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Abstract

We extend the results of Cellini and Papi [P. Cellini, P. Papi, Ad-nilpotent ideals of a Borel subalgebra,
J. Algebra 225 (2000) 130-140; P. Cellini, P. Papi, Ad-nilpotent ideals of a Borel subalgebra II, J. Alge-
bra 258 (2002) 112-121] on the characterizations of ad-nilpotent and abelian ideals of a Borel subalgebra
to parabolic subalgebras of a simple Lie algebra. These characterizations are given in terms of elements of
the affine Weyl group and faces of alcoves. In the case of a parabolic subalgebra of a classical simple Lie
algebra, we give formulas for the number of these ideals.
© 2007 Elsevier Inc. All rights reserved.

Keywords: Ad-nilpotent ideal; Abelian ideal; Parabolic subalgebra; Lie algebra

1. Introduction

Let g be a complex simple Lie algebra of rank /. Let h be a Cartan subalgebra and A the
associated oot system. We fix a system of positive roots A™. Denote by IT = {ay, ..., o} the
corresponding set of simple roots. Let V' be the Euclidian space Zizl Roy. For each o € A, let
g« be the root space of g relative to «.

For I C I, set Ay =ZI N A. We fix the corresponding standard parabolic subalgebra:

P1=f)@< P ga>-

aeAUAT
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An ideal i of p; is ad-nilpotent if and only if for all x €1, ady, x is nilpotent. Since any ideal
of py is h-stable, we can deduce easily that an ideal is ad-nilpotent if and only if it is nilpotent.
Moreover, we have i = @a€¢ g, for some subset @ C AT\ A;.

The purpose of this paper is to characterize and to enumerate ad-nilpotent and abelian ideals
of a parabolic subalgebra.

When I =0, py is a Borel subalgebra of g. Peterson proved that the number of abelian ideals
of py is 2! Motived by this result, Cellini and Papi, Kostant, Panyushev, Sommers and Suter
among others studied ad-nilpotent and abelian ideals of a Borel subalgebra.

In their articles [CP1] and [CP2], Cellini and Papi established different characterizations of
the set Z of ad-nilpotent ideals of a Borel subalgebra. They constructed a bijection between Z and
certain elements of the affine Weyl group W associated to A, which we shall call #J-compatible.
These J-compatible elements are in turn characterized by elements of the coroot lattice. They
established also, when g is of classical type, a correspondence between ad-nilpotent ideals of g
and some diagrams. We extend here their theory to the case of parabolic subalgebras.

Fix I C II, we establish a bijection between ad-nilpotent ideals of p; and what we call
I-compatible elements of the affine Weyl group W. We identify W with the group of affine
transformations Wy defined in [Bo] and we give a characterization of the /-compatible ele-
ments via the dimension of the intersection of the image of the fundamental alcove associated to
Wagr with some affine hyperplanes of V.

Using this result, we obtain an identity (Theorem 4.7) which generalizes the result of Peterson.
This identity links the number of abelian ideals and the coefficients of the simple roots in the
highest root of A. This allows us to conclude that if g is of type A or C, the number of abelian
ideals of p; is 2/~#! . It also explains why this result does not hold in general.

On the other hand, the enumeration of ad-nilpotent and abelian ideals of p;, when g is of clas-
sical type, is obtained using the diagrams given in [CP1], modified, by deleting some rows and
columns and grouping together some boxes, according to the type of g. The formulas obtained
depend on the decomposition in connected components of /. Note that the formulas obtained
when g is of type A or C are nicer than the ones obtained when g is of type B or D (Theo-
rems 4.7, 5.12 and Propositions 5.18, 5.20).

This paper is organized as follows: in Section 2, we recall some results on the affine Weyl
group. In Section 3, we give different characterizations of /-compatible elements of W. The
study, in Section 4, of the volume of the intersection of some affine hyperplanes on V gives the
results stated above on abelians ideals. Section 5 deals with the enumeration of both ad-nilpotent
and abelians ideals when g is of classical type, using diagrams. We give some remarks concerning
the exceptional cases and the relations with antichains in Section 6.

2. Generalities on the affine Weyl group

We shall conserve the notations given in the introduction. In this section, we shall recall some
basic facts on the affine Weyl group associated to A. In particular, we need to recall two different
realizations of this group. See [Bo,CP1,K] for more details.

We fix a scalar product (.,.) on V. For o € A, let

v 2a

" (o)

denote the corresponding coroot. Denote by QV the coroot lattice of A.
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Let W denote the Weyl group associated to A. We shall realize the affine Weyl group as a
group of automorphisms of the affine root system associated to A. Let V=VaoRs®RL We
extend the above bilinear form on V to a non-degenerate symmetric bilinear form on V, also
denoted (.,.), by setting:

AA)=(06,8)=x,V)=6,V)=0 and (6,A)=1.

Let A = A + Z8 be the set of (real) affine roots. We fix the following positive root system At =
(AT +NoHU ™+ N*§). We shall write o > 0 (respectively a < 0) if o € At (respectively if
aeA = —A+) Let 6 be the highest root of A, then = {ag=—0+6,ay,...,q;} is the set
of simple roots for A,

Note that for any element 8 + k¢ € AT, we have (B +kb,8+kS) =(B,B) #0. For all
a € AT, we denote by s the reflection of V defined by

2(a, x)
o
(o, )

Sq(x) =x —

for x € V. The affine Weyl group,j//l7 is the subgroup of Aut(V) generated by {sy; @ € f}. Ob-
serve that w(8) =6 for all w € W, s4(X) = A, for all @ € IT and s, (A1) = A — ﬁao, where

101l = /(0. 6).

Let T € OV, we define the endomorphism z; of v by:
b
t:(x+as+br)y=x+ad+br+bt+ E(‘E,‘C)—(x,t) 8 (D

forx € Vanda,beR. Let S = {t;; T € QV}, then the group W is the semi-direct product of S
by W. R
Consider the W-invariant affine subspace

E={xeV;(x,8)=1}=VORS+ 1.
Let w : E — V be the projection ax + b§ + A — ax and
i:V—>FE,
vV v+ A

Forw € W we set W =7 ow|g oi. The map w — w defines an injective morphism of groups
from W to Aut(V). We shall identify W with its image W under this map.

For o € A, 5g is the reflection s, on V associated to «, and for T € QV, f; is the translation
T, by the vector 7 on V. For o € AT, k>0, x € V, we obtain that

Tar () =x — ((r.@) = k)ar” = Tigv 0 sq(x),
S (1) =x — ((r,) + K)o =Ty 0 50 (x).
Thus §—, ks and 5414s are the orthogonal reflections with respectto Hy x ={x € V; (x, ) =k}

and H, _i respectively. It follows that Wyer is the semi-direct product of W by the group of
translations Ty, T € QV.
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Observe that forve W, t € QV, o € A and k € Z, we have

vtz (Ho k) = Hy(a) k+(r,0)-

Recall that the connected components of the complement in V' of (¢4 rez Hok are called
alcoves. The group W acts simply transitively on the set of alcoves. We denote

C:{er;(ot,-,x)>Oforallot,-617}, A:{xeC;(@,x)<1}

respectively the fundamental chamber and the fundamental alcove with respect to IT and .
We shall end this section by recording the following results:

Proposition 2.1. For w € W, let N(w) = {B € AT; w™1(B) < 0} and denote by £(w) the length
of any reduced expression of w.

(a) We fix a reduced expression of w = sg, o --- 0 sg, with B; € f, then N(w) ={sg o---0
s, (Bp); 1 < p <k}. In particular, N (w) contains a simple root.

(b) Let wy, wy € W then N(w1) C N (wy) if and only if, there exists u € W such that wy = wil,
and £(wy) = £(w1) + £(u). In particular, w is uniquely determined by N (w).

(©) If N(w) N A" £, then N(w) N IT # @.

Proof. For parts (a) and (b), see for example [CP1]. Let us prove (c). The case :47 is clear. In
the others cases, this is a direct consequence of the fact that N (w) is a “compatible” set, by
Theorem 1.3 from [CP1]. O
3. I-compatible elements in w

Let I C [T and i be an ad-nilpotent ideal of p;. We set

Py ={aeAd™\ Ao S

Then i =@, cp, 0« and if @ € @i, f € AT U Ay are such that @ + € AT, then & + € @;.
Conversely, set

Fr={@cAt\Ap; ifaed, BeATUA;, a+Be AT, thena + B € P}

Then for @ € F,ip = @aed) g« 1s an ad-nilpotent ideal of p;.
We obtain therefore a bijection

{ad-nilpotent ideals of p;} — Fj,
i Qpi.

For & € F;, we define @' = @, ok = (q)k_l +d)N A, fork >2and

Lo =[] (2" +ks).
keN*
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Since any ad-nilpotent ideal of p; is an ad-nilpotent ideal of the Borel subalgebra py = b, we
have by [CP1] the following proposition:

Proposition 3.1. Let @ € F, then there exists a unique we € W such that Ly =Nwe).
Thus we have the following injective map:

{ad-nilpotent ideals of p;} — VT/

i We; .
Recall from [CP1] the following characterization of the image of the above map when I = .
Proposition 3.2. Let w € W, then there exists an ideal i of b such that N(w) = L, if and only if

(@ w i a) >0, foralla € II.
(b) If w(a) < 0 for some a € I1, then w(a) = B — 8 for some B € A™.

If these conditions are verified, we say that w is Borel-compatible or (J-compatible.

For w € W, let @, = {0 € A; —a 4+ 6 € N(w)}. It follows that if w is #-compatible, then
@, C AT,

Theorem 3.3. Let w € W be Borel-compatible and I C I1. The following conditions are equiva-
lent:

(a) ie,, is an ad-nilpotent ideal of ;.
(b) $50(Py) = Dy, foralla € 1.

(¢) sa(Lo,)=Lep,, foralla e l.

(d) N(sqw)=N(w)U{a}, foralla € 1.
(e) w () e ﬁ,forall(x el.

If the hypothesis and these conditions are verified, we say that w is I-compatible.

Proof. (a) = (b). By assumption, we have ®@,, € F;. Let B € @, then s, (B) =B — (B, a¥)a,
hence s, (Py) C Py, for all « € I. Moreover, since s, is an involution, we obtain that
Sa(Py) = Dy. R

(b) = (c). Since w(d) =4, for all w € W, this is clear (by induction on k or just remark that
45{2 e Fi).

(¢c) = (d). Let o € I, by assumption, we have s, (N (w)) = N(w), hence for 8 € N(w), we
have s, (8) € N(w). So w™'s4(B) <0 and B € N(sqw). We have proved that N (w) C N (sqw).
Since N (w) = £(w) and £(sqw) = £(w) £ 1, by Proposition 2.1, we obtain that §N (sqw) =
#N (w) + 1. Moreover we have (sqw) ! (o) = w™! (—a) <0, hence N (sqw) = N(w) U {ar}.

(d) = (e). Let @ € I. By assumption, we have N(w) C N (sqw), hence by Proposition 2.1,
there exists B € T such that,

N(sqw) = N(wsg) = N(w) U{w(B)} = N(w) U {a}.

Consequently, we have w™! (o) = 8 € .
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(e) = (a). Let € I and assume that w™!(«) € . Let Bed,besuchthat B —a e AT. We
have

wl(—B-a)+8)=w(-B+O+uw (We@ +MHNA

It follows that w—!(—(B — a) 4+ 8) < 0. Moreover, w™ ' (—a + 8) = w™!(—a) + 8 > 0 hence
o ¢ &;, . We obtain that @, € Fy,, for all o; € I, hence @,, belongs to F; and i, is an ideal
ofp;. O

Another characterization of ad-nilpotent ideals in b is given in [CP2] via the set D = {7 €
oY, (t,aj)<1,j=1,...,land (7,0) = —-2}. Let D = {(7,v) € D x W; vt; (A) C C}. We can
state this characterization in the following way:

Proposition 3.4. The following map is bijective:

D— {we W, (A-compatible},

(t,v) — vtg.

Remark 3.5. In [CP2], the above correspondence is not viewed in the same way since the ele-
ments of W are written 7, v = vt,-1,) instead of vt;, forw € W and t € Q.

Let w € W be Borel-compatible, then I, = {« € I1; w N (a) € i } is the unique maximal
element of {I C IT; w is I-compatible}. For T € QV, set

_Jael; (a,r)=01U{-0} if(0,7)=-1,
' {x € IT; (o, T) =0} if (6,7)#—1.

Proposition 3.6. Let (7,v) € 5, and w = vt; € W. Then v(Dy) = Iy. In particular, w is
I-compatible if and only if I C v(Dy).

Proof. Let @ € I,,, then
w_l(a) = t_fv_l(a) = v_l(ot) + (v_l(ot), 1,')5 ell.

If w () € IT, then we have v~'(a) € [T and (v~'(a),7) = 0, hence v~ (a) € D;. If
w~!(a) = ap, then we have v~ (@) = —0 and (9, 7) = —1, hence —0 = v~!(a) € D;.

Conversely, let « € D; N IT, then vt; (o) = v(a) € AT, because w is Borel-compatible. Then
we have N (wsy) = N(w) U{w(x)}, and by part (3) of Proposition 2.1, there exists a simple root
B € I such that B € N(wsy). Since N(w) N AT =, we obtain that w(a) = 8 and v(a) € I,.

Assume now that —6 € D.. Since w is Borel-compatible, vt; (ag) = —v(0) € AT. As above
we have N(wsq,) = N(w) U {w(xp)}, and by part (3) of Proposition 2.1, there exists a simple
root B € IT such that 8 € N(wsy,). Since N(w) N AT =0, we obtain that w(cg) = 8 and
v(=0) € I,.

We have therefore proved that v(D) = I,, which concludes the proof. O

Let us denote Hy = Hy o for a € IT, and Hy, = Hp1. Let {wi, ..., w;} be elements of V
such that (w;, ;) =6;;. Setng=1and let n;, i =1,...,[, be the strictly positive integers such
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that 0 = Zﬁzlniai. Let @; = w;/n;, i =1,...,1, and @y = 0. Then the closure A of A is the
convex hull Conv(@g, @1, ..., o) of @y, ..., w;. For k € N*, the convex hull (respectively the
image by w € Wy of the convex hull) of (k + 1) points in {wg, @1, ..., @;} is called a k-face
of A (respectively of w(A)). For example, Hy, N A = Conv(@y, ..., Di—1, Dit1,--., @) is an
(I — 1)-face of A.

We shall give yet another characterization of ad-nilpotent ideals of p; which shall be useful
in enumerating abelian ideals when g is of type A or C.

Proposition 3.7. Let w € W be Borel-compatible and I C I1. Then, i¢,, is an ideal of p; if and
only if forall o € I, W(A) N Hy is an (I — 1)-face of w(A).

Proof. Assume that w € W is / -compatible. Let (7,v) € D be such that w = vt,. By Proposi-
tion 3.6, I C v(D), and v (¢) € Dy, forall @ € I. Let o € I, we distinguish two cases:
If v='(a) = B € IT, then (B, ) = 0. We obtain that

viz (Hp) = Hy(p),(x.p) = Ha-

Hence wW(A) N Hy is an (I — 1)-face of W(A).
If v=1(a) = —6, then (9, 7) = —1. We obtain that

vtz (Hyy) = Hy9),(1,6)+1 = He.

Hence, w(A) N H,, is an (I — 1)-face of W(A).

Conversely, letv € W, T € QY be such that w = vt; € W is Borel-compatible. By assumption,
for all @ € I, there exists S € IT such that w(Hg) = Hy.

If B € I1, then

vir (Hg) = Hy(p),(r.p) = Ha

hence (r,8) =0, and w!(«) = 8. Since w is Borel-compatible, we have necessarily
wYa) >0, and so « € v(D;).
If B = o, then

vir (Hyy) = Hy(9).(r.0)+1 = Hy
hence (t,0) = —1, and w™ (@) = (8 — §). Since w is Borel-compatible, we have necessarily

w Na) >0,and so « € v(D¢). We have proved that I C v(D;), and by Proposition 3.6, w is
I-compatible. O

Let Hy=V.For J C i non-empty, denote Hy = (),c; Ho. By the proposition above, if w
is I-compatible, then we have W(A) N H; = W(A N Hy,-1(p).

4. Volume of the faces of the fundamental alcove
Recall from [CP1] and [Ko], that w € W is Borel-compatible and the ideal ip,, of b is abelian

if and only if w(A) C 2A. As a consequence, we have the following remarkable result of Peter-
son: the number of abelian ideals of b is 2. Observe that the above result says that the number
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of abelian ideals in b depends only on the rank of g. In the case of parabolic algebras, we shall
see in this section to what extent this result can be extended.

For J C ﬁ, let F;=ANH;= Conv(wj; a; ¢ J). Observe that the F; are the faces of A.
Let w € W, if w(A) N Hy is an (I — #J)-face of w(A), then we shall call w(A) N Hy an
(I —dJ)-alcove of Hy.

Proposition 4.1.

(a) Letw € WandI C I1, if w(A) C2A and w(A) N Hy is an (I — 81)-alcove of Hy, then w is
I-compatible.

(b) Let I C IT and w, w' € W be I-compatible. If W(A) C 2A, w'(A) C2A and W(A) N H; =
w'(A) N Hy, then w =w'.

Proof. (a) Letw € W and I C IT be of cardinality r. If wW(A) C 2A, then w is Borel-compatible
and the ideal i, is abelian. B
Set N=1—r+ 1. Since w(A) N Hy is an (I — r)-alcove of Hj, there exist N vertices

@iy, ..., @iy of A such that w(@;,), ..., wW(@;,) belong to W(A) N Hj.
There exist r distinct reflecting afﬁne hyperplanes Hj, ..., H of the form Hy, for o € I, such
that ﬂ;zl H; contains @, , ..., w;y.For j=1,...,r, Hj ﬂw(Hj) contains wW(@;,), - .., W(@iy)-

Since the dimension of Hy is N — 1, it follows that H; C E(H]’.).

The hyperplane Hj is defined by the equations (x, ) = 0 for all « € I, it follows that w(H ]’.)
is an hyperplane of the form Hpg o, where 8 is a linear combination of elements of /.

Assume that 8 ¢ I. Then, the intersection of Hg ¢ with the closure of the fundamental cham-
ber C is of dimension at most / — 2. Since by construction Hg o contains an (/ — 1)-face of w (A),
and w(A) C C, we obtain a contradiction. It follows that 8 € I.

Set w = vt;. We then have that for each g € I:

—1
w(Hpo) = Hy-1(p) (r.0-1(p)) = Ha

forsome @ € IT.If o € T, then v! (B) =+« and (7, vl (B)) = 0. Since w is Borel-compatible,
we obtain that w ™! B) =«.

If o = o, we obtain that v='(8) = +6 and (z, v~! (/3)) = +1. Since w is Borel-compatible,
we finally obtain that w l(,8) = ao. Thus, w='(I) C f,and wis I- compatible as required.

(b) Let I C IT and w,w’ € W be I- compatible. Let o € I, then w is I \ {«o}-compatible.
It follows by Proposition 3.7 that w(A) N Hp\(oy s an (I — #1 + 1)-alcove of Hp\(} and it is
the convex hull of W(A) N H; and a vertex of Hp\(oy N W(A), which is not in H; N w(A). In
the same way J(Z) N Hp\{gy 18 an (I — #1 + 1)-alcove of Hj\(q) and it is the convex hull of
w/(A) N Hy and a vertex of Hp\(q) Nw/(A), which is not in H; N w(A). Since w(A) C 2A, there
is a unique vertex in Hy\ (o) satisfying these conditions. So, w(A) N Hy\ (o) = w'(A) N Hp\ (o and
by induction, we have w(A) = w’(A). Hence w =w’. O

Let F} =2ANH; = Conv(2w;; aj ¢ J). It is clear that F} is a union of (I — gJ)-alcoves
of Hy. Let

Ab; ={w e W; ig, is an abelian ideal of p;}.



C. Righi / Journal of Algebra 319 (2008) 1555-1584 1563

By the above proposition and by Proposition 3.7, we obtain the following result:

Theorem 4.2. Let I C IT, then the map w — w(A) N H; is a bijection between Abj and the set
of all the (I — #I)-alcoves of F}.

Remark 4.3. The above theorem can be viewed as a generalization of Peterson’s result.

In order to determine f.Ab;, we are reduced to computing the volume of the (I — ff/)-alcoves
of F}. Furthermore, to compute the volume of the (I — #/)-alcoves of F;, it suffices to compute
the volume of the (I — #)-faces of A.

Let d(x, Hy) denote the distance from x € V to the affine hyperplane Hy, for o € I1.ForBa
k-alcove, let Vol (B) be the k-volume of B. By [Be], the volume of the fundamental alcove is

1
Vol (A4) = 5 x d(0. Hog) x Volj_1 (Fy)-

Since the projection of 0 on Hy, is ﬁ, we have d(0, Hy,) = ﬁ. We obtain that Vol;(A) =
mVOII—l (Fy,). Moreover, by [CLO],

I _ _
Vol; (A) = l_'|wl A Al

Let D =|w; A--- A wyl, then

D
V011—1(Fa0) = m”O”QH- ()
To compute the (I — 1)-volume of the faces Fy,,i =1, ...,[, we compute the /-volume of the
convex hull of ({1, ..., o} \ {@;}) U {ﬁ}. Thus, we have:
Vol;_1(Fy) L RN &
olj—1 (Fo;) = ———|@1 A -+ w
-1 llevi |
Since o; = ch:l (o, ot ) g,
Vol Fy,)= b 3
ol; 1 ( a,-)—mniHOliH- 3)

We have therefore computed the (I — 1)-volume of the (I — 1)-faces of A. In particular, we
have:

Lemma 4.4. Let a;, aj € ﬁ be such that (a;, o;) = (aj, a;), then:
n;Volj—1 (Fj) = n;Vol;_1 (F}).

This lemma also appears as Proposition 26 in [Sut]. We shall generalize this result. For I C i,

letn;=1if I =@, and n; = ]—[aie ; 1; otherwise. We shall prove the following result:
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Proposition 4.5. Let I C IT and w € W be such that w=! (Hh=JC 1. Then, we have:
nyVolj_yj(Fj) =nyVol_g (Fy).
To prove this proposition, we need the following technical lemma:

Lemma 4.6. Let [ C I be such that 81 <1 — 1. Let w € W be such that w(H=JcC . Let
aj be any element of J if ag ¢ J, and oj =g if ap € J. Set a; = w(aj). Then we have:

nid(w;, Hy) =n;d(®;, Hy).

Proof. The result is clear if J = (). We may therefore assume that 1 < gJ </ — 1.

Step 1: Assume that oy € J. We shall determine the distance d(wq, Hy).
Let Jy be the connected component of J containing «q. Set r = fJp.
If Jo = {«o}, then the projection of 0 on Hy is #. Therefore, the distance d(wg, Hy) is ﬁ.
Now assume that Jy # {ag}. Then, Jy \ {eg} contains one or two roots 8 such that (8, 6) # 0.
Set Jo={B1,...,Br}, a0 =B and V;, = @ﬂiejo\{ao} RB;.
First of all, assume that Jo \ {«p} contains only one root §; such that (8;,6) # 0. Let y; € Vy,
be such that (;, B;) = 1 and (3, B;) = 0 forall B € Jo \ {Br. fi}. Let , = (|0 2(1 — L52))~!
and S = u;(@ — (0, Br)y:r). Then, we have (B, ) =0 forall « € Jy \ {«p} and

(1, 6)
(B, 0) = we[1101> = 6, B) (1, 0)] =m||9||2[1 — T} =1
For all x € H;, we have (y;, x) =0, and so

(‘B __x’ﬂ) :M,(Q - (9’ ﬂt)ylaﬂ —X)
=w[®.B) - 0. x)]
=0.

We have proved that g is the projection of @( in H;. It follows that by taking any x € H;, we
have d(@o. Hy)* = | BII* = (x. ) = 1t (x.0) = pus.

Since I C IT and J = w~'(I) and I have the same Dynkin diagram, we have by a case by
case consideration that Jy is of type A,, C;, or D,.

If Jy is of type A, then by renumbering the roots §;, the Dynkin diagram of Jj is of the form:

k 1 2 r—2 r—1
Then t = 1, and take
2
)/t=r”'8—1”2(("— DB +(”—2)/32+"‘+,3r71)-

So (y1,6) = ==L, and we have

2r

S 4
r+Dlol? @

e
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If Jo is of type C,, then the Dynkin diagram of Jy is of the form:

k 1 2 r—2 r—1

Again t = 1, and take

(r=DB1+ =22+ + Br—1).

2
Ve= "0
e

So (71,6) = 221 "and we have

r

= )
SENCERNTIE
If Jy is of type D,, then the Dynkin diagram of Jy is of the form:
1
2 3 r—2 r—1
k
or of the form:
k 1 2
° o o— -
In the first case we have t = 2, and we take
V= r”ﬁ—”2((r —2)B1+20r =B +2(r =33+ +2Br-1).
2
Thus (y;,0) = @ and we have
d ©)
M= 57—
Ik

In the second case, we have r = 1 and we take

Vi CB1r+2B8+--+2B 3+ Br—2+ Br—1).

1
181112
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Thus we have

_ 2 )
= e

Assume now that Jy contains two roots « such that («, 8) % 0. Then the Dynkin diagram of
Jo is of type A, and these two roots are Br_1, Bk+1:

1 k—1 k k+1 r—1 r

Let n, 1’ € Vy, be such that (n, Bx—1) =1 = (', Br+1) and (1, B;) = 0 (respectively (1’, 8;) = 0)
for all B; € Jo \ {Br—1, Bk} (respectively B; € Jo \ {Bi, Ber1 D). Let ju = (|6]12(1 — LELD )1

and B = u(® — (0, Be—1)n + (0, B_1)1")). Then we have (B, a) =0 for all € Jo \ {ap} and
(B,0) = u[1011> = (O, Be—v)n + B, B—D)n',0)] =1,
(B—x.8)=pn(0 — (0. B—)n+ O, fe—1)n). p—x) =0

for all x € H;. We obtain that 8 is the projection of 0 on H;. Take

2
=——((k—1)Bi_ k—2)Bi_ ,
n ||/3k71||2(( )Br—1+( VBr—2+ -+ Bi)

2
=k A+ DBl

/

n

(Br +2Br—1+ -+ (r —k)Brs1)

then (n +1/,0) = ]%1 + % We obtain that:
_2k(r—k+1)

= 8
n3(r+ D02 ®)

d* (@0, Hy) = I1BI> =1

Observe that the formulas (4) and (8) generalize the formula obtained when Jy = {og}. Let
k be the position of «g € Jy, then we can sum up the above results in the following table, when
1< <l —1¢

Table 1
Jo Ay Cr Dy Dy
t=2 t=1
d(@p, Hy)? 2kr=k+1)_ _r r 2
@o. Hy) ndr+1)o|2 ndr+ 10|12 20316112 n3 10112

Step 2: Assume that J C IT. Let o € J. We shall determine the distance d(@;, Hy).
We have H; = Vect(@;; t suchthate, ¢ J) C Hj\(o;) C V. Let Hj- ={xeV;(x,0)=0
for all ¢ such that o, ¢ J}, then H- = Vect(e;; o; € J), and dim(HJL N Hj\{«;)) = 1. Since

H]\{aj} OHJl = {x = Z Toy; (x,B)=0forall B e J\{ozj}},

oreJ
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there exists y € V such that HJ\{aj} N H} = Vect(y), and (y, «j) # 0. Thus, we have HJ\{(,J.} =
Hj; @ Cy. It follows that there exists u € C* such that w; + uy € Hy.

Let J; be the connected component of J which contains ;. Set J; = {f1,..., B}, with
aj =P Set Vy, = @ﬁjejj RB;. We may choose y such that (y,«;) =1 and (y, o) =0 for all

a € Jj\{a;}. Since (®; + uy,a;) =0, we obtain that yu = —nlj, and hence
_ Iyl
dwj, Hy) = —, &)
nj

where y depends only on the position of «; in the Dynkin diagram of J;.

Finally, we need to compute explicitly d(@;, H;) in some particular cases. We use the num-
bering of [TY, Chapter 18].

If Jj; = A,, take

_ 2
C(r+ DB
+ (k=1 —k+ DBt +k(r —k+ DBk + k(r — k) Brg1 + -+ + kB .

y [r—k+DB1+20r —k+Dpa+---

If Jj=C,,and k =r, take

y (ﬂ1+2ﬂz+~~-+(r— 1>ﬂr_1+%ﬂr>.

2
(AR

If J; = D,, take

1
y [ﬁl +2r ke =D+ [ =B+ rﬂr]} ith=r,

1
18112

1 1
y= W[ﬁl + 2+ (=22t 5[ +<r—2>ﬂr]} ifk=r—1,

y 281 +282+ -+ 282+ Br—1 + B] ifk=1

1
81112

In these particular cases, we obtain the following result:

Table 2
Jj A Cr D, D,
k=r k=r—1,r k=1
d@;: H 2 2k(r—k+1) r r
@; H1) n5(r+D)lla 12 n5(r+D)lla 12 205 o112 5 llej |2

Final step: We are now in a position to prove the lemma. Let /; be the connected component
of I containing «;. If J C I1, then we have the result by (9), since «; and «; have the same
position in the Dynkin diagram of J; and /; respectively.

If a9 € J, then the connected component Jy of J containing «g is of the type A,, C,, or D,.
Again since w™! (ag) and ag have the same position in the respective Dynkin diagram, we obtain
the result by inspecting the correspondence between Tables 1 and 2. O
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Proof of Proposition 4.5. The case fi/ = 0 is trivial since in this case, F; = Fjy = A.

Let I C I1. Let us proceed by induction on #/. If 1 = 1, the result is proved in Lemma 4.4.
Assume that [ > #/ > 1 and that the claim is true for #/ — 1. Let o; be any element of J if
ap ¢ J,and aj = ap if ag € J. Set a; = w(j). Then, we have by Lemma 4.6,

1
nyVoli—gr (Fr) =ny (I — 41 + D)Volj—g141(F1\(;}) % G 1
Ly
(-2l + 1™ vol (Fruat) i
=n; —_ — VOl; — . X ————
J n; [=gI+1\LJ\{a}} I’ljd(CT)j, H))
=n;(l —4I+ 1)Vol;— F : _—
ni(l — g1 + DVolj—g141(F\ja;)) X i@, Hy)

=nyVol;_y41 (Fy).
Finally, the result is clear if §/ = since in this case F; (respectively F) is a single point. O
Observe that for I C 11, F; =2Fy, so
Volj_z¢1 (F}) =2""# Vol,_s; (F)). (10)
We obtain a generalization of Peterson’s result:

Theorem 4.7. Let [ C I1, then

1 1—d1
— > =277
4 we.AbI

Proof. Let / C [T andw € W. By Propositions 3.7 and 4.1, then

>~ Vol (w(A) N Hy) = Vol (F}).
weAb/

Observe that for w € Ab; we have wW(A) N H; = w(Fy,-1(7)), and Volj_g (W(F,-1(p))) =
Vol;—41 (Fy,-1(1y). So by Proposition 4.5 and by (10), we obtain that

Nw-1a -
> Vol (Fr) =27 Voliy1 (F)).
ny
wEAb1

Thus, we have the result. O

Theorem 4.8. Let I C I, if g is of type A; or Cy, then the parabolic subalgebras p have exactly
2181 abelian ideals.

Proof. If gis of type A; or Cy, the numbers n;, fori =0, ..., [, depends only on the length of ¢;.
It follows that for any w € Ab;, n; = My=1(1y- So by Theorem 4.7, we obtain the result. O



C. Righi / Journal of Algebra 319 (2008) 1555-1584 1569

Remark 4.9. The fact that the integers n;, for i =0, ..., [, depends only on the length of «; is
false when g is not of type A or C. Indeed, Theorem 4.8 is false in general. For example, in B3,
the parabolic subalgebra p(,,} has only 3 abelian ideals. We shall see in the next section another
way to count the number of abelian ideals in cases B and D.

5. Enumeration of ideals via diagrams

In this section, we shall determine, via diagram enumeration, the number of ad-nilpotent (re-
spectively abelian) ideals of p;, for I C I1, when g is simple and of classical type. We shall use
the numbering of simple roots of [TY, Chapter 18].

Recall the following partial order on A™: o < B if B — o is a sum of positive roots. Then it is
easy to see that @ € Fy if and only if forall « € @, 8 € AT, such that o < 8, then 8 € @. When
gisof type A, B, C or D, we can display the positive roots into a diagram of suitable shape, as
in [CP1]. Then, they established a bijection between elements of Fy and certain subdiagrams.

Let I C I1. In order to adapt this construction in the parabolic case p;, we shall use a similar
construction, but our diagram will depend not only on the type of g, but also on 7.

LetI C ITandy, B € AT. We say that 8 4 y if there exists 1 € I such that §+n = y. Define

an equivalence relation on AT\ A;: for I C I1, y ~; B if there exist By, ..., Bs € AT\ Aj such
that

(1) ﬂ:ﬂlr V :ﬁS’

(ii) either B = Bis1 of Birt — i fori=1,...,s — 1.

As the standard Levi factor of p; acts in a reductive way on the nilpotent radical, the fact
that two roots B,y are ~; equivalent means that g, and gg are in the same simple submod-
ule.

Let X be the type of g. The idea is to start by displaying the positive roots AT in a dia-
gram Ty of a suitable shape as in [CP1]: that is, we assign to each box labeled (7, j) in Ty,
a positive root #; ;. The shape and the filling of Tx are chosen such that we obtain a bijection
between elements of Fy and the northwest flushed subdiagrams, henceforth nw-diagrams, of Ty
(in type D, we need to include also nw-diagrams modulo a permutation of certain columns).
Then, for I C I1, we delete the boxes containing elements of A;. Observe that the set of boxes
of the same equivalent class is connected. Therefore, we can regroup into a big box all the roots
of the same equivalent class. We obtain a new diagram denoted by T}f. Then, we count the nw-
diagrams of Té (again in type D, we need to count also nw-diagrams modulo a permutation of
certain columns), which are clearly in bijection with the elements of F;.

5.1. Type A;

If g is of type A;, then T}y, is a diagram of shape [/,/ — 1, ..., 1]. The label (i, j) means a
box in the ith row and the jth column. The boxes (i, j) of T4, are filled by the positive roots
tijj=o; +---+o_jy1, 1 <i, j <I. For example, for [ =5, we have:
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1

1,1\0,2|0,3 |f1,4|11,5

h1|h2|0,3 |24

13,1|13,2113,3

I4,1)14,2

151

Let I C IT. We first delete the boxes containing elements of A;. Then, we regroup the equivalent
classes of ~; proceeding simple root by simple root: for each o; € I, we regroup the (/ —i 4 1)th
and the (! —i +2)th columns if i # 1, and the rows i, i +1if i #1, on T4,. At the end, we obtain
that T/{I is a diagram of shape [[ — 1,/ — 41 — 1, ..., 1]. For example, for A5 and I = {a», a3},
we have:

1

1,14,

[\S)

11304115

n1|02,2
13,113,2

14,1142

151

LetC = HLI (211) denote the /th Catalan number.

Proposition 5.1. Let I C I1. Let S fl\/ be the set of all nw-diagrams of Tf(z‘ Then, the cardinality
OfSI{‘I is Ci—gr+1.

Proof. Let I C I1, then Tf([ if of shape [/ — 81,1 — g4I — 1,...,1], so by [S, 8, 6.19 vv.], we
obtain that the cardinality of the set of nw-diagrams of Tf{l i8Ci—gr+1. O

5.2. Type C;

Definition 5.2. Let p, g be two integers such that g < p. Let T, ;, be the (shifted) diagram of
shape [p+qg—1,p+q —3,..., p—q + 1] arranged in the following way:

p+q—1

p—q+1
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If g is of type Cj, then T, is the diagram T;;, and the boxes (i, j) of T¢, are filled by the
positive roots #; ;, where

A o+ Faj + 2+ o) oy, 1< <1,
BT a4 g, I1<j<2—1.

Let I C I1, we first delete the boxes containing elements of A;. Then, we regroup the equivalent
classes of ~; proceeding simple root by simple root: for each «; € I \ {«;}, we first regroup
column 2/ —i and column 2/ —i + 1 if i # 1, then we regroup the ith and (i + 1)th columns and
also the ith and (i 4 1)th rows on T¢,. If oy € I, we regroup also the columns / and [ 4+ 1. We
obtain at the end that Tél is a diagram of shape 7;_4; ;¢ if oy ¢ I and of shape T;_¢y 1,141, if
o el.

By [Pr], we obtain directly that the number of nw-diagram of T}, ; is (p ;q). Consequently, we
have the following proposition:

Proposition 5.3. Let I C I1. Let Séz be the set of all nw-diagrams of TC’[. Then, the cardinality
of Sél is

. [ =l +2 ,
(=214 00 fagl ad 20 pwel

5.3. Type B; and D

Let I C I1. Assume that g is of type X = B; or D;. Then the shape of T)g is more complicated
than in the case A or C, so we need more combinatorial results on diagrams.

Definition 5.4. Let p, g be two integers such that g < p. Let ng, 4 be the diagram of g rows of
the shape [p, p — 1, ..., p — g + 1] arranged in the following way:

Proposition 5.5. Let p, g be two integers such that g < p. Then, the number of nw-diagrams of
T! is
P4

T (p+q+D(p—q+2)
pq | |
q!(p+2)!
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Proof. Let D, , be the set of nw-diagrams of TI’,, 4+ We shall proceed by inductionon g. If ¢ =1,
then TI; | is

so we have

p+g+Di(p—q+2)

D ZT/ = 1:
BDpg=Tpq=pP+ 7' +2)!

Assume that ¢ > 1 and the claimis true forg — 1. For | <k < p—qg + 1, let
Sk={S€Dpy;(q.k)eSand (g, k+1) ¢S}

Then, #Sx = ’1;;_,( g—1 and L = Uf;IqH S is the set of nw-diagrams containing at least a box in
the last row of T1;, e Since D), 4 is the disjoint union of D) ;1 and L, we obtain that:

p—q+1
7;,q=7;;,q—1+ﬁL: Z ng—igq—l
i=0
S P (k+ )k —q+3)
- Z Teg—1= Z (g — D!k +2)!
k=q—1 k=gq—1 q . :
_(p+qg+Dip—g+2
q!(p+2)!

where the last equality is a simple inductionon p >¢. 0O
Definition 5.6. Let p > g be two positive integers and 1 < /1 <l <--- <y < g + 1 be some
other integers. Denote by T} ,(I1, 12, ...,[;) the new diagram obtained by adding to T}, , the
boxes (l;,l; — 1), for 1 <i <s. For example, T54(2,4) is:

p+q—1

p—q+1

where the added boxes are marked with a x.
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Proposition 5.7. Let p > g be two positive integers and 1 <1} <lp <--- <l; < q + 1 be some
other integers, then the number of nw-diagrams of Tj, ;(I1, 2, ..., ;) is

r+4\ | v
< >+Z7;+q—1j,l,-—1-

P =

Proof. Let D 4(l1, ..., 1y) be the set of nw-diagrams of T, ,(I1,...,ls) and D), 4 (1, ..., [s) be
its cardinality. Let by = (I;, Iy — 1). Set

{SeDy ... 1); by & S},

{SeDyqi,....1);bs € Sand S\ {bs} € E},

[S€ Dy, ....1):bs € Sand S\ {bs} ¢ E}.

E
F
G =

Then, we have clearly D), , (1, ...,I;) =4E +4F +4G.

If S € F, then S contains all the boxes north-west of by and the other boxes of S are strictly
north-east of by, so there exists a bijection between F' and the set of nw-diagrams of T p gl
For the example in Definition 5.6, if S € F, S is a nw-diagram of:

p+q—1

by

containing bs. Hence it suffices to count the nw-diagrams of the subdiagram strictly north-east
of by:

p+q—I

So by Proposition 5.5, the cardinality of F is 7" gl l—1°
If SeG, then S\ {b} is a nwdlagram of T where T = Ty if s=1and T =
Ty g4, ...,15—1)if s > 1. So the cardinality of G is the cardinality of the set of nw-diagrams in
T minus the cardinality of the set H of nw-diagrams having at most /; — 1 rows. Observe that
the elements of H correspond to those of E. Hence, (by [Pr])

Dpgly,.... 1) —8E ifs>1,
jjGZ{(I’ZQ)—WE ifs=1.

The result now follows easily by induction on s. O
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Notations 5.8. Fix I C I1. Let Iy,..., I; be the connected components of I of cardinality
r1,...,rs respectively. For each connected component [, set m; = min{i; o; € I;}. Without
loss of generality, we shall assume that my <my < --- < my.

If g is of type By, then T, is 77 ; and the boxes (i, j) of T, are filled by the positive roots #; ;,
where

oo it R 2t ta), ISisi=,
BT a4 a g, 1<j<2—1.
As before, for I C I1, we delete the boxes containing elements of A;. For j =1,...,s, set
j—1
=mj =) ri (11)
k=1

Regroup the equivalent classes of ~; proceeding simple root by simple root: for each o; € I \
{o}, we first regroup rows i and i + 1 and if i 5% 1, we regroup column 2/ — i and column
2] —i+ 1, then the columns i — 1 and i. If o € I, we also regroup the columns / — 1,/ and / + 1.
We obtain that Tél is a diagram of shape Ty ;-1 (l1, ..., ), where the /; are defined as above
and,n=s—1lifa; €l andn =s if oy ¢ I. For example, for Bs and I = {«7, @3, @5}, we have:

‘fl,l 12 h3|h4 1,5 e 1,7 11,8 11,9

o 3|4 5 e

133|134 135 13,6 by

I44 145 l46

It follows from Proposition 5.7 that:

Proposition 5.9. Let I C I1 be of cardinality r. Let S 113] be the set of all nw-diagrams of Tél.
Then, the cardinality of S é[ is

n
(I=r+DC-r+ Z'Tz/(z—r)—zj,l,-—l
j=1
wheren =5 — 1 if ; € I, and n = s otherwise.

If g is of type Dy, then Tp, is T;;—1, and the boxes (i, j) of Tp, are filled by the positive
roots #; j, where

o+t 2t ta) fo—r+a, 1<j<E=2,
Lij=q¢+-F+oa_2+a, j=1-1,
o+t ay_j, I<j<20-1
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For I C I1, we first delete the boxes containing elements of A;. For j =1,...,s, set
j—1 e
m; — r if sorl o},
l;= J Zk_:1 k J# s 7 {ar} (12)

mj =Yl —1 if j=sand I, = {a).

Regroup the equivalent classes of ~; proceeding simple root by simple root: for each o; € I \
{oj—1, oy}, we first regroup the rows i and i + 1 and if i # 1, we regroup column 2/ —i — 1 and
column 2/ — i, and then the columns i — 1 and 7.

Ifaj_1 € I, but g ¢ I, then we regroup the columns / — 2,/ — 1 and columns /,/ + 1.

Ifoy €1,buta;_1 ¢ I, then we first reverse the columns / — 1 and /, and then we regroup the
(new) columns / — 2,/ — 1 and columns /,/ + 1.

If {o—1, oy} C I, then we regroup the four columns / — 2,7 — 1,/ and [ + 1.

We obtain that if {o;—1, o} ¢ I, then TDI, is a diagram of shape T;_47 ;—z7—1(/1, ..., ls), where
the /; are defined as above. If {a;_1,;} C I, then TIS] is a diagram of shape T;_s7 ;47 (1, .
ls—1).

In the following examples, we denote by i the simple root «; and by i the element 2;. We
consider, X = Ds and [ is respectively {«1, a2, a5} and {2, a4, a5}:

cey

1223245 123245 | 12345 1234 | 1235 123
23245 | 2345 234 235 23 b
<>
345 34 35 3 by
KN o
‘1223245 123245 | 12345 1235 1234 123 |12 1
23245 | 2345 235 234 23 — 5
345 35 34 3

Definition 5.10. For a subdiagram L of Tél, we shall denote by L* the set of boxes of L obtained
from L by exchanging columns / —r — 1 and [/ — r (respectively / —rand [l —r + 1) if o) ¢ 1
(respectively if a; € I).

If L® is a nw-diagram of T/ i’ then we say that L is a e-nw-diagram of T[IJI.

Proposition 5.11. Let I C I1 be of cardinality r. Let SID; be the set of nw-diagrams of Tél if
{oy—1, 04} NI # W, and be the union of the set of nw-diagrams and the set of e-nw-diagrams of
Tél if {aj—1, 1} NI = Q. Then, the cardinality ofSél is

N
@ (BU=r)=2)Cr + ZTz/(Z—r)—zj—l,zj—z + Bry—tj=14,—1> i1 =0,
=
l—r+1 > )
Tcl—r + Z —r)——1—1s =1,
=

(ii)
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s—1

(iii) U=r+0Cr+ Y Typygygjm1s f1=2,
j=1

where t = t#({aj—1, ;3 N 1).

Proof. Assume first that {o;_1, oy} N I = (. Note that, the elements of F; are in bijection with
the subdiagrams S of TIIJ/ =Ti—ri1—r—1(1, ..., 1) such that either S or S® is a nw-diagram. Let

E1 = the set of nw-diagrams of Tél,

E» = (the set of e-nw-diagrams of Tél) \ E1.
So Slgl = E1 U E; (disjoint union). By Proposition 5.7, we have:

I—r+1 u ,
BEL = Tcl—r + 27—2(14)—1,«—1,1]-—1-

j=1

On the other hand, the number of elements of E; is §E| — §F, where F is the set of elements of
E1 having columns [ — r — 1 and [ — r (respectively I — r and [ — r + 1) of the same length if
ag ¢ I (respectively if oy € I).

Clearly, the number of elements of F is exactly the number of nw-diagrams of the diagram
obtained from TL’)[ by removing the (I — r)th (respectively (I —r + 1)th) column if « ¢ I (re-
spectively if a1 € I). So, by Proposition 5.7,

N
8F = =r)Cr—r—1 +Z73/(1—r)—1j—2,1j—1-
=1

We obtain therefore the result since we have the equality:

/ / _
7-2(1—r)—1_,-—1,1,-—1 - 72(1—r)—1_,-—2,1_,-—1 = Tz(z—r)—z,—l,z,—2~

If oj—1 or a; € I, then there is no column reversing. Then the result follows from Proposi-
tion 5.7 according to the shape of Tlél. |

As in [CP1], we have clearly a bijection between F; and S )1( It follows from Propositions 5.1,
5.3,5.9, 5.11, that we have:

Theorem 5.12. Let I C IT of cardinality r, X be the type of g and s,1; as defined in 5.8, (11)
and (12).
If X = Ay, then

8Fr =Ci—rq1.
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If X = By, then

n
tFr=0—-r+DC—r + ZTQ/(I—r)—l,-,l,-—l’

wheren =5 — 1 ifoy € I, and n = s otherwise.

If X = Cy, then
§F, = gl—§+1)cl—r for¢l,
! =G fa el
If X = Dy, then
= r+lc r+Z/ 1 2(1 r—lj—1,1;—1 iftloj—1, NI =1,
ﬁf = ( r+l)Cl F+Zs llfz/(l —r)— l l-—l l:f{al—lval}C17

@BU—-r)— 2)Cl r—1
A .
+ Zj 1 2(1 r—lj—1,1;-2 +Tz(17r>71.,~71,1j71 otherwise.

5.4. Abelian ideals
We have already determined in Theorem 4.8 the number of abelian ideals for type A and C.
We shall now enumerate the abelian ideals of p; using diagrams when g is of type B or D.

Observe that a similar argument could be used to enumerate abelian ideals in type A and C.

Definition 5.13. Let p be a positive integer and R, be the diagram of shape [p,p —1,...,1]
arranged in the following way:

Proposition 5.14. The number of nw-diagrams of R, is 27 .

Proof. We shall proceed by induction on p. If p = 1, the result is clear. Assume that p > 1 and
the claim is true for p — 1. Let b be the box (1, p) and

E = the set of nw-diagrams of R, which do not contain b,

= the set of nw-diagrams of R, which contain b.

Then, the number of nw-diagrams of R, is §E£ + §F. Furthermore, by the induction hypothesis,
we have tE =2P~! = F, and we obtain the result. O
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Definition 5.15. Let p be a positive integerand 1 </; </, <--- < Iy < p+1 be some other inte-
gers. Denote by R, (11, 2, ..., I;) the new diagram obtained by adding to R, the boxes (/;, [; — 1),
for 1 <i <s. For example, R4(3):

Proposition 5.16. Let p be a positive integer and 1 <1y <y <--- <y < p + 1 be some other
integers, then the number of nw-diagrams of Ry(I1, 12, ..., 1) is

N
2”+Z<l_p 1).
=1 N

Proof. Let D,(ly, ..., ) be the set of nw-diagrams of R,(l1,...,Iy) and D,(ly, ..., ) be its
cardinality. Let by = (I, [ — 1). Set

{SeDy,....1);bs ¢ S},
{SeD,1,....1,);bs € Sand S\ {b,} € E},
{SeDy(ly,....1;);bs € Sand S\ {by} ¢ E}.

E
F =
G =
Then we have clearly D, (I1,...,[s) =4E + #F +1G.

If S € F, then S contains all the boxes north-west of by and the other boxes of § are strictly
north-east of by, so there exists a bijection between F' and the set of nw-diagrams of 7 where T

is a diagram whose shape is a rectangle containing p —[; + 1 columns and /; — 1 rows. For the
example in Definition 5.15, if S € F, S is a nw-diagram of:

p
———~——

"

by

containing b,. Hence it suffices to count the nw-diagrams of the rectangular subdiagram strictly
north-east of by:

p—li+1

; h—1
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So by [Pr] the cardinality of F is (ljli -

If § € G, then S\ {by} is anw-diagram of L where L=R,ifs=1and L =R,(ly,...,l;_1)
if s > 1. So the cardinality of G is the cardinality of the set of nw-diagrams in L minus the
cardinality of the set H of nw-diagrams having at most /; — 1 rows. Observe that the elements of
H correspond to those of E. Hence, by Proposition 5.14

s = [ Ppalli, L) —2E ifs =1,
“12r—:E ifs=1.

The result now follows easily by inductionons. O
Let f}‘b = {® € FJ;ip is abelian}. If S is a subdiagram of a diagram, let
T = max{k; (h, k) € S},
so (h, thS) is the right most box in the &th row of §.

Proposition 5.17. Assume that g is of type B;. Let I C I1 be of cardinality r. Consider @ € Fj
and S its corresponding nw-diagram in Tél. Then @ € f;’b if and only if

@ td <I—rifael,
() ¥ +1) <20 —r)—lifay ¢ 1.

Proof. Let Sp be the corresponding nw-diagram of @ in T@l, then by [CP1], we have @ € .7-"(;]”’
if and only if rls" + r2s" <2 -1.

If oy € 1, then rls 0 = 1:2S % The regrouping process reduces the number of columns on the left
of column / of Tgl by one for each simple root in 7 \ {o1}. It follows that @ € f;‘b if and only if
rIS <l-r.

The argument is similar for the case ;1 ¢ I. O

Proposition 5.18. Assume that g is of type B;. Let I C I1 be of cardinality r, and 1y, ..., be as
defined in (11). Then we have:
- I—r—1 .
ﬂ]:ab— 2 r+27:l2(ljr_1) lf0l1¢1,
= —r— I—r—1\ .
ol—r 1+Z;€:1(1jr—1) ifa;el,

wheren=sifoy¢ landn=s—1ifoy e l.

Proof. Recall that Tél is of shape Tj—.;—r(l1,...,ln), where n=s if oy ¢  and n =5 — 1 if
o el.

Let @ € F7 and S be the nw-diagram of Té} corresponding to @.

Assume that a1 € I, then /1 = 1. By Proposition 5.17, § is in the left-hand half of TII , SO itis
a nw-diagram of Ry_,_1(1,...,1,). We then obtain the result by Proposition 5.16.

Assume that o1 ¢ . Let E be the set of nw-diagrams of Té[ associated to elements of ]—'I“b .
Set
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P={SeE;tf<i-r—1},
Qz{SeE;rls>l—r—l}.

Then, we have tE = #P + 0.
If S € P, then S is included in the left-hand half of Té{, SO

ﬁP_2l_r_l+Xn: l_r_l
B ; lj—1
j=t >

by Proposition 5.16.
Fori=Il—r...20—-r)—1Llet Q;={SeQ;rf =i}and P, ={Se P;7{ =2( —r) —
1 — i}. We then have:

2(1—r)—1 2(—r)—1
o= |J o and P= (] P.
i=l—r i=l—r
Fori=1—r,...,2(I —r) — 1, we have an obvious bijection between P; and Q; given by the

adding or removing of boxes (1,2(I —r) —i),...,(1,i). Therefore P = QO and the result
follows. O

Proposition 5.19. Assume that g is of type D;. Let I C II be of cardinality r. Consider @ C Fj
and S¢ its corresponding subdiagram in Tél. Set § =S¢ if S¢ is a nw-diagram and S = Sg, if
Sg is a nw-diagram. Then @ € f?b if and only if

@@ 1P <l—rifarel,
) P+ <20—r)—2ifa ¢1.

Proof. If I =, set S = So, then by [CP1], we have & € F2? if and only if 7 + 7,° < 21 — 2.
Assume that «; € I, then ‘L']S 0= ‘L'ZS ®. The regrouping process reduces the number of columns
of the left of column / of ng by one for each simple root in 7 \ {«}. It follows that @ € ]-"}”’ if
and only if rls <Il-r.
The argument is similar for the case ¢y ¢ I. O

Proposition 5.20. Assume that g is of type D;. Let I C I1 be of cardinality r and 1y, ..., be as
defined in (12). Set t = t({aj—1, 1} N I). If a1 € I, then the cardinality off;lh is:

. I—r I—r—2 u l_r—l l—r—2 .
) 2l=r _2 +Y |2 — ., ift=0,
= ;-1 ;-1

s

l—r—1
.. 217"71 tzl
(i) +Z( o ) =1,

j=1

-1
2l=r=1 § . ift=2.
(iii) + ( -1 > if
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If ay ¢ 1, then the cardinality off?b is:

)
l—r—1
i 2l=r 2 ., ift=0,
(iv) +g < L1 ) if
s—1

I—r—1 I—r—2 - —r—1 - o
™ 2ot ig +jz(l_1)+;<l_l>, =1,
. . ~1
(vi) 2= +22< - ) ift=2.

Proof. We proceed as in the case of type B; but here, we need to take into account column
reversing.

Recall that if t =0 or 1, Té[ is of shape Tj—,;—r—1(l1,..., 1) and if t =2, T[I)l is of shape
Tl—r,l—r(ll’ v i),

Let S;‘b be the set of subdiagrams of Tél corresponding to elements of ]-';’b . The shape of
elements of S;‘b is conditioned by Proposition 5.19. Let

E = the set of nw-diagrams in 84

E, = (the set of e-nw-diagrams in S}’b ) \ E1.

Consider @ € .7-";”’ and S its corresponding subdiagram in S?b .

First assume that oy € I, thenl; = 1. If § € E1, by Proposition 5.19, § is in the left-hand half
of Tlgl, so itis a nw-diagram of Rj_,_1(1,...,l;),wheren =sift=0,landn =5 —1ift =2.
Hence, by Proposition 5.16, we have

ﬁE _2l—r—l+i l_r_l
' .\ -1 )
j=1 >

If ¢ # 0, there is no column reversing, so E; = (. If = 0, the number of elements of E» is
gE| — 8(F N Ep), where F is the set of nw-diagrams of T[I)I having columns / —r and [ —r + 1
of the same length.

Clearly, the number of elements of F' is exactly the number of nw-diagrams of the diagram
obtained from Tél by removing the (! — r 4 1)th column. So, by Proposition 5.19, the set of
elements which are in F N Ej is in bijection with the set of nw-diagrams of R;_,_»(1,..., ).
So by Proposition 5.16, we obtain:

L (l—r =2
ﬂF:217r72+ ( )
z

li—1
j= J

We obtain therefore the result.
Now assume that o1 ¢ . Set
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P={S€E1,‘L’1 l—r—l}
F:{SeEl;rl gl—r—Z},
O={SeE;ti>1-r—1}.

Then, we have fE; =#P + 0.
First assume that t =0 or 1. If § € P, then S is included in the left-hand half of TLI),’ so by

Proposition 5.16, we have
N
l—r—1
P :Zl—r—l .
=2 ()

j=

Fori=Il—r...,20—-r)—2,let Q;={SeQ;td=i}and P, ={Se Pty =2( —r) —
2 —i}. We then have:

2(l—r)—-2 2(l—r)=2

U Q; and P= U 13;

i=l—r i=l—r

Fori=1[—r,...,2(I —r) — 2, we have an obvious bijection between~[~’,~ and Q; given by the
adding or removing of boxes (1,2(I —r) — i), ..., (1,7). Therefore §P = §Q and by Proposi-
tion 5.16, we have

l—r—2 —r—-
4P =2 +Z<1—1)‘

If t = 1, there is no column reversing, so we have the result. If # = 0, then the number of elements
of E; is §E| — §F, where F = E| N {e-nw-diagrams of S;‘b}. By Proposition 5.19, we have
F = QU P, so by the consideration above, we have §F = 2 Q. It follows that f E1 + E, = 28 P.

For the last case t = 2, the shape of TZI)] isTj—j—r(1,...,l5—1). If S € P, then § is included

in the left-hand half of Tél, so by Proposition 5.16, we have

ﬁp_zl—r—l_}_i(l_r_l)
=\ -1

We have Er> =, and Q; is defined fori =1/ —r,...,2(l —r) — 1. Set P, ={S € P;rf =
2(I —r) — 1 —i}. We then have:

2(l-r)—1 2(l—r)—1

lJ @ and P= []J P.

i=l—r i=l—r

As above, fori =1 —r,...,2(I —r) — 1, we have an obvious bijection between P; and Q; given
by the adding or removing of boxes (1,2(/ —r) —1i),..., (1,i). Therefore §P = 0 and the
result follows. 0O
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Remark 5.21. All the results above depend on the numbering of simple roots.
6. Remarks
6.1. Exceptional types
In the exceptional types E, F and G, the number of ad-nilpotent and abelian ideals has been
determined by using GAP 4.

The following tables give the cardinality of 7 and Ab; for the types Fy and G,. The subset
I of IT is described by the symbol e in the Dynkin diagram without arrow.

1 81F1 1.Ab; 1 1F1 1.Ab;
0000 105 16 @000 24 6
ceo0o 35 12 coeo 32 10
cooe 49 9 eecoO 10 5
eceo 8 4 ecoe 12 4
ceeo 14 7 ceoe 14 6
coee 10 4 eee0 4 3
eece 5 3 ecee 3 2
ceee 3 2 seee 1 1

where we use the following orientation for the Dynkin diagram of Fjy:

1 2 3 4

O ) > C O .
1 BF7 tAb; 1 HFT g Ab;
oo 8 4 eo0 3 2
oe 4 3 X 1 1

where we use the following orientation for the Dynkin diagram of G:

1 2
—==0.
6.2. Relation with antichains

For @ € Fy, let

Prin={Be®;p—ag¢®, foralla € A™}
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be the set of minimal roots of @, also called an antichain of (AT, <), see [P]. It is clear that each
antichain corresponds to an element of Fy and vice versa.
By a similar proof as in [P], we obtain the following proposition:

Proposition 6.1. Let I C I1 be of cardinality r and ® € Fj, then we have §®@pin <1 — 1.

Proof. Let I C IT be of cardinality r and @ € Fy. Set I' = @pin U I = {y1,..., »}. Let
vi.vj €', then y; — y; ¢ A by the definition of @iy and the fact that @ € F;. Thus the
angle between any pair of distinct elements of I" is non-acute and since all the y;’s lie in an
open half space of V, they are linearly independent. Consequently, we have 1" < r, and hence
B®Pmin <l —7r. O

Remarks 6.2.

(i) Recall from [CP1], that an antichain I' C A" is of cardinality / if and only if I = IT.
This result has no equivalence in the general parabolic case. For example, in B;, the set
@ = {1 + 22} is an ad-nilpotent ideal of py, such that @i = @ and Py = 1.

(ii) Let g be of type A;. Let I C IT be of cardinality r and @ € Fj, then it is possible to show
that §®pnin =1 — r if and only if @iy =17\ 1.
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