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Abstract

We obtain matching direct and inverse theorems for the degree of weighted L ,-approximation by
polynomials with the Jacobi weights (1 — x)*(1 + x)ﬁ . Combined, the estimates yield a constructive
characterization of various smoothness classes of functions via the degree of their approximation by
algebraic polynomials. In addition, we prove Whitney type inequalities which are of independent interest.
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1. Introduction and main results

In this paper, we are interested in weighted polynomial approximation with the Jacobi weights

(=1/p, 00), if0 < p < o0,

Wwop(x) = (=) (L +x)f, @ pel,:= {[o, 00), if p = co.
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Let LoP(1) = lf | |was fl, o < oo}, where -]l is the usual L, (quasi)norm on the
P
interval I € [—1, 1], and, for f € L%’ﬂ(l), denote by

Ea(f: Dapp = inf Jwap(f = p)l 0

the error of best weighted approximation of f by polynomials in P,, the set of algebraic
polynomials of degree not more than n — 1. For I = [~1, 1], we denote |||l := [I-ll.,(—1.1),

LyP = LS (=1,1D, En(fap.p = En(f, [=1, 1ap.ps etc.

Definition 1.1 (//0]). Forr € Ny and 0 < p < oo, denote Bg(u)mﬂ) = L‘,Y,‘ﬂ and
B, (wap) = { f | f"7" € ACipe(=1,1) and ¢ [ e LYP}, r=1,

where @(x) = +/1—x% and ACj,.(—1,1) denotes the set of functions which are locally
absolutely continuous in (—1, 1).

We remark that, in the case p < 1, our definition of derivatives is understood in the classical
sense, i.e., the assumption f =D e AC,e(—1, 1) in the case » > 2 is understood in the sense that
f is the (r — 1)st integral of a locally absolutely continuous f“~! plus a polynomial of degree
r—2.

As is common when dealing with L, spaces, we will not distinguish between a function in
]B%;,(wa, ) and all functions which are equivalent to it in L‘;‘,’ﬁ .

Definition 1.2 (//0]). Fork,r € Nand f € B;(wa,ﬂ), 0 < p < o0, define

w;f,r(f(r)’ t)a,ﬂ,p = Ssup

0<h<t

he(-

W]r(§12+01,r/2+13(‘)Ak )(f(r)’ )Hp , (1.1

where

W (x) = (1 — x — 8p(x)/2)5 (1 + x — 89(x)/2)°,

and
-~ ( ki kh . . kh kh
A fox) = ; <i>(_1) Joem b, il St e =L L
0, otherwise,

is the kth symmetric difference.
For § > 0, denote (see [9])
D5 = {x | 1=380(x)/2 = |x[}\ {£1} = [-1 + (), | — n(@)],
where
w(d) = 28%/(4 + 8%).
We note that D5, C Ds, if 6o < §; < 2, and that D5 = @ if § > 2. Also, since A’,;w(x)(f, x)=0
ifx & Opp,

WP P Ak S0, (12)

of (f7, Dapp = sup

O<h<t Lp(®Dpp)

In particular, f ("), Dap.p = &f ,(f7,2/k)ap.p. forallt > 2/k.
Following [10] we also define the weighted averaged moduli.
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Definition 1.3 (//0]). Fork € N,r € Ny and f € B, (wa,p), 0 < p < 00, the kth weighted
averaged modulus of smoothness of f is defined as

* r 1 ! r a,r r p Vr
wk,(/;(f( ), Da,pp = <;/0 /@ va/r2+ ’ /2+ﬂ(x)A];<p(x)(f( ), 0| dx d'f) .
kt

If p=o0cand f € B (wqp), we write

05 (fO, Dapios = 0, (f7, Daproc - (1.3)
Clearly,
0 (f7 Dapp < 0f (f Dapp,  t>0. (1.4)

Moreover, it was proved in [10] that if /2 + «, /2 4+ B > 0, then the weighted moduli and
the weighted averaged moduli are equivalent.

Throughout this paper, all constants ¢ may depend only on k, r, p, « and 8, unless a specific
dependence on an additional parameter is mentioned.

We have the following direct (Jackson-type) theorem.

Theorem 14. Letk e N, O < p <oo,&a >0and B=>0.1If f € L‘;,’ﬂ, then for every n > k and
0< <1,
En(f)a,ﬁ,p =< C(,()Z,O(f, 19/”)01,/3,[2 ) (15)

where the constant ¢ depends only on k, o, 8, p and v'.

It follows from [10, Lemma 1.11] that, if k € N, r € Ny, r/24+a > 0,r/2 4+ 8 = 0,
I <p<ooand f € B (wyp), then

1
wl(erl,r(f(r)’ Dap.p < Ct“)/(f,rﬂ(f(r+ ), Dapp> >0

Hence, (1.5) implies that, for f € B,’,(wa,ﬂ), 1<p<oo,

Ei(fapp < copy, o(fs 1/Mapp <cn™of (f7, 1/Nap,, n>=k+r,

provided «, B > 0. We strengthen this result by showing that the last estimate is, in fact, valid
for all @, B > —r /2. Namely,

Theorem 1.5. Letk € N,r € No, 1 < p < o0, and o, B € J, be such that r/2 + a > 0 and
r/2+ B =0.If f € B (wqp) then

&
Ev(Papp = — o (F7 1 Wapp, nzk+r (1.6)

We remark that Theorem 1.5 isnot validif r > 1 and 0 < p < 1 (one can show this using the
same construction that was used in the proof of [5, Theorem 3 and Corollary 4]).

Jackson type estimates of the form (1.5) and (1.6) frequently appear with the inequalities
being valid for n sufficiently large. In order to have these inequalities for small n, we need
certain Whitney type results. We devote Section 3 to Whitney type estimates, and we feel that
the results in this section are of independent interest by themselves.

Next, we have the following inverse result in the case 1 < p < oc.
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Theorem 1.6. Suppose that r € Ny, 1 < p < oo, , B € J,, are such that r/2 + o > 0 and
r/2+B >0, and f € LS’ If
o0

> o rn T E(flap.p < +00 (1.7)

n=I1

(ie., if r = O then this condition is vacuous), then f € B’ (wq,p), and for k € Nand N € N,

of (f Dapp < D T Ea(Plapy (1.8)

n>max{N,1/t}
etk Z W (Fap
N<n<max{N,1/t}
+C(N)tkEk+r(f)rx.,/3,P , >0

In particular, if N <k +r, then
w;f.r(f(r)’ t)a,ﬂ,p <c Z rnr_lEn(f)a,ﬂ,p

n>max{N,1/t}

tett Y T E(Papps > 0.

N<n<max{N,1/t}

Remark 1.7. (i) Note that the first term in (1.8) disappears if r = 0.
(i) If « = B = 0, Theorem 1.6 was proved in [9].
(iii) The case ¢, B > 0, N = 1 and r = 0 follows from [3, Theorem 8.2.4] by virtue of (4.2).

Denote by & the set of nondecreasing functions ¢ : [0,00) — [0, 00), satisfying
lim;_,o+¢(t) = 0. The following is an immediate corollary of Theorem 1.6 (in fact, it is a
restatement of Theorem 1.6 in terms of ¢).

Corollary 1.8. Suppose thatr € No, N e N, 1 < p < o0, o, B € J, are such thatr/2 +a >0
andr/2+ B >0, and ¢ € P is such that

1
| < oo
0

ur+l

(i.e., if r = O then this condition is vacuous). Then, if f € L‘;’ﬁ is such that
1
En(f)ot,ﬁ,p < ¢ (m) s fOr all n > N,
then f € B;(waﬁ), andfork e Nand 0 <t <1/2,

ro(u) ')
pra du + C[k [ Wdu +C(N)tkEk+r(f)a,ﬁ.p-

1
duﬂﬂnwwsc/
0

In particular, if N <k +r, then

t
C‘)I(f,r(f(r)’ t)a,ﬁ,P = Cf
0

1
rfriu])du + ct* _¢)(u)

uk+r+l du.

Remark 1.9. We take this opportunity to correct an inadvertent misprint in three of our earlier
papers where the inverse theorems of this type were proved in the case @ = B = 0. Namely, the
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inequality E,(f), < ¢ (1/n) in [7, Theorem 3.2] (the case p = o0), and in [9, Theorem 9.1]
and [8, Theorem I,] (the case 1 < p < 00), should be replaced by E,(f), < ¢ (1/(n + 1)).
Otherwise, the last estimates in these results are not justified/validif N =1,k =1landr =0
since Eyq,(f)p, = Ei(f), < ¢ (1) cannot be estimated above by ftl o (uw)u">du without any
extra assumptions on the function ¢.

It immediately follows from Theorem 1.4 thatif o, 8 € J,, r/2+a > 0,7/2+ 8 > 0
and a),‘f.r(f(’), Dap,p < 17, then E,(f)qp,, < cn™"77. Conversely, an immediate consequence
of Theorem 1.6 (Corollary 1.8) is the following result which, for «, 8 > 0, was proved by a
different method in [8, Theorem 5.3].

Corollary 1.10. Suppose thatr € No, N e N, 1 < p < oo, and a, B € J, are such that
r/24+a>0andr/2+B8>0.If f € L‘,”,"8 is such that, for some N € Nandr <y <k+r,

Ey(flapp <n?, n=N, (1.9)
then f € B;(wa,ﬁ), and
of (fO, Dapp <’ + (N Esr(Plagps 1> 0.
In particular, if N <k +r, then
of (f7 Dapp <ct?™, 1t>0.
Finally, we have the following inverse theorem for 0 < p < 1 which is an immediate corollary

of [6, Theorem 10.1] and [7, Lemma 4.5].

Theorem 1.11. Letk e Nya >0, 8>0and f € L%’ﬂ, 0 < p < 1. Then there exists a positive
constant ¥ < 1 depending only on k, p, o« and B such that, for any n € N,

n
of o(f. O, <en™ Y m* T E (), -

m=1
2. Auxiliary lemma

Lemma 2.1. Let 0 < § <2, andlet y := y(x), y : [—1, 1] = R be such that

yx) +8p(y(x))/2=x, xel[-11].
Then,
@) y is strictly increasing on [—1, 1], and y'(x) <2, x € [—1, 1],
(i) y (=14 2u), 1) = Ds,
(iii) y'(x) >2/3, x € [=1 +2u(), 1],
@iv) if mx) = y(x) + rp(y(x)), then 1/3 < y;(x) < 3, for all |\| < §/2 and x €
[—1+2u(9), 1],
(v) forallx € [-1+2u(d), 1],
n@) +2(1 —x)/3 <1 —y(x) < u(@é)+2(1 —x) (2.1)

and

A4+x)/2<14+yx)<1+x. 2.2)
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Note that it is not difficult to see that the function y = y(x) in the statement of Lemma 2.1 is
well defined for all x € [—1, 1] and, in fact,

dx — 8/4 — 4x? 4 52
44 52
However, we will not be using this explicit formula in this paper.

y(x) = , —l<x<l1.

Proof. Since x < 1, we have y + §¢(y)/2 < 1 which can be rewritten as §/2¢(y)) < 1/(1+y),
and so, if y > 0, then
1 — 8_y > ;
20(y) 7 I+y
and, clearly, 1 — 8y/2ep(y)) = 1/2if y < 0 as well.
Therefore, since

dy (1 8y )‘1
dx 2000))

we immediately conclude that (i) holds.

Now, since y is nondecreasing, y ([—1 + 21 (), 1]) = [y(—1 + 2u(8)), y(1)], and (ii) follows
because y(1) = 1 — u(8) and y(—1 +2u(8)) = —1 + u(s).

It follows from (ii) that, for x € [—1 4+ 2u(8), 1], we have y — §¢(y)/2 > —1, which can be
rewritten as §/(2¢(y)) < 1/(1 — y), and so, if y < 0, then

Chy 1= 3
20(y) — 11—y 72
and, clearly, 1 — 8y/(2e(y)) < 3/2if y > 0 as well. This implies (iii).
Now, it follows from the above estimates that 6/(2¢(y)) < 1/(1+4|y]), for x € [-14+2u(), 1],
which implies

A 5 244
y;(x>=<1 y)y’(x>sz<1+ 'y')s A _ g

1
> =,
-2

ey 2¢(y) L+yl —

and

y/(x)>%<1—8|y|>> 2.1

YT 20(y)) = 31+ 1y ~ 3
and so (iv) is verified.

Now, by

d 1) — 1 — () —

d_y(é): y) —y&) () y(x)’ £ex ),

X 1—x 1—x

(1) and (ii1) imply (2.1), for x € [—14+2u(5), 1]. Finally, the second inequality in (2.2) is obvious,
and the first one immediately follows from (ii) which implies

1+x=1+y+38p(y)/2 <2(1+y).
Thus, (v) is verified. [

3. Whitney-type estimates

In this section, we prove Whitney-type estimates, which we feel are of independent interest,
and which we need in order to prove the direct (Jackson-type) theorem (Theorem 1.4) for small n.
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Recall that the celebrated Whitney inequalities for the ordinary moduli of smoothness were
first proved by Whitney [16] for functions in C[a, b]. Later Brudnyi [1] extended the inequalities
to L,la,b], 1 < p < oo and, finally, Storozhenko [15] proved the inequalities for L ,[a, b],
O<p<l.

Theorem 3.1. Letk e N,a>0,8>0,0<p <00, f € Lﬁ'ﬂ, 0<h<2andxye®y. Then,
forany 6 € (0, 1], we have

Er(f, [x0 — he(x0)/2, X0 + hg(x0)/2Da.p.p < copy(f OMap.p < cf o(fs O p,
where ¢ depends only on k, o, B, p and 0.

Choosing xo = 0 and # = 2 in Theorem 3.1 we immediately get the following corollary.

Corollary 3.2. Letk e N,a >0, 8>0,0< p <ooand f € L‘;’ﬁ. Then, for any 6 € (0, 1],
we have

Ek(f)vt,ﬂ,p =< Cw:?(])(f, Q)a,ﬂ,p < Cw]‘fyo(fs 9)0[,,3,p7 (31)
where ¢ depends only on k, o, B, p and 0.

Also, if xg & he(xp)/2 = 1, Theorem 3.1 immediately gives the following result (by letting
h:=1t/4A/(4 — Ar?), xo := £(1 — p(h)), 0 := min{1, 1/4/2A}, and using monotonicity of the

moduli with respect to ¢).

Corollary 33. Letk e NNoa>0,6>0,A>00<p <ooand f € L‘;‘,‘ﬁ. Then, for any
0 <t <2/A, we have

Ex(f.[1 = AP 1app < copy(fi Dap.p < cof o(f. Darpop:
and
Ek(.ﬂ [—1, -1 + Atz])zx,ﬂ,p < Ca):%(.ﬂ t)a,ﬁ,p =< Cw]f,o(fv t)a,ﬂ,ps

where ¢ depends on k, p, o, B and A.

Proof of Theorem 3.1. Theorem 3.1 follows from the classical (non-weighted) Whitney’s
inequality (see [2, Theorem 6.4.2 and Theorem 12.5.5]), which readily implies (see e.g.
[13, Sections 3.1 and 7.1]), for each interval J C [—1, 1], the existence of a polynomial p; € Py,
such that

f - pk”Lp(J) <cax(f, |1 I)p
| J k=11 min(1.p)
= C kST min(T ) o (f,8:1)p, 0 <8 <|J], (3.2)

where |J| is the length of the interval J.
In order to prove Theorem 3.1, we assume, without loss of generality, that xo > 0, and denote

la, D] == [x0 — he(x0)/2, X0 + he(x0)/2], W, = & o(f, 0h)ap.p,
Note that

1—x<2(1—x9) and 14+x <2(1+xy), x €la,b], (3.3)
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since X is the middle of [a, b], and so
@(b) < ¢(x) < 2¢(xo), forall x € [a,D], (34

where the first inequality is valid since |x| < b (because x is assumed to be nonnegative).

We will consider two cases: (i) ¢(xg) < 2¢(b) and (ii) ¢(x9) > 2¢(b).

In the case (i), xo and [a, b] are “far away” from the endpoints of [—1, 1] and so wy, g(x) ~
We,p(X0), for all x € [a, b]. This is a simpler case, and we can reduce the proof to the classical
non-weighted Whitney’s inequality. The case (ii) is a bit more involved since the right endpoint
b is now “close to 1” (in fact, we will show that it is sufficient to assume that it is equal to 1),
and so the weight wg g(x) is no longer equivalent to a constant over [a, b]. The idea of the proof
in this case is to consider the interval J := [a, b] N [—l;, l;], where b =1 — (cOh)? with some
small constant ¢ depending only on k. Then, wq,g(x) ~ we,p(xo), for all x € J, and the main
task remaining in this case is to show that a polynomial p; € [P, that approximates f well on J
also approximates it with the right order on [a, b] \ J.

Case (i): p(xg) < 2¢(b).
Then, for all x € [a, b],

1 — xo < ¢*(x0) < 49 (b) < 4¢*(x) < 8(1 —x) (3.5)
and
2 2 2
L4x= 200 B0 80 g (3.6)
1 —xo 1 —xo 1—x

Note that (3.3), (3.5) and (3.6) imply that
W, g(X0) ~ Wq p(x) < CWZ"Tﬁ(x), if x+tktpx)/2 € la,b]. 3.7
Now, let J := [a, b] and 6 := 6h¢(b), and note that
glll = ghw(m) =8 = 6he(xo) < |J]. (3-8)

So, for p = oo, we have

wr(f,8; J)oo = sup sup |Af(f,x; J)| = sup sup |Aw(b)(f X; J)I
O<s<8 xeJ 0<7t<8/p(b) xeJ
= sup sup|Aw(b)(fx J)} sup sup|Awm(fx J)|
O0<t<0h xelJ 0<t<0h xe

<cw ﬂ(xo) sup sup Wkr (x)Aw(x)(f X; J)‘
O<t<6h xeJ

= cw;, 5(x0)Weo,

where in the last inequality we used (3.7).
If p < o0, then it is well known (see e.g. [13, Lemma 7.2]) that

wk(f 1 J)P<c—/ /|Ak(fx NP dxds, 0<1t<|J|/k.
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Hence, using (3.4) and (3.7) we have
)
cawk(f,a;J)ggff |AK(f, x, D) dsdx
J JO
3/¢(x) . »
:// PN A7y (fs x, D) drdx
J JO
6h »
5// Q)AL (fox, DI drdx
J JO
B 6h »
< cw, 3 (x0)p(b) /, /0 Wil )AL o (fx. DI drdx

< cw, h(x0)p(b) f /@ Wil ()AL (f. )| dxd
= cw;g(xo)ehcp(b)wlﬁ’.
Thus, for all 0 < p < oo, we have
o (f,8; 1) < cwy (X)W,
which, by virtue of (3.3), yields
|wa.p(f = PO, ) = CWapxo) IS = pille, ) < cWapo)an(f.8: 1), < cWp,
and so the proof is complete in Case (i).

Case (ii): ¢(x9) > 2¢(b).
We first note that, in this case, it suffices to assume that » = 1. Indeed, suppose that the

theorem is proved for all X, and h such that £y + fzgo(ﬁo)ﬂ = 1, and let x¢ and % be such that

@(x0) > 2¢(b) (recall that b = xo + ho(xy)/2). We let Xy := x( and h= 2(1 — x0)/@(xp) so that

X0 + fl(p(xo)/Z = 1. Now, since

@*(xo)  4p*(b) 1+b

= > =4(1 - b)
14+x9g 14+x 1+ xo

1 —xo > 4(1 - b),

we have
ho(xo) = 2(b — x9) = 2(1 — x9) — 2(1 — b) > 3(1 — x¢)/2.
Therefore, h < h < 4h/3, and so
Ev(f, [xo — ho(x0)/2, xo + ho(x0)/2])a.p.p
< Ex(f, [xo — ho(x0)/2, X0 + he(x0)/2Da.p.p

< cao o (f. 01h)app < W),

where 6, := 36/4.
Hence, for the rest of this proof, we assume that b = 1. Note that

b —a = he(x) = 2(1 — xo) = 2u(h) € [h*/2, h?). (3.9)
Define

- Oh -~ ~5 -~ o~

h=—, b:=1—h" and J :=]a,b]N[-b,b].

10k’
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Then xy € J, and, for all x € J, we have
1—x0<,u~(h)<c’ l+x0< ~2 - c -
I—x = p? 1+x = max{h?, 1+a} ~ max{h?, 4 —h?}

c, (3.10)

and, recalling (3.4),
9(b) = ¢(x) < 2¢(x0) < cp(b).

We now let § .= 9h<p(l;), note that
clJl<etb—a)<é <b—a=clJl,

and conclude using the same argument that was used in Case (i) and using (3.10) instead of (3.5)
and (3.6), that there is a polynomial p; € P, such that

|wa.p(f = PO, ) = W) @3.11)

So, to finish the proof in Case (ii) we have to show that, for the function g := f — py, the
inequalities

|wa.pgll,, 5.1 < cWo. (3.12)

and, ifa < —5,
lwesg -y = W (3.13)

hold. We prove (3.12), the proof of (3.13) being similar and simpler, since a < —b only holds

for “large” h (i.e., those h that are close to 2). More precisely,

6%h? N 4h?

100k2 ~ 4+ h?

We let 1 € [2h/v/k,4h//k] be fixed for now, and denote by y = y(x) and y; = y;(x),
1 < i <k, the functions such that

yx) +kto(y(x))/2=x and yi(x) = x —ite(y(x)) = y(x) + (k/2 — Dtg(y(x)).

Note that functions y and y; are well defined (see remark after the statement of Lemma 2.1).
We now note that [b, 1] C [—1 4+ 2u(kt?), 1], since

—142utkt)y < —1+k> < —1+16kh> <1 —h>=b

and so Lemma 2.1 with § = k¢ implies that, forall x € [b, 11,2/3 < y'(x) <2,1/3 < yi(x) <3,
and

a < —b if and only if > 2.

P (y(0)) < (14 x) (ukt) + 2(1 — x)) < 2(u(kt) +2h%) < kK% + 4h* < 25kh*. (3.14)
Additionally, note that

yix)yeJ, xel[b, 1] and 1<i<k. (3.15)
Indeed, since y(1) = 1 — u(kt), we have, for x € [15, 1],

Vi) < i) < D) = 1 —19(y(1)) = 1 = 2u(ke)/k < 1 —k*/2 < 1 — 20 < b,
and, using (3.14) and (3.9),

Yi(x) = ye(x) = ye(b) = b — kto(y(b)) > | — h* — 5k**th > 1 — 21kh*

> max{—1 + ﬁz, a},
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which yields (3.15). Note also that (3.14) and inequalities 7 < 4h /~/k and h < (5k)~! imply that
1 4+ y(x) = 3kte(y(x))/2, for x € [b, 1].
Hence,

Wep(X) = Wa,p (Y(x) + kt@(y(x))/2) < 2Pwy p(yi(x)), x € [b, 1],
and using (3.15) and (3.11) we get, for 0 < p < oo,

|wapg G, 51y = 27 [wa s8], 5.1y = € [wapGDgDGN? |

<c wa’ﬂgHLp(J) =cW,.

Lplb,1]

If p = oo, then similar (and, in fact, simpler) arguments yield
lwe g8 5.1 < Woor 1 =i <k
Now, for x € [b, 1],

k—1

(k k
g = Ay (8. Y = Y (=1 (l.)g (y(x) + (i - §>w<y<x>>>

i=0

, [k
_ A N '
= Aoy (85 Y(X) § (=D <i>g(y,(X)),

i=1
and so
k

k
||wa,ﬂg||Lp[;;,1] =c ” wa,ﬁAfw(y)(gv y)” Lylb.1] +c Z (l) ” wa,ﬂg(yi)i

i=1

< ¢ |lwap Ay (8 V)| L W

Lplb,1]

B k
< c||WRT AL (8 y)”Lp[IS,I] W
<c|WxP Ak (g, iz
<c tk tw(g ) LP(Dk,)+C !

This completes the proof in the case p = oco. If p < oo, then integrating with respect to ¢ over

[2h/k, 4h/ k] we get

p ¢ 4k WP Ak p
”wa,ﬁg”Lp[;},]] = Z I tk t(p(g, 2 L

The proof is now complete. [

dt + chf’ < chP.

p(gkt)

We now prove a Whitney-type result for functions from f € B/ (wq ), r € N.

Theorem 34. Letk e N,r e N, 1 < p < o0, and let o, B € J, be such that r /2 + a > 0 and
r/2+ B =0.If f € B (wa,p), then for any 6 € (0, 1],

Epsr(Papp < cof (£, 0)a,p.p- (3.16)

Proof. Note that f € B/, (wq,g) implies that £ € L)/**"/**# ‘and so it follows from (3.1) that

Ex(f D pvarspipp < cof o f 7 Orranszepp = Wip,
where W, , := of (", 0)ap.p-
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Let P, € Py bea polynomial such that
er/2+u¢,r/2+ﬂ(f(r) - ﬁk)H < CWr P

and define Py, € Py, by

(r=1)
Pes () == £(0) + —f NI A OIS o f (x — uy™ Bwydu.
r—1)! r—1)!

Assuming that x > 0 (for x < 0 all estimates are analogous), we have by Holder’s inequality
(r = DHf(x) = Pryr(0)]
X
< [Ca =t |70 - Ao du
0

X r—1

(x —u) , 5

= / — Wy a2 p | F (W) — Pe(u)|du
0 Wr/24a,r2+61)

S CAq(-x)Wf,pv

where g := p/(p — 1),
1/q

* x—uy=t \? .
A, (x) = / (—> du) , it g <oo,
0 \Wr2tar/24p)

_ vy —1
Aso(x) = sup (&>

uel0,x] wr/2+a,r/2+ﬁ(u)

and

Now, since
()C _ M)r—l - (x _ u)r—l
Wy j2ta,r2+p) — (1 —u)/2+e

we have

< (1 _ u)r/Z—a—l,

Ag(x)gf (1 — w27 Dy and  An(x) < sup (1 —u) />~ L
0 uel0,x]

Ifg <ocoandg(r/2 —a — 1) > —1, then

1
a0 = [ (= =,
0

which yields
I f = PeyrllLoion < cWep,
and hence
lwa.s(f = Pear)llLyi011 < cWrpllwapllz, 0. < cWrp, 3.17)

where we used the fact thata € J,. Similarly, (3.17) holdsifg = co (p = 1) andr/2—a—1 > 0.
Ifg <ocoandq(r/2 —a — 1) < —1, then

q T/ 2—a—1)+1
Aj(x) = c(l —x) ,
and so, recalling that x > 0, we have

W p(X)A,(x) < c(1 — x)/* 1P,
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Hence,

lwep(f = Peir)liz, 001 < cllwagAgllLonWrp < cW;p. (3.18)

Similarly, one shows that (3.18) holdsifg = oo (p =1)andr/2 —a — 1 < 0.
It remains to consider the case ¢ < co and g(r/2 —a — 1) = —1. We have

Al(x) < /x(l —u)'du = c|In(1 — x)|,
0
and so
We, s (XA, (x) < c(1 — x)¥|In(1 — x)|"/.

For p < oo, since «p > —1, we have
1
Hwa,ﬁAq ||’L)p[0,]] < c/o (1 —x)*|In(1 — x)|P'dx < c.

Finally, if p = oo, theng = land @ = r/2 > 0, and so [wasAi], . < ¢ Hence, (3.18)
holds in this case as well. ’
Similarly, one shows that

lwa,s(f — Petr)llLyi-1.00 < cWrp,

and the proof is complete. [J

4. Direct estimates: proof of Theorems 1.4 and 1.5
The following lemma is [10, Corollary 4.4] with » = 0.
Lemmad4.l. Letk e N o >0, 8>0and f € L‘;‘,’ﬁ, 0 < p < oo. Then, there exists N € N

depending on k, p, o and B, such that for everyn > N and 0 < © < 1, there is a polynomial
P, € P, satisfying

” wa,ﬂ(f - Pn)”p = C(U]t%(fv ﬁ/”)a,ﬂ,p = Cw/f’()(f? ﬂ/”)a,ﬁ,pv

and

n Jwep0" PO < cory(£,0/mapp < cof o(f, /Mg p.

where constants ¢ depend only on k, p, a, f and 9.

Proof of Theorem 1.4. Estimate (1.5) immediately follows from Lemma 4.1 for n > N. For
k <n < N, (1.5) follows from Corollary 3.2 with 8 := ¥/N, since

En(f)a,ﬂ,p < Ek(f)a,ﬂ,p < Cw/(f,()(fv ﬁ/N)a,ﬂ,p =< Cw/(f’()(f’ ﬁ/”)a,ﬁ,[r g

Remark 4.2. In the case 1 < p < oo, it was shown by Ky [11, Theorem 4] (see also Luther and
Russo [12]) that if o, 8 > 0, then

Eo(fapp < cly(f1/Mugzp. 1 = no. 4.1

By virtue of [10, Corollary 1.7 and (5.2)], we have, for 1 < p < oo,

of ,(fO, Dapp ~ O (F O Dy orpr 0 <1 <o, 4.2)
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Thus, in the case 1 < p < oo, (1.5) with n > ng follows from (4.1). We also remark that, even
though (4.1) was stated with ny = k in [11], the proof used [3, Theorem 6.1.1] where 0 < # < 1,
and so was only justified for sufficiently large n.

Proof of Theorem 1.5. The case r = 0 is Theorem 1.4. Thus we may assume that r > 1. It
follows by [3, Theorem 8.2.1 and (6.3.2)] that, for n > ny,

1/n
En(flapp <c f (D" Cf D o/ D .3)
0

1/n
Lok £
< c/o 1" 025" D por p dt

C ky £) C kg
S ;'Q(p(f : ) l/n)wa‘ﬂ(ﬂ',p = ;ww(fr ) 1/n)wmﬁ(p’.p )

where the main-part modulus .(2;1 is defined in [3, (8.1.2)]. Hence, (1.5) follows by (4.2). For
k+r <n < ny, (1.5) immediately follows from Theorem 3.4 with 6 := 1/ny, as above. This
completes the proof. O

5. Inverse theorem: proof of Theorem 1.6

We first prove this theorem in the case » > 1.

For the proof we need the following fundamental inequality (see [4,14] as well as [3, (8.1.3)]):
giveno, B € J,, 1 < p < oo, we have
(r)

SC(V, pva7 IB)nV ||wa,ﬁpn||Pv pn e}P)n' (51)

|lwase’ P,

Let f € Lﬁ”s and let P, € P, be a polynomial of best approximation of f in L%”S . That is,

En(f)a,ﬁ,p = ”wa,ﬁ(f - Pn)”p’ n= 1.
Throughout the proof, we often use the estimate

D QINY Esin(Hapop (5.2)
j=l
' m—1 '
<42 QN Eyin(Flap.p
j=l
m—1  2IN
< (14292 > T EPapp

J=l n=2i-1N+1

2’"le
=1+292" Y 2" Ei(Papps
n=21="1N+1

where v > 1 and 1 <[ < m, which is also valid if m = oc.
We represent f as the telescopic series

[o¢] o
f=Per+ Py = Pi)+ Y (Prviy = Poiy) = Per + Q4 Y _ Q. (5.3)
j=0 j=0

Since

lwapQillp < |wap(Pasriy = O, + [was(f = Poi)], < cErin(Plug p.ps 5.4
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we have by virtue of (5.1) and (1.7), foreach 1 <v <r,

[o.¢]
3 [0
=0

o0
P =c Z(EHIN)UEz/N(f)a,ﬂ,P
j=0

o0
< cNYEn(Happtec D 0" Ei(fapy < 00
n=N+1

By the same argument as in the proof of [9, Theorem 9.1], it follows that almost everywhere
f(x) is identical with a function possessing an absolutely continuous derivative of order (r — 1)
and f " eL p[—1+ ¢, 1 —¢], for any ¢ > 0. In particular, differentiation of (5.3) is justified,
and f € B;(wa,ﬂ).

By [10, Lemma 4.1], since /2 + « > O and /2 4+ 8 > 0, we have

w](f’r(Q('r)’ t)a,ﬂ,p <c wa,ﬁ‘pr Qg'r)

p
and

w,‘f,r(Q(jr), Dap.p < ct* Hwa,ﬁ<,0r+k Q;H—k) Hp
Hence, by (5.1) and (5.4) we obtain

O (07 1) g5, < cQTINY [wap Q] < @' NY Exin(Plapp
and

of (0, 1)

Denoting J := min{j € Ny : 27/ < Nt} (note that 27/ < Nt < 27/*1if J > 1,and Nt > 1
if J = 0) we now have by (5.2)

wpp = QN Jwap Q) < e @INY T Enyy (Ppp-

00 o0
(3 en) ze ¥ aniela,, o
j=J+1 o.p.p j=J+1
o
<c Z (ZJN)VEz.iN(f)a,ﬂsP
j=d+1
o0
<c Z I’lr_lEn(f)ot,ﬂvP
n=2/ N+1
<c Z l’lrilEn(f)Ot,ﬁ’l”

n>max{N,1/t}

since 2/ N + 1 > max{N, 1/t}. Now, if J > 2, then (5.2) implies
J

J
wf, (Z o', r) <ct* Y QN Eyiy(Hagpp (5.6)
j=0 aB.p j=0
2/-1N
k arr+k k r+k—1
S ct"N"PEN(f)ap,p +ct Z n Ev(fap.p
n=N+1

< " NHE Dyttt 3 AT E D,
N<n<max{N,1/t}
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where we used the fact that 2/ ~'N < max{N, 1/t}.If J = 0 or 1, then we have

J
Z k Apr+k
a);f,r( Q('r)’t> P < " N"™EN(fa.p.ps
a.B.p

Jj=0
and so the last estimate in (5.6) is valid in this case as well.
Finally, if N > k + r, then

of (P + Q7 Dapp = 0 Q7 Dapp < et* [wa s Q47 (5.7)
< ctkNTHE wa,ﬁQ”p < "N E i (apops

and if N < k + r, then w,‘f’r(P,fjr)r + 0", 1)q.p., = 0, so that we do not need (5.7).

Combining (5.5)—(5.7) and using the fact that, if N > k +7, then Ex(f)a,p,p < Ex+r(fap,p
and, if N < k 4 r, then the first term in the last inequality in (5.6) can be absorbed by the second
term in that inequality, we obtain (1.8), and our proof is complete in the case r > 1.

Suppose now that r = 0. We represent f as

J
f=P40Q+) Qi+ (f— Puny), (5.8)

j=0
where Q := Py — Py and Q; := P,j+1y — P,jy, and estimate the last term. We have
|lwaps(f = Pyraip)||, < eEariin(Flapps
and in the case J = 0 or 1, we use the fact that Nt > ¢, to conclude
Eyrsin(Dapp < EN(Plapp = NN EN(Papp < cCNEEN(fap.p-
If J > 2, werecall that 27! N < 1/t < 2’ N, so that max{N, 1/t} = 1/¢, and write

2/-1IN
Eyriiy(Papp < @72N) " Ei(Papp

n=2/="2N+1
2/-1N

@M YT AT E(Pagsy
n=2"2N+1

S4ktk Z ”kilEn(f)oz,ﬂ,p-

N<n<l/t

It now remains to apply (5.6) and (5.7) with r = 0, in order to complete the proof of (1.8) in the
caser =0. O
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