Available online at www.sciencedirect.com

ScienceDirect

JOURNAL OF

Algebra

{ i

ELSEVIER Journal of Algebra 312 (2007) 902-929 _
www.elsevier.com/locate/jalgebra

Quantizations of generalized-Witt algebra
and of Jacobson—Witt algebra in the modular case

Naihong Hu**!, Xiuling Wang *°
& Department of Mathematics, East China Normal University, Shanghai 200062, PR China
b Department of Mathematics, Harbin Normal University, Harbin 150080, PR China
Received 10 April 2006
Available online 6 March 2007
Communicated by Leonard L. Scott, Jr.

To the memory of Professor Xihua Cao

Abstract

We quantize the generalized-Witt algebra in characteristic O with its Lie bialgebra structures discov-
ered by Song—Su [G. Song, Y. Su, Lie bialgebras of generalized-Witt type, arXiv: math.QA/0504168, Sci.
China Ser. A 49 (4) (2006) 533-544]. Via a modulo p reduction and a modulo “p-restrictedness” reduction
process, we get 2" — 1 families of truncated p-polynomial noncocommutative deformations of the restricted
universal enveloping algebra of the Jacobson—Witt algebra W(r; 1) (for the Cartan type simple modular re-
stricted Lie algebra of W type). They are new families of noncommutative and noncocommutative Hopf
algebras of dimension pH‘”p " in characteristic p. Our results generalize a work of Grunspan [C. Grunspan,
Quantizations of the Witt algebra and of simple Lie algebras in characteristic p, J. Algebra 280 (2004) 145—
161] in rank n = 1 case in characteristic 0. In the modular case, the argument for a refined version follows
from the modular reduction approach (different from [C. Grunspan, Quantizations of the Witt algebra and
of simple Lie algebras in characteristic p, J. Algebra 280 (2004) 145-161]) with some techniques from the
modular Lie algebra theory.
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1. Introduction and definitions

In a paper by Michaelis [7] a class of infinite-dimensional Lie bialgebras containing the Vi-
rasoro algebra was presented. Afterwards, this type of Lie bialgebras was further classified by
Ng and Taft [8]. Recently, Song and Su [10] classified all Lie bialgebra structures on a given
Lie algebra of generalized Witt type [2], which turned out to be coboundary triangular (for the
definition, see p. 28, [4]).

In Hopf algebra or quantum group theory, two standard methods to yield new bialgebras from
old ones are by twisting the product by a 2-cocycle but keeping the coproduct unchanged, and by
twisting the coproduct by a Drinfel’d twist but preserving the product. Constructing quantizations
of Lie bialgebras is an important approach to producing new quantum groups (see [3,4] and ref-
erences therein). Recently, Grunspan [6] obtained the quantizations of the (infinite-dimensional)
Witt algebra W in characteristic 0 by using the twist discovered by Giaquinto and Zhang [5],
and of its simple modular Witt algebra W(1; 1) of dimension p in characteristic p by a re-
duction modulo p. In the modular case, however, his treatment did not work for the restricted
universal enveloping algebra u(W(1; 1)). One reason is that the periodic quotient with respect
to the ideal J he adopted (see Definition 5, p. 158 [6]) resulted in some extra relations like
lep—2, e2] = 4e, = 4e, # 0 incorrectly imposed on it. So in this case we need to consider the
best way to approach it. Another reason is that the assertion in Theorem 2 [6] (a corrected ver-
sion) is valid only for one specific case i = 1 (except for the other cases i =2, ..., p — 1). This
means that just one family (rather than p — 1 families asserted in [6]) of polynomial noncocom-
mutative deformations of u(W(1; 1)) is able to be obtained via a modular reduction process. The
correct modular reduction approach should be clarified as stated below.

In this paper, we first use the general quantization method by a Drinfel’d twist (cf. [1]) to
quantize explicitly the newly defined triangular Lie bialgebra structure on the generalized-Witt
algebra in characteristic 0 [10]. Actually, this process completely depends on the construction
of Drinfel’d twists which, up to integral scalars, are controlled by the classical Yang—Baxter r-
matrix. To study the modular case in characteristic p, we work over the so-called “positive” part
subalgebra W of the generalized-Witt algebra W. It is an infinite-dimensional simple Lie alge-
bra when defined over a field of characteristic 0, while, defined over a field of characteristic p, it
contains a maximal ideal J; and the corresponding quotient is exactly the Jacobson—Witt algebra
W(n; 1), which is a Cartan type restricted simple modular Lie algebra of W type. In order to
yield the expected finite-dimensional quantizations of the restricted universal enveloping algebra
for the Jacobson—Witt algebra W(n; 1), in concept at first, we need to give a precise definition
concerning what is the quantization of the above object in the modular case (see Definition 3.3),
and then go on two steps of our reduction: modulo p reduction and modulo “p-restrictedness”
reduction. As a crucial immediate step for the modulo p reduction, we need first to develop the
quantization integral forms for the Z-form WZ in characteristic 0. In this case, a new phenom-
ena appeared is that there exist n the so-called basic Drinfel’d twists whose pairwise different
products among them afford the possible Drinfel’d twists (see Proposition 2.12). Accordingly,
we get 2" — 1 new quantization integral forms for WJZr in characteristic 0, which, via the modulo
“p-restrictedness” reduction, eventually lead to 2" — 1 new examples of Hopf algebra of dimen-
sion p!*"" with indeterminate 7, or of dimension p™”" with specializing ¢ into a scalar in K in
characteristic p.

A remarkable point is that these Hopf algebras we obtained contain the well-known Radford
algebra [9] as a Hopf subalgebra. Our work extends the class of examples of noncommutative
and noncocommutative finite-dimensional Hopf algebras in finite characteristic (see [13]).
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1.1. Generalized-Witt algebra and its Lie bialgebra structure

Let IF be a field with char(IF) = 0 and let n > 0. The notations used here are the same as in [2].

Let ]F[xlil, cees x,ﬂfl] be a Laurent polynomial algebra, and 9; coincides with the degree operator
x,-a%. Set T =@}_, Z3;. Fora = (ay, ..., ay) € Z", write x* = x]" -+ - x,".
Denote W = IF[xfl, ...,xnil] ®z T = Spang{x*d |« € Z", 0 € T}, where we set x*9 =

x* ® 0 for short. Then W = DerF(F[xlﬂ, e, x,fl]) is a Lie algebra of generalized-Witt type
(for definition, see [2]) under the following bracket

[x%0,xP 3] =x**F(3(B)d' — 8'(@)d), Ya,BeZ’; 3,9 T,

where 3(B) = (3,B) =(B,3) =Y aifi€Zford=y 7 ,a;0; €T and B = (Bi,...,Bn) €
7Z". The bilinear map (-,-):T x Z" — Z is nondegenerate in the sense: d(x) = (3, ) =0
VoeT),=a=0,and 9(x) = (9,) =0 Vo € Z""), = 9 = 0. W is an infinite-dimensional
simple Lie algebra over F.

The following result is due to [10].

Proposition 1.1. There is a triangular Lie bialgebra structure on W given by the classical
Yang—Baxter r-matrix r := dy ® x¥ 9y — xV 9y ® do, for o, 9y € T, y € Z", where [dp, xV 3] =
3o (y)x” 3.

From Proposition 1.1, we notice that the classical Yang—Baxter r-matrix r is uniquely
expressed as the antisymmetric tensor of two distinguished elements 9y, x” ) up to scalars
satisfying [8o,xV8(’)] = ao(y)xya(;. In fact, for a given r-matrix, we may take two distin-
guished elements of the form h := 8()()/)’180 and e := dp(y)xY 8(’) such that [/, e] = e, where
do(y) #0 (€ Z).

1.2. Generalized-Witt subalgebra W+

Denote D; = % Set Wt := Spanic{x*D; |« € Z, 1 <i < n}, where Z is the set of non-
negative integers. Then W+ = Deryc (K[x1, ..., x,]) is the derivation Lie algebra of polynomial
ring K[x1, ..., x,], which, via the identification x* D; with x*~%9;, can be considered as a Lie
subalgebra (the “positive” part) of the generalized-Witt algebra W over a field K. Evidently, we
have the following result (see Ex. 8, p. 153 in [12]).

Lemma 1.2.

(1) If K =T, i.e., char(K) =0, then W is a simple Lie algebra of infinite dimension, which is
a Lie subalgebra of W.

(2) If char(KC) = p, then there exists a maximal ideal Ji := ({x*D; | 3j: aj = p, 1<
i <n})in WF such that Wt /J; = W(n; 1) under the identification %x"‘ D ( 0<a<T)
with x® D; and the others with 0, where W(n; 1) is the Jacobson-Witt algebra defined in
the subsection below.
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1.3. Jacobson—Witt algebra W(n; 1)

Assume now that char(K) = p, then by definition (cf. [11]), the Jacobson—Witt algebra
W(n; 1) is a restricted simple Lie algebra over a field KC. Its structure of p-Lie algebra is
given by Dl = pr VD e W(n; 1) with a basis {x(“)Dj [1<j<n 0L o<}, where
1=(,....), r=(p-1,....,p—1) e N*; ¢ = (81i,...,8,;) such that x(&) = x; and
Dj(x;) =ij; and O(n; 1) := {x@ | 0 <o < 1} is the restricted divided power algebra with
x@xB) = (”‘Zﬂ)x(“W) and a convention: x(® =0 if & has a component a; <0or > p, where
(‘Hﬁ) =1, ("‘f;jﬂ"). Moreover, W(n; 1) = Deryc (O(n; 1)).

o 1=
By definition, the restricted universal enveloping algebra u(W(n; 1)) is isomorphic to

U(MW(n;1))/1 where I is the Hopf ideal of U(W(n; 1)) generated by Hip — H;, DP with
D # H; = x€) D;. Since dim W(n; 1) = np", we have dimgc u(W(xn; 1)) = p™".

1.4. Quantization by Drinfel’d twists
The following result is well known (see [1,3,4], etc.).

Lemma 1.3. Let (A, m, t, Ao, €0, So) be a Hopf algebra over a commutative ring. A Drinfel’d
twist F on A is an invertible element of A ® A such that

(FRDAo®Id)(F) =1 F)Id® Ao)(F),
(o ®Id)(F) =1=(Id®e0)(F).

Then, w = m(Id ® So)(F) is invertible in A with w™' = m(Sy @ Id)(F~1).
Moreover, if we define A:A— AQ Aand S: A — A by

A@) =Fap@F ', S=wSp@w,
then (A,m,t, A, ¢, S) is a new Hopf algebra, called the twisting of A by the Drinfel’d twist F.

Let F[¢] be a ring of formal power series over a field F with char(F) = 0. Assume that
L is a triangular Lie bialgebra over F with a classical Yang—Baxter r-matrix r (see [3,4]).
Let U(L) be the universal enveloping algebra of L, with the standard Hopf algebra structure
(UL),m,t, Ay, 9, So).

Now let us consider the topologically free F[t]-algebra U(L)[t] (for definition, see
p- 4, [4]), which can be viewed as an associative F-algebra of formal power series with coef-
ficients in U (L). Naturally, U (L)[¢] equips with an induced Hopf algebra structure arising from
that on U (L). By abuse of notation, we denote it by (U (L)[¢t], m, ¢, Ao, €0, So)-

Definition 1.4. For a triangular Lie bialgebra L over F with char(F) =0, U(L)[¢] is called
a quantization of U (L) by a Drinfel’d twist F over U (L)[t] if U(L)[[¢]/tU(L)[¢t] £ U(L), and
F is determined by its r-matrix r (namely, its Lie bialgebra structure).
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1.5. A crucial lemma
For any element x of a unital R-algebra (R aring) and a € R, we set (see [5])

xc(ln>::(x+a)(x+a+1)...(x+a+n_1) (1)

and x .= xé").

We also set

A= (@ ta— 1) (xfa—n+1) @

and x" .= x['1.

Lemma 1.5. (See [5,6].) For any element x of a unital F-algebra with char(F) =0, a, b € F and
r,s,t € Z, one has

= x4 3)
x£s+t] — x[[j']xgls, (4)
xit=x ®)
(-1 a—b\ (@—b)---(a—b—r+1)
) st xhey! = o) r! ’ ©
s+t=r o :

Z (—l)tx[s]x[,] =<a—b+r—l>: (a—b)~-~(a—b+r—1).

sll 7@ Thes r r!
2. Quantization of Lie bialgebra of generalized-Witt type
2.1. Some commutative relations in U (W)

For the universal enveloping algebra U (W) of the generalized-Witt algebra W over F, we
need to do some necessary calculations, which are important for the construction of the Drinfel’d
twists in the sequel.

Lemma 2.1. Fix the two distinguished elements h := 80()/)_180 and e := dp(y)x? 8(’) with

do(y) € Z* for W. For a € F, a € 7", and m, k nonnegative integers, the following equalities
hold in U(W):

X9 M =pM, %, ®)
H—W

x40 h" =h", ) -, ©)
RERUID)

ek onlm = plm ek, (10)

ko plm = pm ek, (11)



N. Hu, X. Wang / Journal of Algebra 312 (2007) 902-929 907
“ m
X (xP9)" = Z<—1)‘(z > (cP0')" ™ x P apd — by, (12)
=0

where ag = 1‘[?;3 3 (o + jB), by = Ld(B)as_1, and set ag = 1, by = 0.

Proof. One has x%9 - 99 = 9y - x¥9 — dp(x)x¥ 9. So it is easy to see that (8) is true for m = 1.
Suppose that (8) is true for m, then

x%9 - plm I = xoq pmlop,

= h[m]ao(a) -x%3 - (h+a—m)
T

=", - (B0(») ™" (80 - x*8 — Bo(@)x*d) + (a — m)x“d)

T 90

_pm+1] o
=h g X a.
()

Hence (8) holds for all m. Similarly, we can get (9)—(11) by induction.
Formula (12) is a consequence of the fact (see Proposition 1.3(4), [12]) that for any ele-
ments a, ¢ in an associative algebra, one has

ca" = é(—l)@(@am@(ada)‘(c),
together with the formula

(adx?3")" (x*0) = x*+ (apd — bed"), (13)
obtained by induction on ¢ when taking a = x#9’, c =x%3. O

Let us denote by (U(W), m,t, Ag, So, €0) the standard Hopf algebra structure on U (W), i.e.,
we have the definitions of the coproduct, the antipode and the counit as follows

Ao(xaﬁ) =x“0Q1+1®x%0,
So(x‘xa) =—x%0,
so(xaa) =0.

2.2. Quantization of U(W) in characteristic 0

To describe a quantization of U (W) by a Drinfel’d twist F over U(W)t], we need to con-
struct explicitly such a Drinfel’d twist. In what follows, we shall see that such a twist in our case
depends heavily upon the choice of two distinguished elements h, e arising from its r-matrix r
(see Section 1.1).

Now we proceed with the construction. For a € IF, we set



908 N. Hu, X. Wang / Journal of Algebra 312 (2007) 902-929

00 (1) ©
_ — [r] _
fa_z 3 h'®e't", Zr. '@t
r=0 r=0
ug=m- (So ® Id)(Fy), vg =m - (Id ® Sp)(Fa).

Write F = Fq, F = Fo, u = ugp, v =1yg.
Since So(hé”) = (—1)rhm and Sp(e") = (—1)"e", we obtain

- 1h[r] ror - (_l)rh[r] ror
UQ—ZEael, Mb—ZT _bet.
r=0 r=0

Lemma 2.2. For a, b € I, one has

FaFpr=10 (1 —e)®? and veup= (1 —er)~@.

Proof. Using Lemma 1.5, we obtain

1
FuFp= Z = ) h[’]h ettt

r,s=0

e¢]

- (=D" |
Valtp = Y hlmlen plm] gm gm-tn
m,n= mn
o
1
=3 ¥ L™ h["]h_mb] et
o
=3 (a oA 1>e’t’ = (1 —er)~ @b,
r

This completes the proof. O

Corollary 2.3. For a € ¥, F, and u, are invertible with F V= F, and ua’l
Fl=Fandu'=v.
Lemma 2.4. For any positive integers r, we have

r

Ag(h) =" (r,>h[” @ hlr=il,
l

i=0

Furthermore, Ag(h"1) = Yo (f)h[_l]s ® hEr‘” forany s € F.

= v_g. In particular,
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Proof. By induction on r, it is easy to see that it is true for » = 1. If it is true for r, then
r

Ag(h 1) = (Z (;)h[i] ® h“‘”) (h=r@1+1"h—r)+r(1e1)

i=0

r—1
_ <Z (r_)h[i] ®h[r—"1>((h —N@1+1® (h—r))
l
i=l1
— (7 li] o o lr—i] [r+11 _ [r]
+r<§<i)h ®h >+1®h +th—-r)®h

+a 1+ n" @ (h—r)

r—1
1@t g 4y Z r plil @ plr=il
i

i=1

r—1
+h@h+rT@h 4+ (r)h["“] ® Al
i
i=1

r—1

r—1
r . . r . .
P Wil & plr—il plil @ plr—i+1l
+i§=1(l F)(l.) & + E ; ®

i=1
r—1 , . ‘
+ Z(—i)(.)hw ® il
i=1 !
.
—1@h" N g1 4 Z ") (7)) |nlit @ plritn
i—1 i

i=1

r+l

-y (V + 1>h[i] & plr+1=il,
i—o !

Therefore, the formula holds by induction. O

Proposition 2.5. F =72 %h[” ® €"t" is a Drinfel’d twist on U(W)[t], that is to say, the
equalities hold

FRD Q@I (F) =1 F)Ad® Ag)(F),
(e0 ®Id)(F) =1=(Id ® £0)(F).

Proof. The second equality holds evidently. For the first one, by Lemmas 2.4 and 1.5, it is easy
to get

LHS = (F ® 1)(A0 ® 1d)(F)
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> (=1 N (s

Z [r] Z - Z 1] o g, ls—i]
( r! hr D¢’ ®1)< s! (l')h_r@hrs l ®€S)
=0

s=0 i=0

[e'9) s
l)r—Htr—H s . .
_ [r1,li] rls—il s
= E I E ; h'h_, e h’ Qe
s=0 i=0
0 s
_1)r+str+f s . .
[r+i] [s—il ,r s
E T EO ; h Qh e ®e,
: 1=

RHS = (1 ® F)(Id ® Ag)(F)

_ =D [r] O R NAR Y CA MBI
_(Z o 1®h ®e)<z m i_()(j)h Qe ®e

r=0

— Z (=Dt i (‘?)h[s] ®h[r]ei ®er—&-s—i.
l
i=0

Flg!
r,s=0

It suffices to show that

Z pq‘z<) ti+/]®hl’ Je‘i®el’_ Z ‘!Z() [S]®h[r]ei®em_i_

ptq=m r4s=m S

Fixr,s,isuchthatr +s=m,0<i <s.Setgq=i,g+j=s,thenp=m—i,p—j=r. We
can see that the coefficients of 21*1 @ hl"le! @ "~ in both sides are equal. O

Having the above proposition in hand, by Lemma 1.3, now we can perform the process of
twisting the standard Hopf structure (U (W)[¢], m, ¢, Ao, So, £9) by the Drinfel’d twist F con-

structed above.
The following lemma is very useful to our main result in this section.

Lemma 2.6. For a € F, o € Z", one has

(x*0)°' ®1)- Fu=F_ sy - ((x*0)’ ®1), (14)
do()/)
o
(1®@x%0) - Fa=) (=1 Fare- () @ x*T (A0 — Bedg)t"), (15)
=0
> 4
(x0) - 1y = o e (gw“y (A¢d — Bd)) .h§_>az’~’>, (16)

o
(x3) ua =1, sy - (de((x“a)s).hg‘_)a#), (17)

()

(1®(x -a—Z( D Fape - (b @d®((x*0)")1"), (18)
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where d© = L(ade)’, Ay = 3053? 1520 9@ + jv), Be=0(y)d(y)A¢1, and set Ag = 1,
By =0.

Proof. For (14): By (9), one has

o
1
(xo®1)- Q_Z%x“a.hgm@emtm
m=0
21
=3 ey 0B

9 ()

= Fa_M . (xaa ® 1)

a(v)

By induction on s, we obtain the result.
For (15): Leta; = ]_[ﬁ-;g) 86(& + jv), by =£3(y)as—1. Then using (12) we get

I
WK
g~

(1®x%9) - F, R @ x9 - ™™

3
g

I
WK

§|,_.
Q

him (Z( 1)4< )ao(y)fem—f-x““V(a[a—b@ag))tm)

m=0
oo o0

I —hd T @ o) e XY (ard — by
m=0 (=0

M

(—1)‘5(2 l'ha@e@ )(hfjZ> ® x* T (Agd — Bydg)t")

m=0

&~
Il
=

o0
=3 (=D Fuye - (D @ x*T (A0 — Bedp)rt).

r!
r=0
oo
D" w1
:Z ' h7 g (X" 0-€'t
— T

—0 4= 30

=y W(D 1)‘( )%(y)‘er‘ﬁ-x“*”(aea—bzaé)r’>
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1r+t ¢
= Z ((r _i_)£)| r+2]30(a) <(_1)Z <r—£ )80()/)56}’ : xOH_ZV (aEa — bla(/))tr_M)

T hm

(=1
=2 e 0 A e B e e x T (agd — bedg)r

F0=0 TTm TR
— (— 1)
4 0 4
Z Z ——h e )t x Y (A9 — Bydg)r
=0 \ r=0 ! —a- 9o () _a_ao(l/)

— (4] +¢ ¢
=u, ww - Zh o XY (Agd — Bt

do) 4T3

o0
L [e
=u, gw - Z @Y (Agd — Byd)) - A 31+£t
W i
o0
£)
=U_ i ZXOH_ZV (Aga — Bga(/)) h< a+1t
() =0

As for (17): By (13), we get
dO(x8) = x*T (A9 — Bedy). (19)

Combining with (16), we get that (17) is true for s = 1. Using the derivation property of ¥, we
easily obtain that

d9@-a)=Y  d“a)---day). (20)
Lyt tL=L

By induction on s, we have

o0
@) -Zd(”)((xo‘a)s) -h<1"> "

00 ¢
o0

o0
— . (m) (aq) . m m
= o1y 0@ (XE)d (x 3) hlfaf s ! )
m=

(r9)" g =x"0-u

d ) S0

(S e

00
zua-i-(s+1)30("‘) ’ ( Z d(m) (xaa)d(n)((xaa)s)hYTa+nh<ln—>atn+m)

3 () ——
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o0
U @ - (Z Z d(m)(xaa)d(n)((xaa)s)hﬁatl)

g =0 m+n=¢(

= . (3) * s+1 @ 4
_ua+(s+1)f)0(a) (Zd a )hl —a )

()

where we get the first and second “=" by using the inductive hypothesis and (16), the third by
using (13) and (20) and the fourth by using (4) and (20).

For (18): This follows from (15) and (20).

Thus, the proof is complete. 0O

The following theorem gives the quantization of U (W) by the Drinfel’d twist F, which is
essentially determined by the Lie bialgebra triangular structure on W.

Theorem 2.7. With the choice of two distinguished elements h = dy(y) ™90, e := do(y)x? 3
(00(y) € Z*) with [h, e] = e in the generalized-Witt algebra W over F, there exists a structure
of noncommutative and noncocommutative Hopf algebra (U(W)[t],m, ¢, A, S, ) on U(W)[t]
over F[t] with U(W)[t]/tU (W) [t] = U(W), which leaves the product of U (W)[t] undeformed
but with the deformed coproduct, antipode and counit defined by

9o (@)
A(x9) =x78 ® (1 — er) o) +Z( DO @ (1—en)™ - x*T (A0 — Boag)e, (21)
=0
S (SN e (0) e
S(x*0)=—(—er) 0@ - [ 3" xtY (A0 — Bedg) - byt . (22)
=0
8()6"‘8) =0, (23)
where a € 2", Ay = 30(]/) ]_[z p dy(e + jy), Be=00(y)d(y)Ae—1, and set Ag =1, By =0.

Proof. By Lemmas 1.3 and 2.2, it follows from (14) and (15) that

A(x®9) =F - Ag(x*d) - F~!
=F (x0®1)- F+F-(1®x%3)-F
o0
= (FF_ww) - (x*9® 1)+ > (~D'FFy) - (h'" @ x*T (A48 — Bed)1”)
300 =0

9o ()

=(1®(—e)®). (x*0®1)

+Z( DI(1® (1 —en™ ) (h' @ x*T (Ard — Byg)t")
=0

o (@)
—x%9 @ (1 — er) 0 + Z( DAY @ (1 —en)™" - x¥7 (A48 — Byd))r*
£=0
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By (16) and Lemma 2.2, we obtain

S(xaa) = uilSo(xo‘B)u =—v-x%0-u

)
=—V- Ui <Zxoz+£y (A/ga — 3436) . hie)#)
=0

a0 (v)

_g@ X
=—(l—et) 00 . (Zx“”V(Aw — Bd) -h%f).
=0
Hence, we get the result. O

For later use, we need to make the following

Lemma 2.8. For s > 1, one has

. N )
(1) A((xaa)s)z Z (;>(_1)£(xaa)./h<ﬁ)®(l et) (’O(W d(Z)(( aa)s—./)tg.

0s/jss
€20

(ii) S((x%9)") = (=D (1 —er) 5303 . (Zd(& nif )
Proof. By (18) and Lemma 2.2, we obtain

A((x*9)" ) =F(x* 0 @1+ 1@x*9) F!

—Z( ) e (0@ 1) (Z( DFF (Y d<@>((x°’a)”)z‘))

e £>0

_ZZ< )( DY((%0) ® (1 — ery 59110 & d© ((xa) )1)

j=0¢>0

_ Z <S.)(_1)€(xa8)jh<£)®(l et)jao(") d(@)(( aa)s—j)ti.
0<j<s
£>0

Again by (17) and Lemma 2.2, we get

() ) =u So((e9) Ju = 10+ (1)
= (_1)SU . uS @) * (Zd(e)((xaa)s) . h<1mt2>
¢

) e

(1) (1= o) 0 (Zd@((x“a)s) w‘ﬂ%).

£=0

This completes the proof. O



N. Hu, X. Wang / Journal of Algebra 312 (2007) 902-929 915

2.3. Quantization integral forms of Z-form W'ZF in characteristic 0

Note that {x* D; | o € Z'| } is a Z-basis of W'i. In order to get the quantization integral forms
of Z-form W‘i, it suffices to consider what conditions are for those coefficients occurred in the
formulae (21) and (22) to be integral for the indicated basis elements.

Write r = dp(y). Notice that suitable powers of factors (1 — et)i:l- and coefficients Ay and By
occur in (21) and (22). Grunspan [6] proved

Lemma 2.9. For any a, k,t € 7, a* ]_[f-;é(k + ja) /¢! is an integer.

According to this lemma, we see that, if we take 86 = do, then Ay and B, are integers. How-

. . . 1 .

ever, those coefficients occurred in the expansions of (1 — er)®7 are not integral unless r = 1.
Consequently, the case we are interested in is only when & = 9, e = x 9 (1 < k < n), namely,

r = 1. Denote by F (k) the corresponding Drinfel’d twist. As a result of Theorem 2.7, we have
Corollary 2.10. With the specific choice of the two distinguished elements h := x Dy, e :=

x2% Dy (1 < k < n) with [h, e] = e, the corresponding quantization integral form of U (W%)
over U (W‘i)[[t]] by the Drinfel’d twist F (k) with the algebra structure undeformed is given by

oo
A(x“D;) =x"D; ® (1 —en)™ %k + 3 " (=)' Ceh @ (1 —er) ™" - x4 D, (24)

=0
o
S(x*D;) = —(1 — er) %+ (Z CoxeHep; . h§W> , (25)
=0
e(x*D;) =0, (26)

where o € 71}, Cy = Ay — By, Ap = § [1'Z(o — 8t + j), Be = 0SixAc—1, and set Ag = 1,
By =0.

Remark 2.11. It is interesting to consider those products F(j) - -+ F(js) of some pairwise dif-
ferent Drinfel’d twists F(j1), ..., F(js) with j; <--- < j, in the system of the n so-called basic
Drinfel’d twists {F (1), ..., F(n)}. Using the same argument as in the proof of Theorem 2.7,
one can get many more new Drinfel’d twists (which depend on a bit more calculations to be
carried out), which will not only lead to many more new quantization integral forms over the
U (W%)[[t]], but the possible quantizations over the u, ,(W(n; 1)) as well, via our modular re-
duction approach developed in the next section.

More precisely, we note that [F (i), F(j)] = 0 for any 1 < i, j < n. This fact, according to the
definition of F (i), implies the commutative relations in the case i # j:

(F() ®@1) (A ®1d)(F (i) = (Ao @I (F D)) (F(j) ® 1),
(1®F())Ad® A0)(F(i)) = IdQ® Ag)(F1))(1 ® F())), (%)

which give rise to the following property.
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Proposition 2.12. F(i)F(j) (i # j) is still a Drinfel’d twist on U(WZ)[[Z‘]]. In general, F" :=
F)mn ... F(n)™ (n; =0 or 1) is a Drinfel’d twist on U(WZ)[[Z]].

Proof. Note that Ag ®1id, id® Ap, £0 ®id and id ® &¢ are algebraic homomorphisms. According
to Proposition 2.5, it suffices to show that

(FOFG) @ 1) (A @I (FHF () = (1® FOF()))Ad ® A0)(FH)F()))-

Using (), we have

LHS

(FO) @ 1)(F() ®1)(A0 @ 1d) (F(i)) (Ao R 1d) (F()))
= (F() @ 1)(A0 @ Id)(F D)) (F(j) ® 1) (Ao ® Id)(F()))
(1®Fi)Id® A))(FH))(1 ® F(j))Ad® Ao)(F(j))
=(1®F@)(1®F())Id® Ap)(F@))Ad® Ao)(F()))

=RHS.

As aresult, 7" is also a Drinfel’d twist, which gives a quantization of U (W%‘). O
Lemma 2.13. With the specific choice of the distinguished elements h(k) := x% Dy, e(k) :=
x2¢ Dy with [h(k), e(k)] = e(k) and h(m) := xm D,,, e(m) := x*n D,, (1 <m # k < n) with

[h(m), e(m)] = e(m), the corresponding quantization integral form of U (W+) over U (W+)[[t]]
by the Drinfel’d twist F = F (m)JF (k) with the algebra structure undeformed is given by

A(xO‘Di) =x*D; ® (1 — €(k)t)0tk—6ik(l _ e(m)t)am_sim

+ Y =D CRCumnh () O hem) ™ @ (1 e)r) ™ (1= emr) ™"

£,n=0
L xettectnen pptan 27)
o
S(x*D;) = — (1 — e(k)r) "k (1 — e(myr) ~+oim ( > ClhkyCm),
£,n=0
. xa-‘rfek-‘rnem Di . h(m)(ln)h(k) §£>t£+n) , (28)
e(x*D;) =0, (29)

where a € 7'}, C(k)g = A(k)g — B(k)¢, A(k)e, B(k)¢ as in Corollary 2.10.

Proof. Using Corollary 2.10, we get

A(x*D;) = F(m)F (k) Ao(x* Di) F k)~ F(m)~!



N. Hu, X. Wang / Journal of Algebra 312 (2007) 902-929 917
= F(m) (x“ D; ® (1 —e(k)r)™ "

+ 3 (=DECh) )Y @ (1 — e(hyr) ™" - xatter Dit‘)f(m)—‘.
=0

Using (14) and Lemma 2.2, we get
Fm) (x“D; ® (1 — )~ F(m)™!
= f(m)(ani ® l)f(m)_l(l ® (1 _ e(k)t)ak—5ik)
= FmFmy, ., (i@ 1)(1® (1= etki)™ )
= (1® (1= em)™ ™) (x*D; @ 1) (1® (1 - e()r)" ™)
=x“D; ® (1 _ e(k)t)otkf&'k(l _ e(m)t)am*s"’”.
Using (15), we get
]:(m)<2 (=D CRehR) Y ® (1 - e(k)t)_z . xotlex D,'#)]:(m)_l
=0

(=DECHE(h®)'O @ (1 - et)r) ™) - Fm)(1 @ x*F% D;r8) F(m)™!

WK

)4

12
. f(m)]:(m);l . (C(m)nh(m)(n> ®x0{+@6k+n6m Ditn-‘rf)

(=D C R (hk)'D @ (1= e(hr) ™)
0

Mg L

=Y (=DHCE)Cm)uh k) h(m)™
£,n=0

® (1 —e()r) (1 — e(myr) ™" - xeHtetnen pglin,

For k # m, using the definitions of v and u, we get v = v(k)v(m) = v(m)v(k) and u =
u(m)u(k) = u(k)u(m). By Corollary 2.10 and using (16), we have

S(xO‘D,-) =—v-x“D; -u=—v(m)vk) - x*D; - u(k)u(m)

—v(m) - (—(1 — e(kyr) "o (ZC(k)lx““Gk D; - h(k)i“ﬂ)) u(m)

=0

= (1= e@r) ™" - vmum)a, s,

(0.¢]
. ( Z C(k)ec(m)nx(x+56k+n€m D[ . h(m)sn)h(k)iﬁ)thZ)
£,n=0
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— _(1 _ e(k)t) o+ zk(l _ e(m)t) m+0im

o0
: ( Y Clk)COm)xtiewtnenp; . h(m)§”>h(k)<f>t"+f>.
£,n=0

Therefore, the proof is complete. O
Let I ={1,....,n}, n=1,...,nn) (ni €{0,1}), £ = (£y,...,£,) € N*. Then |nf| =
> imiti. Set (1 — e(D)" =30 =TT, ; (1 — e(k)t)™@=%ik) and h (1)) =[], ; h(k) W),

More generally, we can get the following result.

Theorem 2.14. The corresponding quantization integral form of U (WE) over U (WJZF) [t] by the
Drinfel’d twist F1 = F(1)™ ... F(n)"™ with the algebra structure undeformed is given by

A(ani) =x'D; ® (1 _e(l)t)n(a—ﬁu) + Z (_1)|n€|h(])<n€)

nt=0
® C(DI(1—e(D) " . xe+1tp; ], (30)
S(x“D;i) = —(1—- e(I)t)_n(a_é”)( 3 cyjxettp, ~h(1)§”’1>t’7"), (31)
nt=0
e(x*D;) =0, (32)

where a € 21, C(I)¢ = [ [ (A(K) g, — B(k)g)™, A(k)g,, B(k)g, as in Corollary 2.10.
3. Quantization of the Jacobson—Witt algebra in the modular case

In this section, our main purposes are twofold: Firstly, in view of Lemma 1.2, we make the
modulo p reduction for the quantization integral form of U (W%) in characteristic 0 obtained
in Corollary 2.10 to yield the quantization of U (W (n; 1)), for the Cartan type restricted simple
modular Lie algebra W(n; 1) of W type in characteristic p. Secondly, we shall further make
the “p-restrictedness” reduction for the quantization of U(W(n; 1)), which will lead to the
required quantization of u(W(n; 1)) (here u(W(n; 1)) is the restricted universal enveloping al-
gebra of W(n; 1)).

3.1. Modulo p reduction

Let Z, be the prime subfield of K with char(K) = p. When considering W% as a Zp-Lie
algebra, namely, making a modulo p reduction for the defining relations of WZ, we denote it
by W%p. By Lemma 1.2(2), we see that (JL)Z[, = Spanzp {x*D; |3j: a; > p}is a maximal ideal
of W%p, and sz/(‘]l)zp =Wn; 1)z, = SpanZIJ{x(a)Di |0 <a <1, 1<i<n}. Moreover,
we have W(n; 1) =K ®z, W(n; 1)z, =KW(n; 1)z, and Wi = /cwgp.

Observe that the ideal J; := K(J )Z,, generates an ideal of U (W,Jg) over K, denoted by J :=
JlU(W%), where W%/Jl = W(n; 1). Based on the formulae (24) and (25), we see that J is a
Hopf ideal of U (WI+C) such that U (WI+C) /J = U(W(n; 1)). Note that the elements %x“ D; in
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W for 0 < o < 7 will be identified with x® D; in W(n; 1) and those in J; with 0. Hence, by
Corollary 2.10, we get the quantization of U(W(n; 1)) over U(W(n; 1))[t] as follows.

Theorem 3.1. Given two distinguished elements h := x 0 Dy, e := 2x%%) Dy (1 < k < n) with
[h, e] = e, the corresponding quantization of U(W(n; 1)) over U(W(n; 1))[¢] with the algebra
structure undeformed is given by

p—1
A(@ D) =x@D; @ (1 —e)™ ok £ 3" (=)' Coh' @ (1 — et) " “x@HWDit’, (33)
£=0
p—1
S(X(a)Di) =—(1- et)-ﬂlk+5ik . (Zéex(o&(iék)Di _hil)té)’ (34)
£=0
S(X(a)Di) = O, (35)

where 0 <a <1, Co=A;— By, Ap = E!(“";‘Z)Ag (mod p), By = Z!(“"Z“Z)Bg (mod p).
3.2. Modulo “p-restrictedness” reduction

Assume that I is the ideal of U(W(n; 1)) over K generated by (x¢)D;)? — x€)D; and
(x@D)P with o # ¢ for 0<a<tand 1 <i<n. uWn;l))=UWmn;1))/I is of di-
mension p"P" . In order to get a reasonable quantization of finite dimension for u(W(x; 1)) in
characteristic p, at first, it is necessary to clarify (in concept) what is the underlying vector space
in which the required ¢-deformed object exists. According to our modulo p reduction approach,
it should be induced from the topologically free KC[¢]-algebra U(W(n; 1))[¢] given in Theo-
rem 3.1, or more naturally, related with the topologically free KC[¢]-algebra w(W(n; 1))[¢]. As
u(W(n; 1)) is finite-dimensional, as algebras, we have (see p. 2 in [4])

u(Wn: )] =u(Wn; 1)) @k K[t]. (36)

So the standard Hopf algebra structure (w(W(n; 1))[¢], m, ¢, Ao, So, €0) can be viewed as the
tensor Hopf algebra structure of the standard ones on u(W(n; 1)) and on K[¢], while the
expected rwisted Hopf algebra structure on (w(W(n; 1))[t],m,t, A, S, ¢) induced from The-
orem 3.1 when restricted to the sub-Hopf algebra K[[¢] should still go back to the original one
on K[t] itself.

Keep the above viewpoint in mind. Furthermore, we need another observation below.

Lemma 3.2.

i) (1 —et)? =1 (mod p, I).
() A—en'=14et+---+eP~ 1P~ (mod p, I).
(iii) hy' =0 (mod p, 1) for £ > p, anda € Z,.

Proof. (i), (ii) follow from ¢ =0 in u(W(n; 1)).
(iii) For £ € Z, there is a unique decomposition £ = £y + £1p with 0 < £y < p and €1 > 0.
Using the formulae (1) and (3), we have
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¢ { {bip) _ (e Py \¢
hc(1> = h¢<1 o. hu—il-eo = ht(l o. (ha+€0) ' (mod r)

- (h? — 1) (mod p),

where we used the facts that (x + 1)(x +2)---(x + p — ) =x?"! — 1 (mod p), and (x +a +
o)’ =xP 4+ a+ £p (mod p). Hence, hé,w =0 (mod p,I)for{>p. O

This lemma, combining with Theorem 3.1, indicates that the required z-deformation of
u(W(n; 1)) (if it exists) only happens in a p-truncated polynomial ring (with degrees of ¢ less
than p) with coefficients in u(W(n; 1)). Let K[¢], be a p-truncated polynomial ring (of small
possible dimension) over X, which should inherit a standard Hopf algebra structure from that on

K[[#] with respect to modulo a Hopf ideal of it. In the modular case, such a Hopf ideal in K[]
has to take the form (17 — gt) generated by a p-polynomial t” — gt of degree p for a parameter

q € K. Denote by IC[t]E?) the corresponding quotient ring. That is to say
K1 = K[e]/(t? — qt), forq e K. (37)

Thereby, we obtain the underlying ring for our required z-deformation of u(W(n; 1)) over
IC[t]E,q) , denoted by u, ,(W(n; 1)). Moreover, as standard Hopf algebras,

u,(Wns 1)) 2 u(Wn; 1) @k Klelj. (38)
Hence, dimi u; (W(n; 1)) = p - dimc w(W(n; 1)) = p' ",
Definition 3.3. With notations as above. A Hopf algebra (u, ,(W(n; 1)), m,t, A, S, ¢) is said

to be a quantization of u(W(n; 1)) (in characteristic p) if it is a twisting of the standard Hopf

algebra structure (as a tensor Hopf algebra of the standard ones on u(W(n; 1)) and on IC[t]E,q))
with u, o (W(n; 1))/tu; (W(n; 1)) =u(W(n; 1)).

To describe u; 4 (W(n; 1)) explicitly, we still need an auxiliary lemma.
Lemma 3.4.
() dO @ D;) = Cpx @) D, where d© = %(ade)l, e =2x2) Dy, and C; as in Theo-
rem 3.1.
(i) d©(x€) D;) = 8¢,0x ) D; — 81 ¢Sixe.
(i) O @ Di)P) = 8¢,0(x @ Dy)P — 81 8ikSae;e.

Proof. (i) For 0 <« < 7, by (19) and Theorem 3.1 (noting By = §;x A¢—1), we get

1 1
a® (x(“)Di) = ad@) (xa_gi 8,‘) = axa_gﬁ_&k (Agd; — Byog)
— <“k2‘ E) Cex(a+£ek)Di

— Cex(a+€ek) D;.
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(i1) Noting that
o+ ¢ o + 4 ] o + 4
Ae=z!( . )Ae=< . )jll(ak—aikﬂ), Be=z!< . )&kAz_l,

we obtain the following.
Ifi =k: Ag=1,A;=0for¢>1and, By=0, B; =2, B, =0 for £ > 2. So by Lemma 3.4(i),
we have d(V (x(©) Dy) = —2x@%) D = —e, and d© (x¥ Dy) = 0 for £ > 2.
Ifi#k:Ag=1, Ay =0for£>1,and B, =0 for £ >0, namely, d© (x ) D;) = 0 for £ > 1.
In both cases, we arrive at the result as required.
(iii) From (12), we obtain that for 0 < a < 7,

1

le (793,)"]

o

aV (D)) = e (D)) =

1 <& -
Tl PG <§> (e 5) "™ @) (g — by )
=1

a .
= P 2atrl—a)p,

= (mod p)
o!
_ ape, ifa=¢ (mod J)
10, ifa#e; ’
where we get the last “=" by using the identification with respect to modulo the ideal J as before,

and ay = 1520 + j(@; — 1), by = £(ax — 8ix)a—1. and a,, = 5y for o = ;.
Consequently, by definition of ‘©, we obtain d© ((x® D;)?) =0 inw(W(n; 1)) for2 < £ <
p—landany0<ao<t. O

Based on Theorem 3.1, Definition 3.3 and Lemma 3.4, we arrive at
Theorem 3.5. With the specific choice of the two distinguished elements h = x V) Dy, e :=

2x2€6) py, (1 <k < n) with [h, e] = e, there is a noncommutative and noncocommutative Hopf

algebra (u; o(W(n;1)),m,1, A, S, €) over IC[t]I(Uq) with its algebra structure undeformed, whose
coalgebra structure is given by

p—1

AE@D) =xDi @ (1 —en™ %k + 3 (=D @ (1 —et) ™ - d P (x Dy)e", (39)
£=0
p—1
S(x@D;)=—-(1- ez)ka—“k<Zd“>(x<“)D,-) .hi‘”zf), (40)
=0
e(x®D;)=0, 1)

where 0 < o < 1. It is finite-dimensional and dimic u; 4 (W(n; 1)) = pltnr”,
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Proof. Let I; be the ideal of (U(W(n; 1))[t], m,t, A, S, ¢) generated by I and t? — gt (¢ € K).

In what follows, we shall show that the ideal I; is a Hopf ideal of the twisted Hopf algebra

U(W(n; 1))[t] given in Theorem 3.1. To this end, it suffices to verify that A and S preserve the

elements in I since A(t? —gt) =P —qt) @1 + 1 ® (t? — qt) and S(t? — gt) = —(t? — qt).
(D By Lemmas 2.8, 3.2 and 3.4(iii), we obtain

A((x(a)D,')p) — (x(a)Dl,)P ®(1— et)P(ak*lSik)
oo
+Y DR @ (1= e d O ((x ) Di) )t
p—1

=0

(mod p, I ® U(W(n; l)) [] + U(W(n; l)) [t] ® I,)
=(xD) @14+1® (xD)’ +h® (1 —et) ' 8ikbq e et
(mod I; @ U(W(n; 1)) [1] + U(W(n; D)[r] ® I). (42)

Hence, when o # ¢€;, we get
A((x@D)") = (9 D)’ @ 1+ 18 (x@ D;)”
CLRUWm )] +UWm D)l
When « = ¢;, by Lemma 3.4(ii), (27) becomes
AXID) =x“D; @1+ 1@ x“D; +8yh ® (1 —et) et
Combining with (42), we obtain

A((x(e")Di)p _ x(éi)Di) = ((x(Ei)Dl.)l’ _x(ei)D ) RI+1I® (( (Gz)Di)l’ _x(éi)Di)
CLQU(Wmn; D)[t]+UWmn: D)1 ® 1.

Thereby, we prove that the ideal I; is also a coideal of the Hopf algebra U (W (n; 1))[¢].
(IT) By Lemmas 2.8, 3.2 and 3.4(iii), we have

o0
S((x@D;)") = —(1 — er) P00 37O (x@ p;)P). Rt
£=0

— _(x@D,)" Zd(@) (x@ Dy )h§l)t€ (mod (p, 1))

= —(x@ D))" + 8ixbacie - i, 43)
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Hence, when o # €;, we get
S(x“'D)’)=-(x“D;)’ =0 (mod I).

When @ = ¢;, by Lemma 3.4(ii), (28) reads as S(x@) D;) = —x(©) D; + 8;ze - h{"'t. Combining
with (43), we obtain

S((x“)' D)’ —x“D;) = —((x“'D;)’ —x“'D;)=0 (mod I,).

Thereby, we show that the ideal /; is indeed preserved by the antipode S of the quantization
U(W(n; 1))[¢] given in Theorem 3.1.

(1) It is obvious to notice that &((x®@ D;)?) =0 forall 0 < & < 7.

In other words, we prove that /; is a Hopf ideal in U (W (n; 1))[#]. We thus obtain the required
t-deformation on u; 4 (W(n; 1)) for the Cartan type simple modular restricted Lie algebra of W
type—the Jacobson—Witt algebra W(n; 1). O

Remark 3.6. (i) If we set f = (1 — et)_l, then by Lemma 3.4, Theorem 3.5, we have
h, fl=f2—f, hP=h, fP=1, AW)=hQf+1®h,

where f is a group-like element, and S(h) = —hf !, e(h) = 0. So the subalgebra generated by &
and f is a Hopf subalgebra of u, ,(W(n; 1)), which is isomorphic to the well-known Radford
Hopf algebra over /C in characteristic p (see [9]).

(ii) According to our argument above, given a parameter g € K, one can specialize 7 to any
one of roots of the p-polynomial t” — gt € K[t] in a split field of /C. For instance, if take ¢ =1,
then one can specialize ¢ to any scalar in Z,. If set t = 0, then we get the original standard Hopf
algebra structure of u(W(n; 1)). In this way, we indeed get a new Hopf algebra structure over
the same restricted universal enveloping algebra u(W(n; 1)) over K under the assumption that
K is algebraically closed, which has the new coalgebra structure induced by Theorem 3.5, but
has dimension p"?" .

3.3. More quantizations

Carrying out the modular reduction process for those pairwise different products of some
basic Drinfel’d twists as stated in Remark 2.11, we will get many more new families of non-
commutative and noncocommutative Hopf algebras of dimension pH‘””n with indeterminate ¢
or of dimension p"”" with specializing 7 into a scalar in K. We have the following general results
about the quantizations under concern.

Maintain the notations as in Theorem 2.14 and set dl(”z) = er I d,g'"‘zk), where dlgek) =

7 (ade(k))*. Then we have

Theorem 3.7. For each given n = (11, ..., n,) with n; € {0, 1}, there exists a noncommutative

and noncocommutative Hopfalgebra (u; ;(W(n; 1)), m,t, A, S, €) over K[t]g,q)

structure undeformed, whose coalgebra structure is given by

with the algebra
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nt
A @ D) =x“D; @ (1 —e(D)r)" ™ + 3™ (= nlntlp(ry 9

nt=0
© (1—etn) ™ (¢ D) @
nt
S(x(ot)Di) — _(1 _ e([)t)n(a8i1)< Z d;nZ) (‘x(Ol)Dl)h(I)inZ)tlnel)’ (45)
=0
8(x(“) Di) = O, (46)

where 0 < o < 1. It is finite-dimensional and dimgc u, ,(W(n; 1)) = pH'"Pn.

For the proof, it suffices to work with the case in Lemma 2.13. To this end, we begin to
perform the modular reduction process for the quantization integral form corresponding to the
Drinfel’d twist F = F(m)F (k) (m #£k).

Lemma 3.8. Given two pairs of distinguished elements h(k) := x“) Dy, e(k) := 2x?%) Dy
with [h(k), e(k)] = e(k) and h(m) = x“m) D,,, e(m) = 2x@m D, (1 <m #k < n) with
[h(m), e(m)] = e(m), the corresponding quantization of U(W(n; 1)) over U(W (n; 1))[t] with
the algebra structure undeformed is given by

AX@DD;) =x9D; @ (1 - e(k)r)™ (1 — e(m)r) ™"

p—1

+ 3 =DH L CHRCmnh () O hem™ @ (1 - e(or) ™ (1 = eGmyr) "
£,n=0

.x(a+ﬁek+nem)Dit€+n’ (47)

p—1
S(x@D;) = — (1 —ellyr) (1 —e(m)z)“"m”f'"< Y CkeCim,

£,n=0

yl@Htetnen) p, h(m)§”>h(k)§‘>zf+">, (48)

8(x(°‘) Di) = O, (49)

where 0 < o < 7, C(k)¢ = A(k)e — B(k)e, Alk)e = ez(“kﬂ)A(k)z (mod p), B(k)y =
() B(k)e (mod p).

We have the following two lemmas about the quantization of U (W (n; 1)) over U(W(n; 1))[¢]
defined in Lemma 3.8.
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Lemma 3.9. For s > 1, one has

0 A((*D))= > (;)(—1)"“(ani)ka)%(m)("’

® (1 - e(k)t)j(akféik)%(l _e(m)t)j(amfaim)*"dr(nn)dlig)((xotDi)S*j)tf-i-n'
(ii) S((xD;)") = (—=1)° (1 = e(k)r) 7 (1 = e(m)r) > —0m)
(Z PO (D)) - hk) ) ™t n+€)
n, =0

Proof. By Lemma 2.8, (18), (14) and Lemma 2.2, we obtain
A(x*D;) ) =F(x*Di @ 1+ 1@xD;) F~!

= f(m)( Z <S> (_l)i(ani)jh(k)(U ® (1 _ e(k)t)j(ak—ﬁik)—ﬂ
o<j<s N

€20

O (D)) )F(m)_l

27(’")( > (;>(_1)£((ani)j®1)(h(k)<e>®(1—e(k)t)j(“k_‘s”‘)_z)
0<j<s

=

(1ed”((x D-)S-f')#))ﬂm)—l

0<j<s
n, =0

® (1 - e(k)t)j(ak_aik)_ed’gl)dlgf)((xoz Di)S—j)t€+n

"2 (1>( DHEMFm, ", 5, (67 D) @ DE) )
nfej;os
® (1 _ e(k)t)j(ak—éik)—ldr(r:,)dlgm((ani)s—j)tg_Hl

-y (s)(_1)n+e(ani)jh(k)w)h(m)(n) ® (1 — e(hyr)/ o~
0<j<s V7

n, >0

. (] _ e(m)l)j(am*‘sim)*”dr(r:l)dlgz) ((xa Di)sfj)ll+n.

Again by (17) and Lemma 2.2,
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S((x*D;)") = u~'So((x*0)"Yu = (=1)*v - (x*3)" - u
- (_1)Sv(m)<(1 — e(kyr) 0w (Zd“) X D;) h(k)j‘”z‘f))u(m)
= (=) V() m) (a5 (1 — €))7
o0
. ( Z d,(,?)dlge)((ani)é) -h(k)§£>h(m)§”>t”+€)

n, =0

— (_1)S(1 _ e(m)t)_S(am_Sim)(l _ e(k)t)_S(ak_(Sik)
< > amd ((x* i)' - h(k)f”h(m)ﬁ”)t"“).
n, =0

So, the proof is complete. O

Lemma 3.4 implies the following
Lemma 3.10.

() a3 d® x@OD;) = Ck)C(m)px@ttatnamp, where d = L(adek))t, etk) =
2x2€) Dy, and C(k)e, C(m), as in Lemma 3.8.
(i) dyd (€ Dy) = 8¢,08,,0% ) Di — (81,081,¢8ik + 86,081 nSim)e ().
(i) diy’d” (@ D;)P) = 80,080,0(x @ D;)P = (8,,081,e8ik + 8¢,081,18im)Sac; (i)

Using Lemmas 3.2, 3.4, 3.9 and 3.10, we get a new Hopf algebra structure over the same
algebra u, ;, (W(n; 1)) as follows.

Theorem 3.11. Given two pairs of distinguished elements h(k) := x“) Dy, e(k) := 2x?) Dy
with [h(k), e(k)] = e(k); h(m) := x“D,,, e(m) = 2x®"D, (1 <m # k < n) with
[A(m),e(m)] = e(m), there is a noncommutative and noncocommutative Hopf algebra

(u;,q(W(n;1)),m, 1, A, S, ¢) over IC[t](q) with its algebra structure undeformed, whose coalge-
bra structure is given by

p—1
A @D;) =x@D; @ (1 e(kyr)™ (1 — e(myr)™ 4 3 (— 1)
n,£=0
() O Rm) ™ @ (1 - e(h)r)” (l —e(m)t)™" (Z)d(n)( @ p,)et+n - (50)
S(x("‘)Di) = — (1 — e(k)t)s"k_ak(l — e(m)t) Bim —0tm

p—1
. ( )3 d,ﬁ‘)d,(,,")(x(“’Di)h(k)ie)h(m)in)f[“)’ (51)
n, =0
g(x(“)Dl-) =0, (52)

where 0 < a < 1. It is finite-dimensional and dimg u, ,(W(n; 1)) = p””pn.
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Proof. Let I; be the ideal of (U(W(n; 1))[t], m,t, A, S, ¢) generated by I and t? — gt (¢ € K).
We begin to show that the ideal I; is a Hopf ideal of the twisted Hopf algebra U(W(n; 1))[¢]
given in Lemma 3.8. To this purpose, it suffices to verify that A and § preserve the elements in /
since A(tP —qt) = (P —qt) @1 + 1 ® (t? — gt) and S(tP — qt) = —(t? — qt).

(D By Lemmas 3.9, 3.2, 3.4 and 3.10, we obtain

A((x(a)D,-)p) _ (x(a)Di)P ® (1 _ e(k)[)P(Otk*tSik)(l _ e(m)t)P(anﬁﬁim)
+ 3 D)@ Q)™ @ (1 - ehyr) ™ (1 — eGmyr) ™"
n,£=0

-d,(n”)d,iz)((x(“)Di)p)t”“

p—1
=(x@D) @1+ Y ()" h®) D)™ @ (1 —ekyr) ™ (1 - eGmyr) ™"
n,4=0

~d,(n")d,gz)((x(°‘)D,')p)t”+e
(mod p, I; ® U(W(n: 1))[1] + U(W(n: ))[1] 1)

p—1
=(@D) @1+ Y (=1 h() Them)™ @ (1 - e(k)r)*@(l —e(m)t) "
n,4=0

(86,081,0(x ' D;)? — (85,081,¢8ik + 8¢,081,n8im)8a,e; (@) 1"
(mod I; ® U(W(n; D))[t] + U(W(n; ) [1] ® I)
= (x9D)’ @1+ 18 (xD;)’ +h(k) ® (1 — e(k)t) ™ Sixbu,e i)t
+h0m) ® (1= e(m)t) ™ Simbae;e(i)t
(mod I; ® U(W(n; D)[t] + U(W(n; 1) [1] ® I). (53)

Hence, when « # ¢€;, we get
A((xD)) = (D) @1+1® (x“D;)”
CLUWm D)) +UWo; D)[r] ® 1.

When « = ¢;, by Lemmas 3.4 and 3.10, (47) becomes A(x“)D;) =x ) D; @ 1 + 1 @ x“) D; +
Sikh(k) ® (1 —e(k)t)"Le(i)t + 8imh(m) @ (1 — e(m)t)~Le(i)t. Combining with (53), we obtain

A((x(ei)Di)p _x(éi)Dl.) = (x(e’)D,-)p _x(éi)Di) R1+1® ((x(g")Di)p _x(€i)Di)
CLRU(Wm; D)[t]+UWm:; )] ® 1.

Thereby, we prove that the ideal I; is also a coideal of the Hopf algebra U (W (n; 1))[¢].
(II) By Lemmas 3.9, 3.2, 3.4 and 3.10, we have
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S((x(“)Dl-)”) — _(1 _ e(k)t)—l?(ak—&k)(l _ e(m)t)—p(am—s,-m)

o0
Z d(l’l)d(e) (Ol)Di)p) . h(k)iah(m)ﬁ")tn-'r[
n, =0

=— 3" dPd((xDi)?) - h®) T hem){VHE (mod (p. 1))
n,4=0

—(x D)’ 4SS e(i) - h (k)1 4 Simbueie) -hm) e (54)
Hence, when o # ¢€;, we get
S(x“'D;)’)=-(x“D;)’ =0 (mod I).

When o = ¢;, by Lemmas 3.4 and 3.9, (48) reads as S(x(¢) D;) = —x ) D; + 8;ze(i) - h(k)<11>t +
Sime(i) - h(m){"'t. Combining with (54), we obtain

S((x“) D) —x“DD;) = —((x“'D;)’ —x“'D;) =0 (mod I).

Thereby, we verify that I; is preserved by the antipode S of the quantization U (W (n; 1))[¢]
given in Lemma 3.8.
The proof is complete. O

Remark 3.12. Theorem 3.7 gives 2" — 1 new Hopf algebra structures of X-dimension p"?
over the same restricted universal enveloping algebra u(W(n; 1)) under the assumption that /C is
algebraically closed and that ¢ is specialized at a root of the p-polynomial t” — gt with g € K*.
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