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1. Statement of results

Following Bass [1], Vaserstein [5] defined the stable rank, sr(A) for any associative
ring A. On Dec. 8, 2010 Yuanhang Zhang asked me whether sr(A) = max(sr(A;),sr(Asz))
when f : A — C is the pullback of two surjective homomorphisms f; : 4; — C = f;(4;)
of associative rings with 1, also known as the fibre, fibred, fiber, or fibered product.
Zhang was motivated by a result of Sheu [4, Corollary 3.16] involving topological stable
ranks of C*-algebras. By [3], the topological stable rank and the stable rank coincide for
all C*-algebras. Another special case was considered in [2, Lemma (44.25)].

In this note we obtain the affirmative answer in a more general setting. Namely,
instead of two homomorphisms, we consider any collection of homomorphisms, and we
work in a bigger category of all associative rings (without identities). As a consequence
of our Theorem 1 below, we obtain
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Corollary 1. Let f; : A; — C be any nonempty collection of morphisms in the category
of associative rings such that f;j(A;) = C for all j. Let f : A — C be the pullback of
all fj. Then sr(A) = sup(sr(4;)).

The morphism f can be defined as the (inverse or projective) limit of the diagram
consisting of the morphisms A; — C. In set-theoretical terms, the ring A is the subring
of the direct product A’ = [] A, consisting of the collections a; € A; with the common
image fj(a;) = fr(ax) in C. When C = 0 we have A = A’ and the theorem is trivial.

Now we recall the definition of the stable rank. For any associative ring A and any
integer n > 1, let Um,, A denote the set of all n-columns (b;) over A such that there is an
n-row (a;) over A satisfying the condition a; + by + Y, a;b; = 0. When A is a subring
of a ring A; with 1, the last equality takes a more familiar form: (1 + a1)(1 + b1) +
Yo ab; = 1.

The Bass condition is:

(SR,,) for any (b;) € Umy, 1A there are cy,...,c, € A such that the column (b; +
¢ibn+1)1<i<n belongs to Um,, A.

If no such n exists we set sr(A4) = oo. Otherwise, we define sr(A) as the least n such
that the condition (SR,,) holds. Then, by [5], (SR,,) holds for all m > n. Some properties
of the stable rank, improving and generalizing results of Bass [1] are proven in [5] and [6].
In this paper, we will use that sr(A/J) < sr(A) for any ideal J of any ring A and that
sr(A) = sr(A/rad(A)) where rad(A) is the Jacobson radical of A.

We will obtain Corollary 1 as an easy consequence of the following result.

Theorem 1. Let A be a subring of A" and f : A — C be a ring morphism such that its
kernel ker(f) is an ideal of A" and f(A) = C. Then sr(C) <sr(A) <sr(4').

The following lemma will be used in the proof of Theorem 1.
Lemma 1. Let B be an associative ring, n > 1, and (b;) = (b1,...,bn,bps1)T € Umyi1B.
Let d; € B and y = di + by + diby + --- + dnb,. Then there is z € yB such that
(bla ceey bna an—i—l)T € Umn+1B-

Besides Theorem 1, the lemma can be used to obtain the following result.

Theorem 2. Let A be an associative ring and Ji,. .., J, two-sided ideals of A such that
J1Ja - Iy C rad(A). Then sr(A) < max(sr(A4/J;)).

Corollary 1 with finite collection of the rings A; follows easily from Theorem 2 (namely,
set J; to be the kernel of the j-th projection A — C; then the intersection of all J; is 0).
Theorem 2 for commutative rings A with 1 is Lemma 7.6 of [7].
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The condition JyJs---J, C rad(A) in Theorem 2 is equivalent to the condition
() J; C rad(A). The latter condition makes sense for an infinite set of ideals. However,
the obvious extension of Theorem 2 to an infinite collection of ideals is false as the
following example shows. Let A be the ring of integers and P an infinite set of maximal
ideals of A. Then sr(A/J) =1 for all J € P and ();.pJ = 0, while sr(A4) = 2.

2. Proofs

Here is how Corollary 1 follows from Theorem 1. The pullback A in Corollary 1 is
a subring of the direct product A’ of all A;. The kernel of f : A — C = f(A) is the
direct product of the kernels of f; : A; — C, hence it is an ideal of A’. By Theorem 1,
sr(A) <sr(A’) = sup(sr(4;)). We have sr(C') < sr(A) because C' is a factor ring of A.

On the other hand, sr(A4;) < sr(A) for all j because each A; is a factor ring of A. So
sup(sr(A4;)) <sr(A). Thus, sr(A) = sup(sr(4;)). O

Proof of Lemma 1. Since (b;) € Umy,11B, there are a; € B such that ay + b +
Z?jll a;b; = 0. We multiply this equality by —y on the left and add the result from
the equality y = dy + by + d1b1 + - - - + d,b,, to obtain

n+1
al +b1+ > ah; =0 (1)
i—1
with
a) =dy —y—yay € B, a;j=di—ya;, € B (2<i<n), a4 =—Yans1 €yB.

Next, we multiply (1) by —b; on the left and add the result to by = b; to obtain

n+1
alll + b + Z a;’bi =0 (2)
i=1
with
al = —by — bya} € B, al! = —bha,e B (2<i<n+1),

an iy = biyan11 € ByB.
Thus, (b1, .. .,bn,zan)T € Ump1 B with z =ya,4+1 € B. O

Now we give a proof of Theorem 1. Since C'is a factor ring of A we have sr(C') < sr(A).
Next we have to prove that sr(A) < sr(A’).

In other words, we assume that n = sr(A4’) < co, and we have to prove the condition
(SRy).
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Let (b;) € Um, 11 A. We want to prove that there exist ¢; € A such that the n-column
(a; + ¢;an+1) belongs to Um,, A.
Since sr(C) < n and f(A) = C, there are ¢, u; € A such that

y=uy+ (by + cibpir) + Zul (bi + cibnt1) € ker(f).

i=1

By the lemma,

(b1 + gty bp + by, zan)T € Ump1 A for some 2 = yA € ker(f).

Since sr(A’) = n, there are ¢ € A’ such that (b; + cibpi1 + ¢/ 2bpy1) € Um, A’
Set ¢; = ¢}, + c/z € A (we used that ker(f) is an ideal of A’). Then (b; + ¢;bn11) €
Um,A" and

Yy =u1+ (b1 + c1bngn) + 3 ui(bi + cibnia) € ker(f). (3)

i=1
Since (b; + ¢;bny1) € Um, A’ there are v; € A’ such that

n

0=w1+ (b1 + c1bni1) + > vi(bi + cibnya). (4)

i=1
Now we multiply (4) by ¥’ on the left and subtract the result from (3):

0= tl + (bl + Clbn+1) —+ Z tl(bl + Cibn+1) (5)
i=1

with t1 =u; —y'v;1 —y € Aand t; = u; — y'v; € A (2 <i <n). The equality (5) shows
that the column (b; + ¢;bp41) is in Um, A. O

Now we prove Theorem 2.

Case 1: m = 1. Then sr(A) = sr(A/J1) = sr(A/rad(4)).

Case 2: m = 2. Let n = max(sr(A/J1),sr(A/J3)). Assuming that n < oo, we want
to check the condition (SR,). Let (b;) € Umyy1(A). Since sr(A/J2) < n, there are
u;, c; € A such that

n
y:=us + (by + c1bpg1) + Zui(bi + cibpyr) € Jo.

i=1

By the lemma, there is z € yA C Js such that

(b1 4 C1bpsty -y by + Cubpi1, 2bpi1)T € Umy i1 A.



L.N. Vaserstein / Journal of Algebra 410 (2014) 239-243 243

Since sr(A/J1) < n, there are v;, ¢; € A such that

n
y’ = + (bl + Cbn-l—l + c’lzbn_H) + Zvi (bz + Cibn+1 + C;an_H) e Ji.

i=1

By the lemma, there is 2’ € y’A C J; such that
(b1 + c1bpi1 + €1 2bnga, - by + Cubpy1 + Chzbyga, z’zan)T € Umpy1A.
Since 2’z € J1Jo C rad(A), we conclude that
(b + /bui1) = (b1 + Ciburs + ¢y zbuity -y by + Cbnss + cy2buyr) € Umy A

where ¢’ = ¢; + ¢}z € A.

General case. We proceed by induction on m. In view of Cases 1 and 2, we can
assume that m > 3. Set J' = Jy---Jp,. Then J;J' = JiJo---J, C rad(A) hence
st(A) = max(sr(A4/J1),sr(A/J")) by Case 2. By the induction hypothesis, sr(A/J") =
max(sr(A/Jz),...,s1(A/Jm)). Thus, sr(A) < max(sr(A/J;)). O.
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