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Abstract

The structure of soluble groups in which normality is a transitive relation is known. Here, groups
with finitely many normalizers of subnormal subgroups are investigated, and the behavior of the
Wielandt subgroup of such groups is described; moreover, groups having only finitely many normal-
izers of infinite subnormal subgroups are considered.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

A group G is called a T-group if normality in G is a transitive relation, i.e. if all sub-
normal subgroups of G are normal. The structure of soluble 7'-groups has been described
by W. Gaschiitz [8] in the finite case and by D.J.S. Robinson [15] for arbitrary groups. It
turns out in particular that soluble groups with the property 7 are metabelian and hyper-
cyclic, and that finitely generated soluble 7 -groups are either finite or Abelian. In recent
years, many authors have investigated the structure of soluble groups in which normality
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is imposed only to certain relevant systems of subnormal subgroups; other classes of gen-
eralized T-groups can be introduced by imposing that the set of all subnormal nonnormal
subgroups of the group is small in some sense.

The Wielandt subgroup »(G) of a group G is defined to be the intersection of all the
normalizers of subnormal subgroups of G. Clearly, w(G) is a T-group, and G is a T-group
if and only if it coincides with its Wielandt subgroup; thus the size of G/w(G) can be con-
sidered as a measure of the distance of the group G from the property 7. For instance,
it is well known that if G is a group satisfying the minimal condition on subnormal sub-
groups, then G/w(G) is finite (see [16, Part 1, Theorem 5.49]). Moreover, if G is a group
such that G/w(G) is finite, it is clear that each subnormal subgroup of G has only finitely
many conjugates; conversely, C. Casolo proved that if a soluble group G has boundedly
finite conjugacy classes of subnormal subgroups, then the Wielandt subgroup w(G) has
finite index in G (see [2, Theorem 4.8]). Of course, the finiteness of G/w(G) also implies
that the group G has finitely many normalizers of subnormal subgroups, and groups with
this latter property generalize those in which normality is a transitive relation. The behav-
ior of normalizers has often a strong influence on the structure of the group; for instance,
Y.D. Polovickii [14] has proved that if a group has finitely many normalizers of Abelian
subgroups, then its center has finite index, and more recently groups with finitely many
normalizers of subgroups with a given property x have been studied for several different
choices of x (see [3-5]).

The aim of this paper is to investigate groups with finitely many normalizers of (infinite)
subnormal subgroups, and in particular the behavior of the Wielandt subgroup of such
groups. Among other results, we shall prove that in every finitely generated soluble-by-
finite group with finitely many normalizers of infinite subnormal subgroups the Wielandt
subgroup has finite index, and even the center has finite index if the groups is soluble.
Moreover, it will be shown that also periodic soluble groups with finitely many normalizers
of subnormal subgroups are finite over their Wielandt subgroup. Finally, in the last section
we will study the inheritance properties of the above conditions to subgroups of finite
index.

Most of our notation is standard and can for instance be found in [16].

2. General properties

It is well known that if G is an arbitrary T-group, then G” = G; in this section it
will be proved that also the derived series of a group with finitely many normalizers of
subnormal subgroups stops after finitely many steps. The following result of finite soluble
permutation groups is probably well known.

Lemma 2.1. Let m be a positive integer, and let G be a soluble subgroup of the symmetric
group Sym(m). Then G has derived length at most m — 1.

Proof. The statement is obvious if m < 4. Let m > 4, and suppose first that G is primitive.
Then G is the split extension of an Abelian group by the stabilizer of a point (see [11,
Satz I1.3.2]), and hence by induction on m it turns out that G has derived length at most
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m — 1. Assume now that G 1is transitive but not primitive. In this case, G contains a proper
normal subgroup N such that G/N is a permutation group of degree r, with 1 < r < m, and
N can be embedded into the direct product of groups of degree s, where rs = m (see [11,
Satz II.1.2]); thus G has derived length at most (r — 1) + (s — 1) < rs — 1. Finally, if G
is intransitive, it is a subdirect product of groups of smaller degree, and once again the
statement follows by inductionon m. O

Lemma 2.2. Let G be a group with k > 1 normalizers of subnormal subgroups. If X
is any subnormal subgroup of G, then G contains a normal subgroup M (X) such that
|G : M(X)| < (k—1D!and Ng(X) N M(X) is normal in M (X). Moreover, if the factor
group G/ M (X) is soluble, then it has derived length at most k — 2.

Proof. If the subgroup X is normal in G, it is obviously enough to put M(X) = G. Sup-
pose that X is not normal in G. Then the normalizer Ng(X) has at most kK — 1 conjugates
in G and so |G : Ng(Ng(X))| <k — 1; it follows that

M(X) = (] No(No(X))*
geG

is a normal subgroup of G with |G : M(X)| < (k — 1)!. Moreover, M (X) is contained
in Ng(Ng(X)), and hence Ng(X) N M(X) is a normal subgroup of M (X). Finally, as
G /M (X) is isomorphic to a permutation group of degree k — 1, it follows from Lemma 2.1
that if G/M (X) is soluble, then its derived length is at most k —2. O

Corollary 2.3. Let G be a group with finitely many normalizers of subnormal subgroups.
Then G contains a normal subgroup M of finite index such that Ny (X) is normal in M
for each subnormal subgroup X of M.

Proof. Let H be the set of all subnormal subgroups of G. By Lemma 2.2 for each element
X of 'H there exists in G a normal subgroup M (X) of finite index such that Ng (X) N M (X)
is normal in M (X); moreover, if X and Y are elements of H such that Ng(X) = Ng(Y),
it follows from the definition that M (X) = M (Y). Therefore also

M= ﬂ M(X)

XeH

is a normal subgroup of finite index of G. If X is any subnormal subgroup of M, then X is
subnormal in G and

Ny(X)=Ng(X)NM = (Ng(X)NM(X))NM
isnormalin M. O

Recall that a group G is called subsoluble if it has an ascending series of subnormal
subgroups whose factors are Abelian. Clearly, all soluble groups are subsoluble, and fi-
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nite subsoluble groups are soluble. It turn out that, like 7 -groups, subsoluble groups with
finitely many normalizers of subnormal subgroups are soluble.

Lemma 2.4. Let G be a subsoluble group with k normalizers of subnormal subgroups. If
the normalizer of each subnormal subgroup of G is normal, then G is soluble with derived
length at most 2k.

Proof. If k =1, the group G has the property 7' and hence it is metabelian. Suppose k > 1
and let X be any subnormal subgroup of G. Then Ng (X) is a normal subgroup of G and
G/Ng(X) has at most k — 1 normalizers of subnormal subgroups, so that by induction it
can be assumed that G/Ng(X) is soluble with derived length at most 2(k — 1); it follows
that G*~1) s contained in the Wielandt subgroup w(G). On the other hand, (G) is
a soluble T-group, so that it is metabelian and hence G is soluble with derived length at
most 2k. O

Corollary 2.5. Let G be a subsoluble group with finitely many normalizers of subnormal
subgroups. Then G is soluble.

Proof. The statement follows from Corollary 2.3 and Lemma 2.4. O

Theorem 2.6. Let G be a group with k > 1 normalizers of subnormal subgroups. Then the
derived series of G stops after at most 3k — 2 steps, i.e. G2 = GOV I particular,
if G is soluble, its derived length is at most 3k — 2.

Proof. Replacing G by the factor group G/G3*~D it can be assumed without loss of
generality that G is soluble. By Corollary 2.3, G contains a normal subgroup M of finite
index such that Ny;(X) is normal in M for each subnormal subgroup X of M, and M has
derived length at most 2k by Lemma 2.4. Moreover,

M= ﬂ M(X),
XeH

where H is the set of all subnormal subgroups of G. Moreover, each G/M (X) has derived
length at most k —2 by Lemma 2.2, and hence the derived length of G isatmost 3k —2. O

A group G is called an IT-group if all its infinite subnormal subgroups are normal;
groups with the property IT have been investigated in [6] and [9]. It has been proved
that infinite subsoluble IT-groups are soluble with derived length at most 3; moreover,
any infinite periodic soluble IT-group either has the property T or is a finite extension
of a group of type p™ (where p is a prime number), and in particular it is finite over its
Wielandt subgroup.

For an arbitrary group G, we define @(G) to be the intersection of all the normalizers of
infinite subnormal subgroups of G; clearly, ®(G) is an IT-group and so it is soluble, pro-
vided that G is subsoluble. Moreover, the Wielandt subgroup w (G) is contained in o (G),
and the structure of the factor group w(G)/w(G) is quite restricted (see [1]). Replacing
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o (G) by @(G), the arguments used in this section also prove that every subsoluble group
with finitely many normalizers of infinite subnormal subgroups is soluble.

3. Normalizers of subnormal subgroups

It was proved by D.J.S. Robinson [15] that a finitely generated soluble T -group is either
finite or Abelian; this result cannot be extended to the case of soluble-by-finite groups,
since the property T holds for any direct product of an infinite cyclic group and a finite
simple non-Abelian group. On the other hand, we have the following result.

Lemma 3.1. Let G be a finitely generated soluble-by-finite IT-group. Then the factor group
G/Z(G) is finite. Moreover, if G is soluble, then it is either finite or Abelian.

Proof. Suppose first that G is soluble. Clearly, the commutator subgroup G’ of G cannot
be a group of type p°°, so that G is either finite or a T-group (see [6, Theorem 1.11]) and
hence it is even either finite or Abelian. Assume now that G is an infinite soluble-by-finite
IT-group, and let K be a soluble normal subgroup of G such that G/K is finite. Then K is
a finitely generated infinite soluble /7-group, and hence it is Abelian by the first part of the
proof; as K can obviously be chosen torsion-free, all its subgroups are normal in G and
so G/Cg(K) is Abelian. Thus [K, G'] = {1} and K N G’ is contained in Z(G’), so that
G'/Z(G’) is finite and G” is finite by Schur’s theorem. It follows that G/G” is a finitely
generated infinite soluble IT-group and so it is Abelian. Therefore G’ = G” is finite and
G/Z(G) is also finite. O

Recall that the norm N (G) of a group G is defined as the intersection of all the normal-
izers of subgroups of G. It is well known that the norm always lies in the second center of
the group, and obviously we have N (G) = w(G) if all cyclic subgroups of G are subnor-
mal. Recall also that an automorphism of a group G is a power automorphism if it maps
every subgroup of G onto itself. Thus an element x of a group G belongs to N (G) if and
only if x induces on G a power automorphism by conjugation.

Theorem 3.2. Let G be a finitely generated soluble-by-finite group with finitely many
normalizers of infinite subnormal subgroups. Then the factor group G/w(G) is finite.
Moreover, if G is soluble, G/ Z(G) is finite.

Proof. Assume by contradiction that G is not Abelian-by-finite and let K be a soluble
normal subgroup of G such that G/K is finite. It follows from Lemma 3.1 that G is not an
IT-group and so we can choose a counterexample with a minimal number k of proper nor-
malizers of infinite subnormal subgroups. If G contains an infinite subnormal nonnormal
subgroup X such that the index |G : Ng(X)| is finite, the core L of N (X) has less than k
proper normalizers of infinite subnormal subgroups, and hence it is Abelian-by-finite by the
minimal choice of k; thus G itself is Abelian-by-finite, and this contradiction shows in par-
ticular that all subnormal nonnormal subgroups have infinite index. Clearly, this property
is inherited by K, so that all finite homomorphic images of K are T-groups, and then K
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is a T-group (see [17]). This new contradiction proves that G contains an Abelian normal
subgroup A of finite index. In particular, G is polycyclic-by-finite and so it contains only
finitely many finite subnormal subgroups. Let X be any subnormal subgroup of G; then
AN X is a normal subgroup of H = AX and X/A N X is a finite subnormal subgroup of
H/ANX. As G is polycyclic-by-finite, it follows that X /A N X is also finite and hence
Npg (X) has finite index in H and so also in G. Therefore all the normalizers of subnormal
subgroups of G have finite index, and so G/w(G) is finite.

Suppose now that G is soluble. In order to prove that G/Z(G) is finite, by induction on
the derived length of G we may suppose that its commutator subgroup G’ is central-by-
finite, so that G” is finite. Since it is enough to prove that G is finite-by-Abelian, replacing
G by G/ G" it can be assumed without loss of generality that G is metabelian. Moreover, as
the largest periodic normal subgroup of G is finite, we may also suppose that G contains no
periodic nontrivial normal subgroups. The Wielandt subgroup w(G) is an infinite soluble
finitely generated T -group, so that it is Abelian and U = G’w(G) is a torsion-free nilpotent
group. Let p be any prime number, and let P/U be the p-component of the finite Abelian
group G/ U. For each positive integer n, P/UP" is a finite p-group and so w(G) induces
on P/UP" a group of power automorphisms. Thus w(G)UP"/UP" is contained in the
norm of P/UP" and hence also in Z»(P/UP"). Therefore [w(G), P, P1< UP" and so

[w(G). P.P]< (U =11}.
n>1

It follows that w(G) is contained in Z,(P), so that P/Z,(P) is finite and hence y3(P) =
{1}. This shows that P is nilpotent, so that G is nilpotent. As G is torsion-free and Abelian-
by-finite, it is even Abelian. The theorem is proved. O

It follows in particular from Theorem 3.2 that if G is a finitely generated soluble group
whose Wielandt subgroup has finite index, then the factor group G/Z(G) is finite.

Corollary 3.3. Let G be a finitely generated torsion-free soluble group with finitely many
normalizers of subnormal subgroups. Then G is Abelian.

Finally, it is easy to show that a finitely generated soluble-by-finite group with finitely
many normalizers of subnormal subgroups need not be central-by-finite. In fact, let G be
the standard wreath product of an infinite cyclic group and a finite simple non-Abelian
group; then every subnormal nonnormal subgroup of G is contained in the base group W,
so that w(G) = W and G has finitely many normalizers of subnormal subgroups.

The following result plays a central role in the study of groups with finitely many nor-
malizers of subgroups with a given property. It was proved by B.H. Neumann [13] in the
more general case of groups covered by finitely many cosets.

Lemma 3.4. Let the group G = X1 U --- U X; be the union of finitely many subgroups
X1, ..., Xt. Then any X; of infinite index can be omitted from this decomposition; in par-
ticular, at least one of the subgroups X1, ..., X; has finite index in G.
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Recall that the FC-center of a group G is the subgroup consisting of all elements of G
having only finitely many conjugates, and a group G is called an FC-group if G coincides
with its FC-center. Thus a group G has the property FC if and only if the centralizer Cg (x)
has finite index in G for each element x. Recall also that the Baer radical of a group G
is the subgroup generated by all Abelian subnormal subgroups of G, and G is called a
Baer group if it coincides with its Baer radical. In particular, every Baer group is locally
nilpotent and all cyclic subgroups of a Baer group are subnormal.

Lemma 3.5. Let G be a group with finitely many normalizers of infinite subnormal sub-
groups, and let B be the Baer radical of G. If x is an element of B such that (x)© is finitely
generated, then x belongs to the FC-center of G.

Proof. It can obviously be assumed that x has infinite order, so that (x)¢ is a finitely
generated infinite nilpotent group. Then

=X,

XeF

where F is the set of all subgroups of finite index of (x)¢ containing x, and hence

[ No(X) < N ((x)).

XeF

Let X be any element of F; then (x)¢/ X is finite, so that also X¢ /X is finite and X
has finitely many conjugates in G. On the other hand, each element of F is an infinite
subnormal subgroup of G, so that the set

{N¢(X)| X € F}

is finite; it follows that the index |G : Ng((x))| is finite. Therefore x has finitely many
conjugatesin G. O

Our next main theorem shows in particular that a periodic soluble group G has finitely
many normalizers of subnormal subgroups if and only if G/w(G) is finite.

Theorem 3.6. Let G be a soluble group with finitely many normalizers of subnormal
subgroups. If G locally satisfies the maximal condition on subgroups, then the Wielandt
subgroup w(G) has finite index in G.

Proof. Assume for a contradiction that the index |G : w(G)| is infinite, and let Ng(X1),
..., Ng(Xy) be the normalizers of infinite index of subnormal subgroups of G. Then
Ng(X1)U---UNg(Xy) is properly contained in G by Lemma 3.4. Let g be an element of
the set

G\ (No(X1)U---UNG(Xp)),
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and let x be any element of the Baer radical B of G. Then (x)‘¢ is a finitely generated
subnormal subgroup of G which is normalized by g and so Ng((x){¢)) has finite index
in G; it follows that (x)¢ = ((x){)C is finitely generated and hence B is contained in
the FC-center of G by Lemma 3.5. As the hypotheses are inherited from homomorphic
images, we obtain that G has an ascending normal series with polycyclic factors. Let X be
any subnormal subgroup of G with infinitely many conjugates, and let

{(I}=Cp<C1 <+ <Cy<Cyy1<--<Cr=X

be an ascending series with cyclic factors consisting of subnormal subgroups. Consider the
least ordinal v < t such that the index |G : Ng(C,)| is infinite. Suppose first that 1 is not
a limit ordinal, so that H = Ng(C—1) has finite index in G; since C,,/C,_1 is a cyclic
subnormal subgroup of C Hg/C,,—1, the first part of the proof yields that C,, has finitely
many conjugates in C; Hg and so also in G. This contradiction shows that x4 is a limit
ordinal, so that

Cu= Ca

a<p

and hence

[ N6 (Ca) < NG(Cp).

a<ph

As Ng(Cy) has finite index in G for each ¢ < u and G has finitely many normalizers of
subnormal subgroups, it follows that also the index |G : Ng(C,,)| is finite, and this last
contradiction completes the proof of the theorem. O

In the special case of Baer groups, Theorem 3.6 has the following consequence. Ob-
serve that the existence of insoluble locally nilpotent T-groups (see, for instance, [12,
Theorem 4.1]) shows that it cannot be extended to the case of locally nilpotent groups.

Corollary 3.7. Let G be a Baer group with k normalizers of subnormal subgroups. Then
G is nilpotent and its nilpotency class is at most 2k.

Proof. Clearly, the Wielandt subgroup and the norm of G coincide, so that by Theorem 3.6
the norm N (G) has finite index in Gj it follows that G/Z>(G) is finite and G is nilpotent.
If k =1, we have that G is a Dedekind group and so it has class at most 2. Suppose
k > 1, so that N(G) is properly contained in G and hence also N(G) < N2(G), where
N2(G)/N(G) = N(G/N(G)). It follows that G/ N (G) has less than k normalizers, and so
by induction it has nilpotency class at most 2(k — 1). Therefore the nilpotency class of G
is at most 2k. O

It is well known that torsion-free soluble T-groups are Abelian, and Corollary 3.3
proves that this property also holds in the case of finitely generated soluble groups with fi-
nitely many normalizers of subnormal subgroups. This is no longer true for soluble groups
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with finitely many normalizers of subnormal subgroups, even in the case of metabelian
residually finite minimax groups, as the following example shows. Let

U=(un|neNo, uiﬂzun)
and
V:(vn|neNO, v,zH_l:v,,)

be two (multiplicative) copies of the additive group @, of rational numbers whose denomi-
nators are powers of 2, and let W = U x V. Consider the semidirect product G = (x) x W,
where x is an element of infinite order such that u, = v, and v}, = u, for all n. Then
A = (W, x?) is Abelian and G is a torsion-free residually finite minimax metabelian group;
Moreover,

G/:(u,;lv,, |neN0)2(@2

and x acts as the inversion on G’. It follows that each subnormal nonnormal subgroup of
G is contained in A, and hence A is the unique proper normalizer of subnormal subgroups
of G.

4. Normalizers of infinite subnormal subgroups

The first lemma of this section shows in particular that a Baer group with finitely many
normalizers of infinite subnormal subgroups is nilpotent and finite-by-Abelian.

Lemma 4.1. Let G be a Baer group with finitely many normalizers of infinite subnormal
subgroups. Then the factor group G/Z(G) is finite.

Proof. Assume for a contradiction that G is not nilpotent, and choose a counterexample
with a minimal number k of proper normalizers of infinite subnormal subgroups. Since
Baer groups with the property IT are nilpotent (see [6, Proposition 1.3]), G is not an
IT-group and so k > 1. Let Ng(X1), ..., Ng(Xy) be the proper normalizers of infinite
subnormal subgroups of G. Clearly, each Ng(X;) has finitely many conjugates in G and
so it is subnormal; thus Ng(X;) has less than k proper normalizers of infinite subnormal
subgroups, and hence it is nilpotent. It follows that the index |G : Ng(X;)| is infinite for
all i, and so Ng(X1) U---U Ng(Xy) is properly contained in G by Lemma 3.4. Consider
an element g in the set

G\ (Ng(X1) U---UNg(Xyp)).
Suppose first that G is not periodic. If x is any element of infinite order of G, (x){) is

an infinite subnormal subgroup of G which is normalized by g, so that (x)¢ = (x)%¢ is
finitely generated and the index |G : Ng({x))| is finite by Lemma 3.5; then the subgroup
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(x) must be normal in G and so x € Z(G). Since G is generated by its elements of infinite
order, it follows that G is Abelian, and this contradiction shows that G is periodic. Put
L = y,4+1(G), where n = 2k + 2. Let H be any infinite normal subgroup of G; then the
factor group G/H has at most k + 1 normalizers of subnormal subgroups, so that it is
nilpotent with class at most n by Corollary 3.7 and hence L is contained in H. It follows
that L has no infinite proper G-invariant subgroups. In particular, L’ is finite and replacing
G by G/L’ it can be assumed that L is Abelian; moreover, either L is a group of type p™
or it has exponent p, where p is a prime number. In the first case, L is contained in the
center of G and G is nilpotent, a contradiction. Suppose finally that L has exponent p, and
let V be a proper subgroup of finite index of L. Since V has finite index in K = (L, g),
the core Vi is an infinite subnormal subgroup of G which is normalized by g. It follows
that Vg is a normal subgroup of G, and this last contradiction proves that G is nilpotent.
Therefore G has finitely many normalizers of infinite subgroups and hence G/Z(G) is
finite (see [4, Theorem B]). O

Lemma 4.2. Let G be a group in which every subnormal subgroup with finitely many
conjugates is normal, and let A be a periodic Abelian normal subgroup of G whose socle
S is infinite. If G contains an element g of finite order normalizing no infinite subnormal
nonnormal subgroups, then all subgroups of A are normal in G.

Proof. Let H be any subgroup of finite index of S. Then the index |(g, S) : H| is finite and
so the core K = Hy, 5y of H in (g, S) has finite index in H; moreover, K is a subnormal
subgroup of G normalized by g, so that K is normal in G and H/Hg is finite. It follows
that H® / Hg is finite, so that H has finitely many conjugates and hence it is normal in G.
On the other hand, each subgroup of S can be obtained as intersection of subgroups of
finite index, and so all subgroups of S are normal in G. If a is any element of A, there exist
infinite subgroups S7 and S, of § such that

(a) =(a, S$1) N{a, $2).

Clearly,
Si < (a, Si)g <{a, $i) <{a, )% = (a, ) < (g,a, ),

so that (a, S;)%/(a, Si)¢ is finite and the conjugacy class of (a, S;) in G is finite (for
i =1,2). Thus (a, S1) and (a, $>) are normal in G, and hence also (a) is a normal subgroup
of G. Therefore all subgroups of A are normal in G. O
Lemma 4.3. Let G be a soluble group with finitely many normalizers of infinite subnormal
subgroups. If G contains a subgroup U of finite index which is a T-group, then G/w(G)

is finite.

Proof. Since the subgroup U is hypercyclic, G locally satisfies the maximal condition on
subgroups. Moreover, the core Ug of U is clearly a normal subgroup of finite index of G
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with the property 7', so that without loss of generality it can be assumed that U is normal
in G. Let X be any infinite subnormal subgroup of G. Then X N U is an infinite normal
subgroup of K = XU; as K is subnormal in G, the group K/X N U has finitely many
normalizers of subnormal subgroups and hence its Wielandt subgroup has finite index by
Theorem 3.6. It follows that X has finitely many conjugates in K and so also in G. There-
fore the factor group G/w(G) is finite, and hence also w(G) has finite index in G (see [1,
Corollary 5]). O

We can now prove the main result of this section.

Theorem 4.4. Let G be a periodic soluble group with finitely many normalizers of infinite
subnormal subgroups. Then the factor group G /w(G) is finite.

Proof. Assume for a contradiction that the statement is false and choose a counterexample
for which the set {Ng(X1),..., Ng(X)} of all proper normalizers of infinite subnormal
subgroups has minimal order k. Clearly, G is not an IT-group, and hence k > 1. Suppose
first that the index |G : Ng(X;)]| is finite for some i < k, and let L be the core of Ng(X;)
in G. Then L has less than k proper normalizers of infinite subnormal subgroups, so that
L/w(L) is finite and w(G) has finite index in G by Lemma 4.3. This contradiction shows
that all subgroups Ng(X1), ..., Ng(Xx) have infinite index in G, i.e. all infinite subnormal
subgroups of G with finitely many conjugates are normal. The set Ng(X1)U---U Ng(Xk)
is properly contained in G by Lemma 3.4, and so we may consider an element

g€G\ (Ng(Xx)U---UNG(Xp));

then g normalizes no infinite subnormal nonnormal subgroups of G. Clearly, G is not a
Cernikov group, so that also its Baer radical B is not a Cernikov group; moreover, B/Z(B)
is finite by Lemma 4.1, so that both groups Z(B) and B/B’ have infinite socle. If H is any
subgroup of B, it follows from Lemma 4.2 that H N Z(B) and H B’ are normal subgroups
of G, so that H%/Hg is finite and H has finitely many conjugates in G. In particular,
all infinite subgroups of B are normal in G. Let X be an infinite subnormal nonnormal
subgroup of G; then X N B is infinite and so it is normal in G. Moreover, the factor group
G/X N B has finitely many normalizers of subnormal subgroups and hence its Wielandt
subgroup has finite index by Theorem 3.6. Therefore X has finitely many conjugates in G,
so that X is normal in G and this last contradiction completes the proof of the theorem. 0O

The above theorem admits the following slight extension.

Corollary 4.5. Let G be a soluble group with finitely many normalizers of infinite sub-
normal subgroups. If the factor group G/Z(G) is periodic, then G/w(G) is finite. In
particular, G has finitely many normalizers of subnormal subgroups.

Proof. Clearly, G locally satisfies the maximal condition on subgroups. If the center of G
is periodic, then G itself is periodic and so G/w(G) is finite by Theorem 4.4. Suppose that
Z(G) is not periodic, and let X be any infinite subnormal subgroup of G. If X N Z(G)
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is infinite, the factor group G/ X N Z(G) has finitely normalizers of subnormal subgroups
and hence its Wielandt subgroup has finite index by Theorem 3.6; in particular, X has
finitely many conjugates in G in this case. Assume now that X N Z(G) is finite, so that
X is periodic, and let a be an element of infinite order of Z(G). The subnormal subgroup
(X, a) has finitely many conjugates in G by the above argument; as X is characteristic in
(X, a), also its conjugacy class is finite. Therefore all infinite subnormal subgroups of G
have finitely many conjugates, so that G/@(G) is finite and hence G/w(G) is finite. O

5. Subgroups of finite index

It is well known that every subgroup of a finite soluble 7'-group is likewise a T -group,
but this property is no longer true for infinite soluble 7-groups. However, H. Heineken
and J.C. Lennox [10] proved that the property T is inherited by subgroups of finite index
of arbitrary soluble T-groups. An example given in that paper can be used to show that
subgroups of finite index of a soluble group with finitely many normalizers of subnormal
subgroups may do not have the same property. In fact, let G be the group generated by
elements a, b, ¢, d, (n € N) with the relations

a’=b’ = (ab)* = cj =d; = [cm. ¢l = [dn. du] = [em. dp] = 1,

d=ct=d,  d’=c,d, forallm,neN.

Then G = Hx K, where K = (¢, d,, | n € N) has exponent 2 and H = (a, b) is isomorphic
to the symmetric group of degree 3; moreover, any subnormal subgroup of G either is
contained in K or contains (b, K), so that w(G) = K and G has finitely many normalizers
of subnormal subgroups. On the other hand, L = (a, K) is a nilpotent subgroup of finite
index of G and (a) has infinitely many conjugates in L, so that L has infinitely many
normalizers of (subnormal) subgroups by Theorem 3.6.

In this section we will prove that a result corresponding to the theorem of Heineken
and Lennox for groups with finitely many normalizers of subnormal subgroups holds at
least within the universe of groups with finite conjugacy classes. Note that if G is a soluble
FC-group with finitely many normalizers of infinite subnormal subgroups, it follows from
Corollary 4.5 that also the set of all normalizers of subnormal subgroups of G is finite,
since any F'C-group is periodic over its center.

The first lemma proves in particular that a soluble FC-group with the property IT is
either periodic or Abelian.

Lemma 5.1. Let G be a soluble nonperiodic IT-group with a covering consisting of finitely
generated normal subgroups. Then G is Abelian.

Proof. Let a be an element of infinite order of G. If x and y are arbitrary elements of G,
there exists a finitely generated normal subgroup E of G containing (a, x, y). As E is an
IT-group, it is Abelian by Lemma 3.1. Therefore G is Abelian. O
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It follows from the definition that every Abelian-by-finite F'C-group is central-by-finite.
We shall prove that a similar result holds replacing commutativity by the property /7 and
the center by the Wielandt subgroup; this is of independent interest, but will be used in the
proof of the main theorem of this section. In our situation it turns out that all subnormal
subgroups are normal-by-finite (recall here that a subgroup X of a group G is said to be
normal-by-finite if X/ X is finite).

Lemma 5.2. Let G be an FC-group containing a subgroup of finite index which is a T -
group (an IT-group). Then X/ X ¢ is finite for each (infinite) subnormal subgroup X of G.

Proof. Let K be a subgroup of finite index of G with the property 7. As G is an FC-
group, there exists a finitely generated normal subgroup E of G such that G = EK and
the centralizer C = Ck (E) is a subgroup of G with finite index. If X is any subnormal
subgroup of G, the subgroup X N C is subnormal, and so even normal in K ; it follows that
X N C isnormal in G and hence X/ X is finite. A similar argument proves the statement
when G contains a subgroup of finite index with the property I7. O

Corollary 5.3. Let G be a locally nilpotent FC-group containing a subgroup of finite index
which is a T -group. Then the factor group G/Z(G) is finite.

Proof. Clearly, G is a Baer group. Moreover, all subnormal subgroups of G are normal-
by-finite by Lemma 5.2 and hence G contains an Abelian subgroup of finite index (see [7,
Corollary 3.3]). Therefore the factor group G/Z(G) is finite. O

Let G be a periodic group, and for every prime number p let O, (G) be the largest
normal subgroup of G with no elements of order p. We shall denote by w,(G) the normal
subgroup of G defined by the position

w(G/0y(G)) =w,y(G)/ 0y (G).

It has been proved by C. Casolo that if G is any periodic soluble group, then

»(G) = \p(G)
p

(see [2, Lemma 4.1]). Note also that if G does not contain nontrivial normal p’-subgroups,
,(G) obviously coincides with the Wielandt subgroup of G.

Lemma 5.4. Let G be a periodic soluble FC-group containing a subgroup of finite index
which is a T-group. Then the index |G : w,(G)| is finite for each prime number p.

Proof. Clearly, G contains a normal subgroup K of finite index with the property 7. Re-
placing G by the factor group G/0,/(G), we may suppose without loss of generality that
0, (G) = {1}, so that in particular the Fitting subgroup F of K is a p-group. Then F is a
Dedekind group and K /Ck (F) is isomorphic to a periodic group of power automorphisms
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of F, so that K/Ck (F) is finite. Therefore K/F is finite, so that G is Abelian-by-finite
and hence even central-by-finite. It follows that w,(G) = w(G) has finite indexin G. O

Theorem 5.5. Let G be a subsoluble FC-group containing a subgroup of finite index which
is an IT-group. Then the Wielandt subgroup w(G) has finite index in G.

Proof. Clearly, the group G is soluble and contains a normal subgroup K of finite index
with the property IT. Since periodic soluble IT-group either have the property T or are
Abelian-by-finite (see [6, Theorem 1.10]), by Lemma 5.1 it can be assumed that K is a
periodic T-group. In particular, the commutator subgroup K’ of K is Abelian; moreover,
G/K' is an Abelian-by-finite FC-group, and hence Z/K' = Z(G/K’) has finite index
in G/K'. For each prime number p which does not divide the order of the finite group
G/K,put L, = O,(G) and let N, /L, be the largest normal p-subgroup of G/L . Then
K’ < N, <KL,. Let X be any subnormal subgroup of G containing L, and put ¥ =
(XNK)Npand V=(XNK)L,.Since K is a T-group, X N K is normal in K and hence
V is a normal subgroup of KL, = K N,; in particular, V is normal in X N,. Moreover,
Y/V is anormal p-subgroup of XN,/V and

X/V~XK/L,K

is a p’-group. It follows that X/ V is a characteristic subgroup of XN, /V = (Y/V)(X/ V).
As K’ is contained in N p» we have also that [Z, G] lies in N, so that in particular Z
normalizes X N; on the other hand, K N Z is contained in Ng(V), sothat KN Z < NG (X).
Therefore K N Z is a subgroup of w,(G), and it follows that

[ @G
pEn(G/K)

has finite index in G. Finally, by Lemma 5.4 also

[ @G)

pen(G/K)

is a subgroup of finite index, so that

»(G) =[\p(G)
p

has finite index in G and the theorem is proved. 0O

We can finally prove our result on subgroups of finite index of soluble groups with
finitely many normalizers of subnormal subgroups.

Theorem 5.6. Let G be a soluble FC-group with finitely many normalizers of subnormal
subgroups, and let X be a subgroup of finite index of G. Then X has finitely many normal-
izers of subnormal subgroups.
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Proof. As G is an FC-group, it locally satisfies the maximal condition on subgroups, and
hence the index |G : w(G)| is finite by Theorem 3.6. Then also X N @ (G) has finite index
in G, and hence it is a T-group (see [10, Theorem A]). Therefore X/w(X) is finite by
Theorem 5.5, and so X has finitely many normalizers of subnormal subgroups. 0O
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