Journal of Algebra 236, 277-306 (2001)
d0i:10.1006 /jabr.2000.8483, available online at http: //www.idealibrary.com on Iﬂikl®

Simple Commutative Semirings

R. El Bashir, J. Hurt, A. Jandaiik, and T. Kepka'

Faculty of Mathematics and Physics, Charles University, Sokolovska 83,
186 75 Prague 8, Czech Republic
E-mail: bashir@karlin.mff.cuni.cz; hurt@karlin.mff.cuni.cz;
jancarik@karlin.mff.cuni.cz; kepka@karlin.mff.cuni.cz

Communicated by Kent R. Fuller

Received February 1, 2000

Key Words: commutative semiring; cancellative semiring; parasemifield; semi-
field.

0. INTRODUCTION

The notion of a semiring (i.e., a universal algebra with two associative
binary operations, where one of them distributes over the other) was
introduced by Vandiver [33] in 1934. Needless to say, semirings found their
full place in mathematics long before that year (e.g., the semirings of
positive elements in ordered rings) and even more so after (e.g., various
applications in theoretical computer science and algorithm theory). How-
ever, the reader is referred to [11, 12, 16, and 17] for background, basic,
and more advanced properties of, and comments, historical remarks, and
further references on semirings.

Congruence-simple algebras (i.e., those possessing just two congruence
relations) serve a basic construction material for any algebraic structure.
In spite of the fact and in contrast to the enormous and opulent supply of
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information on worldwide popular simple groups and rings, not much is
known on congruence-simple semigroups and almost nothing on such
semirings. We mention only that the study of congruence-simple commuta-
tive semirings with unit was initiated in [26] (see also [12]) and that some
results on congruence-simple semifields was achieved in [21].

The aim of the present paper is to classify the congruence-simple
commutative semirings and to relate them with better known concepts (for
instance, ordered rings with order units). To that purpose, the paper is
divided into 14 parts and the promised classification is summarized in the
10th section. Additionally, for a better understanding, some basic informa-
tion on ideal-simple commutative semirings is included.

1. PRELIMINARIES

A commutative semiring is a non-empty set equipped with two associa-
tive and commutative binary operations (usually denoted as addition and
multiplication) such that the multiplication is distributive over the addi-
tion. (Note that the existence of any neutral and /or absorbing element is
not assumed a priori.) In the following we shall be handling commutative
semirings only, and hence the word semiring will always mean a commuta-
tive semiring.

Let S be a semiring. A (binary) relation r € § X § is a congruence of S
if r is an equivalence and (a + ¢, b + ¢) € r, (ac, bc) € r for all (a,b) € r
and ¢ € S. A non-empty subset [ of S is an ideal or bi-ideal of S if SI C I
and I +1C I or § + I C, respectively. The semiring S will be called
congruence-simple (or cg-simple, for short) if S is non-trivial and idg, S X S
are the only congruences of S; and ideal-simple (id-simple for short), or
bi-ideal-simple if S is non-trivial and I = § whenever [ is an ideal or
bi-ideal of S such that I contains at least two elements, respectively. If I is
a bi-ideal of S, then (I X I) U idg is a congruence of S and consequently
S is bi-ideal-simple provided that S is cg-simple or id-simple. Note that a
(non-trivial commutative) ring is congruence /ideal-simple (as a semiring
or a ring) if and only if it is a field or a zero multiplication ring of finite
prime order. Note also that every two-element semiring is both congru-
ence- and ideal-simple and that there exist (up to isomorphism) just eight
two-element semirings (see the next section).

A semiring S is said to be additively (resp., multiplicatively) idempotent /
cancellative if so is the additive (resp., multiplicative) semigroup S(+)
(resp., S(-)). These semirings will also be called ai/ac-semirings (or
mi / mc-semirings).
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2. TWO-ELEMENT COMMUTATIVE SEMIRINGS

A Z,
+ 1 : 1 + 1 1
0 0 0
1o o 10 o 1o o 1o 1
Z3 Z4
+ 1 lo 1 + 1 0 1
0 0 11
1o 1 1[0 o 1o 1 111
ZS Zﬁ
+ 1 1o 1 + 1 1
0 0 0] 0 1 0
1o 1 1|1 1 1o 1 1o 1
Z, A
+] 0 1 0 1 + 10 1 0 1
1 0 0 1 0
1|1 1[0 o 1|1 1o 1

3. CONGRUENCE-SIMPLE COMMUTATIVE
SEMIRINGS—BASIC CLASSIFICATION

3.1. THEOREM. Let S be a congruence-simple semiring. Then just one of
the following three cases takes place:

(1) S is a two-element semiring isomorphic either to Z, or Z,,
(2) S is additively idempotent.
(3) S is additively cancellative.

Proof. First, define a relation r on § by (x,y) €r if and only if
2x = 2y. Then r is a congruence of the semiring S and we have either
r=idgorr=_5§ XS.

Let r = idg. The mapping x — 2x is an injective transformation of §
and we shall define a relation s on S by (x, y) € s if and only if there exist
a non-negative integer i and elements u,v € S U {0} such that 2'x =y + u
and 2’y = x 4+ v. Again, s is a congruence of S and (x,2x) € s for every
s € S. Consequently, if s = idg, then S(+) is idempotent and hence we
shall assume that s =8 XS and a + b =a + ¢ for some a,b,c € S.
There exist i > 0 and w € S U {0} such that 2'p = ¢ + w and we have
b+2b=b+a+w=c+a+w=c+2b.Then2b=b+cfori=0
and, if i > 1, then 2(b +277'p) = 2(c + 217'h), b + 2170 = ¢ + 27 1p,
and 2b = b + ¢ by induction. Quite similarly, b + ¢ = 2¢, and so 2b = 2¢
and, finally, b = c¢. We have proved that S(+) is cancellative.
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Now let » = § X S. Then there is an o € § such that 2x = o for every
x € §. Similarly as above, define a congruence ¢ of S by (x, y) € ¢ if and
only if 3x =3y. If t =idy and a + b = a + ¢, then x — 3x is injective
and the equalities 3b=b+o0o=b+a+a=c+a+a=c+o=3c
imply b = ¢ (hence S(+) is cancellative). Therefore, assuming that ¢ =
S X S, ie., x + o0 = o for every x € §. We have to consider the following
four cases:

Let S+ S =S8 and SS # 0. Then there are a,b,c,d € S such that
a+ b =cand cd # o. Since xo =x(0 + 0) =x0 + x0 = o for every x €
S, we know that all the elements a,b,c,d are different from o. Put
I={x;x=cu+v,ueS,veSU{0}}). Then I is a bi-ideal of S and
0,cd € 1. Thus I = § and, in particular, a = cu, + v, and b = cu, + v,
for suitable u,,u, € § and v,,v, € § U {0}. But then a = (a + bu, + v,
=au, + v, + vyu, + cuyu;,, b=~ +bu, +v,=>bu, +v, +vu, +
cuu,, and o #c=a +b =au, + v, +v,u, +bu, + v, +vu, +
2cu,u, = o, since 2cu,u, = o, a contradiction.

Let S+S5 #0=S5S. We have a + b = ¢ # o for some a,b,c € § and
the relation p defined on S by (x,y) €ep ifandonlyif a + x =a +yisa
congruence of S. Of course, (a,0) €p, p #idg, p =8 X S, (b,0) €p,
and 0 # ¢ =a + b = a + o = o, a contradiction.

Let S+S=0+#SS.Put J={x<S;xS =0} Then J # § and, since J
is a bi-ideal of S, we must have J = {o}. Put T = S\{o}, and, for every
a € T, define a relation 4, on S by (x,y) € h, if and only if ax = ay.
Then h, is a congruence of S, (b,0) & h,, for at least one b € T and
consequently 4, = idg. Thus 7T C T and the relation g, = (T X T) U id;
is a congruence of S. Since g, # S X S, we have ¢, = idg, card(T) = 1,
and § = Z,.

Let S + § = 0 = §S. Then every equivalence defined on § is a congru-
ence of S, and therefore |[S|=2and S = Z,. |1

3.2. ExamprLE (cf. [26, 4.1]). Let G be an abelian group (denoted
multiplicatively), o € G, and V(G) = G U {o}. Put x +y =0, x +x =x,
and xo = 0 = ox for all x,y € V(G), x #y. The V(G) becomes a (com-
mutative) ai-semiring (possessing a unit) and o is a smallest (alias absorb-
ing) element of the semilattice V'(G)(+). Moreover, it is easy to see that
V(G) is both congruence- and ideal-simple. Note also that V(G) is a
finitely generated semiring if and only if the group G is finitely generated
and that V(G,) = V(G,) if and only if G, = G,.

3.3. THEOREM (cf. [26, 4.7]). Let S be a congruence-simple additively
idempotent semiring. Then just one of the following three cases takes place:
(a) S is isomorphic to one of the two-element semirings Z, Z,, Zs.

(B) The additive semilattice S(+) possesses a smallest element o (i.e.,
X+ 0 =o foreveryx € §), So =0, G = S\{o} is an (abelian) subgroup of
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the multiplicative semigroup S(-), and the semiring S is (isomorphic to) the
semiring V(G) (see 3.2).

(y) The semiring S is multiplicatively cancellative.

Proof. Put A ={x €S, card(Sx) = 1}. If a € S\ 4 and if r, is de-
fined by (x, y) € r, if and only if ax = ay, then r, is a congruence of S,
r, 8 X 8, r, = idg, and the map x — ax is an injective transformation of
S. Now, if A = &, then (y) is true, hence assume that 4 # .

One sees easily that there exists an element w € § such that S4 = w =
Sw and the set S + w is a bi-ideal of S. If S +w =S, then w =01is a
neutral element of S(+), (T X T) U idg is a congruence of S, where
T = S\{0}, and we have |T|=1, |S|= 2, an either S=Z, or S = Z..
Hence, assume that § + w = w and w = o is a smallest element of S(+).

Now, define a relation s on § by (x,y) €s if and only if {z;, € S;
ax +z, =0} ={z, € S; ay + z, = o} for every a € S. Then s is a congru-
ence of S and we consider first the case s = S X S. We have (x, 0) € s for
every x € S and it follows that uv + z = o for all u, v, z € S. In particular,
u =uv +uv =o,ie,SS=o0and A =S8.1f a € S\{o}, then S +a is a
bi-ideal of S, a, 0o € S + a, hence S +a = S, a is a neutral element of
S(+), IS\{o}/ =1and § = Z,.

Next, assume that s = idg. Then 4 # S and, if z € S\ 4 and v € 4,
then zv = 0 = zo implies v = 0. This means that 4 = {0} and that G =
S\{o} is a subsemigroup of S(-). Clearly, G is a cancellative semigroup.

Now, let a,b € S, a # b. We are going to show that a + b = o. Pro-
ceeding by contradiction, assume that a + b = ¢ # o. Since a # b, we may
also assume that ¢ # a. Then (a,c¢) & s = idg and there exist d,e € §
such that dc + e =0 # da + e; we have d # o and dc # o. Further,
denote by B the set of x € § such that x + vdc = x for some v € § U {1}.
Then o,dc € B, B is a bi-ideal of S, B = S, da € B, and, finally, da +
wdc = da for some w € S U {1} (in fact, da + dc = dc #+ da, and so
w € §). Quite similarly, da + u(da + e) = da for some u € S U {1}. Now
we have

da + uda = da + u(da + e) + uda
=da + uda + ue = da + u(da + e) = da,
da + wudc = da = uda + uwdc = da + u(da + wdc)

= da + uda = da,
wdc + wda = wda + wdb + wda = wda + wdb = wdc,
wda = wda + wuda + wue,
da + wue = du + wdc + wue = wue + da + wdc + wda
= wue + da + wdc + wda + wuda + wue
= da + wdc + w(da + uda + ue)

=da + wdc + wda = da + wdc = da.
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Finally,

0 #da =da + da = da + wudc + da + wue = da + wu(dc + e)

=da +wuo =da +o0 =o,

a contradiction.

We have proved that a + b = o for all a,b € S, a # b. From this, it
follows easily that Sa is a bi-ideal of S for every a € S. If a € G, then
|Sal > 2, and therefore Sa = S. Now, it is easy to conclude that G(-) is a
group and § = V(G). |

3.4. THEOREM. Let S be a congruence-simple additively cancellative
semiring. Then just one of the following three cases takes place:

(a) S is a zero-multiplication ring of finite prime order;
(B) Sisa field;

(y) The semiring S is multiplicatively cancellative and the additive
semigroup S(+) possesses no neutral element.

Proof. First, assume that there exists a neutral element 0 € S for the
additive semigroup S(+), denote by M the set of invertible elements of
S(+), and define a relation r on S by (x,y) €r if and only if y =x + u
for some u € M. Since S(+) is cancellative, we have SO = 0, SM C M,
and it follows easily that r is a congruence of S. If r = § X §, then M = §,
S is a ring, S is ideal-simple, and it is clear that either («) or ( 8) is true.
Now, let r = idg. Then M = 0 and we put g = ((S\{0}) X (S\{0}) U id;.
For every a € S, the relation r, defined by (x,y) € r, if and only if
ax = ay is a congruence of S, Sa =0 if r, = 8§ X §, and (S\{0Da # 0 if
r, = idg. Using these observations, we deduce easily that g is a congru-
ence of S. But then g = idy, |S| = 2, and either S = Z, or S = Z,.

Now, assume that 0 & S and put A = {x € S;|Sx| = 1}. Proceeding in a
manner similar to the proof of 3.3, we show that A # (J and that S(-) is
cancellative. |

4. ADDITIVELY / MULTIPLICATIVELY CANCELLATIVE
COMMUTATIVE SEMIRINGS—BASIC OBSERVATIONS

The results of this section are of auxiliary character; all are fairly basic
and some of them may be considered more or less folklore. We shall not
attribute them to any particular source.

By a parasemifield we will mean a non-trivial (commutative) semiring S
such that the multiplicative semigroup S(-) is an (abelian) group.



SIMPLE COMMUTATIVE SEMIRINGS 283

4.1. PROPOSITION (The Parasemifield of Fractions). Let S be a non-triv-
ial mc-semiring. The there exists a parasemifield P (= P(S)) such that the
following conditions are satisfied:

(i) S is a subsemiring of P and P = {ab™';a,b € S}.
(ii) P is additively cancellative if and only if S is.
(iii) P is additively idempotent if and only if S is.
(iv) If S is congruence-simple, then P is.
(v) P is ideal-simple (in fact, P does not possess any proper ideal).

Proof. The proof is standard and easy. |

4.2. PrROPOSITION (The Ring of Differences). Let S be a non-trivial
ac-semiring. Then there exists a (commutative) ring R (= R(S)) such that the
following conditions are satisfied:

@) S is a subsemiring of R and R = {a — b; a,b € S}.

(ii) R is a ring without zero divisors if and only if ac + bd + ad + bc
forall a,b,c,d € S; a #+ b; ¢ # d.

(iii) R possesses a unit if and only if there exist a,b € S such that
ax +by +y=ay +bx +xforallx,y €.

(iv) If S possesses a unit, then R does also.

(v) R is a field if and only if for all a,b,c,d € S; a # b; there exist
x,y € S such that ax + by + ¢ = ay + bx + d.

Proof. The proof is standard and easy. |

A non-trivial additively cancellative semiring satisfying the equivalent
conditions of 4.2(v) will be called conical.

4.3. PROPOSITION. Let S be a non-trivial ac-semiring.

@ If 0 & S and S is conical, then S is multiplicatively cancellative
and P(S) (see 4.1) is also conical.
(i) If S is a parasemifield, then S is conical if and only if for every
ac€S,a+1,thereexistx,y € S suchthata +x =1+ ax + y.
(iii) If S is congruence-simple then either S is conical or S is a
zero-multiplication ring of prime order.

Proof.  The proof of both (i) and (ii) is easy. To prove (iii), let I be an
ideal of the ring R = R(S) (see 4.2) and define a relation r on S by
(x,y) erif and only if x —y € I. Then r is a congruence of S, I = 0 if
r=1idg, and I =R if r =8 X §. Thus R is ideal simple and the rest is
clear. 1
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4.4. LEMMA. Let S be a non-trivial ac-semiring such that 0 & S, and let
w € R =R(S) be such that w?> € S. Put S, ={a + bw; a,b €S U {0},
a+b+0and S, ={a —bw; a,b €S U{0}, a + b # 0}. Then:

(i) Both S, and S, are subsemirings of R and S € S; N S,.
(i) If 0S8, NS, then cw = 0 for at least one ¢ € S.
(i) If S is an mc-semiring, then either 0 & S, or 0 & S,.

Proof. If a; +bw=0=a,— b,w for some a,,a,,b,,b, €S then
—b,b,w* € S and b,b,w* € S, a contradiction with 0 & S. Furthermore,
if w=e—f,e,feS, and cw =0, ¢ €S, then e # f (since w # 0) and
ce=cf. 1

In the remaining part of this section, let S be a non-trivial amc-semiring.
Then S(+) contains no neutral element (since otherwise SO = 0) and the
relation <g defined on S by x <¢ y if and only if y =x + z for some
z € § U {0} is an ordering; this ordering is compatible with respect to both
the addition and the multiplication of S. Moreover, < can be extended
to an ordering (denote it also by <) of the difference ring R = R(S) (see
4.2); we have x <g y in R if and only if y —x € § U {0}. The following
lemma is obvious:

4.5. LEMMA. () S is upward-cofinal in R(<).

(ii) The following conditions are equivalent:
(iill) <y is linear on R.
(ii2) <y is linear on S.
(ii3) Foreveryu € R, u + 0, eitheru € Sor —u € 8.
(ii4) S is semisubtractive. (That is, for all a,b € S, a # b, there
exists x € S such that eithera + x =borb +x = a.)

4.6. LEMMA. Let S be an ac-parasemifield. If a,b € S are such that
b* <g a?, then b < a.

Proof. We have a® = b* + z for some z € S U {0}, and then a(a + b)
=a>4+ab=b>+z+ab=bla+b)+z=(b+z(a +b)"Na + b).
Consequently, a = b + z(a + b)™!, z(a + b))~ € S U {0}, and b < a. |

4.7. LEMMA. Let S be an ac-parasemifield. Then 2-1¢ <g a +a~ ' +
(n-15)7" for every a € S and every positive integer n.

Proof.  For positive integers m, n put f(m) = 2™ and b, = 2n — D1, -
(n-1,)"! € S. Now, if n > 1, then (using standard methods) we can find
m > 1 such that

f(m) )

n— n)’m <
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On the other hand, using the binomial formula for (a + a~')/", we also
find that

f(m) — 15 fGm)
(f(m_l) g <g(a +a"H"™™.
Consequently, b/ <¢ (a + a~")/"™ and, by 4.6, we have b, < a + a ..

The semiring S is said to be archimedean if for all a, b € § there exists
a positive integer n such that b <g na (equivalently, for all a,b € S, there
exist ¢ € § and a positive integer m such that b + ¢ = ma). Note that if
this is true, then for all x € R and a € § there exists n > 1 with x < na.

4.8. LEMMA. Let S be an archimedean conical ac-parasemifield. Then

() 2-1g<ga+a! foreverya €.
(i) 2ab <g a* + b* forall a,b € S.

Proof. By 4.2(v), there exists a ficld F such that S is a subsemiring of F
and F ={a — b; a,b € S}. Clearly, the characteristic of F is zero and
hence we can assume that Q (the field of rationals) is the prime subfield
of F.

Let n be a positive integer and a €S, a# 1. By 47, a +a ! =
@2n—1/n+c, forsomec, €S.Putv=a+a ' —2€F,v+0,since
a#1. Then v +1/n=c,, nv +1=nc, €S. Further, —v~' € F and
—vl=d—e,decS,e=d+ v Since S is archimedean, we have
d < m for a suitable positive integer m, m =d + f, f € S. Now, v~ +
m=v'+d+f=e+feS, 1+vm=uv(e+f). As we have already
proved, 1 + vm € S,andso v = (1 + vm¥e + f)" ' € S. Thus a +a™ ' =
v+2and2 <ga+a’

Finally, let a,b € S, a #b,w =a —b € F. Then w?a'b~! + ba™! —
2 € § by the preceding part of the proof. |

5. CONGRUENCE-SIMPLE MULTIPLICATIVELY
CANCELLATIVE ADDITIVELY IDEMPOTENT
COMMUTATIVE SEMIRINGS

5.1. ExamMpLE. Let A be a non-zero subsemigroup of the additive
group R(+) of real numbers. We shall consider the following (commuta-
tive) mcai-semiring W= W(A) = W(&, ). W=A, a ® b = min(a, b),
and axb =a + b for all a,b € A.

5.1.1. LEMMA. W is congruence-simple if and only if A N R*Y# & +
ANR".
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Proof. First, assume that W is congruence-simple. If 4 N R™ = O,
0 #+ a € A, and if a relation r is defined on W by (x, y) € r if and only if
either x =y or 2a < min(x, y), then r is a non-trivial congruence of W,
a contradiction. We proceed similarly if 4 N R*= &.

Now, assume that A N RT# J # A N R~ and let r # id;, be a con-
gruence of W. Take a,b € W;a < b;and c € A N R™. Since r # idy, and
ANR #J, there are e, f € W such that (e,f) €r, e <f<a, and
c+b—ax<f—e Let n be the greatest non-negative integer such that
e+nc<a Then (n+Dc+e+b—-—a<f+n, 0<(n+Dc+e—a
<f+nc—>b, b<f+nc Of course, (e + nc,f+nc)er, (e +nc)da
=e+nc, (f+nc) ®a=a, (e +nc,a) €r. Quite similarly, (e + nc, b)
erand(a,b) €er. Thus r=WxWwW. 1

5.1.2. LEMMA. (i) Wis ideal-simple if and only if A is a subgroup of R(+)
(i.e., W is a parasemifield).

(i) W is finitely generated if and only if so is the semigroup A(+).

5.1.3. LEMMA. (1) W(@®) possesses a neutral element if and only if
AN R = and sup(A) € A.

(i) W(@®) possesses an absorbing element if and only if A N R™= &
and inf(A) € A.

(iii) W(=) possesses a neutral element if and only if 0 € A.
(iv) W(=) does not possess an absorbing element.

5.1.4. LEMMA. If A and B are subsemigroups of R(+) such that A N R*
+#J+#BNR" and ANR # D+ BNR", then W(A) = W(B) if and
only if B = qA for some g € R*.

5.2. PROPOSITION. Let S be a cg-simple ai-parasemifield. Then the semi-
lattice S(+) is a chain, i.e., a + b € {a, b} forall a,b € S.

Proof. The relation < definedon § by x <y ifand onlyif x +y =x
is an ordering (compatible with addition and multiplication) and we have
to show that this ordering is linear. Anyway, note first that since S(-) is a
group, S(+) contains no smallest (i.e., absorbing) element and also no
greatest (i.e., neutral) element. Now, take w € § and put 7 = {a € S;
aw <w}. Then 1 € T and T is a subsemiring of S. Moreover, Tx N Ty =
T(x +y)forall x,y €8S.

Indeed, if a,b € T and ax = by = v, then v(x +y)'w < wx(x +y)~ !,
v(x +y) 'w<wy(x +y) L o(x + ) tw < wlx +yNx +y)  =w, 0 =
v(x +y)"Nx +y) € T(x +y). Conversely, if ¢ € T, then c(x + y)x~'w
=cw+ox 'w <w, c(x +y) € Tx, and, similarly, c(x +y) € Ty.

Now, defining a relation » on S by (x, y) € r if and only if Tx = Ty, we
get a congruence of the semiring S. If r =5 X §,then T = §, aw < w for
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every a € S, and w is a greatest element of S, a contradiction. Thus
r =1idg and x — Tx is an injective mapping.

Let x,yeS. If x<yanda e S, then y ' <x L ayy 'w <axx'w =
aw <w, axy~! € T, and we see that Tx C Ty. Conversely, if Tx C Ty, then
Tx =Tx N Ty = T(x + y), and hence x =x +y, x <y. Then x <y if and
only if Tx € Ty and our aim is to show that the set {Tx; x € S} is linearly
ordered by inclusion. As one may see easily, this is true if and only if
T U T7! = S and now, proceeding by contradiction, we shall assume that
aeS\(TuT™".

For every n >0, let Pb,=TNTan--NTa"=TA+a+ - +a")
and, for x € S, let O, denote the set of u € § such that P, C Txu for at
least on m > 0. Then s, is a congruence of S, where (x,y) € s, if and
only if O, = Q,, and we shall first assume that s, = id;.

Clearly, Q,,, € O,. Conversely, if P, € Tu, then P,,, C P,a C Tau,
P,.,cP,cTu, P, ., CTaunTu=T1 + au, and u € Q,,,. Thus,
(1 +a,1) s, and consequently 1 + a = 1. However, then T = T(1 + a)
=TN7TacTaand a € T, a contradiction.

We have proved that s, = § X S, and therefore (x,1) €5, for every
x € § and there exists m > 0 such that P, C Tx. Proceeding similarly (i.e.,
replacing a by a~ '), we can show that R, C Tx forsome n > 0, R, = T N
Ta'n--NTa"=TA +a '+ - +a ™). In particular, P, € Ta~' for
some k > 0 and we have Pbac TN P.a=P,,, CP, P, CP.a', and,
by induction, P, € P,a™' C Ta™' for every i > 0. Consequently, P, C Tx,
ie,Th CTx,b=1+a+ - +a*, for every x € S. In this way, we have
shown that b is a smallest element of S and this is the needed final
contradiction. |

1 1

5.3. THEOREM. Let S be a congruence-simple multiplicatively cancellative
additively idempotent semiring (see 3.3). The there exists a subsemigroup A of
the additive group R(+) of real numbers such that AN R*#= J+A N R
and the semirings S and W(A) are isomorphic (see Example 5.1).

Proof.  First, assume that § is a parasemifield. By Proposition 5.2, the
semilattice S(+) is a chain (possessing no smallest and no greatest
element), and so S(-) is a linearly ordered (abelian) group (x <y if and
only if x +y =x). We are going to make it clear that this order is
archimedean.

Let w € S, 1 < w. Define a relation ¢, on S by (x, y) € ¢ if and only if
either x =y or vow™ <x < vw" and vow™ <y < vw" for an element v € §
and some positive integers m, n, m < n. Then ¢, is a congruence of S and
we have ¢, = § X S. In particular, given x € §, we have ow™ <x < vw",
w"™ <w<ow', v <w!™"and x < wlt"",

We have proved that S(-, <) is an archimedean linearly ordered (abelian)
group. According to the well-known Holder (-Baer—Cartan—Loonstra)
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Theorem ([19; see also [2, 4, 24]), there exists an injective homomorphism
¢ of S() into the additive group R(+) such that x <y in S(<) implies
o(x) < ¢(y) in R(<). (If, among the positive elements of S(:, <), there
exists a smallest one, say w, then S(-) is an infinite cyclic group generated
by w and we put ¢o(w") = n. In the opposite case, we choose any w > 1
and, for every x €S, we put o(x)=sup{m/n, m,neZ, n>0,
w™ < x"}. Consequently, S = W(¢(S(-))).

The general case now follows from an easy combination of Proposition
4.1, the preceding part of the proof, and Example 5.1. 1

6. A FEW CONSEQUENCES

6.1. CorROLLARY (cf. [26, 3.2]). Let S be a congruence-simple semiring
such that the additive semigroup S(+) possesses a neutral element. Then just
one of the following three cases takes place:

(1) S is isomorphic to one of the two-element semirings Z,, Z,, Zs,
and Zg;
(2) S is a zero-multiplication ring of finite prime order;
(3) Sisa field.
Proof. Combine 3.1, 3.3,5.3,5.1.3, and 3.4. |

6.2. COROLLARY (cf. [26, 4.7]). Let S be a congruence-simple semiring
such that the multiplicative semigroup S(-) possesses an absorbing element.
Then just one of the following two cases takes place:

(1) S is isomorphic to one of the two-element semirings Z,, Z,, Z, Z,,
and Zs.
(2) There exists an abelian group G such that S is isomorphic to the
semiring V(G) (see 3.2).
Proof. Combine 3.1, 3.3, 5.3, and 5.1.3. |

6.3. COROLLARY. Let S be a congruence-simple semiring such that the
multiplicative semigroup S(-) possesses an absorbing element. Then just one of
the following four cases takes place:

(1) S is isomorphic to one of the two-element semirings Z,, Z,, Z, Z,,
and Zs.

(2) There exists an abelian group G such that S is isomorphic to the
semiring V(G) (see 3.2).

(3) S is a zero-multiplication ring of finite prime order.
4) Sisa field.
Proof. Combine 3.1, 3.3,5.3,5.1.3, and 3.4. |
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6.4. Remark. Let S be a congruence-simple semiring such that S(+)
contains a neutral (resp. absorbing) element 0 (resp. o). Then SO = 0 (resp.
So = 0) in all cases with the exception of the two-element semirings Z,,
Z (resp. Zy, Z5).

7. SEMIRINGS OF POSITIVE REAL NUMBERS

The results of this section are of auxiliary character and to some extent
are folklore. Anyway, for the benefit of the reader, full details are given.

7.1 Let F be a field containing as a (prime) subfield the field Q of
rationals and let 2 denote the set of subsemirings S of F such that 0 & S;
we have Q" U and U is ordered by inclusion. Further, let & (resp. €)
denote the set of S € U such that 1 € § (resp. QT S), and for every
a € 8, let there be a positive integer n (resp., positive integers p,q € Q")
such that a <g n (resp., p <; a <z ¢). Finally, let I denote the set of
S € A such that F ={a — b; a,b € S}.

7.1.1. LEMMA. (i) Every S € € is archimedean.

G) If S € ¥ and S(°) is a group, then S is archimedean and S € €.

(iii) Every S € M is conical.

Proof. (1) If a,b €S, then p <g a and b < g for some p,qg € QF
and we get b <¢ gp~la.

(i) If a,b €S, then ba™! <¢ n and b < na.

(iii)) This is obvious. |1

7.12. LEMMA. Let S € I and T € A be such that S € T. Then:
(i) T e
) IfSe,thenT < L.
(i) If S €L and Q*C S, then T € € (in particular, S € €).
Proof. (i) This is obvious.

(i) fuesT,thenu=a—-b;a,beS;a<gnandu=a—->b <,
n.

(i) LetweF,w#0;,w'=a—-b;a,beS;a<gn n=a+ec,
ceS.Now,ford=b+ceS,wehavew ! +d=nn"'w ' +nld=
1, n'+ntdw=w; n'd €S; and hence n~' <, w, provided that
weT. |

713. LEMMA. Let S€ U and T ={pa + q; p,q € Q" U{0}, p + q #
0, a € S8}. Then T is a subsemiring of F; S U Q*C T; and T € 9. More-
over, if S € & (resp., €, ), then T € L (resp., €, IN).
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Proof. If pa+q =0 for p+q #0, then p # 0 # g and there is a
positive integer n such that —n € S. Now, (—n)* = n? € S and n.(—n) =
—n? € S, a contradiction. The rest is clear. |

7.1.4. LEMMA. Let S€A, we F, w>e S, and T=1{a +bw; a,b €
S UA{0}, a + b + 0}. Then:

(1) Tisa subsemiringof Fand S C T (if 1 € S, thenw € T).
(i) If 0T, then —w =ab™' for somea,b € S.
Gii) If SC) is a group and —w & S, then T € 9.
7.1.5. LEMMA. Let S€ A; we F; w> € S; T, ={a + bw; a,b € S U

{0, a+b+0}and T, ={a —bw; a,b €S U{0}, a + b # 0}. Then both
T, and T, are subsemirings of F, S € T, N T, and either T, € A or T, € .

Proof.  See the proof of Lemma 4.4. |

7.1.6. LEMMA. Let S € U be such that 1 € S, and let u € S. Denote by
T the set of all elements from F of the form a, + aju™' + -+ +a,u™", where
n>0,acSU{0},anda = La; # 0(then a € S). Then T is a subsemiring
of F, SU{u '}y C T, and T € . Moreover, if S € €, then T € G.

Proof. 1f ay + au '+ - +a,u" =0, then ayu" + au" ' +
- +a,_u + a, = 0, a contradiction with 0 & S. Thus 7 € 2 and, more-
over,if p <5 u <g g then ¢7' <; <u~! <; p~! and the rest is clear. |

71.7. LEMMA. Let S € U and T ={ab™'; a,b € S}. Then T € A and

T() is a group (i.e., T is a parasemifield). Moreover, if S is archimedean,
then T is archimedean and T € €.

Proof. The proof is easy. |
7.1.8. PROPOSITION. Let S € & N I be maximal in & N IN. Then:

(1) SC) is a group and S is an archimedean conical parasemifield.

(i) For every w € F, w #+ 0, we have w*> € S and either w € F or
—-w € F.

(iii) <y is linear (both on S and F).

Proof. By Lemma 7.1.3, @Q*C § and, by 7.1.2Giii), S € €. Further, by
7.1.6., S(-) is a group and by 7.1.1, S is both archimedean and conical.
Now, w? € S by 4.8(ii) and we shall consider the semirings T, T, defined
in 7.1.5. We can assume that 0 & T, = {a + bw; a,b € S U {0}, a + b # 0},
the other case being similar. Then T € 3¢, S € T, and w € T. Finally, by
7.1.2Gi), T € € N M and, due to the maximality of S, we must have
T=SandweS. |1

7.2. Let F be a field and let S be a subsemiring of F such that
S € & N WM then char(F) = 0 and we may assume that Q is a subfield of
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F.Now, let T € & N I be such that § € T and T is maximal in & N .
By 7.1.8 the ordering <; corresponding to 7 is an archimedean linear
order on the field F. Now, by the Holder Theorem ([19]; see the proof of
5.3) there exists an injective homomorphism ¢: F(+) — R(+) such that
¢o(x) < ¢(y) in the usual order of R whenever x,y € F and x <; y.
Further (see [1] and [4]), for every a € F there is a(a) € R such that
olax) = p(x)a(a) for every x € F; we have a(0) = 0, a(a) > 0 for a >,
0, and a(a + b) = a(a) + «a(b) for all a,b € F. Consequently, we can
find g € R, ¢ > 0, such that a(a) = ¢(a)g for every a € F. Thus ¢(xy)
= @o(x)p(y)q for all x,y € F, and the mapping : F — R, (x) = ¢(x)g
for every x € F is an (injective) homomorphism of the field F into the
field R; for x <; y in F we have (x) < (y) in R. In particular,
$(S) c y(T) C R™.

7.3 Let F be a subfield of the field R of real numbers and let
P(F)={ai + - +a’;n>1,a,€F,a, #0}.

7.3.1. LEMMA. (i) P(F) is a conical parasemifield.
() F={a—-b;abeP(F).
(i) Q*cP(F)cF".
Proof. If a=aj+ - +a?, then a ' =(aja ') + - +(a,a ') €
P(F). Further, x = (x/2)? + 1 —(x/2 — 1)* forevery x € F. |

732. LemMMA. Ft={a € F; a > 0} is an archimedean and conical
parasemifield.

7.3.3. LEMMA. Let S be a subsemiring of F such that P(F) € S C F™.
Then S is a conical parasemifield.

Proof. Wehave a ! =a.a € S foreveryacS. |

7.3.4. LEMMA. Let S, T be subsemirings of F such that P(F) S C F*
and P(F) C T C F". Then:

() S and T are conical.
(i) IfS c T and S is archimedean, then T is also.
(iii) If S, T are archimedean, then S N T is also.
7.3.5. LEMMA. Let S be a subsemiring of F such that 0 & S and 1 € §S.
Denote by A(S) the set of a € S such that n — a € S for some positive integer

n. Then A(S) is a subsemiring of S, 1 € A(S), and there is a positive integer m
with m — a € A(S).

7.3.6. ExampLE. Let F=Q and S={g<F; q>1}. Then S is a
subsemiring of F, S is both archimedean and conical, and S + § # S.
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73.7. Exampie. Let F = Q(/2). Then P(F) # F*(-1+12¢€
F*\ P(F)) and P(F) is an archimedean and conical parasemifield ((a +
bV2)? + (a — bV2)* = 2a® + 4b* and Lemma 7.3.5 applies).

7.3.8. ExaMPLE. Let o € R* be a transcendental number and F =
Q(a). Then P(F) is a conical parasemifield but P(F) is not archimedean
(we have n — a2 & P(F) for every positive integer n; to show this, just
watch the behavior of f2(r)g~2(r), where f,g € Qlx], f+ 0 # g, and
r € R, r = 0). Further, for every a € P(F), choose a positive integer m,,
such that m, —a € F* and let S be the subsemiring of F* generated by
P(F) U {m, — a; a € P(F)}. Then S is both archimedean and conical.

7.3.9. EXxaMpPLE. If F=Q, R or if F is the field of algebraic real
numbers, then P(F) = F*.

7.3.10. ExAMPLE. Let o € R™ be a transcendental number, 0 < a < 1,
F = Q(a), and let ¢: Q(x) = F be the isomorphism such that ¢(x) = «
and ¢|Q = id. Now, denote by T the set of f € Q(x) such that there exist
m,n € N with n! < f(u) <m for every u € R, 0 <u < 1. Then § =
@(T) is a subsemiring of F* and § is an archimedean parasemifield. On
the other hand, S is not conical and P(F) ¢ S.

7.4. LEMMA. Let S, T be subsemirings of R such that S C T, S is conical,
and every element of T is algebraic over the difference field F =S — S
(= R(S)). Then T is conical.

Proof. Put R=T—-Tandtake 0 #r&€ R. Thenr=a —-b,a,b €T,
and there is a polynomial f € Flx,y] such that r~! = f(a,b). Since
F =S — S, we conclude easily that r~' € R. Thus R is a field and T is
conical. ||

7.5. LEMMA. Let S and T be subsemirings of R™ such that both S and T
are semisubtractive (see 4.5), QTC SN T, and there exists a (semiring)
isomorphism ¢: S — T. Then S = T and ¢ = id.

Proof. Assume, on the contrary, that ¢(a) < a for some a € S. Now,
take g € Q7 such that ¢(a) < ¢ <a.Then a —g € S and 0 < ¢(a — q)
= ¢(a) — q <0, a contradiction. [

7.6. Remark. Let F be a field such that 0 & P(F) = {aj + -+ +a?;
n>1,0+#a,€F} (P(F) is a conical parasemifield and F = P(F) —
P(F)), and let ? denote the set of subsemirings S of F such that
P(F) c S and 0 & S. Again, every S € 2 is a conical parasemifield and §
is maximal in 2 if and only if S € ¢, where I is the set of semisubtrac-
tive parasemifields from 2.
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Take S € % and w € F such that w & S and —w & S. Then S, = {a —
bw;a,beSU{0,a+b+#0eU; SCS;; —weS;and S, € T, where
T is maximal in ; we have T € I and w & T. Now, it follows easily that
S = NMW, where M, ={T € M; ST}

8. CONGRUENCE-SIMPLE MULTIPLICATIVELY
AND ADDITIVELY CANCELLATIVE
COMMUTATIVE SEMIRINGS

8.1. LEMMA. Let S be a cg-simple amc-semiring. Then S is archimedean.

Proof. Define a relation r on S by (a,b) € r if and only if there exist
¢,d € S and m,n € Nsuch that a + ¢ = mb and b + d = na. It is easy to
check that r is a congruence of S such that (a,2a) € r for every a € S.
Since a # 2a,we have r = S X S. |

8.2. THEOREM. Let S be a non-trivial amc-semiring. Then S is congru-
ence-simple if and only if S satisfies the following three conditions:

(1) Forall a,b € S there exist c € S and a positive integer n such that
b + ¢ = na (i.e., S is archimedean).

(2) Foralla,b,c,d €S, a + b, there exist e, f € S such that ae + bf
+ ¢ =af + be +d (i.e., S is conical).

() Foralla,b € S there exist c,d € S such that bc + d = a (i.e., S is
bi-ideal-simple).

Proof. If S is cg-simple, then (1) is satisfied by 8.1, (2) by 4.3(iii), and
4.2(v), and (3) follows from the easy fact that Sb + S is a bi-ideal of S.
Now, conversely, assume that the conditions (1), (2), and (3) are satisfied.
The rest of the proof is divided into four parts:

(1) Let r # idg be a congruence of S such that the corresponding
factor-semiring 7 = S/r is additively cancellative. The difference ring
R =R(S) of S is a field (by (ii) and 4.2(v)) and the set [ ={a — b;
(a,b) €r} is a non-zero ideal of R. Consequently, I = R and for all
x,y € S there are a,b € S such that (¢,b) €r and x —y = a — b. Now,
x+b=y+aand (x,y) €r, since T is an ac-semiring. We have proved
that r = § X S.

(i) Let T be a non-trivial semiring satisfying the conditions (1), (3)
(and (2)) and let w € T be such that w + w = w. We claim that 7T is a
ring (field).

First, according to (1), for every x € T there exists y € T such that
x +y =w. In particular, if x +x =x,thenw+x=x+y+x=x+y=
w. On the other hand, replacing w by x, we get x + w = x. Thus x = w is
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the only idempotent of the additive semigroup 7(+) and it follows easily
that Tw = w and, by (3), w + T = T. Consequently, w = 0 is a neutral
element of 7(+) and we conclude that 7(+) is an (abelian) group and T
is a ring. Finally, if T satisfies (2), a€ T, a #0, and ¢ € T, then
ae +c=ae+ 0f+c=af+ 0e + 0 =af and ¢ = ale — f) for some e, f
€ T. Thus T is a field.

(iii) Let r be a congruence of S such that (w,2w) € r for at least
one w € §. We claim that r = § X §.

Assume on the contrary, that r # § X S and put 7 = S /r. By (ii), T is a
ring, and hence r = idg by (i), a contradiction, since S is not a ring.

(iv) Let s be a congruence of S, s # S X S, and let w e S be
arbitrary. By (iii), (w,2w) & s and we can consider a congruence r of S
maximal with respect to s € r and (w,2w) & r. Now, again by (iii), r is a
maximal congruence of S and T = §/r is a cg-simple semiring such that
T(+) has no idempotent. Using 3.1 we see that T is an ac-semiring, and so
r=s = idg by (). Thus S is cg-simple. 1

8.3. COROLLARY. Let S be an ac-parasemifield. Then S is cg-simple if and
only if the following two conditions are satisfied:

(1) For every a € S there exist b € S and a positive integer n such that
a + b =nlg (ie., S is archimedean).

(2) For every a € S, a # 1, there exist b,c € S such that a + b =
1g +ab + ¢ (i.e., S is conical).

8.4. Remark. Let S be a non-trivial amc-semiring such that 14 € §.
Then § is cg-simple if and only if S is both archimedean and conical and,
moreover, S + § = S (i.e.,, I = a + b for some a,b € 5).

To show this, we can proceed similarly as in the proof of 8.2. Note that
(15,25) & r for every congruence r # S X S and, if r is maximal with
respect to (15,2) & r, then r is a maximal congruence of S.

8.5. THEOREM. Let S be a congruence-simple additively and multiplica-
tively cancellative semiring and let F = R(S) (see 4.2). Then F is a field and
there exists an (injective) homomorphism ¢ of the field F into the field R of
real numbers such that ¢(S) € R*. Moreover, if S is a parasemifield, then
P(F)={a} + - +a2;0#a,€F,n>1}CS.

Proof. In view of 4.1, we may assume that § is a parasemifield. By
Proposition 4.3, § is conical, and hence F is a field. Further, by Lem-
ma 8.1, S is archimedean and the rest is clear from 4.8 and 7.2. |

8.6. THEOREM [21, 6.9; 10, Satz 16]. Let E be a subfield of R and S be a
subsemiring of R such that S is a parasemifield, E* C S, and every element
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from S is algebraic over E. Then S is congruence-simple (i.e., S is archimedean
and conical).

8.7. COROLLARY [23, Satz 2]. Let S be a subsemiring of R such that S is
a parasemifield and every element from S is algebraic over Q. Then S is
congruence-simple.

8.8. COROLLARY (cf. 7.3.8). Let F be a subfield of R such that F is
algebraic over Q. Then P(F) = {aj + --- +a>; 0 # a, € F} is a congruence-
simple parasemifield (in particular, P(F) is achimedean).

8.9. Remark. let E,F be subfields of R such that £ € F and the
linear dimension dim(Fy) is finite. Denote by I the set of subsemirings S
of F such that F =S — S, S is a parasemifield, and E*C S.

(1) We have F = E(w) for some w € F* and we denote by (w =)
Wi, Wy, ..., w,, n =1, all (pair-wise different) real roots of the minimal
polynomial of w over E. Now, there exist exactly n different homomor-
phisms ¢,,..., ¢,: F = R such that ¢|F = id and we may assume that
@, =idand ¢;(w) =w,. Let T, = ¢; "(R") = ¢; '(E(w,)"). Clearly, T, are
semisubtractive parasemifields, 7, = F*, T, € I, T, are maximal in I,
and P(F) c T,

(i) Let T,, designate the intersection ;. ,, T; for every non-empty
subset M of N ={1,2,...,n}. By [10, Satz 16], Ty, # Ty, for M, # M,
and I ={T,,;; &+ M c N}. Consequently, & contains just 2" — 1
elements and 7Ty = T, N - N7, is a smallest element of Y. Clearly,
P(F) c Ty ={a}b, + -+ +a%b,; m = 1,0 # a; € F, b, € E*}. Note also
that if § is a subsemiring of F such that 7,, €S and 0 & §, then S is a
parasemifield and S € I, so that S = T,, for some J # M C N. Simi-
larly, if S is a subsemiring of F such that 7, € S and 0 € §, then either
S=T,U{0lor S =F.

(iii) If ETc P(F)(e.g., E = Q), then Ty, = P(F) and I is the set of
subsemirings S of F such that F =S — § (= R(S)) and S is a parasemi-
field.

(iv) (cf. 7.5). Let M, and M, be non-empty parts of N such that
there exists an isomorphism ¢: T),:— T, of the parasemifields with
o|E*=id. Then ¢ extends to an E-automorphism of F, and therefore
there is k € N such that w, € F and ¢ = ¢;|T),. Further, there is a
permutation p of N such that ¢,¢;' = ¢, and @ (T)T,; for every
i € N. Now, if M, = {iy,i,,...,i,}, then M, = {p(i)), p(i,),..., p(i,)}; in
particular, the sets M, and M, have the same number of elements.

8.10. Remark. let E,F be subfields of R such that £ € F and F be
algebraic over E. Denote by I the set of subsemirings of F such that
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F =8-S, S is a parasemifield, and E*C §, and denote by ® the set of
homomorphisms ¢: F — R such that ¢|E =id. Let T, = o '(R") for
every ¢ € ®. Clearly, T, are subsemisubtractive parasemifields, 7}y = F*,
T, € M, T, are maximal in ¢, and P(F) C T,.

Let T,, designate the intersection N, ., T, for every non-empty subset
M of ®. Clearly, T, € I and P(F) c T,,. Now, we show that I =
{Ty; T+ M cC D}

Let S€I, a,b <SS, and F, = E(a"'b), S, =S NF,. Then E*C S,
and S, is archimedean by [10, Satz 16]. In particular, n — a~'b € S, and
na — b € § for some n € N. We have shown that § is archimedean, and
therefore P(F) c S (4.8(i1)). Now, it follows from 4.5 that S = T,, for
some & # M C ®.

8.11. THEOREM (cf. 9.7). Let S be an archimedean and conical amc-semi-
ring such that S has a unit element 15 and (nlg)™' € S for every n € N.
Then S is a parasemifield.

Proof. We make use of a variation on the well-known Goodearl-
Handelman method (see [13] for details and further references), the
backgrounds of which go back to Holder and Hilbert ([19] and [18]; but see
also [1-9, 15, 22, 24, 29-31])).

Since S is conical, there exists a field F such that § is a subsemiring of
F =5 -5 (see 4.2(G, v)) and, since § is archimedean, we have S C A4,
where A denotes the set of a € F such that for every x € F there is
n € N with na —x € S. Now, an (additive) homomorphism f: F(+) —
R(+) will be called normative if f(1.) = 1 and f(a) > 0 for every a € S.
The set .#” of normative homomorphisms is a compact convex set and we
denote by & the set of extremal points of .#. Now, one can show that every
fe & is a ring homomorphism; see e.g. [14] (in fact, no topological
arguments are necessary and a rather easy and purely algebraic proof of
the mentioned fact is available—the kind reader may wish to make it up as
a stimulating exercise).

The rest of the present proof is divided into two parts:

(i) First, we check that a € A if and only if f(a) > 0 for every
normative ring homomorphism f: F — R.

Indeed, if @ € 4, then na — 1, € S for some n € N and we have
f(a) =n~!' > 0. To show the converse implication, put r = sup{n/m;
neZ meN, ma—nl,eS U{0}}. Then there exists f € & such that
f(a) = r, and therefore f > 0 and ma — nl, € S U {0} for some m,n € N.
Now, it follows easily that a € A4.

(i) Now, according to (i), A(-) is a subgroup of F(:), and A is a
parasemifield, and it remains to show that 4 = S. But, if a € 4, then
na € S for some n € N and consequently a =n"'-na € S. |
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8.12. COROLLARY. Let S be a congruence-simple amc-semiring such that
15 € S. Then S is a parasemifield if and only if (n15)~"' € S for every n € N.

8.13. COROLLARY. Let S be a congruence-simple amc-semiring such that
15 € S. Then for every a € S there existb € S and n € N such that ab = nlj.

8.14. EXAMPLE. Let a« € R be a transcendental number and F =
Q(a). There exists an isomorphism ¢: Q(x) — F such that ¢(x) = « and
¢ | Q@ = id. Now, we denote by S the set of ¢ € F such that ¢ € R* and
e(a) € R*, where ¢(a) = o((¢~'(a))) (here, for fe Q(x), f is the
derivative of f). Clearly, S is a subsemiring of F*, § is both archimedean
and conical, and Q*S < §. Moreover, given a,b € S, we find ¢ € Q°
small enough such that ga®> < b and gd(a®) < 3(b). Thatis, b — (ga)a € S
and we see that § is bi-ideal-simple. But 8.2, § is a congruence-simple
amc-semiring. Finally, note that § N Q = J; in particular, S is not a
parasemifield.

9. SUBSEMIRINGS OF Q*

9.1. LEMMA. A subsemiring S of Q7 is archimedean and conical if and
only if for every n € N there exists m € N such that k/n € S for every
k>m.

Proof.  Assume first that § is both archimedean and conical. For
n € N, we can find r,s € S N N such that (rn — 1)/n € S and (m — Ds
—1)/(m -1 €S. Now, put a=n((m — s — 1) and b = (m — 1)
Then ged(a, b) = 1, and hence there is m € N such that {m,m + 1,m +
2,...} S {ua + vb; u,v € N}. Since a/n(m — 1) € S and b/n(rm — 1)
S, we have k/n(rm — 1) € S for every k € m. Consequently, k/n € S.

Now, assume that the condition of the lemma is satisfied and let
a,b,r,s € N, a/b € S. Then there is m such that k/bs € § for every
k = m. Taking / € N such that las — br > m,we getl-a/b —r/s € S. |

9.2. PROPOSITION. Let S be a subsemiring of QF such that S is
archimedean and conical and 1/r € S for somer € N, r > 2. Then S = Q™.

Proof. If n € N, then r'/n € § for some I € N (by 9.1), and therefore
1/n=0/M"0r"/m)esS. 1
9.3.LEMMA. Leta,b,c € N besuchthata < b,c < band ged(a,c) = 1.

Then 1/b € S, where S denotes the subsemiring of Q" generated by a /b and
c/b.

Proof. Let n € N be such that n > 2 and (2) > (n + (b — D*. We
will construct a sequence ry,...,r, of integers such that 0 <r, <c¢ for
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every 0 < i < n. First, since ged(a"*!,¢) = 1, there is 0 < r, < ¢ such that
b" = rya""'(mod ¢). Quite similarly, ged(a”,c) =1, (b" —rya"*")/c =
r,a" (modc) for some 0 <r, <c, and b" = (rya"*! + rya"c) (mod c?).
Proceeding by induction, we find the remaining numbers r,,...,r, such
that

b = (roa’“rl + rac + - +ria"+1_ici) (mod ¢'*1)

for every 0 < i < n. Now, put s = X"_,r;a" "' ~ic’. Since a < b and ¢ < b,
we have s < Y7 (b — DB - D" -1 =+ Db - D" <
()b —1)""2<(b—1+ 1" =>b", and therefore t = b" — s > 0. On the
other hand, t =r,, ,¢"*' and b" =5 + r,,,c"*'. Finally, it is clear from
the definition of s that (s + r,,,c"*!)/b"*! € § and we have proved that
1/besS. 1

9.4. LEMMA. Leta,b,c,d € N be such that a < b, ¢ < d and ged(a, b)
= ged(c,d) = ged(a,¢) = 1. Then 1/scm(b,d) € S, where S denotes the
subsemiring of Q* generated by a /b and c /d.

Proof. We have a/b =¢/g, c/d = f/g, and gcd(e, f) = 1, where g =
scm(b, d). It remains to use 9.3. ||

9.5. THEOREM. Let S be a congruence-simple subsemiring of Q% such
that 1 € S. Then S = Q™.

Proof. By 8.2, § is both archimedean and conical and there exist
a,b,c,d € N such that a/b < S, c/d €S, a/b+ c/d =1, and ged(a, b)
=1 = ged(c, d). Tt remains to apply Lemma 9.4 and Proposition 9.2. 1

9.6. EXAMPLE. Every positive rational number g can (uniquely) be
written as g =299 s~ where d(q) € Z, r,s €N, and ged(r,s) =
gcd(r,2) = ged(s,2) = 1. Clearly, d(p + ¢) = min(d(p), d(q)), d(pqg) =
d(p) + d(q) for all p,q € QF, and we put |g|, = 279 (the dyadic norm).
Now, the set S = {g € Q; ¢ — |gl, > 0} is a (proper) subsemiring of Q"
(e.g,2,3,4,--€85,2/3€8,1¢8,1/2¢&S) and, for every ¢ € Q, one
finds easily n € N such that n — ¢t € §. Thus § is both archimedean and
conical. Furthermore, if p,g € S and w = p — |pl,, then w € Q" and we
take ¢ € § such that tg <w and d(p) < d(tq). Now, p —tqg € S and we
see that S is bi-ideal simple. By Theorem 8.2, § is a congruence-simple
amc-semiring (Q* ¢ S and S is not a parasemifield).

9.7. Remark. Using Proposition 9.2, we can improve Theorem 8.11 as
follows:

Let S be an archimedean and conical ame-semiring such that (n15)~"' €
S for at least one n € N, n > 2. We claim that § is a parasemifield.

Indeed, with respect to 7.2 (see also the proof of 8.11) we may assume
that S is a subsemiring of R*. Now, F = § — § is a subfield of R and we
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put S, =SNQ* Then1e€S,,1/n €S, and S, is an archimedean and
conical subsemiring of @*. By Proposition 9.2, §; = QF, and § is a
parasemifield.

10. CONGRUENCE-SIMPLE COMMUTATIVE
SEMIRINGS—SUMMARY

10.1. THEOREM. A (commutative) semiring S is congruence-simple if and
only if S is (isomorphic to) one of the following semirings:

(1)  the two-element semirings Z,, Z,, Z,, Z,, and Zs (see Section 2).

(2)  the semirings V(G) for any abelian group G (see 3.2);

(3) the semirings W(A) for any subsemigroup A of the additive group
R(+) of real numbers such that A N R*# & # A N R~ (see Example 5.1);

4) fields;

(5)  zero-multiplication rings of finite prime order;

(6) the subsemirings S of the semiring R* of positive real numbers such
that the following three conditions are satisfied:

(6a) for all a,b € S there exist ¢ € S and a positive integer n such

that b + ¢ = na;

(6b) for all a,b,c,d €S, a #b, there exist e,f €S such that
ae + bf + ¢ = af + be + d;

(6¢c) forall a,b € S there exist c,d € S such that bc + d = a.
Proof. Combine 3.1, 3.2, 3.4,5.3,8.3, and 8.6. 1

10.2. Remark. (i) The two-element semirings Z,,..., Zs are pair-wise
non-isomorphic.

(i) V(G,) = V(G,) if and only if G, = G, (see 3.2).

(iii) W(A,) = W(A,) if and only if A, = gA, for some ¢ € R™ (see
5.1.4).

10.3. Remark. The congruence-simple semirings of type 10.1(6) are not
yet fully classified up to isomorphism (see 8.9 and 8.10 for some special
cases). In particular, the following problem (originally formulated in [26,
5.7]) remains open: Does there exist a congruence-simple amc-semiring S
such that 1 € § and S is not a parasemifield? According to 9.5 and 9.7 we
know that if S were such a semiring, then S ¢ Q" and (nl,)"! & S for
every n € N, n > 2. Examples of cg-simple amc-semirings without unit are
given in 8.14 and 9.6.
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11. IDEAL-SIMPLE COMMUTATIVE SEMIRINGS—
BASIC CLASSIFICATION

Ideal-simple semirings are better known than the congruence-simple
ones—see e.g. [10-12, 16, 17, 20, 21, 23, 27, 28, 32, 34—41]. Anyway, for the
sake of completeness and the full comfort of the reader, we include some
basic information on ideal-simple (commutative) semirings. The reader is
urged to compare the results on the congruence-simple semirings with
those on the ideal-simple ones.

A non-trivial (commutative) semiring S is said to be a semifield if there
exists an element w € S such that Sw = w and T is a subgroup of S(-),
where T = S\{w}. If, moreover, S is not a field, then one says that S is a
proper semifield.

11.1. ProrosITION. (1)  Every semifield is ideal-simple.
(i)  Every parasemifield is ideal-simple.

11.2. THEOREM. Let S be an ideal-simple semiring. Then just one of the
following five cases takes place:

(1) S is isomorphic to one of the two-element semirings Z,, Z, and Z,;
(2) S is a zero-multiplication ring of finite prime order;

(3) Sis a field;

(4) S is a proper semifield,

(5) S is a parasemifield.

Proof. Suppose that S contains at least three elements and put 4 =
{a € 8; |Sal=1). If b € S\ 4, then Sb = S, and hence S is a parasemi-
field, provided that A = J. Assume therefore that 4 # J; then there is
an element w € S such that S4 = {w}, w = w + w, and we see that A4 is
an ideal of S. Consequently, either 4 = {w} or 4 = S.

First,let 4 =S and S + w = w (i.e., w = 0 is an absorbing element of
S(+)). Then SS = o and, if P is a subsemigroup of S(+) such that o € S,
then P is an ideal of S, and hence either P ={o} or P=S. If a € S,
a + a = a, then {a, o} is a subsemigroup of S(+), {a, o} # S, and therefore
a = 0. We have proved that w is the only idempotent element of S(+).
Now, take a € S, a # 0, and put P ={na; n > 1}. Then P U {0} = S,
P(+) contains no proper subsemigroup, P(+) is a finite cyclic semigroup,
o0 € P, and there is b € P such that b # o0 and b + b = o. But then {b, o}
is a subsemigroup of S(+), a contradiction with |S| > 3.

Next,let A =Sand S +w # w. Then S + w = S, since § + w is a (bi-)
ideal of S, and it follows that w = 0 is a neutral element of S(+). Further,
proceeding similarly as in the preceding part of the proof, we can show
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that 0 is only the only idempotent of S(+) and that every cyclic subsemi-
group of S(+) is finite. Consequently, S(+) is a group and S is a ring.
Thus either (2) or (3) takes place.

Further, let 4 = {w}and S +w =w,w = 0. Forevery a € T = S\{o},
the set I, = {b € S; ab = 0} is an ideal of S, I, # S, and so I, = 0. We
have checked that T is a subsemigroup of S(-) and, since Ta = T for every
a T, T()is a group.

Finally, let 4 ={w} and S +w #w. Then S+w=S, w=0is a
neutral element of S(+), and, proceeding similarly as in the preceding
part, we show that 7 = S\{0} is a subgroup of S(-). |

12. SEMIFIELDS

12.1. PROPOSITION. Let S be a semifield and let w € S be such that
Sw=w (and T = S\{w} is a subgroup of S(-)). Then just one of the
following four cases takes place:

(1) S is isomorphic to the two-element semiring Z, (and then w = o is
an absorbing element of both S(+) and S(-));

(2) w = o is an absorbing element of both S(+) and S(*), and S + a
# o forevery a € T,

(3) S is a field (and then w = 0 is a neutral element of S(+));

(4) w = 0 is a neutral element of S(+) and S is a proper semifield (i.e.,
S(+) is not a group).

Proof. We have w +w = (14 + 1g)w =w and, if 1; +w = w, then
w=aw=a(lg+w)=a+w for every a €S, and so w =0. On the
other hand, if 1 + w # w,then 13 = (I + w) !0 +w) =13+ w™ ! +w,
lg+w=1g+wl+w+w=1+w'+w=1g and a + w =alg +
aw = a(lg + w) = aly = a for every a € S, and so a = 0. The rest is
clear. 1

12.2. PROPOSITION.  Let S be a semifield of type 12.1(2). Define a relation
ps on S by (a,b) € pg if and only if {(x€S; a+x=0}={yeS; b+
y = o}. Then

(i) pg is a congruence of S and (a, 0) & pg for every a € T = S\{o}.
(i) P={a<T,; (a1l € ps}isa subgroup of T(-) and either P = 1
(and pg = idy) or P is a parasemifield.
(iii) The factor-semiring R = S/ps is isomorphic to the (additively
idempotent) semifield V(T /P) (see 3.2) and pr = idg.

Proof. The assertions (i), (i) and the fact that p; = id; are easy to
check. Further, let r be a congruence of the semiring R, r # id;. We have
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(x,y)er forsome x,y €R, x # y, and we put A = {r € R; (z,0) € R}.
Then A is an ideal of R and, since (x, y) & pgp = idg, we have A # {o}.
Thus 4 = R (since R is ideal-simple) and r = R X R. We have proved
that R is a cg-simple semiring and the result follows from 3.1, 3.2, and 3.3.

12.3. Remark. Let P be a semiring such that either P is trivial or P is
a parasemifield. Suppose further that P(-) is a subgroup of an (abelian)
group T(-), put S = T U {0}, and define an addition on § as follows:
(@ x+o0=0=o0+x forevery x € S;
(b) x+y=oforall x,ye T, x yeP;
© x+y=U;+xyx=0U;+y 'x)yforalx,yeT,x 'y eP.
Then S becomes a semifield of type 12.1(2) and every semifield of that
type may be constructed in the described way.

12.4. PROPOSITION.  Let S be a proper semifield of type 12.1(4). Then:

@D a+b+#0foralla,b s T=S\{0}.
(ii) T is a subsemiring of S and either T is trivial (and then S = Z5) or
T is a parasemifield.

Proof.  Since S(+) is not a group, the set T, ={a € T; 0 € S + a} is
non-empty. Now, bT, = T, for every b € T, and so T, = T. The rest is
clear. |1

12.5. Remark. Let T be a semiring such that either T is trivial or T is
a parasemifield. Then S = 7 U {0} is a semifield of type 12.1(4) and every
semifield of this type may be constructed in the described way.

13. PARASEMIFIELDS

13.1. PROPOSITION [41].  There exists a one-to-one correspondence between
additively idempotent parasemifields and lattice-ordered non-trivial abelian
groups.

Proof. If S is an ai-parasemifield, then S(:, A, V ) is a lattice-ordered
group, where a Ab=a+bandaVvb=("'+b"")" forall a,b S
Conversely, if S(-, A, V) is a lattice-ordered group and a + b =a A b,
then S(+, ) is an ai-parasemifield. 1

13.2. Remark. Let S be an additively cancellative parasemifield and let
Q" denote the sub-parasemifield of S generated by 1;.
(i) Q"= Q" (the parasemifield of positive rationals).
(i) Q = Q"U Q7 U{0} is a subfield of the ring R = R(S) (see 4.2)
and Q = (), so that R is an algebra over the field of rationals.
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(iii) § is imbeddable into a field if and only if R is a domain and this
is further equivalent to the condition that ab + 153 # a + b for all a,b €

S\ {1}

13.3. EXAMPLE. Put § = Q"X Q™. Then § is an ac-parasemifield, and
S is archimedean but S is not imbeddable into a field (in particular, S is
not conical).

13.4. ExamMpLE. Let S be the set of fractions of the form f/g, where
f,g € Q*[x]. Then S is a subsemiring of @(x) (and hence S is imbed-
dable into a field), S is an ac-parasemifield but S is not conical (e.g.,
1/x =1 & R(S) € Q(x)).

13.5. PROPOSITION.  Let S be a parasemifield. Define a relation ng on S by
(a,b) € ng if and only if there exist a non-negative integer m and elements
u,v € S U {0} such that 2™a = b + uand 2™b = a + v. Then

(1) 7y is a congruence of S.

(i) S/ m is either trivial (and then S is additively cancellative) or an
ai-parasemifield (see 13.1).

(iii)  If a, b, ¢ belong to a block of ng and b # ¢, then a + b # a + c.

(iv) P=1{aeS;(a,l1,) € ng}isasubsemiring of S, P() is a subgroup
of S(-), and either P is trivial (and then S is additively idempotent) or P is an
ac-parasemifield (see 13.2).

Proof. (lii)Leta +b=a+c. Wehavea +u=2"b,b+2"b=>b+
at+u=c+a+u=c+2"h, Ab+2""b)=b+b+2"b=b+c+
2"b=c+c+2"b=2c+2"'p), b+2" b=c+2""'p,....2b=
b + c. Quite similarly, 2¢ = b + ¢, and hence b = c. The rest is clear. |

14. FINITE AND FINITELY GENERATED
SIMPLE SEMIRINGS

14.1. THEOREM. The following conditions are equivalent for a semiring S:

(1) S is finite and congruence-simple.

(i) S is finite and ideal-simple.

(iii) S is (isomorphic to) one of the following semirings:
(iiil)  the two-element semirings Z,, Z,, Z,, Z,, and Zs;
(iii2) finite fields;

(iii3)  zero-multiplication rings of finite prime order;
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(iiid) the semirings (semifields) V(G) (see 3.2), G being a finite
abelian group.

Proof. Combine 3.1, 3.2,3.3,3.4,5.3,and 11.2. |
14.2. THEOREM. The following conditions are equivalent for a semiring S:

() S is finitely generated, congruence-simple, and infinite.
(i) S is (isomorphic to) one of the following semirings:

(ii1) the semirings (semifields) V(G) (see 3.2), G being an infinite
finitely generated abelian group;

(ii2) the semirings W(A) (see 5.1), A being a finitely generated
subsemigroup of R(+) suchthat A NRY*+=F+ANR".

Proof. Combining 3.1, 3.2, 3.3, 3.4, 4.2, 4.3, 5.1, and 5.3, we can restrict
ourselves to the case when S is a finitely generated subsemiring of a field
F such that F = {a — b; a, b € S}. Then, of course, F is finitely generated
as a ring and consequently F is finite (this is a rather well-known result
and the reader may try to prove it as an exercise). |

14.3. COROLLARY. Let S be a congruence-simple semiring such that S is
finitely generated but not additively idempotent. Then S is finite.

14.4. Remark (cf. [25]). (i) Let S be a congruence-simple semiring
such that |S| > 2%, Then either S is a field or S = V(G) for an abelian
group G (|G| = |S]. In both cases, S is ideal-simple.

(i) (@7")" is an (ideal-simple) parasemifield for any cardinal number
az=l

14.5. PROPOSITION. The following conditions are equivalent for a semi-
ring S:

() S is finitely generated, ideal-simple, and additively cancellative.

(ii) S is either a finite-field or a finite zero multiplication ring of prime
order.

Proof.  First, let S be an ac-parasemifield. We claim that § is not
finitely generated as a semiring. Assume the contrary, put R = R(S) and
take a maximal ideal I of R. The relation r defined on S by (a, b) € r if
and only if a —b €1 is a congruence of S and T = S/r is again an
ac-parasemifield. On the other hand, F = R(T) = R/I is a finitely gener-
ated ring and a field. Then F is finite, and 7(+) is a group, a contradic-
tion with 0 & T.

Now, let S be a finitely generated id-simple ac-semiring. Then § is not a
parasemifield and, in view of 12.1 and 12.4, S is not a proper semifield
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either. Thus, according to 11.2, S is a (finite) field or a zero multiplication
ring of prime order. |

14.6. Remark (cf. 14.2, 14.3, 14.5). It seems to be an open problem

whether every infinite finitely generated ideal-simple semiring is additively
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empotent.
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