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Abstract

We give a generalization of Weyl’s denominator formulas for the classical groups. We consider the ma-
trices whose constituents are the characters of the respective classical groups in the restricted variables for
each column of the matrices and show that the determinants of the matrices are equal to the powers of the
fundamental alternating polynomials (the original denominators of Weyl’s denominator formulas).
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper we give a generalization of Weyl’s denominator formulas [3,4,7] for the classical
groups. We consider the matrices whose constituents are the characters of the respective classical
groups in the restricted variables for each column of the matrices and show that the determinants
of the matrices are equal to the powers of the fundamental alternating polynomials (the original
denominators of Weyl’s denominator formulas). From now on, we consider all the (Laurent)
polynomials in the variables {x{, x2, ..., x,} over the rational field Q. These formulas play a
crucial role in the paper [1]. For another generalization of Weyl’s denominator formulas, which
is different from the one presented here, see [2].

* This work was supported in part by the Grant-in-Aid for Scientific Research (C) Nos. 17540034 and 18540046 from
the Ministry of Education, Culture, Sports, Science and Technology (Japan).
* Corresponding author.
E-mail addresses: mito@gem.aoyama.ac.jp (M. Ito), koike @gem.aoyama.ac.jp (K. Koike).

0021-8693/$ — see front matter © 2006 Elsevier Inc. All rights reserved.
doi:10.1016/j.jalgebra.2006.05.026



818 M. Ito, K. Koike / Journal of Algebra 302 (2006) 817-825

2. Formulas for the general linear groups

For the general linear groups GL(n) and a positive integer k less than n, let My be a ma-
trix of size (Z) with rows indexed by all the Young diagrams A’s included in the rectangular
Young diagram (n — k)k and with columns indexed by all the size k subsets {i1, iz, ..., ix} of the
integer set [n] = {1,2,...,n}, whose A x {i1, iz, ..., ik} entry is given by s (x;, Xi,, ..., Xi,),
where s (x;,, Xi,, ..., x;,) denotes the Schur function (the character of GL(n)) in the k variables
{xi,, xiy, ..., x;, }. We note that the number of the Young diagrams A’s included in the rectangular
Young diagram (n — k)* is (}).

We introduce the reverse lexicographic order > in the partitions, namely for partitions
A=1,A2, ..., y) and = (uy, ma, ..., Un), we define the order A > w if Ay = w1, Ay = ua,

..y Ajo1 =pj—1 and A; > pu; for some j. We arrange the rows of My in the decreasing
order. Also we introduce the reverse lexicographic order into the monomials in the variables
{x1,x2,...,x,} and xf”xgz coxPr > xi“xgz cxg"if pr=qi, p2=q2. ..., pj—1 = qj—1 and
pj > q; for some j.

We arrange the columns of the matrix M} in the decreasing order of the corresponding mono-
mials Xig Xig =+ Xjp -

For example, if n =4 and k = 2, M is given by

s2.2(x1,x2)  s22(x1,%3)  s22(x1,X4)  s22(x2,X3)  s22(x2,X4)  $2,2(X3, X4)

s2,1(x1,x2)  s2,2(x1,%3)  s2,1(x1,X4)  s2,1(x2,X3)  $2,1(x2, X4)  §2,1(X3, X4)

s2(x1,x2)  s2(x1,x3)  s2(x1,x4)  s2(x2,x3)  s2(x2,x4)  s2(x3, X4)

spa(xr, x2) s, x3)  spa(xr, xa) o osp1(x2, x3) 0 s11(x2, x4)  s1,1(x3, X4)

sp(xr,x2)  osi(xg,x3) 0 si(xg,xq) 0 si(x2,x3) si(x2,x4)  s1(x3, X4)
1 1 1 1 1 1

M, =

Our theorem for the general linear groups is as follows.

Theorem 1.

Remark 2. For k = 1, since s;(x;) = xf , the above formula reduces to the well-known Vander-
monde formula.

Proof. The weight decomposition formula tells us that s; (x;;, xi,, ..., X;,) = ZA> u K X
my (X, Xiy, ..., %;,). Here K,, denotes the Kostka number (the weight multiplicity) of
the weight p in the irreducible representation of GL(k) with the highest weight A and
my (X, Xiy, - - ., Xi,) denotes the monomial symmetric function. We note that K;; = 1. (For
the exact definitions, see [6].) Therefore applying row elementary transformations to det(Mjy)
successively, we can replace the s (x;,, Xi,, ..., x;)’s in the determinant by the m, (x;,, x;,,
..., X;j;)’s simultaneously. Namely we have the equality det([sx (xi,, Xi,, - - - » Xi) 1a {i1in, k) =
det([m (xiy» Xiys - - -5 Xig)a {iin,....ix}) - SO we consider the determinant of M; = [my (xi, 5 Xiy,
s Xi) iy i, ...i) instead of M.
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n—2 —
Lemma 3. For any pair of integers (i, j) with 1 <i < j <n, (x; — xj)(k—') divides det(Mjy).

Proof. For any subset of integers {€1, {2, ..., x—1} of [n] such that i, j ¢ {€1, €2, ..., ¢k_1},
we consider the columns indexed by {i, €1, £2, ..., €x—1} and {j, £1,£2, ..., €x—1}. If we take
difference of the above columns (elementary transformation of columns), the difference of A x
{i,€1,€2, ..., Lk—1}thentry and A x {j, €1, £2, ..., £kx—1}th entry is given by

M (X0 Xy X ) — A Xy X ) = (X = xS ma (e X )
ps=>1

Here p; denotes the multiplicity of the integer s in the partition A, namely A = 1712P2...yPu

and A — s = 171272 ... sPs—1 ...y Pu in terms of the exponential description of the partitions.
Hence the factor (x; — x;) occurs once for each subset of integers {1, £, ..., €1} of [n]

such that i, j ¢ {€1, >, ..., £x_1}. The number of choices of such sets is (Z:%) so we have the

lemma. O

Lemma 4.

G
det(Mk)=c< I (x,»—xj))k :

1<i<j<n

Here c is a constant.

From Lemma 3, ([ ], <i<j<n (xi —x j))('i,f) divides the determinant det(My). So in order to
prove the lemma, it is only enough to show that the degrees of both sides coincide. The degree
of the right-hand side is (1) x (}_}). So we calculate the degree of the left-hand side. Since all
the entries in the row of det(My) corresponding to Young diagram A have homogeneous degree
M| = A1+ X2+ -+ 4+ X, (the size of L), the proof of the lemma reduces to the following.

» |A|=<’;) « <Z:f)

ACS(n—k)k

Lemma 5.

Proof. We start with the following formula:

1

_ 121,660 1
(1=gn(1—g?t)--- (1 —q" 1) Alsznkq N

Here in the right-hand side, the sum runs over all the Young diagrams with their parts less than
or equal to n — k and £(1) denotes the length of A, i.e., the number of non-zero parts in A.

Let us differentiate both sides in the variable ¢ and put ¢ = 1. Then the right-hand side of
Eq. (1) is

D e,

rM<n—k

and what we want here is the sum of the coefficients of ' for 1 <i < k.
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On the other hand, the left-hand side is given by

1+2t+--+m—kt (n—k+1 t
(1 _t)n7k+l - 2 (1 _[)Vl*k‘i’]'

The generalized binomial coefficient theorem tells us that

t(l _ t)_n+k_l

- k—1 - k—1 — k—1
:t(l—( n+1 )t+< n+2 >t2+~-~+(—1)k_1( nk+ . )tk_l

+ higher terms in t> .

So the sum of the coefficients of ¢ for 1 <i < k in the above is given by the sum

n+1—k n n+1—k n n+2—k I n—1
0 1 2 k—1)
It is easy to see that this sum is equal to ( kﬁ 1) by the successive use of the well-known equality
")+ = (”Jirl). Since ("_IZ‘H) x (") =) x (Z:f), we have the lemma. O

Finally we show that the coefficient ¢ in Lemma 4 is 1. Let us prepare some notations.

For any polynomial P(xy, x2, ..., x,), we define the dominant monomial of P by the maxi-
mum monomial in the order defined before among the monomials with the non-zero coefficients
in P and denote it by d[P] and define the dominant coefficient of P by the coefficient of the
dominant monomial in P and denote it by cd[P]. It is easy to see that for any product of two
polynomials P and Q, d[P Q] =d[P]d[Q] and cd[P Q] = cd[P]cd[Q].

n—=2 n—2

Since the dominant monomial of (H1<i<j<n(x,~ — xj))(kfl) is (x?—lx;—z .. .xn_l)(k—l) and
its coefficient is one, if we prove the same for the polynomial det(Mj), we can conclude that
c=1.

Let us prove that the dominant monomial of det(My) is (xf_lx; -2
efficient is one.

n—2
-+« Xp—1)*-1) and its co-

Claim 6. Only the diagonal components of My, contribute to the dominant monomial of det(My)

- n—2
and the dominant monomial of the determinant is given by d[det(My)] = (x|~ lxg_z- cXp—1) (e

and its coefficient in det(My) is one.

We prove this claim by induction on # (the number of the variables). The dominant monomials
of the entries occurred in the first (Z:}) rows in M are of the form xlfll_kxg 2. ~xl.l; k where
i1<ihy<---<ixandt=pr>--- = pi.

From the definition of the order in the monomials, the dominant monomial in all the minors

of the first (;~ i) rows of size (Z:}) X (’,::{) must be taken from the first (Z:{) columns, in other

words, i; must be one and at that time the highest power of x; in the monomials of det([\_dk) is
(n—k) x (7).
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So let us consider the minor consisting of the first () rows and the first (}_]) columns

of Mj. From the above, in order to obtain the dominant monomial of that minor, we can simul-
taneously replace each of its entries by the partial sum of the monomials containing x7 —k. After
we put out the powers of x| from each column of that minor, the induction hypothesis can apply
to that minor with n — 1 variables {x3, x3, ..., x,} since its rows are indexed by the Young dia-
grams included in the rectangular (n — k)*~! and its columns are indexed by the k — 1 subsets of

{x2,x3, ..., x,}. The dominant monomial of that minor comes from the product of the diagonal

n—3
n=2, -xn_l)(k—Z) and its coefficient is one. We consider the mi-

components and is given by (x,
nor of the remaining rows and columns of Mj. This minor consists of the columns indexed only
by the variables {xz, ..., x,} and of the rows indexed only by the Young diagrams included in

(n—k— 1)" So we can apply the induction hypothesis to that minor and the dominant monomial
is (x"*Z - )(n 3
2

_ n— l n_3
Therefore the dominant monomial of det(My) is xf Ol X ()cg_2 - )( ) x
(xg’ z.. 1)(k ) and its coefficient is one. It is easy to see that this monomial is equal to
(]~ ! x5 2 -xn_l)(kfl) and the claim, therefore the theorem is proved. O

Remark 7. We can skip the degree argument (Lemma 5) since the above claim holds without the
n—2 —
degree argument and we already know that ([ ], <i<j<n(x,~ — xj))(kfl) divides det(My).

3. Formulas for the symplectic groups

Let Asp@ny(x1, X2, ..., X,) denote the irreducible character of type C,, with the dominant in-
tegral weight A. Agp(2n) (xl X2, ..., Xp) is by definition, the Laurent polynomial (i.e., the element
in Q[xy, xl_l, ey Xn, X, ]) and invariant under the action of the Weyl group W (C,,). From now

on, we assume n > 2.

For a positive integer k less than n, let M,fp be a matrix of size (Z) with rows indexed by all
the Young diagrams A’s included in the rectangular Young diagram (n — k) and with columns
indexed by all the size k subsets {i1, i2, ..., ix} of the integer set [n], whose A x {i1,i2,..., ik}
entry is given by Aspk) (Xiy, Xip, -+ .5 Xiy)-

The rows and columns of M,fp are arranged in the same way as in the case of A,.

Our theorem for the type C,, is as follows.

Theorem 8.

(i
det(M,fp)=< 1_[ (xi—xj)(l—x lle))k

1<i<j<n

Remark 9. In the above, if k = 1, we have (£)s(2) (xi) = x! +x;72 +-- —i—x;”z
the factor [[/_; (xi — x; 1, the above formula gives us the original Weyl’s denominator formula

for the type C,,.

+x".Soupto

Proof. Actually the proof goes in the same way as in the case of A, literally. Since Agp(2k) (x;, ,
Xigs ooy Xip) = ZA>M S”(zk)mi”ak) (Xiy» Xiys .., Xi,) and KSF(Zk) =1, where KSP( " denotes
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the welght multiplicity of the weight u in the irreducible representatlon Aspky and m); (Zk)( Xy,

Xiy, - .., Xj; ) denotes the orbit sum of the monomial x“ ! ” z.. lk * under the action of the Weyl

group W (Cy). Therefore applying row elementary transformations to det(M,fp ) successively, we

can replace the Agp(2x) (Xi;» Xiy, - - ., Xi;)’s in the determinant by the mip(Zk) (Xiy, Xiy, - - .5 Xj, )8 Si-
multaneously. So if we put MSP(Zk) [m ipak) (Xiys Xins + - os Xi) o (i1 i, i} » WE have det(M,fp) =

det(M;?).

n—2
Lemma 10. For any pair of integers (i, ]) with 1 <i < j<n, (5 —x;)(1 —x;~ x ))(
divides det(Mkp) in the algebra Q[x, x1 s Xp, x;l].

Proof. For any subset of integers {€1, {2, ..., €x—_1} of [n] such that i, j ¢ {€1, o, ..., ¢k_1},
we consider the columns indexed by {i, €1, €2, ..., ¢k—1} and {j, €1, €2, ..., Lk—1}. If we take
difference of the above columns (elementary transformation of columns), the difference A x
{i,€1,€2,...,8g_1}thentry and A x {j, £1, €2, ..., £x—1}th entry is given by

Sp(2k Sp(2k
mkp( )(-xiv P( )(x]’

xelw--,xek,l)— Xeys - -s-x@kfl)

_ K} —S K —S Sp(2k)
= Z (xi +x;7 —x; —X; )mk_s (Xgysens Xgp_y)-

ps=1

Since (x; —x;)(1 —x;~ x ) divides (x] +x; 7 — xj — xj_s), we have the lemma. O

From the lemma, if we put the quotient

_ 5
det(M,")
O(x1,X2,...,Xp) = k =
(ﬂ1<i<j<,,(x, xj)(1—x;~ x 1) G-
Q is a Laurent polynomial. For any integer i with 1 <i < n, Q is invariant under the action

71 71) and the characters are invariant

Xj —> x[l and xj; — x; for j #1i since (x; — x;)(1 — x;
under this action. iy
Since the dominant monomial argument goes well in this case, we have d[det(M, Y] =
n—2
d[(]_[1<l<]<n(x, x;)(1 —x_1 _1))(k 1)] = (x]~ ! x5 Zox, 1)( 1) and its coefficients in
both polynomials coincide and are’ one
If Q is not a constant, Q contains some monomials xf ‘xf 2...x/" with non-negative expo-
nents and some p; > 0, since Q is invariant under the action x; — x; ~!. This contradicts the fact
1 -1 n—2 - S
that d[Q1d[([]; i< jcn (i = X)) —x; x5 ) &=1] must be equal to d[det(M;")]. So Q must
be constant and must be one. O

4. Formulas for the orthogonal groups and the pin groups

Finally the formula for the type B, is almost the same for the type C,,. We also assume n > 2.
For the type B, the dominant integral weights are given by

={Arer + e+ -+ Al A=A 2> 2 A, 20}
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Here {e;, ey, ..., e,} denotes the standard basis of R” and all the A;’s are integers or half-integers
(namely 1/2 + Z) simultaneously.

So the formulas in this case are as follows.

When all A;’s are integers, namely A is a partition, then the irreducible representation with the
highest weight A comes from the group SO(2n + 1), so we denote the irreducible character of
type B, by Aso@n+1)(x1, X2, ..., X,). Also for the dominant integral weight (1/2 481, 1/2+ 67,
..., 1/2+86,), where § = (61, 82, ..., 8,) is a partition, we denote this irreducible character by
(A, S]spinn+1)-

Asp@n) (X1, X2, + .., Xp) is an element in Q[x1, xl_l, ey Xn, xn_l] and [A, 31spin2n+1) is an el-

. 12 _—1)2 12 _—1)2
ementin Q[x,"", x; /7, ..., %/, x,
Weyl group W(B,,) = W(Cy,).

For a positive integer k less than r, let My?** be a matrix of size (}) with rows indexed by

all the Young diagrams A’s included in the rectangular Young diagram (n — k)¥ and with columns

]. Both polynomials are invariant under the action of the

indexed by all the size k subsets {i, i2, ..., ix} of the integer set [n], whose A x {i1,i2,..., ik}
entry is given by Asoi+1) (Xi;» Xiy, - -5 Xi)-
The rows and columns of M,fO’Odd are arranged in the same way as in the case of A,. The

proof of the next theorem is the same as in the type C,,.

Theorem 11.

G
det(M,fO’Odd) = ( 1_[ (x; — xj)(l — xi_lxj_l)> .

1I<i<j<n

Remark 12. In the above, if k = 1, we have (¢)so3)(x;) = xit + xffl 4+ 4 xlft

—1/2
to the factor [T/_, (x;'/2 —x7 "/
formula for the type B;,.

oy x. Soup
), the above formula gives us the original Weyl’s denominator

For a positive integer k less than n, let M" in.0dd be 5 matrix of size (1) with rows indexed by

all the Young diagrams &’s included in the rectangular Young diagram (n — k)* and with columns
indexed by all the size k subsets {i, iz, ..., ix} of the integer set [n], whose § x {i1,i2,..., ik}
entry is given by (A, 5]Spin(2k+1)(xi1 s Xigy v xik).

Spin,odd . .
The rows and columns of M;”"** are arranged in the same way as in the case of A,. Then

our theorem is as follows.

Theorem 13.

n

. G- 3
det(MP™ o) = (l_[(xil/2+xi_l/2)> ( [] @i-xp —xl._lxj_l)) o

i=1 1<i<j<n

This theorem follows from the formula (see Theorem 10.1(ii) in [5])

n

[A, 81spinn+1) (X1, X2, ..., Xp) = (H(Xi 172 4 xz'_l/z))5sp(zn)(X1 2 X2,y Xy)
i=1

and Theorem 8.
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Remark 14. In the above, if k = 1, the matrix components in the left-hand side are
[A, (t)]Spin(3)(xi) _ (xil/Z +xi_1/2)(xit +xl;—2 4 +xi—t+2 +xi_t)'
For the type D,,, the dominant integral weights are given by

Pt={hei+2r0er+ -+ Aney; i =A== Aoy = [Ag] =0}

Here all the A;’s are integers or half-integers (namely 1/2 4 Z) simultaneously. We denote the

corresponding character by Aspin2n) (X1, X2, ..., X,). If all the A;’s are integers, the correspond-
ing irreducible representation comes from that of SO(2n), we also write Ason) (X1, X2, ..., Xn)
instead of Agpin(2n) (X1, X2, ..., Xp).

Definition 15 (Definition of Apin2ny and Ao @2n))-

(1) If A, = 0 for the type D,, we denote Ao 2,) = Aso@n)-
(2) If A, # O for the type D, and we denote

APin@2n) (X1, X2, .o, Xp) = (A1, A2, oo, Ap)spin@n) + (A1, A2, - ooy —An) Spin(2n)
and furthermore if all the A;’s are integers in the above, we denote
Aoeny (X1, x2, .., X0) = (A1, A2, oy Aw)soeny + (A1, A2, ..oy —An)so@n) -
These characters are obtained by restricting the irreducible characters of Pin(2n,C) to
Spin(2n, C) and O(2n, C) to SO(2n, C), respectively.
n

For a positive integer k less than n, let M kO """ be a matrix of size (}) with rows indexed by
all the Young diagrams A’s included in the rectangular Young diagram (n — k) and with columns

indexed by all the size k subsets {i1, i2, ..., ix} of the integer set [n], whose A x {i1,i,..., ik}
entry is given by Aok (Xi;, Xip, - .-, Xiy).
The rows and columns of M kO V" are arranged in the same way as in the case of A,. The

proof of the next theorem is the same as in the type C,,.

Theorem 16.

n—2

det(MkO’even) = ( 1_[ (xi —x;)(1 —xi_lxj_l)> - )

I<i<j<n

Remark 17. In the above, if k = 1, the matrix components in the left-hand side are (¢) o (2) (x;) =
x4+ x; !, So this is the original Weyl’s denominator formula for type Dy,,.

For a positive integer k less than n, let M,fi"’eve" be a matrix of size (}) with rows indexed by
all the Young diagrams §’s included in the rectangular Young diagram (n — k) and with columns
indexed by all the size k subsets {i1, io, ..., ix} of the integer set [n], whose & x {i1,i2,..., ik}
entry is given by (8 +1/2) pinak) (Xiy > Xis, - - -, Xii ), where (8 4+ 1/2) denotes the dominant weight
G1+1/2,60+1/2,...,8,+1/2).
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The rows and columns of M,‘: in.even are arranged in the same way as in the case of A,. Then
our theorem is as follows.
Theorem 18.
n—1
n (o (Zj
Pin, _ —-1_-1
det(M, " "") = H(xil/z +x; 1/2) 1_[ (i —xj)(1 —x; X; )) )
i=1 1<i<j<n

This theorem follows from Theorem 11 and the formula

(6 + 1/2)pincary (X1, X2, . . ., Xp)
n

= H(Xil/2+xz'_l/2) (—=DP1850@n11) (=x1, —x2, ..., —Xn).

i=1

As for the above formula, see Theorem 10.1(iii) in [5] and there (8 + 1/2) pin(2k) (X1, X2, . . ., Xn)
is denoted by the different notation )‘fszgn(zn) (X1, %2, ..., Xn).
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