
Journal of Algebra 410 (2014) 239–243
Contents lists available at ScienceDirect

Journal of Algebra

www.elsevier.com/locate/jalgebra

The stable rank of pullbacks

L.N. Vaserstein
Department of Mathematics, Penn State, University Park, 16802, United States

a r t i c l e i n f o a b s t r a c t

Article history:
Received 20 December 2010
Available online 3 May 2014
Communicated by Efim Zelmanov

MSC:
19B10

Keywords:
Stable rank
Fibre products of rings

We prove that the stable rank of any pullback (fibre product)
does not exceed the stable ranks of factors. We obtain also
another result bounding the stable rank of a ring by the stable
ranks of its factor rings.
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1. Statement of results

Following Bass [1], Vaserstein [5] defined the stable rank, sr(A) for any associative
ring A. On Dec. 8, 2010 Yuanhang Zhang asked me whether sr(A) = max(sr(A1), sr(A2))
when f : A → C is the pullback of two surjective homomorphisms fj : Aj → C = fj(Aj)
of associative rings with 1, also known as the fibre, fibred, fiber, or fibered product.
Zhang was motivated by a result of Sheu [4, Corollary 3.16] involving topological stable
ranks of C*-algebras. By [3], the topological stable rank and the stable rank coincide for
all C*-algebras. Another special case was considered in [2, Lemma (44.25)].

In this note we obtain the affirmative answer in a more general setting. Namely,
instead of two homomorphisms, we consider any collection of homomorphisms, and we
work in a bigger category of all associative rings (without identities). As a consequence
of our Theorem 1 below, we obtain
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Corollary 1. Let fj : Aj → C be any nonempty collection of morphisms in the category
of associative rings such that fj(Aj) = C for all j. Let f : A → C be the pullback of
all fj. Then sr(A) = sup(sr(Aj)).

The morphism f can be defined as the (inverse or projective) limit of the diagram
consisting of the morphisms Aj → C. In set-theoretical terms, the ring A is the subring
of the direct product A′ =

∏
Aj consisting of the collections ai ∈ Aj with the common

image fj(aj) = fk(ak) in C. When C = 0 we have A = A′ and the theorem is trivial.
Now we recall the definition of the stable rank. For any associative ring A and any

integer n ≥ 1, let UmnA denote the set of all n-columns (bi) over A such that there is an
n-row (ai) over A satisfying the condition a1 + b1 +

∑n
i=1 aibi = 0. When A is a subring

of a ring A1 with 1, the last equality takes a more familiar form: (1 + a1)(1 + b1) +∑n
i=2 aibi = 1.
The Bass condition is:

(SRn) for any (bi) ∈ Umn+1A there are c1, . . . , cn ∈ A such that the column (bi +
cibn+1)1≤i≤n belongs to UmnA.

If no such n exists we set sr(A) = ∞. Otherwise, we define sr(A) as the least n such
that the condition (SRn) holds. Then, by [5], (SRm) holds for all m ≥ n. Some properties
of the stable rank, improving and generalizing results of Bass [1] are proven in [5] and [6].
In this paper, we will use that sr(A/J) ≤ sr(A) for any ideal J of any ring A and that
sr(A) = sr(A/rad(A)) where rad(A) is the Jacobson radical of A.

We will obtain Corollary 1 as an easy consequence of the following result.

Theorem 1. Let A be a subring of A′ and f : A → C be a ring morphism such that its
kernel ker(f) is an ideal of A′ and f(A) = C. Then sr(C) ≤ sr(A) ≤ sr(A′).

The following lemma will be used in the proof of Theorem 1.

Lemma 1. Let B be an associative ring, n ≥ 1, and (bi) = (b1, . . . , bn, bn+1)T ∈ Umn+1B.
Let di ∈ B and y = d1 + b1 + d1b1 + · · · + dnbn. Then there is z ∈ yB such that
(b1, . . . , bn, zbn+1)T ∈ Umn+1B.

Besides Theorem 1, the lemma can be used to obtain the following result.

Theorem 2. Let A be an associative ring and J1, . . . , Jm two-sided ideals of A such that
J1J2 · · ·Jm ⊂ rad(A). Then sr(A) ≤ max(sr(A/Jj)).

Corollary 1 with finite collection of the rings Aj follows easily from Theorem 2 (namely,
set Jj to be the kernel of the j-th projection A → C; then the intersection of all Jj is 0).

Theorem 2 for commutative rings A with 1 is Lemma 7.6 of [7].
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The condition J1J2 · · ·Jm ⊂ rad(A) in Theorem 2 is equivalent to the condition⋂
Jj ⊂ rad(A). The latter condition makes sense for an infinite set of ideals. However,

the obvious extension of Theorem 2 to an infinite collection of ideals is false as the
following example shows. Let A be the ring of integers and P an infinite set of maximal
ideals of A. Then sr(A/J) = 1 for all J ∈ P and

⋂
J∈P J = 0, while sr(A) = 2.

2. Proofs

Here is how Corollary 1 follows from Theorem 1. The pullback A in Corollary 1 is
a subring of the direct product A′ of all Aj . The kernel of f : A → C = f(A) is the
direct product of the kernels of fj : Aj → C, hence it is an ideal of A′. By Theorem 1,
sr(A) ≤ sr(A′) = sup(sr(Aj)). We have sr(C) ≤ sr(A) because C is a factor ring of A.

On the other hand, sr(Aj) ≤ sr(A) for all j because each Aj is a factor ring of A. So
sup(sr(Aj)) ≤ sr(A). Thus, sr(A) = sup(sr(Aj)). �
Proof of Lemma 1. Since (bi) ∈ Umn+1B, there are ai ∈ B such that a1 + b1 +∑n+1

i=1 aibi = 0. We multiply this equality by −y on the left and add the result from
the equality y = d1 + b1 + d1b1 + · · · + dnbn to obtain

a′1 + b1 +
n+1∑

i=1
a′ibi = 0 (1)

with

a′1 = d1 − y − ya1 ∈ B, a′i = di − yai ∈ B (2 ≤ i ≤ n), a′n+1 = −yan+1 ∈ yB.

Next, we multiply (1) by −b1 on the left and add the result to b1 = b1 to obtain

a′′1 + b1 +
n+1∑

i=1
a′′i bi = 0 (2)

with

a′′1 = −b1 − b1a
′
1 ∈ B, a′′i = −b1a

′
i ∈ B (2 ≤ i ≤ n + 1),

a′′n+1 = b1yan+1 ∈ ByB.

Thus, (b1, . . . , bn, zbn+1)T ∈ Umn+1B with z = yan+1 ∈ B. �
Now we give a proof of Theorem 1. Since C is a factor ring of A we have sr(C) ≤ sr(A).

Next we have to prove that sr(A) ≤ sr(A′).
In other words, we assume that n = sr(A′) < ∞, and we have to prove the condition

(SRn).
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Let (bi) ∈ Umn+1A. We want to prove that there exist ci ∈ A such that the n-column
(ai + cian+1) belongs to UmnA.

Since sr(C) ≤ n and f(A) = C, there are c′i, ui ∈ A such that

y = u1 +
(
b1 + c′1bn+1

)
+

n∑

i=1
ui

(
bi + c′ibn+1

)
∈ ker(f).

By the lemma,

(
b1 + c′1bn+1, . . . , bn + c′nbn+1, zbn+1

)T ∈ Umn+1A for some z = yA ∈ ker(f).

Since sr(A′) = n, there are c′′i ∈ A′ such that (bi + c′ibn+1 + c′′i zbn+1) ∈ UmnA
′.

Set ci = c′i + c′′i z ∈ A (we used that ker(f) is an ideal of A′). Then (bi + cibn+1) ∈
UmnA

′ and

y′ = u1 + (b1 + c1bn+1) +
n∑

i=1
ui(bi + cibn+1) ∈ ker(f). (3)

Since (bi + cibn+1) ∈ UmnA
′ there are vi ∈ A′ such that

0 = v1 + (b1 + c1bn+1) +
n∑

i=1
vi(bi + cibn+1). (4)

Now we multiply (4) by y′ on the left and subtract the result from (3):

0 = t1 + (b1 + c1bn+1) +
n∑

i=1
ti(bi + cibn+1) (5)

with t1 = u1 − y′v1 − y′ ∈ A and ti = ui − y′vi ∈ A (2 ≤ i ≤ n). The equality (5) shows
that the column (bi + cibn+1) is in UmnA. �

Now we prove Theorem 2.
Case 1: m = 1. Then sr(A) = sr(A/J1) = sr(A/rad(A)).
Case 2: m = 2. Let n = max(sr(A/J1), sr(A/J2)). Assuming that n < ∞, we want

to check the condition (SRn). Let (bi) ∈ Umn+1(A). Since sr(A/J2) ≤ n, there are
ui, ci ∈ A such that

y := u1 + (b1 + c1bn+1) +
n∑

i=1
ui(bi + cibn+1) ∈ J2.

By the lemma, there is z ∈ yA ⊂ J2 such that

(b1 + c1bn+1, . . . , bn + cnbn+1, zbn+1)T ∈ Umn+1A.
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Since sr(A/J1) ≤ n, there are vi, c
′
i ∈ A such that

y′ := v1 +
(
b1 + cbn+1 + c′1zbn+1

)
+

n∑

i=1
vi
(
bi + cibn+1 + c′izbn+1

)
∈ J1.

By the lemma, there is z′ ∈ y′A ⊂ J1 such that

(
b1 + c1bn+1 + c′1zbn+1, . . . , bn + cnbn+1 + c′nzbn+1, z

′zbn+1
)T ∈ Umn+1A.

Since z′z ∈ J1J2 ⊂ rad(A), we conclude that

(
bi + c′′i bn+1

)
=

(
b1 + c1bn+1 + c′1zbn+1, . . . , bn + cnbn+1 + c′nzbn+1

)T ∈ UmnA

where c′′ = ci + c′iz ∈ A.
General case. We proceed by induction on m. In view of Cases 1 and 2, we can

assume that m ≥ 3. Set J ′ = J2 · · ·Jm. Then J1J
′ = J1J2 · · ·Jm ⊂ rad(A) hence

sr(A) = max(sr(A/J1), sr(A/J ′)) by Case 2. By the induction hypothesis, sr(A/J ′) =
max(sr(A/J2), . . . , sr(A/Jm)). Thus, sr(A) ≤ max(sr(A/Jj)). �.
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