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Abstract

Let G be a finite group and ϕ :V → W an equivariant morphism of finite-dimensional G-modules.
We say that ϕ is faithful if G acts faithfully on ϕ(V ). The covariant dimension of G is the minimum of
the dimension of ϕ(V ) taken over all faithful ϕ. In this paper we investigate covariant dimension and are
able to determine it for abelian groups and to obtain estimates for the symmetric and alternating groups.
We also classify groups of covariant dimension less than or equal to 2. A byproduct of our investigations is
the existence of a purely transcendental field of definition of degree n − 3 for a generic field extension of
degree n � 5.
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1. Introduction

Our base field is the field C of complex number. It could be replaced by any algebraically
closed field of characteristic zero. Let G be a finite group. All G-modules that we consider will
be finite-dimensional over C.

Definition 1.1. A covariant of G is an equivariant morphism ϕ :V → W where V and W are
G-modules. The dimension of ϕ is defined to be the dimension of the image of ϕ:

dimϕ := dimϕ(V ).

The covariant ϕ is faithful if the group G acts faithfully on the image ϕ(V ). Equivalently, there
is a point w ∈ ϕ(V ) with trivial isotropy group Gw .

Here is a slightly different point of view [Rei04].

Definition 1.2. Let V be a G-module and X a faithful affine G-variety. A G-equivariant dominant
morphism ϕ :V → X is called a compression.

Clearly, a faithful covariant ϕ :V → W defines a compression ϕ :V → X := ϕ(V ), and every
compression arises in this way. We are interested in finding compressions (faithful covariants)
with small dimension. This leads to the following definition.

Definition 1.3. The covariant dimension of G is defined to be the minimum of dimX where
ϕ :V → X runs over all compressions of G. Equivalently,

covdimG := min{dimϕ | ϕ :V → W is a faithful covariant of G}.

Suppose that ϕ :V → W is a rational map which is G-equivariant. We call ϕ a rational co-
variant. Then one can define the notion of ϕ being faithful and the dimension of ϕ as in the case
of ordinary covariants.

Definition 1.4. (See Buhler, Reichstein [BuR97].) The essential dimension edimG of G is the
minimum dimension of all the faithful rational covariants of G.
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The covariant dimension and essential dimension of G differ by at most 1 ([Rei04] and Propo-
sition 2.2). Essential dimension and covariant dimension of G are related to cohomological
invariants, generic polynomials and other topics, see [BuR97].

In this paper we study the notion of covariant dimension staying in the category of morphisms.
A major role is played by covariants ϕ :V → W which are homogeneous. We are able to deter-
mine the covariant dimension of abelian groups and obtain estimates of the covariant dimension
of the symmetric and alternating groups. Finally, we are able to classify the groups of covari-
ant dimension less than or equal to 2. It turns out that these are exactly the finite subgroups
of GL2(C). We also obtain a new result about the “fields of definition” for generic extensions of
degree n. Except for this and the classification above, most of our results could also be obtained
from [BuR97] and [Rei04]. However, we think that our methods are of independent interest.

2. First properties

A covariant ϕ :V → W is called minimal if ϕ is faithful and dimϕ = covdimG.

Lemma 2.1. Let V,W be two G-modules and let v ∈ V , w ∈ W be such that Gv ⊂ Gw . Then
there is a covariant ϕ :V → W such that ϕ(v) = w.

Proof. By assumption there is a G-equivariant map μ :Gv → W which sends v to w. This
map lifts to a morphism from V to W which we can average over G to obtain a covariant μ̃

extending μ. �
Remark 2.1. Obviously, one can prescribe the images w1,w2, . . . ,wm ∈ W of a finite number
of points v1, v2, . . . , vm ∈ V from distinct orbits provided that Gvi

⊂ Gwi
for all i.

Proposition 2.1. Let V,W be two faithful G-modules and let v ∈ V and w ∈ W be points with
trivial stabilizer. Then there is a minimal covariant ϕ :V → W such that ϕ(v) = w.

Proof. Let ϕ0 :V0 → W0 be a faithful covariant with dimϕ0 = covdimG. Then there is a v0 ∈ V0
such that w0 := ϕ0(v0) ∈ W0 has a trivial stabilizer. Thus v0 has a trivial stabilizer, too. By the
previous lemma we can find covariants ϕ1 :V → V0 and ϕ2 :W0 → W and points v ∈ V and
w ∈ W with trivial stabilizer such that ϕ1(v) = v0 and ϕ2(w0) = w. Then ϕ := ϕ2 ◦ ϕ0 ◦ ϕ1 is
faithful with dimϕ � covdimG, hence we have equality. �

Here are some elementary properties of covariant dimension. We leave the proofs to the reader.

Remark 2.2.

(a) Let H be a subgroup of G. Then covdimH � covdimG.
(b) If G is a product G1 × G2, then covdimG � covdimG1 + covdimG2.
(c) If G is non-trivial cyclic, then covdimG = 1.

Moreover, Remark 2.2 holds for essential dimension in place of covariant dimension. From
[Rei04] we have

Proposition 2.2. Let G be a finite group. Then edimG � covdimG � edimG + 1.
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Proof. The first inequality is clear. Let ϕ :V → W be a rational faithful covariant of minimal
dimension. Then there is a non-zero f ∈ C[V ]G such that Φ := f ϕ is a covariant. Now Φ(V ) is
contained in the cone on Imϕ, so covdimG � edimG + 1. �
3. Covariant dimension for abelian groups

Let G be a finite abelian group. We can write G = G1 × G2 × · · · × Gn where Gi is cyclic of
order di and d1|d2| · · · |dn. Then n is the rank of G. In this section we show that covdimG = n.
From Remark 2.2 we have covdimG � n.

Lemma 3.1. Let p be a prime number and let K be a field of characteristic 0 or p. Let fi ∈
K[x1, x2, . . . , xn], i = 1, . . . , n be polynomials of the form

fi = x
ji

i hi

(
x

p

1 , x
p

2 , . . . , x
p
n

)
, 0 < ji < p.

Then the Jacobian determinant det( ∂fi

∂xj
) is non-zero. In particular, f1, f2, . . . , fn are alge-

braically independent.

Proof. (a) If charK = p > 0, then (
∂fi

∂xj
) is a diagonal matrix with non-zero entries ∂fi

∂xi
, and the

lemma follows.
(b) If charK = 0 we use a “reduction mod p” argument to reduce to case (a). Let C ⊂ K be

the set of coefficients of the polynomials hi and set L := Q(C). We can find algebraically inde-
pendent elements a1, . . . am ∈ L such that the elements of C are algebraic over Q(a1, . . . , am).
By multiplying the polynomials hi with suitable elements from L we can assume that the el-
ements of C are integral over Z[a1, . . . , am]. Thus R := Z[a1, . . . , am][C] is a free Z-module
and hi ∈ R[x1, . . . , xn]. Then pR � R, and we can assume that hi �≡ 0 mod p. Now it follows
from (a) that det( ∂fi

∂xj
) �≡ 0 mod p, hence the lemma. �

Remark 3.1. Lemma 3.1 does not hold if the characteristic of K is positive and prime to p.
In fact, det( ∂fi

∂xj
) vanishes for p = 2, f1 := x3

1 , f2 := x3
2 ∈ F3[x1, x2]. Of course, f1, f2 are still

algebraically independent, but we do not know if this holds in general.

Recall our decomposition G = G1 × G2 × · · · × Gn where d := d1|d2| · · · |dn and di = |Gi |.
Fix embeddings Gi ⊂ C∗. The homomorphism

g = (ζ1, ζ2, . . . , ζn) 	→

⎡
⎢⎢⎣

ζ1
ζ2

. . .

ζn

⎤
⎥⎥⎦ ∈ GLn(C)

defines a faithful representation of G of dimension n.

Theorem 3.1. Let G be a finite abelian group of rank n and V a faithful representation of
dimension n. Then any faithful covariant ϕ :V → V is dominant. Hence covdimG = n.
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Proof. It is enough to prove the theorem for the faithful representation defined above. Fix
a prime divisor p of d . It suffices to show that the components ϕi of ϕ are of the form given
in Lemma 3.1. Write ϕ1 = ∑m

k=0 hk(x2, . . . , xn)x
k
1 . Then the hk’s are invariants for the sub-

group G2 × · · · × Gn, hence hk ∈ C[xp

2 , . . . , x
p
n ]. On the other hand, ϕ1 is a covariant for G1

and so ϕ1(ζ1x1, x2, . . . , xn) = ζ1ϕ1(x1, x2, . . . , xn) for ζ1 ∈ C, which implies that hk = 0 unless
k ≡ 1 mod p. Hence we have that ϕ1 is of the form f1(x

p

1 , x
p

2 , . . . , x
p
n )x1, and similarly for

ϕ2, . . . , ϕn. �
Remark 3.2. The theorem holds for edimG in place of covdimG [BuR97].

4. Faithful groups and irreducible covariants

We investigate conditions under which we may assume that covdimG is realized by an “irre-
ducible” and homogeneous covariant. We start with the following easy lemma.

Lemma 4.1. Let W = ⊕r
i=1 Wi be faithful where the Wi are irreducible. Let ϕ = (ϕ1, . . . , ϕr ):

V → W be a covariant. If ϕi �= 0, i = 1, . . . , r , then ϕ is faithful.

Proof. If ϕ is not faithful, then N := Ker(G → Aut(ϕ(V ))) is a non-trivial normal subgroup
of G. For some i we must have that WN

i = {0}, so that ϕi = 0. �
Definition 4.1. We say that the covariant ϕ :V → W is irreducible if W is irreducible. We say
that the group G is faithful if it has a faithful irreducible module.

Note that the symmetric group Sn is faithful as is any product of simple groups. Also, if G

is faithful, then by Schur’s lemma, the center of G must be a cyclic group. In general, there is
the following useful criterion for a finite group G to be faithful, due to Gaschütz [Ga54]. Denote
by NG ⊂ G the subgroup generated by the minimal elements (under set inclusion) among the
non-trivial normal abelian subgroups of G.

Proposition 4.1. (See [Ga54].) Let G be a finite group. Then G is faithful if and only if NG is
generated by the conjugacy class of one of its elements.

Corollary 4.1. Let G be a non-faithful group and H ⊂ G a subgroup containing NG. Then H is
non-faithful, too.

Proof. Since NG ⊂ NH are both products of cyclic groups of prime order we can write NH =
NG × M with a suitable normal subgroup M ⊂ H . By Proposition 4.1, NG cannot be generated
by the G-conjugacy class of a single element and so NG × M cannot be generated by the H -
conjugacy class of a single element. �

Let ϕ = ∑
j�n ϕj :V → W be a covariant where ϕj is homogeneous of degree j , 1 � j � n.

Assume that ϕn is not identically zero. We call ϕn the maximal homogeneous component and
denote it by ϕmax.

Lemma 4.2. Let ϕ :V → W be as above. Then dimϕmax � dimϕ.
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Proof. Let X denote ϕ(V ), and let p denote the (prime) ideal of X in O(W). If f ∈ p, let grf
denote the highest degree non-zero homogeneous part of f , and let grp be the ideal generated
by all the grf , f ∈ p. Then CX, the associated cone of X, is the zero set of grp, and dimX =
dimCX (see [Kr85]). We show that Imϕmax ⊂ CX, which gives the lemma.

Let f = ∑m
i=0 fm be in p, where grf = fm �= 0. Then for v ∈ V , 0 �= t ∈ C we have 0 =

f (ϕ(t−1v)) which implies that

fm

(
ϕ
(
t−1v

)) = −
m−1∑
j=0

fj

(
ϕ
(
t−1v

))
.

Multiplying both sides by tnm, where n = degϕ, we obtain

fm

(
tnϕ

(
t−1v

)) = −
m−1∑
j=0

tn(m−j)fj

(
tnϕ

(
t−1v

))
.

Letting t go to zero we see that the left-hand side above converges to fm(ϕmax(v)) and the right-
hand side converges to zero. Thus fm vanishes on Imϕmax, i.e., Imϕmax ⊂ CX. �

If ϕ is faithful, it is not clear that ϕmax is also. However, for faithful groups this is almost au-
tomatic. In fact, we have the following result which is an immediate consequence of Lemmas 4.1
and 4.2.

Proposition 4.2. Let G be faithful with irreducible faithful G-module W and faithful G-
module V . Then there is a homogeneous minimal covariant ϕ :V → W .

Remark 4.1. Starting with a faithful representation V we cannot always guarantee that there
is a faithful homogeneous covariant ϕ :V → V with minimal dimension. Let V = C2 where
Z/2 (respectively Z/3) acts by multiplication by roots of unity on the first (respectively second)
copy of C. Let x and y be coordinate functions on V . Then a faithful minimal covariant for
G := Z/2 × Z/3 is ϕ(x, y) = (x3y3, x4y4). Suppose that we had a homogeneous faithful co-
variant ψ . Then for some (x0, y0) ∈ V , ψ(x0, y0) = (x1, y1) where x1y1 �= 0. By equivariance,
ψ(−x0, y0) = (−x1, y1). Thus the image of ψ , which is a cone, contains two linearly indepen-
dent vectors. It follows that Imψ = V and so dimψ = 2 > covdimG = 1.

Corollary 4.2. Let G be a faithful group with trivial center. Then

edimG = covdimG − 1.

Proof. Let ϕ :V → V be a homogeneous minimal covariant. Then the rational covariant
ψ :V → V → P(V ) is faithful of dimension covdimG − 1. �

The usefulness of the existence of homogeneous minimal covariants for calculating the co-
variant dimension is shown by Proposition 4.3 below. We first need a definition. For a set X,
let |X| denote its cardinality and let IdX denote the identity map of X.
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Definition 4.2. Let V be a G-module and ρV :G → GL(V ) the corresponding representation.
Define

zG(V ) = z(V ) := ∣∣ρV (G) ∩ C∗ IdV

∣∣.
If V is irreducible and faithful, we have zG(V ) = |Z(G)|.

Proposition 4.3. Assume that G has a homogeneous minimal covariant ϕ :V → V . If m > 0 is
coprime to zG(V ), then covdimG × Z/m = covdimG.

For the proof we will use the following result.

Lemma 4.3. There is an integer n0 > 0 and an open dense set V ′ ⊂ V with the following prop-
erty: for every n � n0 there is a homogeneous invariant h ∈ O(V )G of degree n · zG(V ) which
has no zeroes on V ′.

Proof. Set d := zG(V ). Let M ⊂ N be the monoid of degrees of homogeneous elements
of O(V )G. By assumption, we have M ⊂ dN, and so the subgroup 〈M〉 ⊂ Z generated by M

equals d ′Z for some multiple d ′ of d . It follows that all G-invariants are also invariant under
μd ′ ⊂ C∗, the d ′th roots of unity. Thus μd ′ ⊂ ρV (G) and so d ′ = d .

Since 〈M〉 = dZ we can find two homogeneous invariants h1, h2 ∈ O(V )G with
gcd(degh1,degh2) = d . Therefore, for every n large enough there is a monomial hα

1 h
β

2 of
degree n · d . The lemma now follows by setting V ′ to be the complement of the zero set
of h1h2. �
Proof of Proposition 4.3. Let f ∈ O(V )G be a non-zero homogeneous invariant. Then f · ϕ :
V → V is again a homogeneous faithful covariant of minimal dimension. In fact, there is a
v ∈ V such that f (v) �= 0 and such that ϕ(v) has a trivial stabilizer. Then the same holds for
any non-zero multiple λϕ(v) and, in particular, for f (v)ϕ(v). Thus f · ϕ is faithful. Since ϕ is
homogeneous the image ϕ(V ) is a cone and so (f · ϕ)(V ) ⊂ ϕ(V ), hence f · ϕ is of minimal
dimension.

The covariant f · ϕ has degree degϕ + degf which, by Lemma 4.3, can be any number of
the form degϕ + n · zG(V ) for n � n0. Since m is coprime to zG(V ) there is an n � n0 such that
degϕ + n · zG(V ) is divisible by m. For the corresponding covariant f · ϕ this implies that it is
also equivariant with respect to the scalar action of Z/m on V , and so f · ϕ is a covariant for
G × Z/m. �
Corollary 4.3. If G is faithful and m > 0 coprime to |Z(G)|, then covdimG×Z/m = covdimG.
Moreover, G × Z/m is faithful.

Corollary 4.4. Let G = Z/3� � A, � � 1, where A is a finite abelian 2-group of rank 2 and a
generator a of Z/3� acts non-trivially on A. Then covdimG � 3.

Proof. Denote by α the automorphism of A induced by a. We can assume that α is trivial on 2A

since otherwise 2A has again rank 2 and we can replace G by the subgroup Z/3� � 2A. Then the



H. Kraft, G.W. Schwarz / Journal of Algebra 313 (2007) 268–291 275
induced automorphism on A/2A is non-trivial since the order of α is not a power of 2. It follows
that the automorphism α is given by a matrix of the form

[
2r 1 + 2s

1 + 2t 1 + 2u

]

with respect to suitable generators of A. Since α is the identity on 2A we get 2A = 0 and so
A � Z/2 ⊕ Z/2. It follows from Gaschütz’s Criterion (Proposition 4.1) that G is faithful: NG =
〈a3, (Z/2)2〉 and is generated by the conjugates of a3 · (1,0). The center Z(G) is generated by a3

and so covdimG = covdimG × Z/2 � covdim(Z/2)3 = 3. �
5. Existence of homogeneous covariants

If v ∈ V is a principal point, i.e., the stabilizer of v equals the kernel of ρV :G → GL(V ),
and w ∈ V is arbitrary, we can always find a covariant ϕ :V → V such that ϕ(v) = w (see
Lemma 2.1). In order to find a homogeneous covariant with this property, we need an additional
assumption.

Proposition 5.1. Let V be a G-module and let v ∈ V be a principal point such that the cor-
responding point [v] ∈ P(V ) is also principal. Let w be another point of V . Then there is a
homogeneous covariant ϕ :V → V such that ϕ(v) = w.

For the proof we need the following result which is probably well known.

Lemma 5.1. Let V be a vector space of dimension � 2 and v1, v2, . . . , vs ∈ V pairwise linearly
independent elements. If r � s − 1, then vr

1, . . . , v
r
s ∈ SrV are linearly independent.

Proof. (a) We first consider the case dimV = 2. By choosing a suitable basis and multiply-
ing the vi ’s with scalars if necessary we can assume that vi = (1, bi), i = 1, . . . , s. Then vr

i =
(1, bi, b

2
i , . . . , b

r
i ) ∈ Sr(V ) � Cr+1 and linear independence follows from the non-singularity of

the Vandermonde matrix (b
j
i ).

(b) There is always a linear projection ρ :V → W , dimW = 2, such that the images
ρ(v1), . . . , ρ(vs) are pairwise linearly independent. So the general case follows from part (a). �
Proof of Proposition 5.1. Define H := {g ∈ G | gv is a scalar multiple of v}. By assumption,
H = Ker(G → PGL(V )). We have a character χ of H , where h · v′ = χ(h)v′ for any v′ ∈ V . Let
g1H, . . . , gsH be the set of left cosets of H where g1 = e. Then, by Lemma 5.1, the elements
gi · v give rise to linearly independent elements gi · vr of SrV , for r � s − 1. Choose r to be
congruent to 1 modulo d := |H |. Then the submodule W := span{vr , g2 · vr , . . . , gs · vr} ⊂
SrV is isomorphic to the representation IndG

H Cχ induced from the character χ of H . Now
there is a linear H -equivariant map Cχ → V such that 1 	→ w, and so the induced map W

∼−→
IndG

H Cχ → V is G-equivariant and sends vr to w. It follows that the composition

V
v 	→vr−−−→ SrV

pr−→ W
∼−→ IndG

H Cχ → V

is the required homogeneous covariant, where pr is equivariant projection onto W . �
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Remark 5.1. One can establish a more general form of the proposition. For v ∈ V let G̃v :=
{g ∈ G | g · v = λv for some λ}. There is the obvious character χv : G̃v → C∗. Let W be another
G-module and w ∈ W . Then the following are equivalent:

(a) G̃v ⊂ G̃w and χw(g) = χv(g)d for all g ∈ G̃v and for some d ∈ N.
(b) There is a homogeneous covariant ϕ :V → W such that ϕ(v) = w.

Now we can prove the existence of a homogeneous minimal covariant under some additional
assumption on the faithful representation V without assuming that V is irreducible. We first need
a lemma about the degree of a covariant.

Lemma 5.2. If ϕ :V → V is a covariant, then degϕ ≡ 1 mod zG(V ).

Proof. Since every homogeneous component of ϕ is a covariant we can assume that ϕ is homo-
geneous, say of degree d . Then ϕ(t · v) = td · ϕ(v) for all t ∈ C, v ∈ V . Now choose g ∈ G so
that ρV (g) = ζ IdV where ζ is a primitive z(V )th root of unity. Then we have

ϕ(gv) = ϕ(ζ · v) = ζ d · ϕ(v) and gϕ(v) = ζ · ϕ(v)

for all v ∈ V . Hence, ζ d = ζ which implies that d ≡ 1 mod z(V ), as claimed. �
Proposition 5.2. Let V be a faithful representation and let V = ⊕n

i=1 Vi be a decomposition
into irreducible submodules. Assume that z(Vi) = z(V ) for i < n and that every prime divisor
of z(Vn) divides z(V ). Then there is a homogeneous minimal covariant ϕ :V → V .

Proof. We give the proof for n = 2 and leave the obvious generalization to the reader. Let
ϕ :V → V be a faithful minimal covariant. We can clearly assume that the two components
ϕ1, ϕ2 are both non-zero. If degϕ1 = degϕ2 then we are done: ϕmax has two non-zero compo-
nents ϕ1max and ϕ2max, hence is faithful (Lemma 4.1), and dimϕmax � dimϕ by Lemma 4.2.

We reduce to the case above by composing ϕ with a covariant ψ of the form

ψ(v1, v2) = (
f1(v1)v1, f2(v2)v2

) = (
ψ1(v1),ψ2(v2)

)
, (1)

where f1 ∈ O(V1)
G and f2 ∈ O(V2)

G are homogeneous invariant functions, so that the two
components of the composition ϕ ◦ ψ are both non-zero and have the same degree.

It follows from Lemma 4.3 applied to the two representations V1 and V2 that there are open
dense subsets V ′

1 ⊂ V1, V ′
2 ⊂ V2 and an integer n0 > 0 such that, for every n � n0 there are

homogeneous invariants fi ∈ O(Vi)
G of degree nz(Vi) which have no zeroes in V ′

i (i = 1,2).
Since Vi is irreducible, the image of ϕimax :V → Vi contains a principal point vi such that

[vi] ∈ P(Vi) is also principal. By Proposition 5.1, there is a homogeneous covariant μi :Vi → Vi

such that μi(vi) ∈ V ′
i . Replacing ϕi by the composition μi ◦ ϕi we can therefore assume that the

image of ϕimax meets V ′
i (i = 1,2). Then the compositions ψi ◦ϕimax are non-zero if the invariants

fi in Eq. (1) are chosen according to Lemma 4.3. Set ϕ̃i := ψi ◦ ϕi , i = 1,2. We have

deg ϕ̃1 = degϕ1 · (1 + degf1) and deg ϕ̃2 = degϕ2 · (1 + degf2).
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Now degϕi = 1 + ai · z(V ) (Lemma 5.2), and so we have to solve the equation

(
1 + xz(V1)

)(
1 + a1z(V )

) = (
1 + yz(V2)

)(
1 + a2z(V )

)
with integers x, y � n0 which is possible by the following lemma. �
Lemma 5.3. Let d, d1, d2, a1, a2 ∈ N. Assume that d|d1|d2 and that d2 has the same prime divi-
sors as d (i.e., d2|dN for large N ). Then the equation

(1 + a1d)(1 + xd1) = (1 + a2d)(1 + yd2)

has a solution x, y ∈ N if and only if a1 ≡ a2 mod d1/d . Moreover, x and y can be chosen to be
arbitrarily large.

Proof. The equation implies that a1d ≡ a2d mod d1, hence a1 ≡ a2 mod d1/d . Conversely,
assume that a1d ≡ a2d mod d1. Then 1 + a1d ≡ 1 + a2d mod d1. Moreover, 1 + a1d is in-
vertible mod d2 and so there is an m ∈ N such that (1 + a1d)m ≡ 1 mod d2. It follows that
(1 + a2d)m ≡ 1 mod d1, hence

(1 + a1d)m = 1 + yd2 and (1 + a2d)m = 1 + xd1

for some x, y ∈ N, and so (1 + a1d)(1 + xd1) = (1 + a2d)(1 + yd2). The last statement is
clear. �
Corollary 5.1. Let M be a finite abelian group of rank k whose order is odd, and let G :=
Z/2s � M , s � 1, be a semidirect product where a generator a of Z/2s acts on M by sending
each element to its inverse. Then covdimG � k + 1.

Proof. Replacing G by a suitable subgroup we can assume that M = (Z/p)k . The group
Ḡ := Z/2s � Z/p has a two-dimensional faithful irreducible representation. Using the k copies
of Z/p we therefore obtain k irreducible representations V1, . . . , Vk of G such that V := ⊕

i Vi

is faithful. The center Z̄ of Ḡ is generated by a2 and is isomorphic to Z/2s−1. Thus, the
assumptions of Proposition 5.2 are satisfied with z(V ) = z(Vi) = 2s−1, and we can find a homo-
geneous minimal covariant ϕ :V → V . Hence, by Corollary 4.3 and Theorem 3.1, covdimG =
covdimG × Z/p � covdim(Z/p)k+1 = k + 1. �
6. Products with cyclic groups

We have seen in Section 4 that covdimG×Z/p = covdimG if G is faithful and p is coprime
to |Z(G)|. We will show now that covdimG × Z/p = covdimG + 1 if p is a divisor of |Z(G)|.
More generally, we have the following.

Proposition 6.1. Let V = W ⊕Cχ be a faithful representation of G where W is irreducible and χ

is a character of G. Assume that z(W) and |χ(G)| have the same prime divisors as z(V ) and that
either z(W) = z(V ) or |χ(G)| = z(V ). If the kernel H of the action of G on W is non-trivial,
then covdimG = covdimG/H + 1.
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Proof. By assumption, we have an embedding G ↪→ G/H ×χ(G). Since χ(G) is cyclic we get
covdimG � covdim(G/H × χ(G)) � covdimG/H + 1.

For the reverse inequality, we consider a faithful covariant ϕ :V → V of minimal dimen-
sion. By Proposition 5.2 we can assume that ϕ is homogeneous. Set m := |χ(G)|. We have
ϕ(w, t) = (F (w, tm), t · h(w, tm)) where h is a G-invariant function. If F(w,0) = h(w,0) = 0,
then, because ϕ is homogeneous, we can divide it by tm without changing its dimension or
faithfulness. Thus we can assume that either F(w,0) �= 0 or h(w,0) �= 0. In the first case,
ϕ|W :W → W is non-zero, hence a faithful covariant of G/H . Since ϕ(W) ⊂ ϕ(V )H � ϕ(V )

we see that dimϕ(V ) > dimϕ(W) � covdimG/H , as desired.
If h(w,0) �= 0 and F(w, tm) = t smF0(w, tm), s � 1, where F0(w,0) �= 0 we define

ψ(w, t) :=
(

F(w, t)

(t · h(w, tm))sm
, t · h(

w, tm
)) =

(
F0(w, t)

h(w, tm)sm
, t · h(

w, tm
))

.

The equivariant morphism ψ = (ψ1,ψ2) is defined on the dense open set Vh ⊂ V where h does
not vanish. Moreover, dimψ(Vh) = dimϕ(V ) = covdimG, because ψ1 and ψ2 generate the
same subfield of C(V ) as the two components of ϕ. By definition, ψ1(w,0) �= 0, and ψ(Wh) =
ψ1(Wh) = F0(Wh) since ψ1 is homogeneous of non-zero degree. Since F0|W :W → W is a non-
zero (hence faithful) covariant for G/H , we get dimψ(Wh) � covdimG/H . Finally, ψ(Wh) ⊂
ψ(Vh)

H � ψ(Vh), and so

covdimG = dimψ(Vh) > dimψ(Wh) � covdimG/H. �
Remark 6.1. The proof above has two parts. First one shows that there is a homogeneous min-
imal covariant ϕ :V → V for V = W ⊕ Cχ , and then one proves the inequality covdimG �
covdimG/H + 1. The assumptions about zG(V ), zG(W) and |χ(G)| are only used in the first
part. Once the existence of a homogeneous minimal covariant ϕ is established, then the proof
above applies if the action of G on W has a non-trivial kernel H .

Corollary 6.1. Let G be a faithful group and p a prime divisor of |Z(G)|. Then covdimG×Z/p

= covdimG + 1.

Proof. This follows from the proposition above by choosing for W an irreducible faithful

representation of G (with trivial action of Z/p) and for χ the standard character r 	→ e
2πi r

p

of Z/p. �
Corollary 6.2. If H is a faithful group and q a prime which does not divide |Z(H)|, then
covdimH × (Z/q)2 = covdimH + 1.

Proof. This is clear from Corollary 6.1: Take G = H ×Z/q . Then G is faithful and covdimG =
covdimH . �

We finish this section with a result on the covariant dimension of the semi-direct product of
two cyclic 2-groups. In the proof we will need a modification of the proof of Proposition 5.2 in
order to reduce to a homogeneous minimal covariant.

Proposition 6.2. Let G = Z/2k � Z/2�, k, � � 1. If G is commutative or k = 1, then
covdimG = 2. Otherwise, covdimG � 3.
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Proof. (a) We can assume that G is not commutative and so � � 2. Let a be a generator of Z/2k ,
let b be a generator of Z/2�, and denote by α the (non-trivial) automorphism induced by a

on Z/2�. If k = 1, then α(b) = b−1 if l = 2 and α(b) = b−1, b2l−1+1 or b2l−1−1 if l > 2, and one
easily constructs a faithful representation on C2, see part (b). Thus we may assume that k � 2.
We now show that covdimG � 3.

(b) We may assume that α acts trivially on 2Z/2�, and then it follows that α has order 2 and
sends b to b2l−1+1. Let ξ be a primitive 2�th root of unity and let τ be a primitive 2k th root of
unity, We have the irreducible representation ρW of G on W := C2 where b acts by the diagonal

matrix
[ ξ 0

0 ξ2l−1+1

]
and a acts by the matrix

[ 0 1
1 0

]
. We also have the character χ :G → C∗ defined

by χ(a) := τ and χ(b) := 1. The direct sum V := W ⊕ Cχ is a faithful representation ρ of G,
so, clearly, covdimG � 3. We have zG(W) = 2�−1 since ρW(b2) is a scalar matrix.

If k � � we can assume that ξ = τ 2k−�
. Then ρ(b2a2k−�+1

) = ξ2 IdV and so zG(V ) =
2�−1 = zG(W). Thus we can apply Proposition 6.1 and find that covdimG = covdimρW(G) +
1 = 3.

There remains the case where k < l. Then we set τ = ξ2�−k
and find that the scalar matrices in

ρ(G) are generated by ρ(a2b2�−k+1
). Thus zG(V ) = 2k−1 < zG(Cχ ) = 2k � zG(W) = 2�−1 and

we cannot apply Proposition 6.1 directly, but need a modification.
Let ϕ = (F,h) :V → V be a minimal covariant where F :V → W and h :V → Cχ are G-

equivariant. If degF = degh, then ϕmax = (Fmax, hmax) is again faithful and minimal, and we
may proceed as in Proposition 6.1 (see Remark 6.1).

In general, degF and degh are both ≡ 1 mod 2k−1, by Lemma 5.2. Consider the two homo-
geneous invariants f1(x, y) := xy2�−1−1 + yx2�−1−1 ∈ O(W)G and f2(t) := t2k ∈ O(Cχ )G of
degree 2�−1 and 2k , respectively, and the corresponding covariants

ψ = (
f u

1 IdW,f v
2 IdCχ

)
:V → V

where u,v ∈ N. Clearly, hmax and h are dominant, as are Fmax and F (else we get that
covdimρW(G) � 1). Thus the composition ϕ̃ := ψ ◦ ϕ is faithful and the two components
F̃ = f1(F )u · F and h̃ = f2(h)v · h have degrees

deg F̃ = (
1 + u2�−1)degF and deg h̃ = (

1 + v2k
)

degh.

Setting degF = (1 + r2k−1) and degh = (1 + s2k−1) it suffices to solve the equation(
1 + r2k−1)(1 + u2�−1) = (

1 + s2k−1)(1 + v2�−1). (2)

By Lemma 5.3 this is possible if and only if r and s have the same parity, i.e., if and only if
degF ≡ degh mod 2k . (In the notation of that lemma we have d = 2k−1, d1 = 2k, d2 = 2�−1.)

If degF �≡ degh mod 2k , consider the following G-invariant function on V :

f (x, y, t) := (
xy2�−1−1 − x2�−1−1y

)
t2k−1

.

Then f is bihomogeneous of degree (2�−1,2k−1). Since hmax �= 0 and Fmax is dominant,
f (Fmax, hmax) is non-zero and F̃ := f (F,h) · F :V → W has degree

deg F̃ = (
2�−1 + 1

)
degF + 2k−1 degh ≡ (

1 + (r + 1)2k−1) mod 2k.
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As a consequence, ϕ̃ := (F̃ , h) is a minimal covariant and deg F̃ ≡ degh mod 2k . Now we can
apply Lemma 5.3 and solve Eq. (2). This finishes the proof. �
7. Covariant dimension and essential dimension for Sn and An

If we put together our results so far for the faithful groups Sn (n � 3) and An (n � 4) we have
the following.

Theorem 7.1. Let n � 3.

(a) covdimSn = edimSn + 1;
(b) covdimSn × Z/d = covdimSn for d � 2;
(c) covdimSn � �n/2� + 1;
(d) covdimSn+2 � covdimSn + 1.

Theorem 7.2. Let n � 4.

(a) covdimAn = edimAn + 1;
(b) covdimAn × Z/d = covdimAn for d � 2;
(c) covdimAn � 2�n/4� + 1;
(d) covdimAn+4 � covdimAn + 2.

Proof of Theorems 7.1 and 7.2. Parts (a) and (b) follow from Corollaries 4.2 and 4.3. For part
(c) we use (b) and Theorem 3.1. Since S2m ⊃ (Z/2)m, we have covdimSn = covdimSn × Z/2 �
covdim((Z/2)�n/2�+1) = �n/2� + 1. One proceeds similarly for An using that A4m ⊃ (Z/2)2m.

Finally, for part (d) we have covdimSn+2 = covdimSn+2 × Z/2 � covdim(Sn × (Z/2)2) �
covdim(Sn × Z/2) + 1 = (covdimSn) + 1, by Corollary 6.1, and similarly for An. �

These results allow us to determine the covariant dimension for the small symmetric and
alternating groups. Just recall that covdimAn � covdimSn � n − 1 since there is a faithful
(n − 1)-dimensional representation.

covdimS2 = covdimA3 = 1, covdimS3 = 2, covdimA4 = covdimS4 = 3.

We will see below that covdimSn � n − 2 for n � 5, hence

covdimA5 = covdimS5 = 3 and covdimS6 = 4.

The first unknown cases are covdimA6 which is either 3 or 4, and covdimS7 which is either 4
or 5:

n 2 3 4 5 6 7

covdimSn 1 2 3 3 4 4 or 5
covdimAn 1 3 3 3 or 4
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8. Upper bounds for the covariant dimension

Let G be finite group and V a G-module such that the G-action normalizes a reductive sub-
group H of GL(V ). Then we can form the algebraic quotient

π :V → V//H

which has coordinate ring O(V//H) := O(V )H ⊂ O(V ) (see [Kr85]). Since G normalizes H the
invariant ring is G-stable and the quotient morphism π is G-equivariant, hence a compression.

Lemma 8.1. If the action of G on V//H is faithful, then

covdimG � dimV//H � dimV − max{dimHv | v ∈ V }.

Proof. We can find a finite-dimensional G-stable subspace W of O(V )H which generates
O(V )H . The associated morphism ϕ :V → W ∗ has image isomorphic to the quotient V//H .
Since ϕ maps V onto V//H and since G acts faithfully on V//H , the covariant ϕ is faith-
ful. The fibers of ϕ have dimension � max{dimHv | v ∈ V }, so that covdimG � dimV//H �
dimV − max{dimHv | v ∈ V }. �
Proposition 8.1. For n � 5 we have covdimAn � covdimSn � n − 2.

For the proof we use the following construction which will also play a central role in Section 9.
Start with the standard representation of SL2 on C2, and let T ′ ⊂ SLn be the group of diagonal

matrices of determinant 1. Then H := SL2 ×T ′ acts linearly on Vn := C2 ⊗Cn. There is also the
standard action of Sn by permutations on Cn, hence on Vn which normalizes the action of T ′ and
commutes with the action of SL2.

We may regard an element of Vn as an n-tuple of elements in C2, so there is a canonical
surjective morphism μ :Vn → Sn(C2) given by multiplying the elements of C2. This morphism
is the quotient by the group Sn · T ′, and is equivariant with respect to SL2.

Consider the quotient π :Vn → Xn := Vn//H . Since Sn normalizes H it acts on the quo-
tient Xn and π is Sn-equivariant. By construction, we have a canonical isomorphism Xn/Sn

∼−→
Sn(C2)//SL2. Moreover, the quotient morphism π can be decomposed into η :Vn → Yn :=
Vn//SL2, the quotient by SL2, and ρ :Yn → Yn//T ′ = Xn, the quotient by T ′, so that we ob-
tain the following commutative diagram:

Vn

η //SL2

//Sn·T ′

μ
Sn(C2)

π ′′ //SL2

Yn

ρ //T ′

//Sn·T ′
Sn(C2)//SL2

Xn

/Sn

π ′ Sn(C2)//SL2
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The generic T ′-orbit on Vn is closed with trivial stabilizer, and for n � 3 the generic SL2-orbit
on Sn(C2) is closed with finite stabilizer. Thus, for n � 3, the generic H -orbit on Vn is closed
and one easily sees that it has a trivial stabilizer. It follows that

dimXn = dimV − max{dimHv | v ∈ V } = 2n − (n − 1 + 3) = n − 2.

The following proposition collects properties of the morphisms and quotient maps above.

Proposition 8.2. Consider the representation Vn := C2 ⊗ Cn of H := SL2 ×T ′ where T ′ ⊂ SLn

is the subgroup of diagonal matrices, and let π :Vn → Xn := Vn//H be the quotient.

(a) The natural action of Sn on Vn normalizes H , the quotient π is Sn-equivariant and dimXn =
n − 2 for n � 3.

(b) The quotient of Vn by SL2 is given by the map η :f1 ⊗ v1 +f2 ⊗ v2 	→ v1 ∧ v2 ∈ ∧2 Cn with
image Yn = GLn(e1 ∧ e2) ∪ {0}.

(c) (Kempe) The invariant ring In := O(Yn)
T ′

is generated by the invariants of degree d where
d = n if n is odd and d = n/2 if n is even. Thus the quotient map ρ :Yn → Xn is homoge-
neous of degree d .

(d) The action of Sn on Xn and on P(Xn) is faithful for n � 5.

Proof of Proposition 8.1. The claim follows from Lemma 8.1 applied to the Sn-equivariant
quotient π :Vn → Xn = Vn//H , using Proposition 8.2(a) and (d). �
Remark 8.1. It is easy to analyze the cases n = 2, 3 and 4. For n = 2 the quotient V2//H is
C with a non-trivial action of S2. For n = 3 the quotient V3//H is also C, but A2 acts trivially.
Finally, for n = 4 the quotient V4//H is a hypersurface in C3 and the representation of S4 on C3

has kernel the Klein 4-group and quotient group S3 which acts on C3 in the standard way.

Proof of Proposition 8.2. Part (a) was already proved above. Part (b) is the classical First Fun-
damental Theorem for SL2, see [How88, 5.2.1 Proposition and Remarks], and part (c) is due to
Kempe. A proof can be found in [How88, 5.4.2.5 Theorem, p. 156ff].

For (d) it suffices to show that Sn acts faithfully on Xn since the only non-trivial normal
subgroup of Sn is An for n � 5. But otherwise, the subgroup An ⊂ Sn would act trivially on Xn.
This means that a generic H -orbit on Vn is stable under An which implies that there is a non-
trivial homomorphism An → H , a contradiction. �

The idea behind the proof of the upper bounds above can be used to explicitly calculate
compressions for the group Sn. We have seen in Proposition 8.2(b) that the algebraic quotient
η : C2 ⊗ Cn → (C2 ⊗ Cn)//SL2 is given by

η :f1 ⊗ v1 + f2 ⊗ v2 	→ v1 ∧ v2 ∈ ∧2 Cn

and that (C2 ⊗ Cn)//SL2 ⊂ ∧2 Cn is {v1 ∧ v2 | v1, v2 ∈ Cn}, the closure of the highest weight
orbit in

∧2
(Cn). Let xij = (ei ∧ ej )

∗ be the usual dual basis of
∧2 Cn. A monomial

∏
i<j x

αij

ij

is T ′-invariant if and only if each index i occurs the same number of times, i.e., for every fixed
k the sum

∑
i<k αik + ∑

i>k αki is independent of k. Choosing such a monomial f we obtain
an Sn-equivariant and T ′-invariant morphism Σf :

∧2 Cn → C[Sn] given by
∑

σ∈S (σf ) · σ .

n
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We can do slightly better by composing with the Sn-equivariant embedding ι : Cn ⊂ C2 ⊗ Cn,
a 	→ f1 ⊗ a + f2 ⊗ (1,1, . . . ,1). Then η ◦ ι(a1, . . . , an) = ∑

i<j (ai − aj )ei ∧ ej . Now the next
proposition follows immediately from what we have said so far.

Proposition 8.3. Let f ∈ C[x1, . . . , xn] be a monomial in the differences xi − xj , where i < j ,
such that each xi occurs the same number of times. If n � 5 and f is not an Sn-invariant,
then the morphism Σf : Cn → C[Sn] corresponding to

∑
σ∈Sn

(σf ) · σ defines a compression of
dimension � n − 2.

Remark 8.2. If n is even, we can use f := (x1 − x2)(x3 − x4) · · · (xn−1 − xn) and get a
compression of dimension � n − 2 and of degree n/2. In general, we can always use f :=
(x1 − x2)(x2 − x3) · · · (xn−1 − xn)(xn − x1) to obtain a compression of dimension � n − 2 and
of degree n. As a consequence of Kempe’s result (Proposition 8.2(c)) one shows that these com-
pressions have dimension equal to n − 2.

It is an open problem if there exist other monomials f such that the corresponding covari-
ant Σf has dimension strictly less than n − 2. So far, all our explicit calculations have only
produced covariants of dimension n − 2.

9. Purely transcendental fields of definition for generic field extensions

In this section we shortly describe the relation between the essential dimension of a generic
field extension of degree n and the essential dimension of Sn due to Buhler, Reichstein [BuR97],
and then show that every such field extension is defined over a purely transcendental extension
of degree n − 3.

In the following we assume that all fields contain the complex numbers C. Let L/K be a finite
field extension.

Definition 9.1. We say that L/K is defined over a subfield K ′ ⊂ K if there is a finite field
extension L′/K ′ of degree [L′ : K ′] = [L : K] such that L = L′K . The minimal transcendence
degree (over C) of such a subfield K ′ is called the essential dimension of L/K :

edim(L/K) := min{tdegC K ′ | L/K is defined over K ′}.

Now assume that tdegC K = ∞ and consider the general field extension Kn/K of degree n

defined by the equation

xn + a1x
n−1 + a2x

n−2 + · · · + an−1x + an = 0, (3)

where the ai ∈ K are algebraically independent. The following result is due to Buhler, Reichstein,
[BuR97, Corollary 4.2]. It was the starting point for studying compressions of group actions.

Theorem 9.1 (Buhler–Reichstein). edimKn/K = edimSn.

In order to prove the inequality edimKn/K � edimSn one shows that every rational faithful
Sn-covariant ρ : Cn → W of dimension d determines a subfield K ′ ⊂ K of tdegC K ′ = d such
that Kn/K is defined over K ′. We will need this construction in a slightly different form which
we are going to explain now.
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Denote by K̃n ⊃ Kn the splitting field of Eq. (3) so that K̃n/K is a Galois extension with
Galois group Sn. Clearly, K̃n contains elements x1, x2, . . . , xn which are permuted under Sn and
generate K̃n/K . By assumption, the elements x1, . . . , xn are algebraically independent over C.
Define V := Cx1 + · · · + Cxn ⊂ K̃n. By construction, V is the standard representation of Sn.

Now let ϕ :V → W be a homogeneous Sn-covariant of dimension d and consider the cone
X := ϕ(V ) ⊂ W . The field C(X) of rational functions on X can be considered as a subfield
of C(V ) = C(x1, . . . , xn) and tdegC C(X) = d . Moreover, the field C(X) contains the subfield
C(P(X)) of rational functions on the projective variety P(X) := X \ {0}/C∗, i.e., the subfield
generated by all quotients p/q where p,q are homogeneous regular functions on X of the same
degree.

Assume now that the Sn-action on P(X) is faithful (which is always the case if ϕ is faithful
and n � 5). Then C(P(X))/C(P(X))Sn is a Galois extension with Galois group Sn and so K ·
C(P(X))Sn = K̃n. This shows that the extension K̃n/K is defined over C(P(X))Sn and the same
holds for Kn/K . Thus we have proved the following result.

Proposition 9.1. Let Kn/K be the field extension defined by the equation

xn + a1x
n−1 + a2x

n−2 + · · · + an−1x + an = 0,

where the coefficients a1, a2, . . . , an ∈ K are algebraically independent over C, and let ϕ : Cn →
W be a homogeneous covariant. Define X := ϕ(Cn) and assume that Sn acts faithfully on P(X).
Then Kn/K is defined over a subfield isomorphic to C(P(X))Sn .

In order to apply this result we use the explicit construction of a faithful covariant for Sn

given in Section 8, using the representation of H := SL2 ×T ′ on Vn := C2 ⊗ Cn together with
the action of Sn on Vn by permutations normalizing H .

As before, we embed Cn into Vn = C2 ⊗ Cn by a 	→ f1 ⊗ a + f2 ⊗ (1,1, . . . ,1), and
obtain an Sn-equivariant linear map ι : Cn → Vn. The composition η ◦ ι is the linear map
a = (a1, . . . , an) 	→ ∑

i<j (ai − aj ) ei ∧ ej whose kernel is the trivial representation C ⊂ Cn.

Proposition 9.2.

(a) The composition ϕ := ρ ◦ η ◦ ι : Cn → Xn is a homogeneous covariant of degree d where
d = n if n is odd and d = n/2 if n is even.

(b) ϕ : Cn → Xn is surjective.
(c) For n � 5, the action of Sn on P(Xn) is faithful and dim P(Xn) = n − 3.
(d) The varieties P(Xn) and P(Xn)/Sn are both rational, for all n.

Proof. Part (a) follows from Proposition 8.2(c). For (b) it suffices to show that π ′ ◦ ϕ : Cn →
Sn(C2)//SL2 is surjective since π ′ :Xn → Sn(C2)//SL2 is the quotient by the finite group Sn.
Now the composition γ : Cn → Vn → Sn(C2) is given by a 	→ ∏

i (aix + y), and so the image in
Sn(C2) meets every SL2-orbit except {0}. Thus, π ′ ◦ ϕ = π ′′ ◦ γ is surjective.

(c) This follows from Proposition 8.2(a) and (d).
(d) The field C(P(Xn))

Sn is isomorphic to C(Sn(C2))SL2 ×C
∗

and C(P(Xn)) is isomorphic to
C(Vn)

SL2 ×T ′×C
∗
, and the latter fields are both rational, due to a result of Katsylo [Kat84]. �

Combining this result with Proposition 9.1 we get the following consequence.
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Theorem 9.2. Let Kn/K be the field extension of degree n � 5 defined by the equation

xn + a1x
n−1 + a2x

n−2 + · · · + an−1x + an = 0,

where the coefficients a1, a2, . . . , an ∈ K are algebraically independent over C. Then Kn/K is
defined over a purely transcendental extension K ′ of C of transcendence degree n − 3. Moreover,
if L′/K ′ is of degree n such that L′K = Kn then L′/C is purely transcendental, too.

Remark 9.1. The two cases n = 5 and n = 6 are due to Hermite and Joubert, respectively. They
showed that one can always find a generator of the field extension Kn/K whose equation has the
form

t5 + at3 + bt + b = 0 or t6 + at4 + bt2 + ct + c = 0,

see [Kr06]. It is unknown if similar results hold in degree n > 6.

10. Groups of low covariant dimension

In this section we describe the finite groups of covariant dimension � 2.

Theorem 10.1. If G is a group of covariant dimension 1 then G is cyclic.

Proof. Let ϕ :V → X be a one-dimensional compression. We can clearly assume that X is nor-
mal, hence a rational curve, by Lüroth’s theorem. It follows that X must be isomorphic to C and
so G is a subgroup of Aut(C) fixing the point ϕ(0). Hence G is cyclic. �
Proposition 10.1. If G is a faithful group of covariant dimension 2, then Z(G) is cyclic and
G/Z(G) is isomorphic to D2n (n � 2), A4, S4 or A5.

Proof. Let ϕ :V → V be a homogeneous faithful covariant of dimension 2 where V is irre-
ducible. Then X := ϕ(V ) ⊂ V is a cone of dimension 2, and so P(X) ⊂ P(V ) is an irreducible
rational curve. It follows that the kernel of the action of G on P(X) equals the center Z(G) of G.
The normalization of P(X) is the projective line P1 and so G/Z(G) is isomorphic to a finite
subgroup of PGL2. Since G is not commutative the factor group G/Z(G) is not cyclic and the
proposition follows. �

Here is the main theorem of this section.

Theorem 10.2. Let G be a group of covariant dimension 2. Then G is isomorphic to a subgroup
of GL2.

We remark that a similar result does not hold for covariant dimension > 2 as shown by the
group S5 which has covariant dimension 3. There is a similarity of our theorem and the charac-
terization by A. Ledet [Le06] of groups of essential dimension 1 over an infinite field: The finite
group G has essential dimension 1 if and only if it can be embedded into GL(2) such that the
only scalar matrix in the image of G is the identity.
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First we show:

Theorem 10.3. If G is a non-faithful finite group of covariant dimension 2, then G is abelian of
rank 2.

The proof needs some preparation.

Lemma 10.1. Let G be a group of covariant dimension 2 and V a faithful representation. If
a, b ∈ G do not commute, then there is an irreducible subrepresentation W ⊂ V such that the
commutator (a, b) is non-trivial on W and such that the image Ḡ of G in GL(W) is a faithful
group of covariant dimension 2. In particular, there is a surjective homomorphism from G to
D2n (n � 2), A4, S4 or A5.

Proof. Let ϕ :V → V be a minimal covariant and V = ⊕
i Vi the decomposition into irreducible

subrepresentations. Then the commutator (a, b) acts non-trivially on the image ϕ(V ), hence non-
trivially on ϕi(V ) for some component ϕi :V → Vi of ϕ. If ā, b̄ denote the images of a, b in
GL(Vi), then (ā, b̄) �= 1 and so Ḡ ⊂ GL(Vi), the image of G in GL(Vi), is non-commutative. If
N ⊂ G is the kernel of G → Ḡ, then ϕi(V

N) �= (0), and so ϕi :V N → Vi is a faithful covariant
of Ḡ � G/N of dimension � dimϕ = 2. Since Ḡ is not commutative, covdim Ḡ = 2. The last
statement now follows from Proposition 10.1. �
Proof of Theorem 10.3. Assume that the assertion does not hold. Let G be a non-commutative
non-faithful group of covariant dimension 2 and of minimal order with these properties. This
implies that every strict subgroup H of G is either faithful or commutative. In particular, if
H contains NG then H is not faithful by Gaschütz’s Criterion (Corollary 4.1), and so H is
commutative. Since G is not faithful with covdimG = 2, we have rank NG = 2.

Claim 1. There are no surjective homomorphisms from G to A4, S4 or A5.

If ρ is a surjective homomorphism from G to A5 then ρ(NG) is trivial. If ρ is a surjective
homomorphism from G to S4 then ρ(NG) ⊂ K where K ⊂ S4 is the Klein 4-group. In both cases
ρ−1(A4) � G is neither faithful nor commutative, contradicting the minimality assumption.

Now assume that there is a surjective homomorphism ρ :G → A4, and let g3 ∈ G be the
preimage of an element of A4 of order 3. We may assume that the order of g3 is a power 3�.
Then ρ(NG) ⊂ K and so the strict subgroup S := ρ−1(K) � G is commutative. Denote by
S2 the 2-torsion of S. Since ρ(S2) = K we see that S2 has rank 2. Moreover, S2 is normalized
by g3, but not centralized, and so covdim〈g3, S2〉 � 3 by Corollary 4.4. This contradiction proves
Claim 1.

Claim 2. For every prime p > 2 the p-Sylow-subgroup Gp ⊂ G is normal and commutative of
rank � 2. Hence G is a semidirect product G2 � G′ where G′ := ∏

p>2 Gp and G2 is a 2-Sylow
subgroup.

If a, b are two non-commuting elements of p-power order then, by Lemma 10.1, there is an
irreducible representation W of G such that ā and b̄ do not commute in Ḡ ⊂ GL(W), and Ḡ is
faithful of covariant dimension 2. It follows from Proposition 10.1 and Claim 1 that Ḡ/Z(Ḡ) �
D2n. Since p > 2, the images of ā and b̄ are in the cyclic subgroup Cn ⊂ D2n which leads to a
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contradiction, since the inverse image of Cn in Ḡ is commutative. Hence pairs of elements of p-
power order commute, and so the p-Sylow subgroup Gp is normal and commutative. It follows
that G′ := ∏

p>2 Gp is a normal commutative subgroup and that G = G2 · G′ is a semidirect
product. This proves Claim 2.

Now we can finish the proof. The case that G = G2 is handled in Lemma 10.2, so we
can assume that G′ is non-trivial. If G2 commutes with G′, then G2 is not commutative and
faithful. Moreover, no Gp can be of rank 2, else we have a subgroup which is a product
H := G2 × (Z/p)2, and we have covdimH � 3 by Corollary 6.2. So G′ has rank 1. Then G′ is
cyclic, hence G is faithful (Corollary 4.3), which is a contradiction. Hence we may assume that
G2 acts non-trivially on G′.

It is clear that NG = N2 × N ′ where N2 = NG ∩ G2 and N ′ := NG ∩ G′. Since G2 acts non-
trivially on G′, there is a g ∈ G2 which induces an order 2 automorphism of some Gp �= {e}.
Then one can see that g acts non-trivially on NGp . Since G is not faithful, NG is not generated
by a conjugacy class (Proposition 4.1) and the same holds for the subgroup H := 〈g,N2〉 �
N ′ (Corollary 4.1). Thus H is neither faithful nor commutative, so that it must equal G by
minimality.

Suppose that Gp = (Z/p)2 for some p. If g acts trivially on Gp , then it must act non-trivially
on some Gq , and then we have the subgroup (〈g〉 � Gq) × (Z/p)2 which by Corollary 6.2 has
covariant dimension at least 3. If g acts by sending each element of (Z/p)2 to its inverse, then
〈g〉�Gp has covariant dimension 3 by Corollary 5.1. So we can assume that g acts on Gp fixing
one generator and sending the other to its inverse for every Gp of rank 2. Thus G′ is generated by
the conjugacy class of a single element. It follows that N2 must have rank 2. Moreover, g must
commute with N2, else N2 ×G′ is generated by the conjugacy class of a single element. Suppose
that 〈g〉∩N2 � Z/2. If g acts non-trivially on Z/p ⊂ G′, then 〈g,N2〉�Z/p contains a subgroup
(〈g〉�Z/p)×Z/2 which has covariant dimension 3 by Corollary 6.1. If 〈g〉∩N2 = {e}, then we
have the subgroup (〈g〉 � Z/p) × (Z/2)2 which has covariant dimension three by Corollary 6.2.
This finishes the proof of the theorem, modulo the following lemma. �
Lemma 10.2. Let G be a non-faithful 2-group of covariant dimension 2. Then G is commutative.

Proof. Let G be a counterexample of minimal order and let a, b ∈ G be two non-commuting
elements. If H := 〈a, b〉 is a strict subgroup of G, then H is faithful and so Z(H) has rank 1.
Since Z(G) has rank 2 this implies that G contains a subgroup of the form H × Z/2 which has
covariant dimension 3 (Corollary 6.1).

Thus we can assume that every pair a, b ∈ G of non-commuting elements generates G.
From the minimality assumption it follows that a2, b2, (ab)2 ∈ Z(G). Denote by d := (a, b)

the commutator. Then d = aba−1b−1 = (ab)2a−2b−2 ∈ Z(G). Since aba−1 = db we have
b2 = ab2a−1 = d2b2 which implies that d2 = 1. Hence (G,G) = {d, e} and so (a′, b′) = d

for every pair a′, b′ of non-commuting elements. Since G/〈d〉 is commutative, it follows that
Z(G) = 〈a2, b2, d〉 = 〈a2, b2, (ab)2〉.

If a2 = z2 for some z ∈ Z(G), then a′ := az−1 /∈ Z(G) and a′2 = 1. Thus G contains a
subgroup isomorphic to Z(G) × Z/2 which has covariant dimension 3. It follows that for every
pair of non-commuting elements a, b the three elements a2, b2 and (ab)2 are in Z(G) \ Z(G)2.
As a consequence, two of them generate Z(G), i.e., there are generators a, b of G such that
a2, b2 generate Z(G). If a2p = b2q �= e where p < q (and necessarily, p, q � 2), then the squares
of a′ := ab−2q−p

and b freely generate Z(G). We make a similar modification if p > q . If p = q ,
then we replace a by a′ := ab−1. Then (a′)2p = a2p

b−2p = e. Thus we can assume that a and b
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freely generate Z(G). This implies that if a is of order 2� and b of order 2k , then �, k � 2 and
|G| = 2�+k .

We have seen above that d2 = 1 where d = (a, b). Therefore we are in one of the following
three cases: (1) d = a2k−1

, (2) d = b2�−1
or (3) d = a2k−1

b2�−1
.

Case 1. d = a2k−1
. Then bab−1 = ad = a2k−1+1 and so G = 〈b〉 � 〈a〉 is a semidirect product.

Then covdimG � 3 by Proposition 6.2.

Case 2. d = b2�−1
. As in the previous case G = 〈a〉 � 〈b〉 is a semidirect product and so

covdimG � 3.

Case 3. d = a2k−1
b2�−1

. We can assume that � � k. If � > k then a′ := ab2�−k
and b generate G,

a′ has the same order as a and d = a′2k−1
. Thus we are in Case 1 and so covdimG � 3.

If � = k > 2, we have (ab)2 = da2b2, and so (ab)2�−1 = d . This implies that G = 〈a〉 � 〈ab〉,
hence covdimG � 3.

Finally, for � = k = 2 we get (ab)2 = e and so G ⊃ 〈a2, b2, ab〉 � (Z/2)3, hence again
covdimG � 3. �

Now we prepare the proof of Theorem 10.2. We need only consider faithful groups, and we
can employ Proposition 10.1. So, we have an exact sequence

1 → Z/m → G → K → 1,

where K is D2n, n � 2, A4, S4 or A5. Thus we need to classify the cyclic central extensions
of these groups. In terms of group cohomology, we need to calculate H2(K,Z/m). First we
determine the Schur multiplier M(K) := H2(K,C∗).

Lemma 10.3. We have

(a) M(A5) � M(S4) � M(A4) � Z/2.
(b) M(D2n) � Z/2 if n is even and M(D2n) is trivial if n is odd.

Proof. The first part is classical and goes back to Schur [Sch11]. The second part is surely also
classical, but we do not know a reference, so we give a proof.

Suppose that

1 → C∗ → H → D2n → 1

is exact. Then there are α, β1 ∈ H such that the image of α in D2n = Z/2 � Z/n generates Z/2
and the image of β1 generates Z/n. It is easy to arrange that α has order 2 and that β1 has order n.
Then αβ1α

−1 = λβ−1
1 where λ ∈ C∗ and λn = 1. Replacing β1 by β2 := λ−1/2β1 we have that

αβ2α
−1 = β−1

2 where the order of β2 is now n or 2n. Suppose that the order is 2n. If n is odd,
then β := β2

2 has order n and maps to a generator of Z/n. Thus if β2 has order n or n is odd,
our exact sequence is split. If n is even, we see that there is a unique non-trivial extension, i.e.,
M(D2n) � Z/2. In fact, this extension is induced by the non-trivial extension

1 → {±1} → D4n → D2n → 1. �
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Corollary 10.1. We have

(a) H2(A5,Z/m) � Z/2 if m is even, else it is trivial.
(b) H2(S4,Z/m) � (Z/2)2 if m is even, else it is trivial.
(c) H2(A4,Z/m) � Z/d where d = GCD(6,m).
(d) H := H2(D2n,Z/m) � (Z/2)3 if m and n are even, H � Z/2 if n is odd and m is even and

H is trivial if m is odd.

Proof. We just give the proof of (c). The other proofs follow the same reasoning. From the short
exact sequence

1 → Z/m → C∗ m−→ C∗ → 1

we obtain a long exact sequence of cohomology

· · · → Hom(A4,C∗) m−→ Hom(A4,C∗) → H2(A4,Z/m) → M(A4)
m−→ M(A4) → ·· · ,

where we use the fact that, since C∗ is a trivial A4-module, we have

H1(A4,C∗) � Hom(A4,C∗) � Z/3.

Now (c) follows from the exact sequence and Lemma 10.3. �
Proof of Theorem 10.2. We can assume that G is faithful. Proposition 10.1 gives us the pos-
sibilities for G/Z(G). Suppose that G/Z(G) � A4. If GCD(6,m) = 1, then we have a product
extension of A4 which has covariant dimension at least covdimA4 = 3. Suppose that we have a
non-zero element of H2(A4,Z/m) which has order 3. Then 3|m and we have the semidirect prod-
uct Z/3m � (Z/2)2 where the generator α of Z/3m permutes the non-zero elements of (Z/2)2

cyclically. If 2|m, then G contains a copy of (Z/2)3, otherwise G × Z/2 has the same covariant
dimension as G and contains a copy of (Z/2)3. Hence covdimG � 3. Now suppose that we have
an element of H2(A4,Z/m) of order 2. Then we have the extension

1 → Z/m → Ã4 → A4 → 1,

where Ã4 ⊂ GL2 is the binary tetrahedral group BA4 multiplied by the 2mth roots of 1 (as scalar
matrices). So covdimG = 2. Finally, suppose that we have an element of order 6. Here we need
to be specific about the binary tetrahedral group. If we identify SU2 with the unit quaternions,
then BA4 is generated by the subgroup BK := {±i,±j,±k} (the inverse image of the Klein 4-
group) and the element α := 1/2(−1 + i + j + k) which has order 3, so that BA4 � Z/3 � BK.
To get the extension of order 6 we need to take the group generated by BK and the product of α

by a primitive 3mth root of unity. But this is still a subgroup of GL2. This completes the proof
for A4.

Now suppose that G/Z(G) = S4. We can think of S4 as the semidirect product Z/2 � A4 �
Z/2 � (Z/3 � (Z/2)2). If we have a trivial extension of S4 by Z/m, then we have a group of
covariant dimension at least 3. If m is even, then H2(S4,Z/m) has order 4, where the three
non-zero elements correspond to the following three groups:
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(a) Z/2m � A4 where Z/2m has a generator which acts by an automorphism of order 2. This
group contains A4, hence has covariant dimension at least 3.

(b) (Z/2m� BA4)/(Z/2) where the generator α ∈ Z/2m acts by order 2 on BA4 and we identify
αm with −1 ∈ BA4. This is easily seen to be isomorphic to a subgroup of GL2. If m = 2 it is
the binary octahedral group BS4.

(c) (Z/m × BS4)/(Z/2) where if α generates Z/m (acting as scalar matrices), then we identify
αm/2 with −1 ∈ BS4. This is again a subgroup of GL2.

We now consider the case of K := D2n. If the class in H2(K,Z/m) is trivial, then we have
G = D2n × Z/m. If n is odd then D2n has trivial center, so that covdimG = covdimD2n = 2
and G is isomorphic to a subgroup of GL2. If n is even, then we have center Z/2 which means
that we have covariant dimension 3 if m is even and covariant dimension 2 (and G is a subgroup
of GL2) if m is odd. From now on we can suppose that m is even.

Suppose that n is odd and that we have a non-trivial extension of D2n. Then the only candidate
is (Z/m × D4n)/Z/2 where we identify the (m/2)nd power of the generator of Z/m with the
central element in D4n. This is clearly a subgroup of GL2. From now on we can assume that n is
even.

Choose α ∈ G whose image generates Z/2 ⊂ D2n and β ∈ G whose image generates Z/n ⊂
D2n where D2n = Z/2 � Z/n. Then α2 ∈ Z/m and βn ∈ Z/m. We have that αβα−1 = zβ−1

where z ∈ Z/m. Replacing β by a product βz′ for z′ ∈ Z/m we can reduce to the case that z = e

or that z is a (fixed) generator of Z/m. Similarly, we can assume that α2 = w where w = e or w

is the same fixed generator of Z/m as above. Now αβnα−1 = zn(β−1)n = βn, so that β2n = zn

and βn = ±zn/2 (where we think of −1 as n/2 ∈ Z/n). If βn = zn/2, then it follows that α fixes
βn/2, hence that βn/2 ∈ Z/m which would imply that the image of β in Z/n would have order
n/2, a contradiction. Hence βn = −zn/2.

Case 1. α2 = e. If z = e, then β has order n so that our exact sequence is split, a case that we
have already handled. So we can assume that βn = −zn/2 where z generates Z/m. Now we see

that G ⊂ GL2. Represent α by the matrix
( 0 1

1 0

)
and represent β as the matrix

( ξη 0
0 ξ−1η

)
where ξ

is a primitive 2nth root of 1 and η is a primitive 2mth root of 1. Then βn is central and we have

that αβα−1 = zβ−1 where z = ( η2 0
0 η2

)
generates a central copy of Z/m and βn = −zn/2.

Case 2. α2 = w generates Z/m. If z = e, then our group is isomorphic to the group generated

by the matrices
( 0 η

η 0

)
where η is a primitive 2mth root of 1 and

( ξ 0
0 ξ−1

)
where ξ is a primitive

2nth root of 1. If z = w generates Z/m, then we use α as above and β = ( ξη 0
0 ξ−1η

)
where ξ is a

primitive 2nth root of 1. Then α and β generate a subgroup of GL2 isomorphic to G. �
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