
N

ðio;�iq1=2=o; q1=2Þ
N

¼ d

do
log

ð�io; q1=2Þ
N

ðio; q1=2Þ
N

� d

do
log

ð�iq1=2=o; q1=2Þ
N

ðiq1=2=o; q1=2Þ
N

¼ 2i kðoÞ þ q1=2

o2
k

q1=2

o

� �� �
¼ 2i

XN
k¼�N

qk=2

1þ o2qk

¼ 2i
ðq; q;�q1=2o2;�q1=2=o2; qÞ

N

ðq1=2; q1=2;�o2;�q=o2; qÞ
N

ð6:18Þ

by the Ramanujan 1c1 summation formula (cf. [24, Appendix 12.2]).
In the next section we shall derive new asymptotic formulas which improve (1.3)–

(1.4) and (3.25)–(3.26) with the help of (6.4)–(6.5) and (6.14). This will be done by
means of the inverse function of the ‘‘phase function’’ vðoÞ; which can be found by
the Lagrange inversion formula. To make our paper as self-contained as possible, we
remind the reader this formula; see, for example, [1,2,17] and Appendix B.2 of [26]
for more details.
Let w ¼ gðzÞ be regular at z ¼ z0:

w ¼ gðzÞ ¼ w0 þ
XN
n¼1

anðz � z0Þn; a1 ¼ g0ðz0Þa0: ð6:19Þ

Then the inverse function z ¼ g�1ðwÞ ¼ hðgðzÞÞ can be found by the Lagrange
inversion formula as

z ¼ hðwÞ ¼ z0 þ
XN
n¼1

bnðw � w0Þn; ð6:20Þ

where

bn ¼ 1

2pi

Z
jz�z0j¼r

zg0ðzÞ
ðgðzÞ � w0Þnþ1 dz

¼ 1

n!
lim
z-z0

dn�1

dzn�1
z � z0

gðzÞ � w0

� �n

; ð6:21Þ

see, [2,17] for the proof. Moreover, the first coefficients of expansion (6.20) are given
explicitly by

b1 ¼
1

a1
; b2 ¼ �a2

a31
; b3 ¼

1

a31
2

a2

a1

� �2

� a3

a1

 !
: ð6:22Þ

We introduce the inverse of the vðoÞ as the power series

o ¼ f ðvÞ ¼ o0 þ
XN
k¼1

bkðv � v0Þk ð6:23Þ
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with the coefficients

bk ¼ f ðkÞðv0Þ
k!

¼ 1

2pi

Z
jo�o0j¼r

okðoÞ
ðvðoÞ � v0Þkþ1 do

¼ 1

k!
lim

o-o0

dk�1

dok�1
o� o0

vðoÞ � v0

� �k

ð6:24Þ

in view of (6.20)–(6.21) and (6.3). The first terms of this Lagrange expansion are

o ¼o0 þ
1

kðo0Þ
ðv � v0Þ �

k0ðo0Þ
2k3ðo0Þ

ðv � v0Þ2

þ 1

2k3ðo0Þ
k0ðo0Þ
kðo0Þ

� �2

�k00ðo0Þ
3kðo0Þ

 !
ðv � v0Þ3 þ? ð6:25Þ

due to (6.22).

Remark 1. Relation (6.12) can be rewritten as

ðq1=2; q1=2Þ
N

ðq2; q2Þ
N

ð�io; iq1=2=o; q1=2Þ
N

¼ ðq1=2o2; q3=2=o2; q2Þ
N

þ ioðq3=2o2; q1=2=o2; q2Þ
N
; ð6:26Þ

which implies another identity

ðq1=2; q1=2Þ2
N

ðq2; q2Þ2
N

ð�o2;�q=o2; qÞ
N

¼ ðq1=2o2; q3=2=o2; q2Þ2
N

þ o2ðq3=2o2; q1=2=o2; q2Þ2
N
: ð6:27Þ

Eq. (6.26) can also be derived as a special case of the Exercise 5.21 of [5].

Remark 2. Let us notice also how the limiting case q-1� of Eq. (6.8)–(6.9) gives the
classical sine and cosine functions. By (6.7)

vðoÞ ¼ 1

2i
log

ð�io; q1=2Þ
N

ðio; q1=2Þ
N

¼ 1

2i
logðeq1=2ðioÞ Eq1=2ðioÞÞ; ð6:28Þ

where the Jackson q-exponential functions,

eqðzÞ ¼
XN
n¼0

zn

ðq; qÞn

¼ 1

ðz; qÞ
N

; jzjo1; ð6:29Þ

EqðzÞ ¼
XN
n¼0

qnðn�1Þ=2 zn

ðq; qÞn

¼ ð�z; qÞ
N
; ð6:30Þ

have the limits

lim
q-1�

eqðð1� qÞzÞ ¼ lim
q-1�

Eqðð1� qÞzÞ ¼ ez;
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see, for example, [5]. Thus

lim
q-1�

vðð1� q1=2ÞoÞ

¼ 1

2i
log lim

q-1�
eq1=2ðið1� q1=2ÞoÞEq1=2ðið1� q1=2ÞoÞ

� �

¼ 1

2i
logðexpð2ioÞÞ ¼ o ð6:31Þ

and

lim
q-1�

Fðð1� q1=2ÞoÞ ¼ sino; lim
q-1�

Gðð1� q1=2ÞoÞ ¼ coso: ð6:32Þ

Remark 3. In a similar fashion, one can see that

ðq; qÞn

ð1� qÞn ¼ 1ð1þ qÞð1þ q þ q2Þ?ð1þ q þ?þ qn�1Þ

¼ n! 1� nðn � 1Þ
4

ð1� qÞ þ Oðð1� qÞ2Þ
� �

ð6:33Þ

as q-1�: This means, formally,

eqðð1� qÞzÞ ¼ ez 1þ 1

4
ð1� qÞz2

� �
þ Oðð1� qÞ2Þ; ð6:34Þ

Eqðð1� qÞzÞ ¼ ez 1� 1

4
ð1� qÞz2

� �
þ Oðð1� qÞ2Þ ð6:35Þ

and

eqðð1� qÞzÞEqðð1� qÞzÞ ¼ e2z þ Oðð1� qÞ2Þ; q-1�: ð6:36Þ
Thus we obtain

vðð1� q1=2ÞoÞ

¼ 1

2i
logðeq1=2ðið1� q1=2ÞoÞEq1=2ðið1� q1=2ÞoÞÞ

¼ 1

2i
logðexp ð2ioÞð1þ Oðð1� q1=2Þ2ÞÞÞ

¼ oþ Oðð1� q1=2Þ2Þ; ð6:37Þ
formally, as q-1�: In view of (6.4)–(6.5), this automatically leads us to the following
asymptotic formulas:

on ¼ pnð1� q1=2Þ þ Oðð1� q1=2Þ3Þ; ð6:38Þ

$n ¼ p
2
þ pn

� �
ð1� q1=2Þ þ Oðð1� q1=2Þ3Þ ð6:39Þ

valid for small zeros of the basic sine and cosine functions, respectively, in the limit
q-1�: It has been suggested by the referee that these asymptotics can be obtained by
applying Sturm–Liouville theory to Eq. (2.9).
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7. Improved asymptotics

This section contains the main result of this paper. It is written in response to the
referee’s suggestion to establish a few more terms in asymptotic expansions (1.3)–
(1.4) for the q-sine and cosine functions under consideration. Before seeing the
referee’s report the author was able independently to prove formulas (3.31)–(3.32),
which have been originally conjectured in the first version of this paper, and to find
one more term by a completely different method mused, partially, by the referee.
Similar idea can be applied in order to establish next terms of these asymptotic
expansions if needed. These are our findings.
In principle, Eqs. (6.4)–(6.5) give explicit formulas for the zeros on and $n in

terms of the inverse function (6.23), namely,

on ¼ f ðpnÞ; $n ¼ f
p
2
þ pn

� �
: ð7:1Þ

The problem is to find a convenient representation for the f ðvÞ valid for the large o:

In the case of the basic sine function, consider o0 ¼ oð0Þ
n ¼ q1=4�n: In view of (6.14)

we get

vð0Þn ¼ vðoð0Þ
n Þ ¼ pn þ v

q1=2

oð0Þ
n

 !
ð7:2Þ

and by (6.25)

on ¼ f ðpnÞ ¼ f vð0Þn � v
q1=2

oð0Þ
n

 ! !

¼oð0Þ
n � 1

kðoð0Þ
n Þ

v
q1=2

oð0Þ
n

 !
� k0ðoð0Þ

n Þ
2k3ðoð0Þ

n Þ
v2

q1=2

oð0Þ
n

 !

� 1

2k3ðoð0Þ
n Þ

k0ðoð0Þ
n Þ

kðoð0Þ
n Þ

 !2

�k00ðoð0Þ
n Þ

3kðoð0Þ
n Þ

0
@

1
A v3

q1=2

oð0Þ
n

 !
þ?; ð7:3Þ

where the series converges absolutely and uniformly in a certain closed disk centered

at v
ð0Þ
n :

In order to establish an asymptotic formula for the large positive zeros on of the q-
sine function one can consider the large n-asymptotic of the first terms in the
convergent series (7.3). This can be done with the help of the Taylor expansions

kðoÞ ¼
XN
k¼0

ð�1Þko2k

1� qkþ1=2 ¼
1

1� q1=2
� o2

1� q3=2
þ o4

1� q5=2
�y ; ð7:4Þ

vðoÞ ¼
XN
k¼0

ð�1Þko2kþ1

ð2k þ 1Þð1� qkþ1=2Þ

¼ o
1� q1=2

� o3

3ð1� q3=2Þ þ
o5

5ð1� q5=2Þ �? ð7:5Þ
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valid for jojo1 as easy consequences of (6.1) and (6.6) and with the help of the
following lemma.

Lemma 1. The following asymptotics hold:

ðq; qÞ2
N

ðq1=2; qÞ2
N

ð�q1=2ðoð0Þ
n Þ2;�q1=2=ðoð0Þ

n Þ2; qÞ
N

ð�ðoð0Þ
n Þ2;�q=ðoð0Þ

n Þ2; qÞ
N

¼ q1=2

1� q1=2
c�11 ðqÞðoð0Þ

n Þ�1ð1þ Oððoð0Þ
n Þ�4ÞÞ; ð7:6Þ

kðoð0Þ
n Þ ¼ q1=2

1� q1=2
c�11 ðqÞðoð0Þ

n Þ�1


 1� c1ðqÞ
oð0Þ

n

þ q

1þ q1=2 þ q

c1ðqÞ
ðoð0Þ

n Þ3
þ Oððoð0Þ

n Þ�4Þ
 !

; ð7:7Þ

k0ðoð0Þ
n Þ ¼ � q1=2

1� q1=2
c�11 ðqÞðoð0Þ

n Þ�2


 1� 2c1ðqÞ
oð0Þ

n

þ 4q

1þ q1=2 þ q

c1ðqÞ
ðoð0Þ

n Þ3
þ Oððoð0Þ

n Þ�4Þ
 !

; ð7:8Þ

k00ðoð0Þ
n Þ ¼ q1=2

1� q1=2
aðqÞ
c1ðqÞ

ðoð0Þ
n Þ�3


 1� 6c1ðqÞ
aðqÞ

1

oð0Þ
n

þ Oððoð0Þ
n Þ�3Þ

 !
ð7:9Þ

as n-N: Here oð0Þ
n ¼ q1=4�n; 0oqo1; c1ðqÞ is defined by (3.3), and

aðqÞ ¼ 3� 2
ðq1=2; qÞ4

N
ðq2; q2Þ2

N

ðq; qÞ4
N

ðq; q2Þ2
N

1þ 24
XN
k¼1

q3k=2

ð1þ qkÞ3

 !

þ 2
ðq1=2; q1=2Þ4

N

ð�q1=2; q1=2Þ4
N

: ð7:10Þ

The same asymptotics are valid in the case $
ð0Þ
n ¼ q3=4�n:

Proof. By the q-binomial formula

ð�q1=2=o2; qÞ
N

ð�q=o2; qÞ
N

¼
XN
k¼0

ðq�1=2; qÞk

ðq; qÞk

� q

o2

� �k

¼ 1þ q1=2

1þ q1=2
o�2 þ Oðo�4Þ; joj-N: ð7:11Þ
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Also

ð�q1=2ðoð0Þ
n Þ2; qÞ

N

ð�ðoð0Þ
n Þ2; qÞ

N

¼ ð�q1�2n; qÞ
N

ð�q1=2�2n; qÞ
N

¼ ð�q1�2n; qÞ2nð�q; qÞ
N

ð�q1=2�2n; qÞ2nð�q1=2; qÞ
N

ð7:12Þ

and by (I.9) of [5] and the q-binomial theorem

ð�q1�2n; qÞ2n

ð�q1=2�2n; qÞ2n

¼ qn ð�1; qÞ2n

ð�q1=2; qÞ2n

¼ qn ð�q1=2þ2n; qÞ
N

ð�q2n; qÞ
N

ð�1; qÞ
N

ð�q1=2; qÞ
N

¼ qn ð�1; qÞ
N

ð�q1=2; qÞ
N

1� q2n

1þ q1=2
þ Oðq4nÞ

� �
; n-N: ð7:13Þ

As a result

ð�q1=2ðoð0Þ
n Þ2; qÞ

N

ð�ðoð0Þ
n Þ2; qÞ

N

¼ 2q1=4
ð�q; qÞ2

N

ð�q1=2; qÞ2
N


 ðoð0Þ
n Þ�1 1� q1=2

1þ q1=2
ðoð0Þ

n Þ�2þOððoð0Þ
n Þ�4Þ

� �
; n-N:

ð7:14Þ
Combining (7.11) and (7.14), one gets (7.6) with the help of (3.3).
Eq. (7.7) follows now from (2.11), (7.4) and (7.6). In a similar manner, Eq. (7.8)

follows from (2.12), where

k1ðoÞ ¼
XN
k¼0

qk=2

ð1þ o2qkÞ2
¼ 1

1� q1=2
� 2o2

1� q3=2
þ Oðo4Þ ð7:15Þ

as joj-0:
The proof of (7.9) can be given on the basis of formula (A.5) from Appendix A. By

the q-binomial formula

ðq=o2; qÞ
N

ð�q=o2; qÞ
N

¼
XN
k¼0

ð�1; qÞk

ðq; qÞk

� q

o2

� �k

¼ 1� 2q

1� q
o�2 þ 2q2

ð1� qÞ2
o�4 þ Oðo�6Þ; joj-N: ð7:16Þ

On the other hand

oð0Þ
n

� �2
; q

� �
N

� oð0Þ
n

� �2
; q

� �
N

¼ ðq1=2�2n; qÞ
N

ð�q1=2�2n; qÞ
N

¼ ðq1=2�2n; qÞ2nðq1=2; qÞ
N

ð�q1=2�2n; qÞ2nð�q1=2; qÞ
N

ð7:17Þ

and by (I.9) of [5] and the q-binomial theorem

ðq1=2�2n; qÞ2n

ð�q1=2�2n; qÞ2n

¼ ðq1=2; qÞ2n

ð�q1=2; qÞ2n

¼ ð�q1=2þ2n; qÞ
N

ðq1=2þ2n; qÞ
N

ðq1=2; qÞ
N

ð�q1=2; qÞ
N

¼ ðq1=2; qÞ
N

ð�q1=2; qÞ
N

1þ 2q1=2þ2n

1� q
þ 2q1þ4n

ð1� qÞ2
þ Oðq6nÞ

 !
ð7:18Þ
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as n-N: Thus

oð0Þ
n

� �2
; q

� �
N

ð�ðoð0Þ
n Þ2; qÞ

N

¼ ðq1=2; qÞ2
N

ð�q1=2; qÞ2
N


 1þ 2q

1� q
ðoð0Þ

n Þ�2 þ 2q2

ð1� qÞ2
ðoð0Þ

n Þ�4 þ Oððoð0Þ
n Þ�6Þ

 !
ð7:19Þ

as n-N and combining (7.16) and (7.19), one gets

oð0Þ
n

� �2
; q= oð0Þ

n

� �2
; q

� �
N

� oð0Þ
n

� �2
;�q= oð0Þ

n

� �2
; q

� �
N

¼ ðq1=2; qÞ2
N

ð�q1=2; qÞ2
N

1þ O oð0Þ
n

� ��6� �� �
ð7:20Þ

as n-N: Now asymptotic (7.9) follows from (A.5), (7.6) and (7.20). The case

$
ð0Þ
n ¼ q3=4�n can be considered in a similar fashion. &

The new improved asymptotic formula for the on can be derived now from
expansion (7.3) if we substitute

1

k oð0Þ
n

� � v
q1=2

oð0Þ
n

 !

¼ c1ðqÞ þ c1ðqÞ2ðoð0Þ
n Þ�1 þ c1ðqÞ c21ðqÞ �

q

3ð1þ q1=2 þ qÞ

� �
ðoð0Þ

n Þ�2

þ c21ðqÞ c21ðqÞ �
4q

3ð1þ q1=2 þ qÞ

� �
oð0Þ

n

� ��3
þO oð0Þ

n

� ��4� �
; ð7:21Þ

k0ðoð0Þ
n Þ

2k3ðoð0Þ
n Þ

v2
q1=2

oð0Þ
n

 !

¼ �c21ðqÞ
2oð0Þ

n

1þ c1ðqÞðoð0Þ
n Þ�1 � 2q

3ð1þ q1=2 þ qÞ oð0Þ
n

� ��2
þOðoð0Þ

n Þ�3
� �

ð7:22Þ

and

1

2k3ðoð0Þ
n Þ

k0ðoð0Þ
n Þ

kðoð0Þ
n Þ

 !2

�k00ðoð0Þ
n Þ

3kðoð0Þ
n Þ

0
@

1
Av3

q1=2

oð0Þ
n

 !

¼ �c31ðqÞðaðqÞ � 3Þ
6ðoð0Þ

n Þ2
1þ 4aðqÞ � 9

aðqÞ � 3
c1ðqÞðoð0Þ

n Þ�1 þ Oðoð0Þ
n Þ�2

� �
ð7:23Þ

as n-N in view of (7.4)–(7.9).
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The case of the q-cosine function can be considered in a similar fashion. We
summarize our results in the following main theorem of this paper.

Theorem 7. Let 0 ¼ o0oo1oo2oo3o? be positive zeros of SqðZ;oÞ and let

$1o$2o$3o? be positive zeros of CqðZ;oÞ for 0oqo1: Then

on ¼oð0Þ
n � c1ðqÞ �

c21ðqÞ
2oð0Þ

n

� c21ðqÞð2c2ðqÞ þ 3Þ � 2q

1þ q1=2 þ q

� �
c1ðqÞ

6ðoð0Þ
n Þ2

þ Oððoð0Þ
n Þ�3Þ ð7:24Þ

and

$n ¼$ ð0Þ
n � c1ðqÞ �

c21ðqÞ
2$

ð0Þ
n

� c21ðqÞð2c2ðqÞ þ 3Þ � 2q

1þ q1=2 þ q

� �
c1ðqÞ

6ð$ ð0Þ
n Þ2

þ Oðð$ ð0Þ
n Þ�3Þ ð7:25Þ

as n-N: Here oð0Þ
n ¼ q1=4�n; $

ð0Þ
n ¼ q3=4�n; and

c1ðqÞ ¼
q1=4

2ð1� q1=2Þ
ðq; q2Þ2

N

ðq2; q2Þ2
N

; ð7:26Þ

c2ðqÞ ¼
ðq1=2; qÞ4

N
ðq2; q2Þ2

N

ðq; qÞ4
N
ðq; q2Þ2

N

1þ 24
XN
k¼1

q3k=2

ð1þ qkÞ3

 !

� ðq1=2; q1=2Þ4
N

ð�q1=2; q1=2Þ4
N

: ð7:27Þ

The functions c1ðqÞ and c2ðqÞ are nonnegative and increasing on ½0; 1�; see Fig. 6.

0.00 < X < 1.00; 0.00 < Y < 0.64

Y

X

0.00

0.20

0.40

0.60

0.00 0.25 0.50 0.75 1.00

c1 q

c2 q

Fig. 6. Functions c1ðqÞ and c2ðqÞ; 0pqp1:
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Numerical examples demonstrating accuracy of these formulas are given in
Appendix D of [26]; these asymptotic formulas give a very good approximation even
for small zeros. See also Eqs. (B.3) and (B.5) from Appendix B here for alternative
forms of the constant c2ðqÞ: The proof of the monotonicity of the c1ðqÞ is given in
Appendix C.

8. Application: analytic continuation of q-zeta function

The Riemann zeta function is

zðzÞ ¼
XN
n¼1

1

nz
: ð8:1Þ

This series converges uniformly and absolutely for Re z41 and, therefore, defines a
holomorphic function in the half-plane Re z41: For the analytic continuation of this
function in the entire complex plane, other properties and applications, see, for
example, [1,27].
An extension of the zeta function has been recently introduced in [24], see also our

review paper [22] and Section 10.6 of [26], as

zqðzÞ ¼
XN
n¼1

1

kðonÞoz
n

; ð8:2Þ

where fongNn¼1 are the positive zeros of the q-sine function (1.1) and the kðoÞ is

defined by (6.6). The right side here is a uniformly and absolutely convergent series
of analytic functions in any domain Re z41 and consequently the series is an
analytic function in such a domain. See [24] for the details. Here we give, first of all,
an independent proof of this result using elementary facts about convergence of the
Dirichlet series of the general form [2,17]

XN
n¼1

ane�lnz; ð8:3Þ

where the an are complex numbers and the exponents ln are nonnegative real
numbers satisfying the conditions

lnolnþ1; n ¼ 1; 2; 3;y; lim
n-N

ln ¼ N: ð8:4Þ

The q-zeta function above is the Dirichlet series with

an ¼ 1

kðonÞ
; ln ¼ logon: ð8:5Þ

In view of

on ¼ q1=4�n þ Oð1Þ; n-N ð8:6Þ
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one gets

ln ¼ logon ¼ ðn � 1=4Þ log q�1 þ OðqnÞ; n-N ð8:7Þ
and both conditions (8.4) are, obviously, satisfied for 0oqo1:
By the definition, the Dirichlet series (8.3) is said to have abscissa of convergence

C; or half-plane of convergence Re z4C; if the series converges at every point of the
half-plane Re z4C; but diverges at any point of the half-plane Re zoC: Similarly,
the Dirichlet series (8.3) is said to have abscissa of absolute convergence A; or half-
plane of absolute convergence Re z4A; if the series converges absolutely at every
point of the half-plane Re z4A; but not at any point of the half-plane Re zoA; see
[2,17] for more details. The following theorem is a generalization of the Cauchy–
Hadamard Theorem for the power series.

Theorem 8. For the Dirichlet series (8.3) satisfying conditions (8.4) and

lim sup
n-N

log n

ln

¼ 0; ð8:8Þ

the numbers A and C are given by the formula

A ¼ C ¼ lim sup
n-N

logjanj
ln

: ð8:9Þ

One can look at [2,17] for the proof of this theorem.
In the case of the q-zeta function (8.2) we get

lim sup
n-N

log n

ln

¼ lim
n-N

log n

n log q�1 þ Oð1Þ ¼
1

log q�1 lim
n-N

log n

n
¼ 0 ð8:10Þ

due to (8.7) and condition (8.8) is satisfied. We shall show in this section that

kðonÞ ¼ 2
ðq2; q2Þ2

N

ðq; q2Þ2
N

qnð1þ oð1ÞÞ; n-N; ð8:11Þ

see (8.14) below. Thus

log janj ¼ �log kðonÞ ¼ n log q�1 þ Oð1Þ; n-N ð8:12Þ
and by (8.7) and (8.9)

A ¼ C ¼ lim
n-N

log janj
ln

¼ lim
n-N

n log q�1 þ Oð1Þ
n log q�1 þ Oð1Þ ¼ 1: ð8:13Þ

Therefore by Theorem 8 the series (8.2) for the zqðzÞ converges absolutely and

uniformly in the half-plane Re z41 and defines an analytic function in such a half-
plane. This series diverges in the half-plane Re zo1:
Analytic continuation of the zqðzÞ in the entire complex plane is an interesting

open problem. We shall show here that, as in the classical case, the zqðzÞ has a simple
pole at z ¼ 1 and it has no other singularities in the half-plane Re z40: With the
help of the improved asymptotic for the zeros of the basic sine function found in

S.K. Suslov / Journal of Approximation Theory 121 (2003) 292–335322



Section 7, we will be able to show that, in addition, our q-zeta function has simple
poles at z ¼ �1 and �2 and it has no other singularities in the half-plane Re z4� 3:
We first establish the following asymptotic formula:

kðonÞ ¼
q1=2

ð1� q1=2Þc1ðqÞ
ðoð0Þ

n Þ�1 þ q1=2c1ðqÞc2ðqÞ
1� q1=2

ðoð0Þ
n Þ�3

þ q1=2

2ð1� q1=2Þ c21ðqÞð2c2ðqÞ � 3Þ þ 2q

1þ q1=2 þ q

� �
ðoð0Þ

n Þ�4

þ Oððoð0Þ
n Þ�5Þ; n-N; ð8:14Þ

where oð0Þ
n ¼ q1=4�n; which is of independent interest. Indeed, Taylor’s formula

kðonÞ ¼ kðoð0Þ
n Þ þ k0ðoð0Þ

n Þðon � oð0Þ
n Þ þ 1

2
k00ðoð0Þ

n Þðon � oð0Þ
n Þ2 þ? ð8:15Þ

and asymptotics (7.7)–(7.9) and (7.24) result in (8.14) after some simplification.
Eq. (8.14) implies

1

kðonÞ
¼ ð1� q1=2Þc1ðqÞ

q1=2
oð0Þ

n 1� c21ðqÞc2ðqÞ
ðoð0Þ

n Þ2

 

� c21ðqÞð2c2ðqÞ � 3Þ þ 2q

1þ q1=2 þ q

� �
c1ðqÞ

2ðoð0Þ
n Þ3

þ Oððoð0Þ
n Þ�4Þ

!
ð8:16Þ

as n-N:
In a similar fashion, with the help of the binomial formula and (7.24)

o�z
n ¼ðoð0Þ

n Þ�z 1þ zc1ðqÞ
oð0Þ

n

þ zðz þ 2Þc1ðqÞ
2ðoð0Þ

n Þ2

 

þ c1ðqÞzðc21ðqÞðz þ 1Þðz þ 5Þ þ c3ðqÞÞ
6ðoð0Þ

n Þ3
þ Oððoð0Þ

n Þ�4Þ
!

ð8:17Þ

as n-N; where by the definition

c3ðqÞ ¼ c21ðqÞð2c2ðqÞ þ 3Þ � 2q

1þ q1=2 þ q
ð8:18Þ

and functions c1ðqÞ and c2ðqÞ are given by (7.26) and (7.27), respectively.
As a result

1

kðonÞoz
n

¼ð1� q1=2Þc1ðqÞ
q1=2

ðoð0Þ
n Þ1�z


 1þ c1ðqÞz
oð0Þ

n

þ c21ðqÞa1ðzÞ
2ðoð0Þ

n Þ2
þ c1ðqÞa2ðzÞ

6ðoð0Þ
n Þ3

þ Oððoð0Þ
n Þ�4Þ

 !
ð8:19Þ

as n-N; where

a1ðzÞ ¼ z2 þ 2z � 2c2ðqÞ ð8:20Þ
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and

a2ðzÞ ¼ c21ðqÞðz þ 1Þðz2 þ 5z � 6c2ðqÞÞ

þ z c21ðqÞð2c2ðqÞ þ 3Þ � 2q

1þ q1=2 þ q

� �
þ 9c21ðqÞ �

6q

1þ q1=2 þ q
:

ð8:21Þ

Introducing

bn ¼ 1

kðonÞoz
n

� 1

2

ðq; q2Þ2
N

ðq2; q2Þ2
N

qnðz�1Þ�z=4

� 1

4ð1� q1=2Þ
ðq; q2Þ4

N

ðq2; q2Þ4
N

zqzðn�1=4Þ

� q1=4

16ð1� q1=2Þ2
ðq; q2Þ6

N

ðq2; q2Þ6
N

a1ðzÞqðzþ1Þðn�1=4Þ

� 1

24ð1� q1=2Þ
ðq; q2Þ4

N

ðq2; q2Þ4
N

a2ðzÞqðzþ2Þðn�1=4Þ

¼O oð0Þ
n

� ��z�3
� �� �

; n-N; ð8:22Þ

one can see that the series

XN
n¼1

jbnjoN ð8:23Þ

converges absolutely and uniformly when Re z4� 3: Also

XN
n¼1

1

ðoð0Þ
n Þz�1 ¼ qð1�zÞ=4

XN
n¼1

qnðz�1Þ ¼ q3ðz�1Þ=4

1� qz�1 ð8:24Þ

when Re z41 and as a result we arrive at the following series representation for the
q-zeta function:

zqðzÞ ¼
1

2

ðq; q2Þ2
N

ðq2; q2Þ2
N

q3z=4�1

1� qz�1 þ
1

4ð1� q1=2Þ
ðq; q2Þ4

N

ðq2; q2Þ4
N

zq3z=4

1� qz

þ 1

16ð1� q1=2Þ2
ðq; q2Þ6

N

ðq2; q2Þ6
N

a1ðzÞq3z=4þ1

1� qzþ1
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þ 1

24ð1� q1=2Þ
ðq; q2Þ4

N

ðq2; q2Þ4
N

a2ðzÞq3ðzþ2Þ=4
1� qzþ2

þ
XN
n¼1

1

kðonÞoz
n

� 1

2

ðq; q2Þ2
N

ðq2; q2Þ2
N

qnðz�1Þ�z=4

 

� 1

4ð1� q1=2Þ
ðq; q2Þ4

N

ðq2; q2Þ4
N

zqzðn�1=4Þ

� q1=4

16ð1� q1=2Þ2
ðq; q2Þ6

N

ðq2; q2Þ6
N

a1ðzÞqðzþ1Þðn�1=4Þ

� 1

24ð1� q1=2Þ
ðq; q2Þ4

N

ðq2; q2Þ4
N

a2ðzÞqðzþ2Þðn�1=4Þ

!
; ð8:25Þ

where the series defines a holomorphic function in the half-plane Re z4� 3:
We summarize our findings in the following theorem.

Theorem 9. The q-zeta function under consideration is a meromorphic function in the

half-plane Re z4� 3: The zqðzÞ has simple poles at z ¼ 1;�1;�2 with the residues

Res
z¼1

zqðzÞ ¼
q�1=4

2 log q�1
ðq; q2Þ2

N

ðq2; q2Þ2
N

; ð8:26Þ

Res
z¼�1

zqðzÞ ¼ � q1=4

16 log q�1
ðq; q2Þ6

N

ðq2; q2Þ6
N

2c2ðqÞ þ 1

ð1� q1=2Þ2
ð8:27Þ

and

Res
z¼�2

zqðzÞ ¼
1

24 log q�1ð1� q1=2Þ
ðq; q2Þ4

N

ðq2; q2Þ4
N


 c21ðqÞð2c2ðqÞ þ 9Þ � 2q

1þ q1=2 þ q

� �
; ð8:28Þ

where the c1ðqÞ and c2ðqÞ are given by (7.26)–(7.27). It has no other singularities in the

half-plane Re z4� 3:

The corresponding q-Euler constant can be defined as

lim
z-1

zqðzÞ �
1

2

ðq; q2Þ2
N

ðq2; q2Þ2
N

q3z=4�1

1� qz�1

 !

¼ lim
m-N

Xm

n¼1

1

kðonÞon

� 1

2
q�1=4 ðq; q2Þ

2
N

ðq2; q2Þ2
N

m

 !
¼ gq; ð8:29Þ
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which can be viewed as an analog of the classical result

lim
z-1

zðzÞ � 1

1� z

� �
¼ lim

m-N

Xm

n¼1

1

n
� log m

 !
¼ g: ð8:30Þ

From (8.25)

zqð0Þ ¼ lim
z-0

zqðzÞ

¼ � 1

2ð1� qÞ
ðq; q2Þ2

N

ðq2; q2Þ2
N

þ
XN
n¼1

1

kðonÞ
� 1

2

ðq; q2Þ2
N

ðq2; q2Þ2
N

q�n

 !
: ð8:31Þ

This method can also be applied in order to investigate the analytic continuation
of the similar series introduced in [24].
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Appendix A. Some asymptotics and estimates

In order to derive the asymptotic formula (2.12) one can extend the sum in (2.10)
to the corresponding 2c2-series,

XN
k¼�N

q3k=2

ð1þ o2qkÞ2
¼ 1

ð1þ o2Þ2 2c2

�o2;�o2

�qo2;�qo2
; q; q3=2

 !
; ðA:1Þ

which can be transformed by the Exercise 5.20(i) of [5],

2c2

�o2;�o2

�qo2;�qo2
; q; q3=2

 !

¼ ðq; q;�q3=2o2;�q1=2=o2; qÞ
N

ðq1=2; q3=2;�qo2;�q=o2; qÞ
N

2c2

�o2;�q1=2o2

�qo2;�q3=2o2
; q; q

 !
: ðA:2Þ
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The last 2c2 can be summed

2c2

�o2;�q1=2o2

�qo2;�q3=2o2
; q; q

 !

¼
XN

k¼�N

ð�o2;�q1=2o2; qÞk

ð�qo2;�q3=2o2; qÞk

qk

¼
XN

k¼�N

ð�o2; q1=2Þ2k

ð�qo2; q1=2Þ2k

ðq1=2Þ2k

¼ 1

2
1c1

�o2

�qo2
; q1=2; q1=2

 !
þ1c1

�o2

�qo2
; q1=2;�q1=2

 ! !

¼ 1

2

ðq1=2; q; q1=2Þ
N

ð�qo2;�q1=2=o2; q1=2Þ
N


 ð�q1=2o2;�1=o2; q1=2Þ
N

ðq1=2; q1=2; q1=2Þ
N

þ ðq1=2o2; 1=o2; q1=2Þ
N

ð�q1=2;�q1=2; q1=2Þ
N

� �
ðA:3Þ

by a consequence of the Ramanujan 1c1-summation formula; see, for example, [5].
The original bilateral sum in (A.1) can be rewritten as

XN
k¼�N

q3k=2

ð1þ o2qkÞ2
¼
XN
k¼0

q3k=2

ð1þ o2qkÞ2
þ q1=2

o4

XN
k¼0

qk=2

ð1þ q1þk=o2Þ2
ðA:4Þ

and as a result we arrive at (2.12) from (A.1) to (A.4).
One can also derive the following formula:

k00ðoÞ ¼ 3ðq; qÞ2
N

ðq1=2; q1=2Þ2
N

ðq1=2o2; 1=o2; q1=2Þ
N

ð�o2;�q=o2; qÞ2
N

þ ðq; qÞ2
N

ðq1=2; qÞ2
N

ð�q1=2o2;�q1=2=o2; qÞ
N

o2ð�o2;�q=o2; qÞ
N


 3� 2
ðq1=2; qÞ4

N
ðq2; q2Þ2

N

ðq; qÞ4
N
ðq; q2Þ2

N

1þ 24
XN
k¼1

q3k=2

ð1þ qkÞ3

 !"

þ 2
ðq; qÞ4

N

ð�q; qÞ4
N

ðo2; q=o2; qÞ2
N

ð�o2;�q=o2; qÞ2
N

#

� 6
q1=2

o4

XN
k¼0

qk=2

ð1þ q1þk=o2Þ2
þ 8

q3=2

o6

XN
k¼0

q3k=2

ð1þ q1þk=o2Þ3
; ðA:5Þ

which determines the asymptotic behavior of the k00ðoÞ as joj-N:
From (2.10)

k00ðoÞ ¼ �2
XN
k¼0

q3k=2

ð1þ o2qkÞ2
þ 8o2

XN
k¼0

q5k=2

ð1þ o2qkÞ3
: ðA:6Þ
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Rahman [19] has suggested the following transformation of this expression.
Identity

o2q5k=2

ð1þ o2qkÞ3
¼ q3k=2

ð1þ o2qkÞ2
� q3k=2

ð1þ o2qkÞ3
ðA:7Þ

gives

k00ðoÞ ¼ �3k
0ðoÞ
o

� 8
XN
k¼0

q3k=2

ð1þ o2qkÞ3
ðA:8Þ

and one can use Eq. (2.12) for the first term here. The second sum can be again
extended to the following bilateral series:

XN
k¼�N

q3k=2

ð1þ o2qkÞ3
¼ 1

ð1þ o2Þ3 3c3

�o2;�o2;�o2

�qo2;�qo2;�qo2
; q; q3=2

 !
: ðA:9Þ

Rahman’s original idea [19] is to rewrite the last 3c3-series as the following special
case:

8c8

qo2;�qo2;�o2;�o2;�o2; q1=2o2;o2;�o2

o2;�o2;�qo2;�qo2;�qo2; q1=2o2; qo2;�qo2
; q; q3=2

 !

of very-well-poised 8c8-series and then to apply the transformation formula (III.38)
of [5]. Here are the details. Let us consider the following transformation:

8c8

qo2;�qo2;�o2;�o2;�o2; q1=2o2; eo2;�eo2

o2;�o2;�qo2;�qo2;�qo2; q1=2o2; qo2=e;�qo2=e
; q;

q3=2

e2

 !

¼5c5

qo2;�o2;�o2; eo2;�eo2

o2;�qo2;�qo2; qo2=e;�qo2=e
; q;

q3=2

e2

 !

¼ ð�eo2;�e=o2; qo4; q=o4; q; qÞ
N

ð�qo2;�qo2;�qo2; q1=2o2;�1; qÞ
N


 ð�q=e;�q=e;�q=e;�qe;�qe;�qe; q1=2e; q1=2=e; qÞ
N

ð�q=o2;�q=o2;�q=o2; q1=2=o2; q=eo2; qo2=e;�e2; qe2; qÞ
N


5j4

e2; qe;�e;�e;�e2

e;�qe;�qe;�q
; q;

q3=2

e2

 !

þ ðeo2; e=o2; qo4; q=o4; q; qÞ
N

ð�qo2;�qo2;�qo2; q1=2o2;�1; qÞ
N


 ðq=e; q=e; q=e; qe; qe; qe;�q1=2e;�q1=2=e; qÞ
N

ð�q=o2;�q=o2;�q=o2;�q=eo2;�qo2=e; q1=2=o2;�e2; qe2; qÞ
N


5j4

e2;�qe; e; e;�e2

�e; qe; qe;�q
; q;

q3=2

e2

 !
ðA:10Þ
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and take the limit e-1: Then

lim
e-1

5j4

e2;�qe; e; e;�e2

�e; qe; qe;�q
; q;

q3=2

e2

 !
¼ 1 ðA:11Þ

and

lim
e-1

5j4

e2; qe;�e;�e;�e2

e;�qe;�qe;�q
; q;

q3=2

e2

 !

¼ lim
e-1

1þ ð1þ eÞ
XN
k¼1

ðqe2; qÞk�1ð�e;�e;�e2; qe; qÞk

ðqe; qÞk�1ð�qe;�qe;�q; q; qÞk

q3=2

e2

� �k
 !

¼ 1þ 2
XN
k¼1

ð�1; qÞ3k
ð�q; qÞ3k

q3k=2

¼ 1þ 24
XN
k¼1

q3k=2

ð1þ qkÞ3
: ðA:12Þ

Also

XN
k¼�N

q3k=2

ð1þ o2qkÞ3
¼
XN
k¼0

q3k=2

ð1þ o2qkÞ3
þ q3=2

o6

XN
k¼0

q3k=2

ð1þ q1þk=o2Þ3
: ðA:13Þ

All this together results in (A.5) after some substitutions. We leave the details to the
reader.
It is worth also noting the following useful estimates:

jk0ðoÞjo2kðoÞ
joj ðA:14Þ

and

k00ðoÞo3jk0ðoÞj
joj o

6kðoÞ
o2

; ðA:15Þ

which follow directly from (2.7), (2.10) and (A.6). Indeed, by (2.7) and (2.10)

jk0ðoÞj
2joj ¼ 1

o2

XN
k¼0

o2qk

1þ o2qk

qk=2

1þ o2qk
o

1

o2

XN
k¼0

qk=2

1þ o2qk
¼ kðoÞ

o2
: ðA:16Þ

In a similar fashion in (A.6)

XN
k¼0

q5k=2

ð1þ o2qkÞ3
¼ 1

o2

XN
k¼0

o2qk

1þ o2qk

q3k=2

ð1þ o2qkÞ2

o
1

o2

XN
k¼0

q3k=2

ð1þ o2qkÞ2
ðA:17Þ
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and

k00ðoÞoð�2þ 8Þ
XN
k¼0

q3k=2

ð1þ o2qkÞ2
¼ �3k0ðoÞ

o
; ðA:18Þ

which results in (A.16). Also,

jk00ðoÞjo5jk0ðoÞj
joj o

10kðoÞ
o2

: ðA:19Þ

Appendix B. Alternative forms of c2ðqÞ

Expression (7.27) for the constant c2ðqÞ in the asymptotic formulas (7.24)–(7.25)
can be transformed to a single sum in the following manner. Due to (A.13) and
(III.23) of [5]

5j4

e2; qe;�e;�e;�e2

e;�qe;�qe;�q
; q;

q3=2

e2

 !

¼8j7

e2; qe;�qe;�e;�e;�e;�e2; q1=2e

e;�e;�qe;�qe;�qe;�q; q1=2e
; q;

q3=2

e2

 !

¼ ðqe2; q;�q3=2=e;�q3=2=e; qÞ
N

ð�qe;�qe; q3=2; q3=2=e2; qÞ
N


8j7

q1=2; q5=4;�q5=4; q=e;�q1=2;�q1=2=e;�e;�e

q1=4;�q1=4; q1=2e;�q;�qe;�q3=2=e;�q3=2=e
; q; q

 !
; ðB:1Þ

and letting e-1� one gets

1þ 24
XN
k¼1

q3k=2

ð1þ qkÞ3
¼ ð1� q1=2Þ2

ð1þ q1=2Þ2
ðq; qÞ4

N
ðq; q2Þ2

N

ðq1=2; qÞ4
N
ðq2; q2Þ2

N


8j7

q1=2; q5=4;�q5=4; q;�q1=2;�q1=2;�1;�1
q1=4;�q1=4; q1=2;�q;�q;�q3=2;�q3=2

; q; q

 !

¼ ðq; qÞ4
N
ðq; q2Þ2

N

ðq1=2; qÞ4
N
ðq2; q2Þ2

N

ðq1=2; q1=2Þ4
N

ð�q1=2; q1=2Þ4
N

þ 4q1=2
ð1þ q1=2 þ qÞð1� q1=2Þ2

ð1þ q1=2Þ2ð1þ qÞ2

 


8j7

q3=2; q7=4;�q7=4; q;�q;�q;�q1=2;�q1=2

q3=4;�q3=4; q3=2;�q3=2;�q3=2;�q2;�q2
; q; q

 !!
ðB:2Þ
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by (II.25) of [5]. From (7.27) and (B.2) we obtain a single series expansion for the
constant c2ðqÞ as follows

c2ðqÞ ¼ 4q1=2ð1þ q1=2 þ qÞð1� q1=2Þ2



XN
k¼0

ð1� q2kþ3=2Þqk

ð1� q3=2Þð1þ qkþ1=2Þ2ð1þ qkþ1Þ2
: ðB:3Þ

This formula is very convenient for numerical evaluation of this constant. On the
other hand, in the last line of (B.2)

8j7

q3=2; q7=4;�q7=4; q;�q;�q;�q1=2;�q1=2

q3=4;�q3=4; q3=2;�q3=2;�q3=2;�q2;�q2
; q; q

 !

¼ ð1þ qÞ2

ð1� qÞð1� q3=2Þ
ðq; q2Þ2

N

ðq2; q2Þ2
N

4j3

q;�q1=2;�q1=2;�q1=2

�q3=4;�q3=2;�q3=2
; q; q3=2

 !
ðB:4Þ

by (III.23) of [5] and, therefore,

c2ðqÞ ¼ 4q1=2
ðq; q2Þ2

N

ðq2; q2Þ2
N

XN
k¼0

q3k=2

ð1þ qkþ1=2Þ3
: ðB:5Þ

By (7.10) and (7.27)

aðqÞ ¼ 3� 2c2ðqÞ; ðB:6Þ

which allows to simplify the expression for this constant in view of (B.3) and (B.5).
Numerical analysis strongly indicates that

lim
q-1�

c2ðqÞ ¼ 1=2: ðB:7Þ

For example, Gosper’s Macsyma program ‘‘namesum’’ gives
c2ð0:99999ÞC0:49999999999616; see also Fig. 6 for the graph of the c2ðqÞ: The
proof of this result can be given in the following matter. Consider the summand in
(B.5) as function of a continuous variable, say s: Then

d

ds

q3s=2

ð1þ qsþ1=2Þ3
¼ log q q3s=2 3ð1� qsþ1=2Þ

2ð1þ qsþ1=2Þ4
o0 ðB:8Þ

for 0oqo1 and this function is decreasing on ½0;NÞ: FurthermoreZ
N

0

q3s=2ds

ð1þ qsþ1=2Þ3
¼
XN
k¼0

Z kþ1

k

q3s=2 ds

ð1þ qsþ1=2Þ3
ðB:9Þ

and

q3ðkþ1Þ=2

ð1þ qkþ3=2Þ3
o
Z kþ1

k

q3s=2 ds

ð1þ qsþ1=2Þ3
o

q3k=2

ð1þ qkþ1=2Þ3
: ðB:10Þ
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Thus XN
k¼0

q3k=2

ð1þ qkþ1=2Þ3
� 1

ð1þ q1=2Þ3

o
Z

N

0

q3s=2ds

ð1þ qsþ1=2Þ3
o
XN
k¼0

q3k=2

ð1þ qkþ1=2Þ3
ðB:11Þ

and Z
N

0

q3s=2 ds

ð1þ qsþ1=2Þ3
o
XN
k¼0

q3k=2

ð1þ qkþ1=2Þ3
o

1

ð1þ q1=2Þ3
þ
Z

N

0

q3s=2ds

ð1þ qsþ1=2Þ3
:

Evaluating the integralZ
N

0

q3s=2ds

ð1þ qsþ1=2Þ3

¼ 1

log q�1
1

4
q�3=4 arctan q1=4 � q�1=2 1� q1=2

ð1þ q1=2Þ2

 !
; ðB:12Þ

we obtain the following lower and upper bounds for the sum under consideration:

1� q1=2

log q�1
1

4
q�3=4arctan q1=4 � q�1=2 1� q1=2

ð1þ q1=2Þ2

 !

oð1� q1=2Þ
XN
k¼0

q3k=2

ð1þ qkþ1=2Þ3

o
1� q1=2

ð1þ q1=2Þ3
þ 1� q1=2

log q�1
1

4
q�3=4arctan q1=4 � q�1=2 1� q1=2

ð1þ q1=2Þ2

 !
: ðB:13Þ

By the Squeeze Theorem

lim
q-1�

ð1� q1=2Þ
XN
k¼0

q3k=2

ð1þ qkþ1=2Þ3

¼ lim
q-1�

1� q1=2

log q�1
1

4
q�3=4arctan q1=4 � q�1=2 1� q1=2

ð1þ q1=2Þ2

 !
¼ p
32

: ðB:14Þ

From (B.5) and (1.5)

c2ðqÞ
c1ðqÞ

¼ 8q1=4ð1� q1=2Þ
XN
k¼0

q3k=2

ð1þ qkþ1=2Þ3
; ðB:15Þ

which implies (B.7) in view of (B.14) and (1.6).
The graph of the c2ðqÞ in Fig. 6 indicates that limq-1� c02ðqÞ ¼ 0: The author was

unable to give a rigorous proof of this result yet.

Conjecture 2. limq-1� c02ðqÞ ¼ 0:
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Appendix C. Monotonicity of c1ðqÞ

The graph of the c1ðqÞ in Fig. 6 reveals the monotonicity of this function on ½0; q�:
Here we give a rigorous proof of this result. Differentiating (1.5) one gets

dc1ðqÞ
dq

¼ �2c1ðqÞ
d

dq
log

ðq2; q2Þ
N

ðq; q2Þ
N

� ð1þ q1=2Þ2

8qð1� qÞ

 !
; ðC:1Þ

where

d

dq
log

ðq2; q2Þ
N

ðq; q2Þ
N

¼
XN
k¼0

ð2k þ 1Þq2k

1� q2kþ1 �
XN
k¼0

ð2k þ 2Þq2kþ1

1� q2kþ2

¼
XN
n¼0

ð�1Þnðn þ 1Þqn

1� qnþ1 : ðC:2Þ

The last sum can be transformed as follows:

XN
n¼0

ð�1Þnðn þ 1Þqn

1� qnþ1 ¼
XN
k¼0

qk
XN
n¼0

ð�1Þnðn þ 1Þðqkþ1Þn

¼
XN
k¼0

qk

ð1þ qkþ1Þ2
ðC:3Þ

in view of the geometric series and its derivative

XN
n¼0

ð�1Þnðn þ 1Þzn ¼ 1

ð1þ zÞ2
ðC:4Þ

with z ¼ qkþ1o1: Thus

d

dq
log

ðq2; q2Þ
N

ðq; q2Þ
N

¼
XN
k¼0

qk

ð1þ qkþ1Þ2
ðC:5Þ

and the substitution of (C.5) into (C.1) results in

dc1ðqÞ
dq

¼ �2c1ðqÞ
XN
k¼0

qk

ð1þ qkþ1Þ2
� ð1þ q1=2Þ2

8qð1� qÞ

 !
: ðC:6Þ

In order to prove the monotonicity of the c1ðqÞ we need to show that

XN
k¼0

qk

ð1þ qkþ1Þ2
o
ð1þ q1=2Þ2

8qð1� qÞ ðC:7Þ

for 0oqo1:
The last inequality can be proven in the following manner. One gets

qk

ð1þ qkþ1Þ2
o
1

q

qkþ1

ð1þ qkþ1Þð1þ qkþ2Þ ¼
1

qð1� qÞD
1

1þ qkþ1

� �
; ðC:8Þ
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where by the definition DlðkÞ ¼ lðk þ 1Þ � lðkÞ: ThereforeXN
k¼0

qk

ð1þ qkþ1Þ2
o

1

qð1� qÞ
XN
k¼0

D
1

1þ qkþ1

� �
¼ 1

1� q2
: ðC:9Þ

The final step is to show that, in fact,XN
k¼0

qk

ð1þ qkþ1Þ2
o

1

1� q2
p
ð1þ q1=2Þ2

8qð1� qÞ ðC:10Þ

on ½0; 1�: The last inequality is equivalent to

ð1� q1=2Þ2ð1þ 4q1=2 þ qÞX0; ðC:11Þ
which holds for all 0oqp1: As a result

dc1ðqÞ
dq

40; 0oqp1; ðC:12Þ

which completes our proof of the monotonicity of the c1ðqÞ:
In a similar fashion

qk

ð1þ qkþ1Þ2
4

qk

ð1þ qkÞð1þ qkþ1Þ ¼
1

ð1� qÞD
1

1þ qk

� �
; ðC:13Þ

XN
k¼0

qk

ð1þ qkþ1Þ2
4

1

2ð1� qÞ; ðC:14Þ

and in view of (C.9) and (C.14)

1

2ð1� qÞo
XN
k¼0

qk

ð1þ qkþ1Þ2
o

1

1� q2
: ðC:15Þ

By the Squeeze Theorem then

lim
q-1�

ð1� qÞ
XN
k¼0

qk

ð1þ qkþ1Þ2
¼ 1

2
: ðC:16Þ

Numerical analysis strongly indicates that limq-1� c01ðqÞ ¼ 1=2p: For example,

Gosper’s Macsyma program ‘‘namesum’’ gives c01ð0:99999ÞC0:50000641104998=p:
The author was unable to give a rigorous proof of this result.

Conjecture 3. limq-1� c01ðqÞ ¼ 1=2p:
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