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1. Introduction

Suppose that k is a field and that C is a finite category, that is, the morphisms in C
form a finite set. Suppose further that « is a 2-cocycle of C with values in £*. Then the
twisted category algebra k,C is the finite-dimensional k-algebra with the morphisms in C
as a k-basis, and with multiplication induced by composition of morphisms, twisted by
the 2-cocycle «; for a precise definition, see 3.1. In the case where the category has one
object only this just recovers the notion of a twisted monoid algebra.

In recent years, (twisted) category algebras and (twisted) monoid algebras have been
intensively studied by B. Steinberg et al., for instance in [10], as well as by Linckel-
mann and Stolorz, who, in particular, determined the isomorphism classes of simple
ko C-modules in [17]. As a consequence of [17, Theorem 1.2] the isomorphism classes of
simple k,C-modules can be parametrized by a set A of pairs whose first entry varies over
certain finite groups related to C (called mazimal subgroups of C), and whose second
entry varies over the isomorphism classes of simple modules over twisted group algebras
of these maximal subgroups.

For convenience, in the following we shall suppose that & has characteristic 0, but this
condition can be relieved, as we shall see in Theorem 4.3. Moreover, we suppose that
the category C is split, that is, every morphism in C is a split morphism, see 3.1(a). It
has been shown by the authors in [2] and, independently, by Linckelmann and Stolorz
in [18] that the resulting twisted category algebra k,C is quasi-hereditary in the sense
of [6]. In [2] we also determined the standard modules of k,C with respect to a natural
partial order < on the labelling set A of isomorphism classes of simple modules, which
depends only on the first entries of pairs in A and is explained in 3.6.

Since k,C is quasi-hereditary with respect to (A, <), it is also quasi-hereditary with
respect to any refinement of <, and the corresponding standard and costandard modules
are the same as those with respect to (A, <). This is an immediate consequence of
Definition 2.1 below.

In this paper we introduce a new partial order <l on A such that the partial order <
is a refinement of <. We shall then show in Theorem 4.3 that the algebra k,C remains
quasi-hereditary with respect to this new partial order. Furthermore, we shall show that
the standard and costandard modules of k,C with respect to the two partial orders
coincide, and we shall give explicit descriptions of these modules. The partial order <
seems more natural than the initial one, since it depends on both entries of the pairs
in A, and it allows to pass the hereditary structure to idempotent condensed algebras
€-koC g, for €2 = € € k,C, in a particular case we are interested in and that is related to
the category of biset functors, see Section 7. In Sections 5 and 6 we shall give a number
of possible reformulations and simplifications of the defining properties of the partial
order < that are particularly useful when considering concrete examples.

It is known, by work of Wilcox [22], that diagram algebras such as Brauer alge-
bras, Temperley—Lieb algebras, partition algebras, and relatives of these arise naturally
as twisted split category algebras and twisted regular monoid algebras; for a list of
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references, see the introductions to [2,18]. Our initial motivation for studying the struc-
ture of twisted category algebras comes from our results in [1], where we have shown that
the double Burnside algebra of a finite group over k is isomorphic to a k-algebra that is
obtained from a twisted split category algebra by idempotent condensation. The latter
result is also valid for more general algebras related to the category of biset functors on
a finite section-closed set of finite groups; see [1, Section 5] and Section 7 of this article.
Therefore, in Section 7 and in Section 8 we shall apply our general results concerning
the quasi-hereditary structure of twisted split category algebras to the algebra related
to biset functors just mentioned and to the Brauer algebra, respectively. In doing so we
shall, in particular, derive new information about decomposition numbers of the alge-
bras under consideration, since our partial order < is in general strictly coarser than the
well-known partial order < on A.

Moreover, in Theorem 7.7 we recover and slightly improve a result of Webb in [21]
stating that the category of biset functors over k is a highest weight category, when the
underlying category of finite groups is finite. The key step towards the latter result will
be showing that our newly introduced partial order < behaves particularly well with
respect to this particular idempotent condensation, whereas the finer order < does not;
see Example 7.9.

Many known examples of twisted split category algebras k,C arise from categories
equipped with a contravariant functor that is the identity on objects and that gives rise
to a duality on the category of left k,C-modules. Such a duality, in particular, sends
standard modules to costandard modules, and allows for further simplifications of the
partial order < on the set A. We shall analyze this duality in detail in Section 6, and
apply these general results to our concrete examples in Section 7 and Section 8.

2. Quasi-hereditary algebras

In the following, k£ will denote an arbitrary field. We begin by briefly recalling the
definition and some basic properties of a quasi-hereditary k-algebra needed in this article.
For more details and background we refer the reader to [6] and [9, Appendix]|. Unless
specified otherwise, modules over any finite-dimensional k-algebra are understood to be
finite-dimensional left modules.

2.1. Definition. (Cline, Parshall and Scott [6].) Let &k be a field, and let A be a finite-
dimensional k-algebra. Let further A be a finite set parametrizing the isomorphism classes
of simple A-modules, and let < be a partial order on A. For A € A, let D) be a simple
A-module labelled by A, let Py be a projective cover of Dy, and let I be an injective
envelope of D).

(a) For A € A, let Ay be the unique maximal quotient module M of Py such that all
composition factors of Rad(M) belong to the set {D, | © < A}. Then Ay is called the
standard module of A with respect to (A, <) labelled by A.
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(b) For A € A, let V) be the unique maximal submodule N of I such that all
composition factors of N/Soc(NN) belong to the set {D,, | p < A}. Then V) is called the
costandard module of A with respect to (A, <) labelled by A.

(c) The k-algebra A is called quasi-hereditary with respect to (A, <) if, for each A € A,
the projective module Py admits a filtration

0=pP”cpPPc...c ™ =p,

satisfying the following properties:

(i) P /Pl > AL and
(ii) if 1 < ¢ < my then P/{q)/Piq_l) = A, for some p € A with A < p.

The notion of a quasi-hereditary algebra can be defined equivalently in terms of co-
standard modules:

2.2. Proposition. (See [9, Definition A2.1, Lemma AS3.5].) With the notation as in Def-
inition 2.1, the k-algebra A is quasi-hereditary with respect to (A, <) if and only if, for
each A € A, the injective module I admits a filtration

0=1"crVc...c™ =1,

such that
(i) Iil) =~ V., and
(ii) if 1 < ¢ < ny then qu)/l)(\qfl) = V., for some p e A with A < p.

2.3. Dual modules. (a) Suppose again that A is a finite-dimensional k-algebra. For any
left A-module M, we set M* := Homy (M, k) and view M* as a right A-module via
(A-a)(m) :== Aam), for A € M*, a € A, and m € M. Similarly, if N is a right A-module,
the k-linear dual N* is a left A-module. If A labels the isomorphism classes of simple
left A-modules then it also labels the isomorphism classes of simple right A-modules:
if Dy is the simple left A-modules labelled by A € A then we choose D} to be the
simple right A-module labelled by X. The dual P} of the projective cover of Dy is an
injective envelope of DY, and the dual I} of the injective envelope of D) is a projective
cover of D}. Moreover, if < is a partial order on A and if Ay (respectively, V) is
the corresponding standard (respectively, costandard) left A-module labelled by A € A,
then V3 (respectively, A}) is the corresponding standard (respectively, costandard) right
A-module labelled by A. Using Proposition 2.2 one sees that A is quasi-hereditary with
respect to < in the left module formulation if and only if A is quasi-hereditary in the
similar right module formulation.

(b) Suppose further that there is a k-algebra anti-involution —°: A — A, that is, —°
is a k-linear isomorphism of order 2 that satisfies (ab)® = b°a®, for all a,b € A. Then,



R. Boltje, S. Danz / Journal of Algebra 440 (2015) 317-853 321

given any finite-dimensional left A-module M, its k-linear dual M™ also carries a left
A-module structure via

(a- f)(m):= f(a®-m) (a€ A, feHomg(M,k), me M). (1)

We denote the resulting left A-module by M°. Note that (M°)° = M = (M*)* as left
A-modules.

If A is the group algebra kG for a finite group G, then we have a canonical anti-
involution induced by the map G — G, g — g~ !. By abuse of notation, in this particular
case we still write M* for the left A-module M°. So, in this case, M* can mean a left or
a right kG-module, and we shall clarify this when necessary.

Let A be a set labelling the isomorphism classes of simple left A-modules, and let <
be a partial order on A. For A € A, the dual DS of the simple left A-module D) is again
a simple left A-module, so that there is some A\° € A with D = D).. Moreover, the
dual Py of the projective cover Py of Dy then is an injective envelope of DS. Imposing
an additional assumption on the poset (A, <), the duality also relates standard modules
to costandard modules as follows.

2.4. Proposition. Retain the assumptions from 2.3. Suppose further that, for all A,y € A,
one has A < p if and only if \° < p°. Then, for each A € A, one has A-module
isomorphisms

A= Vi and V5 =Ay.

Proof. Let A € A. By definition, A is the largest quotient module of Py such that
all composition factors of its radical belong to {D, | © < A}. Hence AY is the largest
submodule of Py = Iy. such that all composition factors of its cosocle belong to the set
{D}, | < A} = {Dye | p < A}. Since, by our hypothesis, u < A if and only if u°® < A°,
this shows that A = V..

The second isomorphism follows analogously. O

2.5. Remark. Keep the assumptions as in 2.3(b). In the case where, for every A € A, one
has D = D,, the quasi-hereditary algebra A is usually called a BGG-algebra, see for
instance [7,13].

Idempotent condensation of a quasi-hereditary algebra results again in a quasi-
hereditary algebra if the simple modules annihilated by the idempotent form a subset
of A that is closed from above. The following proposition makes this more precise. It is
an immediate consequence of Green’s idempotent condensation theory, [12, Section 6.2],
and [9, Proposition A.3.11]. We shall use it in Section 7 to show that, in certain situ-
ations, biset functor categories are equivalent to module categories of quasi-hereditary
algebras.
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2.6. Proposition. Assume that A is a quasi-hereditary k-algebra with respect to (A, <), and
let e be an idempotent satisfying the following condition: If A < u are elements of A and
if eDy # {0} then also eD,, # {0}. Set A" := {\ € A | eDy # {0}} and set A’ := eAe.
Then, as A varies over A, the A’-modules eD)y form a complete set of representatives of
the isomorphism classes of simple A'-modules, and A’ is a quasi-hereditary algebra with
respect to (A, <). Moreover, for X € A, the corresponding standard A’-module is given
by eA(X), and the corresponding costandard A'-module is given by eV ().

3. Twisted category algebras

In the following we recall some properties of twisted category algebras from [2,17,18].
Throughout this paper we shall choose our notation in accordance with [2]. In particular,
we shall use the following notation and situation repeatedly.

3.1. Notation. (a) Let C be a finite category, that is, the morphisms in C form a finite set
S := Mor(C). We shall henceforth suppose that C is split, that is, for every morphism
s € S, there is some t € S with sotos=s.

Let k be a field. A 2-cocycle o of C with values in k™ assigns to each pair of morphisms
s,t € S such that s ot exists in S an element «a(s,t) € k* such that the following
holds: whenever s,t,u € S are such that u ot o s exists, one has a(u o t,s)a(u,t) =
alu,t o s)a(t,s). The twisted category algebra k,C is the k-vector space with k-basis S
and with multiplication

t-s:= a(t,s)-tos if tos exists,
"o otherwise,

for s,t € S. For the remainder of this section, we set A := k,C. The set of all 2-cocycles
of C with values in £* will be denoted by Z2(C,k>). If C’ is a skeleton of C and o’ is
the restriction of a to C’ then k., C’ is Morita equivalent to k,C.

(b) Following Green in [11], one has an equivalence relation _# on S defined by

st SosoS=SotoS,

for s,t € S. The corresponding equivalence class of s is denoted by _#(s), and is called
a _Z-class of C. One also has a partial order < s on the set of _#-classes of C defined
by

J(s)< g F(t):= S0 F(s)oSCSo g(t)os, (2)

for s,t € S. Note also that ¢ (s) < o #(t) if and only if SosoS C SotoS. From now
on, let Si,..., S, denote the #-classes of C, ordered such that S; < s S; implies i < j.

Since C is split, every _#-class S; of C contains an idempotent endomorphism e;, that
is, e; € Endc(X;), for some X; € Ob(C), and e; o e; = e;: one can, for instance, take
e; '= §; oty, for any s; € S; and any ¢; € S such that s; ot; 0s; = s;.
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Note that
b= ale,e) ! e

is an idempotent in the algebra A, whereas e; itself is in general not.

(c) Fori=1,...,n, denote by I';, the group of units in the monoid e; o Endc(X;) oe;,
and set J., := (e; 0o Endc(X;) o e;) N\ T'¢,. The 2-cocycle « restricts to a 2-cocycle of the
group T'¢,, so that one can regard the twisted group algebra k,I'c, as a (non-unitary)
subalgebra of A. Moreover, for each i = 1,...,n, one has the following k-vector space
decomposition of the k-algebra e Ae}:

ejAel = e;Ae; = kole, ® kJe, ; (3)

note that here k,I'¢, is a unitary subalgebra and k.J, is a two-sided ideal of e} Ae;.
(d) In accordance with [2], we also define

Sgi = U Sj and JZ = kSSi s (4)
Jj<i
for i = 1,...,n, and we set Jy := {0}. By [2, Proposition 3.3], this yields a chain
JoC Jp C--- C J, = A of two-sided ideals in A.

3.2. Remark. In the special case where C is a category with one object, one simply
recovers the notion of a twisted monoid algebra. The property of being split is then
usually called regular, see for instance [10].

3.3. Simple modules and standard modules. For each i € {1,...,n}, let e; € S; be an
idempotent endomorphism, and let T; 1),...,T(;;,) be representatives of the isomor-
phism classes of simple k,I'.,-modules. For ¢ € {1,...,n} and r € {1,...,1;}, denote
by T(i,r) the inflation of T(; ;) to ejAe; with respect to the ideal k.J., and the decompo-
sition (3). Consider the A-modules

NGy = A€} ®eraer Ty and Dy = Hd(A( ) - (5)

The isomorphism classes of A(; .y and D; ..y, respectively, are independent of the choice
of the idempotent e; € S;.

3.4. Theorem. (See [17, Theorem 1.2].) The modules D(;y (i =1,...,n, 7 =1,...,1;)
form a set of representatives of the isomorphism classes of simple A-modules.

3.5. Remark. Suppose again that i € {1,...,n} and r € {1,...,1;}. By the general theory
of idempotent condensation, see [12, Section 6.2], one has the following isomorphisms of
e} Ael-modules:

€ Dy 2T 2 DNiirys (6)

in particular, the idempotent e; of A annihilates every composition factor of Rad(A; ).
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3.6. A partial order. By Theorem 3.4, the set A := {(i,7) |1 <i < n, 1 <r <[;}
parametrizes the isomorphism classes of simple A-modules. Moreover, one has a partial
order < on A that is defined as follows:

(i,’l")<(j,$) = Sj </ Sia (7)
for (i,7),(j,s) € A. With this notation we recall the following result.

3.7. Theorem. (See [2, Theorem 4.2].) Suppose that the group orders |Te,|,...,|Te, | are
invertible in k. Then the k-algebra A = k,C is quasi-hereditary with respect to (A, <).
Moreover, for (i,r) € A, the standard A-module labelled by (i,r) is isomorphic to A -

An independent proof of the quasi-heredity of k,C can be found in [18, Corollary 1.2].
4. Main theorem

Throughout this section, we retain the situation and notation from 3.1 and 3.3. Ad-
ditionally, we assume that, for each ¢ = 1,...,n, the order of I',, is invertible in %k, so
that the twisted group algebra k,I'¢, is semisimple. By Theorem 3.7, A = k,C is quasi-
hereditary with simple modules D(; ,y and standard modules A(; .y, (i,7) € A, where A
is endowed with the partial order < from 3.6.

In the following we shall introduce a new partial order << on A such that the partial
order < defined in 3.6 is a refinement of <. We aim to show that A is also quasi-hereditary
with respect to (A, <), and that the standard and costandard modules do not change.

4.1. Definition. For (i,7),(j,s) € A, let f; ) € kol'e; and f(; o) € kal'c, be the block
idempotents corresponding to the simple modules T{; ) and T{; ), respectively. We set

(i,7) C (4, s) =& (i) S5 < ¢ Si, and
(i) feiry - i fos) & Tj—1 0t fio - Ji - fam & Tj-1-

Here J;_1 C J; are the two-sided ideals of A defined in (4). This defines a reflexive,
anti-symmetric relation C on A. The transitive closure of the relation C on A will be
denoted by <. This is again a partial order on A.

4.2. Remark. (a) Note that the partial order < on A defined in (7) is indeed a refinement
of the new partial order <.
(b) One can show that the partial order < on A does neither depend on the choice of
the idempotent e; in S; nor on the chosen total order Si,Ss,..., S, of the #-classes.
(c) We emphasize that the relation C in Definition 4.1 is in general not transitive;
we shall give explicit examples later in Section 7 and Section 8. The condition in Defi-
nition 4.1(ii) can be reformulated, and can often be simplified; see Sections 5 and 6. In
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Section 6 we shall, in particular, establish criteria for the conditions f(; ) J;- f(;,¢) ¢ Jj_1
and f(j o) - Jj - fary € Jj—1 to be equivalent.

We are now prepared to state and prove our main result:

4.3. Theorem. Suppose that the group orders |Te,|,...,|Te,| are invertible in k. Then the
twisted category algebra A = k,C is quasi-hereditary with respect to (A, <). Moreover, the
A-modules A vy ((i,7) € A), as defined in (5), are the corresponding standard modules.

Proof. We shall use Definition 2.1 and proceed as in [2]. That is, we shall show that, for
each (i,7) € A, the A-module A(; ;) satisfies (i) and (ii) below, and that the projective
A-module P; ,y admits a filtration

_ p(0) (mir) _
0=PF,.yC-CP;y" =P

satisfying (iii) and (iv) below:

1) Hd(A(z r)) D(z )3

ii) [Rad(Ag,) : Dayl # 0= (I,t) < (i,7);

ii) P /P %Fl) = Dy

iv) 1 <qg<mg,) = P((Zqz,)/P((lqr)l) = A(j,s), for some (j,s) € A with (i,7) < (4, 5).

Condition (i) has already been verified in the proof of [2, Theorem 4.2]. To show (ii),
let (i,7),(l,t) € A be such [Rad(A(,)) : Dyl # 0. Since A,y is the standard
A-module (see Theorem 3.7) with respect to (A, <) labelled by (i,7), we already know
that S; < 4 S;. We shall show that f(; - Ji- fir) € Ji-1, so that (I,t) C (i,7), and thus
(1,t) < (5, 7).

Recall from (6) that e;- D ¢) = €;- Ay (l +) as e;Aej-modules. Moreover, note that
fair - T( ry = T(l 1), since f(; y is the block 1demp0tent of koI'e, corresponding to the
simple module T{; ;) and T, (i,r) is just the inflation of T{; ) to e; Ae}. Analogously, we have
Ja -T(l’t) = T(l,t). This implies, in particular, that f . - D4y = fape; - Dag # 10},
and thus also f(4) - Ay # {0}, since we are assuming [Ag .y @ D] # 0 and since
multiplication by f ;) is exact.

Now, writing f(; ) as a sum of pairwise orthogonal primitive idempotents in ejAej,
there is a summand f(l ) in this decomposition such that f ) T(Z »n # 10} By
[20, Theorem 1.8.10], this in turn implies that the e;Aej-module e} Ae; - f(“n) is a projec-
tive cover of T(; »y. Thus, as we have seen in the proof of [2, Theorem 4.2}, the A-module
A - firy is a projective cover of D; .y, so that we may from now on suppose that
A fiir) = Plir)-

Next consider the following chain of A-modules from [2, (12)]:

{0} =T fimy €I fimy € CTict fimy S Ji fliry = A~ fliry = Py - (8)
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As we have shown in the proof of [2, Theorem 4.2], there is an A-module isomorphism
Ay ZTi - fumy /i1 Far = (i) Jiz1) « Fir -
Consequently, we have now proved that

{0} # faey - (Ji/ Tic1) - fimy = Faey - (Ji) Tic1) - Feiry = Ty s

and therefore f 4y - Ji - firy € Ji—1, implying (I, t) C (¢,7), and thus also (I,t) < (i,7),
as desired. This settles the proof of (ii).

It remains to verify conditions (iii) and (iv). To this end, we consider the chain (8) of
A-modules again. Since we already know that A .y = J; - f(i7r)/J,-_1 -f(”), it suffices to
show that (8) also satisfies (iv). We argue along the lines of the proof of [2, Theorem 4.2]:
if j € {1,...,i — 1} is such that S; £  S; then J; - f(i,r) =Jj_1- f(i,r)- So suppose
that j € {1,...,4 — 1} is such that S; < 4 S;, and let M be an indecomposable direct
summand of the A-module J; - f; /Jj—1- f(ir). Then, by [2, Lemma 4.4], there is some
se{l,...,l;} with M = A(J s)- Arguing as above, we deduce f(; 5)-1(;,5) = T(J s) 710},
and e - A(J,S) = T(;.s) as €;Ae/-modules. Thus f(;,) - A(j5) # {0}, and

{0} # fio) - (Ji/Tj=1) - fiiry = Fiisy - (Ji/Ti=1) - Fiimy * Frimy s

so that f(; y-J; fi,r) € Jj—1- Since we are assuming S; < 4 S;, this implies (i,7) T (4, s),
hence also (4,7) < (4, s), proving (iv). O

4.4. Costandard modules. At the end of this section we should like to tie up some loose
ends and comment on the costandard A-modules with respect to the partial orders <
and < on A.

To this end, first note that if B is any finite-dimensional k-algebra and f is a primitive
idempotent of B then

Hd(Bf)* 2 Hd(fB) as right B-modules and Hd(fB)* =2 Hd(Bf) as left B-modules.
(9)

In other words, if D is a simple left B-module belonging to a particular Wedderburn
component of B/J(B) and if D’ denotes the simple right B-module belonging to the
same Wedderburn component, then D’ = D* as right B-modules.

Next, observe that everything that was proven in Theorem 4.3 for left modules over
the twisted split category algebra A can also be proved for right A-modules. More pre-
cisely, for (i,7) € A, consider the simple right k,T.,-module T(' ” belonging to the same
Wedderburn component as the simple left k,Ic,-module T{; ,y and let T denote the
inflation of T(’ ) O € L Ael with respect to the decomposition e}Ae; k ole, B kJe,.
Moreover, define the right A-modules

’(Z-’T) = ~’m) ®@eraer €;A  and DEM) = Hd(A'(i’T)). (10)



R. Boltje, S. Danz / Journal of Algebra 440 (2015) 317-853 327

Then, in analogy to [17, Theorem 1.2}, the modules D&,r)? (i,r) € A, form a complete set
of representatives of the isomorphism classes of simple right A-modules. Moreover, with
respect to both the partial orders < and < on A, the standard right A-module labelled
by (i,7) € A is given by A,(i,r)' As well, A is quasi-hereditary with respect to these partial
orders in the formulation for right modules, in a symmetric sense to Definition 2.1.

Note also that applying (9) to the algebras B = k,I'¢, and to B = €] Ael, respectively,
shows that

T(;py = T(; ,y as right koI, -modules, and T(; .y 2 (T(; )" as right €] Aej-modules.
(11)

Note also that (T(”))* = f(fr/) as right e Ae;-module, so that we may simply denote
this module by T(*Z.’T), to avoid too many symbols.

Finally, assume that f; , is a primitive idempotent of e Aej occurring in the decompo-
sition of the block idempotent f; ) with f(”)f(i,) # {0}. Then also ﬁ(”)‘f(i’,,) # {0}.
From [2, Theorem 4.2] we know that Af(; ) is a projective cover of D(; ,y, and, arguing
completely analogously with right modules instead of left modules, we also deduce that
f(iyr)A is a projective cover of DEM). Thus, by (9), we obtain

(i) = D{; ;y as right A-modules. (12)
Consequently, we have:

4.5. Corollary. Suppose that the group orders |U'e,|, ..., |Te,| are invertible in k. For
(i,r) € A, the corresponding standard right A-module, with respect to both < and <, is
given by A’(”) in (10). Furthermore, with respect to both < and <, the costandard left
A-modules V ;) and the costandard right A-modules V’(w) are given by

V(iz) = Homg aer (€jA, T(i ) and Vi, ) = Homes ac: (A€f, T(; ) -
Moreover,
() = Vi and Vi) = Af,
as right A-modules.

Proof. The first statement has already been derived in 4.4. Now let (i,r) € A. Again, by
the considerations in 4.4, the module Aziﬂ,) is the right standard A-modules with respect
to < and <. Let [(;,) denote an injective envelope of the simple left A-module D; ).
Then T (*i,r) is a projective cover of the simple right A-module Dar), and thus of Dzm),
by (12). Therefore, VZ‘Z.,T) is a quotient of I(*Z. " such that each composition factor of

Rad(v(ki,r)) is of the form D¥. |, = D’ /

(.s) = Dy ) with (4,8)<(i,7), and Vi, s the largest such
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quotient. For otherwise, by taking duals again, /(; ,y would have a submodule M strictly
containing V(; .y such that the composition factors of M/Soc(M) are of the form D,
with (4, s) < (4,7), which is not the case. Therefore, both A’(m) and V7, ) are standard
right A-modules with respect to < and <, with head isomorphic to DEM) = wa). But

this implies A’(i -
Finally, by the usual adjunction isomorphism and (11), we obtain that

V’(k”). Similarly, one shows that A(; ;) = (V'(m))*.

Viir) = (A )" = Homp(T{; ) @ e €;A, k) = Homgr 4er (€] A, Homy (T}, ., k))
= Home;Aeg (BQA, T(z,r))
as left A-modules, and similarly one obtains an isomorphism V’(Lr)% Hom,/ 4. (Aej, T(*;’T))
of right A-modules. 0O

5. Reformulations of the relation C

We retain the notation from Section 4. Thus, we assume the notation and situation
from 3.1 and 3.3, and also assume that, for every idempotent endomorphism e in C, the
group order |T'.| is invertible in k. Thus, the corresponding twisted group algebra kT,
will then again be semisimple. For every (i,7) € A, let f; ,y denote the primitive central
idempotent of k,I'c, satisfying f(; ) T(i,» # {0}, or equivalently, T(*;',r)f(iﬁ') # {0}. The
following proposition gives equivalent reformulations of one of the two conditions in
Definition 4.1(ii), concerning the relation C and the resulting partial order < on A.

5.1. Proposition. Let i,j € {1,...,n} be such that S; < g S;. Then, for (i,7),(j,s) € A,
the following are equivalent:

) Sy - I~ fs) € Jj-1i

(ii) there is somet € S;Ne;oSoe; with fi ) -t fie #0 in A;

(iii) there exists a non-zero (kal'e,, kal'c,)-bimodule homomorphism from f(; yykal'e, ®
fG.skale; to ej(A)Jj-1)e;

(iv) there exists a non-zero (koale,, kaI'e,;)-bimodule homomorphism from T; ,y ®T(*j s)
to e;(A/Jj-1)€};

v) Tty ® 17, ) is isomorphic to a direct summand of the (kale;, kal'e,)-bimodule
ei(A/Jj-1)e;

i) farm - (A)Jj=1) - fij.s) # {0}

Proof. (i) < (ii): Note first that we have
famy - Ji o) € Jj-1 = 3 E€S<y: fiirmy -t fe) & Ji-1-

So, suppose that t € S<; is such that f; ) -t f;5) & Jj—1. Then t’ := e; ot o e; is such
that ' € e;oSoe; NS<jand f ) - t' - f5.6) = far) -t fj,s) & Jj—1. But if ¢’ was
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contained in some _#-class S; with [ < j then we would get f(; ,)-t'- f(js) € Jj—1, which
is not the case. Thus t’ € e; 0 S 0 e; NS, which gives

f(i,r) . Jj . f(j7s) g ijl < dt e Sj Ne;joSo ej: f(iﬂ«) -t f(j,s) ¢ Jj,1 . (13)

Now let t € SjNe;oSoe;. Then f; ) t- f(s) is a k-linear combination of elements of
the form t; ot o ¢;, for suitable t; € I'c, and t; € I'¢,. Fix such elements ¢; and ¢;. Then
we have

SotoS=S8o0eotoejof
:Sotiflotiototjotj*losgSotiototjoSQSotOS,

hence Z(t;otot;) = 7Z(t) =S, thatis, fi,) -t f(s € kS;. Since kS; N J;_1 = {0},
this finally yields

fary - Ji [ € Jj-1 & 3t€S;NeioSoes fur t- fis)#0,

proving the equivalence of (i) and (ii).
(i) = (iii): Let a € f,) - J5 - f(j,5) ™ Jj—1. Then the map

®: f(i,r) ' karei X f(j.,s) ' kaF6j — f(i,T) . (A/J]—l) : f(j,s) - e;(A/J]—l)e;

given by o(x®y) = zay+J;_1, for v € f; ) -kal'e, and y € f; oy kal'e, = kal'e, - f(5,5), I8
a (kale,, kal'e;)-bimodule homomorphism with o(f(i ) ® f(j,6)) = fir) @ fi,s)+Ji-1 =
a+ ijl 7é Jj71~

(iii) = (i): Suppose that ¢ is a non-zero (kqol'c,, kal'e;)-bimodule homomorphism
from f; ) - kal'e, @ f(j6) - kale, to €;(A/Jj—1)€}. Then 0 # o(firy @ f.5) € frir) -
(A/Jj=1) - fi.s) C €i(A/Jj-1)e}. Note that Af; . C Aelfi s C Jjf(s). Thus also
far) ATy = fary - I - fiys) and we obtain fiipy - Jj - f.0) & Jj-1-

(iii) <= (iv) <= (v): Since k,I'¢,; and k,I'c; are semisimple k-algebras, the cate-
gory of (kaI'e,, kal'e;)-bimodules is semisimple and the bimodule f(; ykaT'e, ® f(j,5)kale,
is isomorphic to a direct sum of copies of T{; ;) @ T(; ). The assertions (iii)~(v) are now
clearly equivalent.

(i) <= (vi): This follows immediately from f; .y - A fis) = fary - Ji - fs)- O

Similarly to the proof of the previous proposition one proves the following symmetric
result:

5.2. Proposition. Let again i,j € {1,...,n} be such that S; <y S; and let
(i,7),(4,5) € A. Then the following are equivalent:

@) foos) - i - fary € JTj-1;
(ii) there is some t € S;NejoSoe; with fi g -t fury #0 in A;
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(iii) there exists a non-zero (koI'e,, kal'e,)-bimodule homomorphism from f; skal'e; ®
famkale, to e;-(A/Jj_l)e;;

(iv) there exists a non-zero (koI'e;, kol'e,)-bimodule homomorphism from T ; o ®T(’;,T)
to ef(A/Jj—1)es;

(V) Tj,5) @ T(; .y s isomorphic to a direct summand of the (kal'e,, kaTe,)-bimodule
e5(A)Jj—1)ei;

(i) fis) - (A/Jj=1) - fiar # {0}

5.3. Remark. Suppose that ¢ € {1,...,n} and that the restriction of « to T, is a
coboundary, that is, that there exists a function p:T'e; — k* such that «(t,t') =
pO)p)p(tot’')1, for all t,¢' € I',,. Then we have a k-algebra isomorphism

kale, = kDe,, tw> pu(t)-t, (14)

where t € T'.,, and where k', denotes the (untwisted) group algebra of T'., over k. In
particular, this holds if the restriction of a to I'c, is the constant function with some
value a € k*. In this case pu can also be chosen to be the constant function with value a.

If also j € {1,...,n} and if the restriction of a to I'¢; is a coboundary then we have
k-algebra isomorphisms

kale, @ kale, = kT, @ kT, = k[T, X T¢,] . (15)

We may and shall then identify every left k,I'c, @ ko I'c,-module with a k[I';, x T'¢;]-mod-
ule. Moreover, we shall always identify every (kI,,kI;)-bimodule M with the left
k[Le, x T¢,]-module M defined by (z,y)-m:=xz-m-y~ ', forme M,z el ,yecl,,.
Note that, under these identifications, the (koI'e,, kaI'e,)-bimodule T}; ) ®T(*j§) becomes
the left k[I'c, x T ]-module T(; ) @ T(; ;.

In our applications to biset functors and Brauer algebras we shall see that the restric-
tions of the relevant 2-cocycles to the maximal subgroups I'¢, of the respective categories
are always 2-coboundaries (in fact, even constant). Before simplifying the first condition
in Definition 4.1(ii) further in this situation, we introduce a last bit of notation.

5.4. Notation. Let 7, j € {1,...,n} be such that S; < s S;. Then the set S; Ne;0Soe;
carries a left T'e, x T¢,-set structure via

(z,y)-t:=zotoy " (zel,,yel.,,teS;NeoSoe;).

In fact, clearly zotoy™! € e;0S0e;, and zotoy™t € §; = #(t), since zotoy™! € SotoS
and t = x lozotoy loy € Soxotoy 'oS. We denote the stabilizer of t € SjNe;o0Soe; by
stabr, xr., (t), or simply by stab(¢) when no confusion concerning the groups is possible.

Note that, analogously, the set S;Ne;oSoe; carries a left T'e, x I'c,-module structure.
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5.5. Corollary. Let i,j € {1,...,n} be such that S; < y S;. Suppose that a restricts to
constant 2-cocycles on U'c, and on U'e; with values a; and a;, respectively. Moreover, let

(i,7),(4,8) € A.

(a) Assume that a(x,t) = a; and a(t,y) = a; for allz € T, t € S;jNe; 0S5 oe;,
and y € Te;. Then one has fi - Jj - fis) ¢ Jj—1 if and only if there is some t €
SjNe;oSoe; such that T(;, 7)®T(*j 5) is isomorphic to a direct summand of the permutation

E[Te, x T'¢,]-module Indstab(tr)ﬁj (k);
(b) Assume that a(y,t) = a; and a(t,r) = a; for ally € Te,, t € SjNejoSoe;,
and x € T'¢,. Then one has fi s - Jj - far ¢ J;j—1 if and only if there is some t €

SjNejoSoe; such thatT(; o ®T(";.7T) is isomorphic to a direct summand of the permutation

k[T, x T¢,]-module Indstab(tl;c'i(k).

Proof. We identify every (kI'e,, ko', )-bimodule with a k[I'e, xI'¢;]-module as indicated
in Remark 5.3. To prove (a), we first observe again that Jje; = Ae’, and we deduce
that the cosets in A/J;_1 of the elements of S; Ne; o S oe; form in fact a k-basis of
e;(A/Jj-1)e;. The hypothesis in (a) implies that under the resulting k[I'c, x I'c,]-module
structure, this k-basis is permuted by T'e; x I'c; in the same way as in 5.4. Thus, we
obtain a k[I'¢, x I'¢,]-module isomorphism

Pe, xTe

e;(A)Jj—1) e = GalndBtdb ) I(k),

where t varies over a set of representatives of the I'c, x I',-orbits on S;Ne; 0 Soe;. Now
assertion (a) follows from Proposition 5.1(v).
Assertion (b) is proved analogously using Proposition 5.2. O

6. Duality in twisted category algebras

Again, we retain the notation from Section 4. Thus, we assume the notation and
situation from 3.1 and 3.3, and also assume that, for every idempotent endomorphism e
in C, the group order |T'.| is invertible in &, so that Theorem 4.3 applies.

In this section we shall show that the partial orders < and < defined in 3.6 and in
Definition 4.1 behave well under a natural notion of duality introduced in Hypotheses 6.1.
This will allow us to apply Proposition 2.4. If « restricts to particular coboundaries on
the groups T',, then we shall show that the two conditions in Definition 4.1(ii) are
equivalent.

We shall need the following hypotheses, which will be satisfied in many instances,
and, in particular, in the two applications we are interested in; see Sections 7 and 8.

6.1. Hypotheses. For the remainder of this section, suppose that there is a contravariant
functor —° : C — C satisfying the following properties:
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(i) X° = X, for every X € Ob(C);

(ii) (s°)° = s, for every s € Mor(C) = S;

(iii) s o0 s°0s=s, for every s € Mor(C) = S;
(iv) a(s,t) = a(t°, °) for all s,t € S,

(v) el =e;, fori=1,...,n.

Given any subset M of S, we set M° := {s°:s € M}.

6.2. Remark. Note that, given a contravariant functor —° : C — C with properties (i)—(iv)
above, we can always choose the idempotents ey, ..., e, such that they satisfy (v), by
setting e; := s; o s7, for any s; € ;.

As immediate consequences of Hypotheses 6.1 we obtain the following, which will be
used repeatedly throughout this article.

6.3. Lemma. (a) The functor —° : C — C induces a k-algebra anti-involution

—°: A= A, ZassHZasso,

seS ses

where as € k, for s € S.

(b) Forie {1,...,n}, one has S; =S¢, and thus J; = J?, where J; is the ideal in A
defined in (4).

(c) Forie{l,...,n} and x € T,, one has 2° = z~'.

Proof. Part ( ) is a straightforward calculation. For (b) note that Hypothesis 6.1(iii)
implies 7 (s°) < s _#(s), and (ii) then implies ¢ (s) < s #(s°). Thus #(s) = #(s°),
and both assertions in (b) are immediate from this.

For (c), let i € {1,...,n}, and let X; € Ob(C) be such that e; € Endc(X;). Then, for
x €T, we have 2° = (e;o0xo0e;)° = efox®oef = e;0x°0e;, thus 2° € e;0Endc(X;)oe;.
Since x € I'¢,, there is some y € I',, with z oy = e; = y o x. Hence

o o_ _o__ .0 o
yooua® =e =x°0y°,

so that also z° € T',,, since ef = e;. Moreover, by Hypothesis 6.1(iii), x o z° is then an
idempotent in the group I, implying z o 2° = ¢;, thus 2° = 2z~ !. O

6.4. Dual A-modules. (a) We apply the conventions from 2.3 to the k-algebra involution
—°: A — A from Lemma 6.3(a). Thus, whenever M is a left A-module, its k-linear dual
becomes a left A-module M°, via (1).

(b) Suppose that B is a (not necessarily unitary) k-subalgebra of A such that B® = B.
Then the k-algebra anti-involution —°: A — A restricts to a k-algebra anti-involution
of B, and thus also the k-linear dual of every left B-module N becomes a left B-module,
which we again denote by N°.
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By our Hypothesis 6.1(v) and Lemma 6.3(b), this is, in particular, satisfied if B is
one of the algebras e, Ae} or kI, fori=1,...,n.

(¢) Again suppose that B is a k-subalgebra of A such that B°® = B. Let M be a left
B-module, and let f be a central idempotent in B. Then f° is also a central idempotent
in B, and one easily checks that the restriction map

fO’MO*}(f'M)Oa 90’_>90|f'M7 (16)

defines a left B-module isomorphism.

So, in particular, if B = k,I',, for some i € {1,...,n}, and if f(;,) is the block
idempotent of k,I'e, corresponding to the simple module T{;,) then f(oi’r) is the block
idempotent of k,I'c, corresponding to the simple module T, (z -

(d) Suppose now that f € A is an idempotent such that f° = f, let B := fAf, and
let M be a left A-module. Then the restriction map

f'MOH(f'M)Ov SDHSO‘ﬂMa (17)
is a left B-module isomorphism.

6.5. Notation. As before, for each (j,s) € A, we denote by A(; ;) and V; ;) the standard

A-module and the costandard A-module, respectively, labelled by (j, s) with respect to

(A, <) and (A, ), as defined in (5) and determined in Corollary 4.5. In accordance

with 2.3, for (i,7) € A, we denote by (i,7)° € A the label of the simple A-module Dy

Analogously, let 7° € {1,...,1;} be such that T{; ;) = T(z‘,r) as kqT'e,-modules.
With this, we now have:

i,r)"

6.6. Proposition. For (i,7),(j,s) € A, one has
a) A(l r)° = Ael ®e/Ae TO

( 7,7
(b) (5,1) < G s) if and only if (o) <

(c) (2,7) < (4,s) if and only if (i,r)° < (],5)0,
(d) Ao = V(i and Vi e =AY

= Aoy, thus (z r)° = (i,r°);

Proof. Since T(‘;Vr) = T(iro) as kol'e,-modules, we have M := Ae;] et At f&r) = Aoy
as A-modules. In order to show that (i,7°) = (i,7)°, recall that every standard module
is determined by its head, and the isomorphism class of D; oy = Hd(M) is determined
by the property

e - M =Tg ) = e - Hd(M)

as €jAej-modules. Since, by (6), €j-D(; ) = e
have

P Ay = T(i,r) as e} Ael-modules, we also
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as e, Aej-modules. Note that here we applied (17) with f = e} to derive the third iso-
morphism. So, altogether, this implies D;,jo = D(; o) and Ao = Ag oy = M,
proving (a). From this, assertion (b) follows immediately.

From (a), 6.4(c), and Lemma 6.3(b) we now obtain

(i,7) C (4,8) & Sj <z Si and (f(iry - Jj - fj.) € Jj—1 0 fisy - Tj+ fiaw) € Jj-1)
& 8j < g Siand (fG0) - Ji - fGry & Jim1 0 [y - i Sy & Ji-1)
< (i,7°) = (4,8°) & (i,7)° C (4,9)°,

which proves (c).

Assertion (d) follows from (a), (b), and Proposition 2.4. O

6.7. Corollary. Let i,j € {1,...,n} be such that S; < 7 S; and suppose that o restricts
to constant 2-cocycles on T, and on T, with values a; and aj, respectively. Assume
further that one has o(z,t) = a; and oft,y) = a; for allz € Te,, t € S;Ne; 0S5 o0ej,
and y € Te,. Then, for (i,7),(j,s) € A, one has fu ) - Jj - fis) ¢ J;—1 if and only if
fG.s) i fary € Jj-1-

Proof. Recall that, by Lemma 6.3(b), we have
fao) - Ji famy € Ii—1 e fG Ti fGs) € Ji-1- (18)
By Lemma 6.3(c), the simple left kI'.,-module T&T) associated with f(oi,r) is equal
to T(”;. . Thus, by Proposition 5.1 and Remark 5.3, we obtain
foimy Ji [ € Tj-1 & Homyr, xr, 1(T( ) ® T, €i(A)Tj-1)€;) # {0}
<~ Homk[rﬂi xFej](T(i,r) @ T(?',s)? (GQ(A/ijl)eé')*) #1{0}.

The last equivalence holds because k[I'c; x I';] is semisimple.

But, as in the proof of Corollary 5.5, the k[I'e, x I'¢;]-module €i(A/J;-1)€} is a

permutation module, and thus self-dual. Hence ej(A/Jj-1)e; = (ej(A/J;j-1)e})" as
k[l¢, x T'¢;]-modules. Altogether, this implies

fa) Ji s fary & Ji—1 & Homyr, o, (Tl @ T( 4, €i(A/ Jj-1)e;) # {0}
e fur Ji fos) € Ji-1 s

where the last equivalence again follows from Proposition 5.1. O
7. Application I: biset functors

In this section we shall apply our results from Sections 4, 5 and 6 to the case where the
twisted category algebra is the one introduced in [1, Example 5.15]. This category algebra
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is closely related to the category of biset functors, as observed in [1]. The goal of this sec-
tion is to reprove, via a different approach, a result due to Webb (see [21, Theorem 7.2|)
stating that the category of biset functors over a field of characteristic zero is a highest
weight category, if one disregards a finiteness condition on injective objects. We shall also
give an improvement on the relevant partial order on the set A of isomorphism classes of
simple modules. Here we only deal with the case that the underlying category of finite
groups has finitely many objects. In this case the finiteness condition on injective objects
is clearly satisfied. This situation is sufficient for many purposes, as established in [21].
We begin by recalling the relevant notation as well as some results from [1] about the
category C we need to consider. The connection to biset functors will be given in more
detail in Remark 7.2. From now on we suppose that & is a field of characteristic 0.

7.1. Notation. (a) Given finite groups G and H, we denote by p; and py the canonical
projections G x H — G and G x H — H, respectively. Moreover, for every L < G x H,
we set k1(L) :== {g € G| (g,1) € L} and ko(L) := {h € H | (1,h) € L}, so that
ki(L) < pi(L), for i = 1,2.

Note that, by Goursat’s Lemma, we may and shall from now on identify every sub-
group L of G x H with the quintuple (p1(L), k1(L),n5,p2(L), ka2(L)), where ny, is the
group isomorphism given by

nL : pg(L)/k‘g(L) :) D1 (L)/k’l (L) R th(L) — gkl (L) N

whenever (g,h) € L. The common isomorphism class of p1(L)/k1(L) and pe(L)/ka(L)
will be denoted by ¢(L).

Furthermore, in the case where pi(L) = G = H = po(L) and ki(L) = 1 = kao(L), we
have 77, = « for some automorphism « of G, and we also denote the group L by A, (G);
in particular, for a = idg, this gives A, (G) = A(G) :={(g,9) | g € G}.

If g € G then the corresponding inner automorphism G — G, z + gxg~!, will be
denoted by ¢4, and we also set Ay(G) := A, (G).

By a section of a finite group G we understand a pair (P, K) such that K < P < G.

(b) Let C be a category with the following properties: the objects of C form a finite
set of pairwise non-isomorphic finite groups that is section-closed, that is, whenever
G € Ob(C) and (P,K) is a section of G then there is some H € Ob(C) such that
P/K = H. The morphism set, for G, H € Ob(C), is defined by

Homc(H,G):=Cqu:={L|L<Gx H},
and the composition of morphisms in C is given by
LoM:=L+«M:={(9,k) e Gx K |3heH:(g,h)€eL, (hk)e M},

for G,H,K € Ob(C), L € Cq,u, M € Cy k. For L € Cq,u, let L° := {(h,g) € H x G |
(g,h) € L} € Cy - The category C is finite by construction, and split since LxL°+L = L,
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for any G, H € Ob(C) and L € Cg g; see [1, Proposition 2.7(ii)]. Note that, by the last
statement in 3.1(a), the assumption that the objects of C are pairwise non-isomorphic
groups is not a significant restriction.
By [1, Proposition 3.5], we have a 2-cocycle k € Z2(C, k*) defined by
w(L, M) o= 2B O ks (M)] (19)
| H|

for G,H,K € Ob(C), L € Cg. g, M € Cy k. The resulting twisted category algebra
k. C will be denoted by A, for the remainder of this section. Moreover, we denote the
objects of C by Gy,...,G, such that |G;| < |Giy1|, for ¢ = 1,...,n — 1, and we set
S := Mor(C). Note that mapping L € Cg gy to L° € Cy ¢ gives rise to a contravariant
functor —°: C — C satisfying the properties (i)—(v) in Hypotheses 6.1 with respect to the
2-cocycle k of C. Concrete idempotents eq, ..., e, will be determined in Proposition 7.3
below.

7.2. Remark. Biset functors on C over k are related to the twisted category algebra
A = kC as follows. For each i = 1,...,n, we set ¢; := > 5 Ag(Gi) = |Z(Gy)| -
Zaelnn(Gi) Ay (G;) € efAel, and we set e :=ec:= )., &. Theneq,..., e, are pairwise
orthogonal idempotents of A, ¢ is an idempotent of A, and the left module category
of the k-algebra cAe is equivalent to the category of biset functors on C over k; see
[1, Example 5.15(c)] for more detailed explanations. By Theorem 4.3, we know that A
is quasi-hereditary with respect to (A, <), using the notation from Sections 3 and 4.

Our goal is to show that also the condensed k-algebra cAe is quasi-hereditary. Recall
from Green’s idempotent condensation theory (see [12, Section 6.2]) that the simple
modules of eAe are of the form € - Dy; ,), with (i,r) € A such that ¢ - D, ,y # {0} and
that any two distinct such indices (¢,7) result in non-isomorphic simple € Ae-modules.
Thus, the labelling set A’ of the isomorphism classes of simple eAe-modules can be
considered as a subset of A in a natural way. Moreover, by Proposition 2.6, it suffices to
show that the idempotent e satisfies the following property: If (i,7) < (j, s) are elements
in A and if € - D; .y # {0} then also € - D(; ) # {0}. This will be done in Theorem 7.7.
The main reason for introducing the partial order < in Section 4 is that this property is
not satisfied for the partial order <, as we shall see in Example 7.9 below.

The following proposition establishes quickly the set A for the finite split category
algebra A = k,.C and the subset A’ C A.

7.3. Proposition. (a) For L, M € S, one has ¢ (L) = _# (M) if and only if (L) = q(M).
In particular, the elements e; == A(G;) € Cq,.q; € S, with i = 1,...,n, form a set
of representatives of the #-classes of C. For i = 1,...,n, we have e = e;, where
—°: C — C s the functor in 7.1(b).

(b) For i € {1,...,n}, the element e; is an idempotent and ', = {AL(G;) | a €
Aut(G;)}; in particular, Aut(G;) = T, via the map o — AL(G;). Moreover, the
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2-cocycle € Z*(C,k*) restricts to a constant 2-cocycle on T, with value |G;|~t, and
the k-linear map

knle, = kAut(Gi), Aa(Gi) = [Gil ™! o, (o € Aut(Gy)) (20)

defines a k-algebra isomorphism. If also j € {1,...,n} and L € Cg, g, then x(e;, L) =
|G|~

(c) For (i,r) € A, one has - D(; »y # {0} if and only if Inn(G}) acts trivially on T(; -y,
when viewed as kAut(G;)-module via the isomorphism in (b).

(d) Fori = 1,...,n, we set S; := _#(e;). Then, for i,j € {1,...,n}, one has
Si < g S if and only if there is a section (P,K) of G; with G; = P/K. In particu-
lar, the ordering G1,...,Gy has the property that if #(e;) <y #(ej) then i < j, as
required in 3.1(b).

Proof. Assertions (a) and (b) follow immediately from [1, Proposition 6.3, Proposi-
tion 6.4], [17, Lemma 2.1], and the definition of .

Part (c) follows immediately from [1, Corollary 7.4] and its proof.

To prove part (d), note that, in the notation of 7.1, we have e; = (Gj,1,id, G, 1).
Suppose first that S; < # S;, that is, Sxe;*S; C S*e;+S, by 3.1(b). Thus e; = Lxej*M,
for some L, M € S. But this implies that G; is isomorphic to a subquotient of G, see
[1, Lemma 2.7].

Conversely, suppose that there is a section (P, K') of G; such that P/K = G;. Then
e = (P,K,id, P,K) is an idempotent in C with #(e) = #(e;) = S;, by part (a).
Moreover, e = e x ¢; x e, thus Sxe xS C Sxe;+ S, implying S; = F(e;) = F(e) <z
S (ej) =55 O

7.4. Notation. (a) For i € {1,...,n}, let ¢; := A(G;) and set S; := _Z(e;), as in
Proposition 7.3. In consequence of Proposition 7.3, Si,...,S, are then precisely the
distinct _#-classes of C, and e; is an idempotent endomorphism in S;, for i € {1,...,n}.

Also, for i € {1,...,n}, we shall from now on identify the group I'., with the au-
tomorphism group Aut(G;), and the twisted group algebra k,I'., with the untwisted
group algebra kAut(G;), via the isomorphisms in Proposition 7.3(b). In particular, ev-
ery kyI'c,-module can and will from now on be viewed as a kAut(G;)-module.

(b) Suppose that i,j € {1,...,n} are such that S; < s S;, so that we have the
[e, x I'¢;-action on S;Ne; * S xej; introduced in 5.4. Thus, via the isomorphisms I'e, =
Aut(G;) and T, = Aut(G), we also have a left Aut(G;) x Aut(G)-action on SjNe;*Sxe;
via

@A = Ag(Gy) % L * Ap-1(Gj) (€ Aut(Gy), B € Aut(Gj), L € SjNe; xS xej).
(21)

As before, we shall denote the stabilizer of L € S in Aut(G;) x Aut(G;) simply by
stab(L), whenever ¢ and j are apparent from the context.
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7.5. Remark. (a) By Proposition 7.3(b), we are able to apply Corollary 6.7. So, suppose
that (i,r),(j,s) € A are such that S; < g S;. Then, by Corollary 6.7, Proposition 5.1
and Proposition 5.2, the following are equivalent:

@) fam - Ji- Fas) € Ji1s

(1) f,s) - Ji - famy) € T

(iii) there is some L € S5 Ne; S x ej with fe .y - L+ f(j.6) # 0;
(iv) there is some M € Sj Ne; * S xe; with f(; 5 - M - f;0y # 0.

Note also that the set S;Ne;*S*e; consists precisely of those subgroups (P, K, n,Gj, 1)
of G; x G;, where (P, K) is a section of G;, and n : G; — P/K is an isomorphism.

(b) In the proof of Lemma 7.6 below we shall often only be interested to see whether
certain products of elements in A = k,C are non-zero, without determining the coeffi-
cients at the standard basis elements explicitly. Therefore, given a,b € A, we shall write
a ~ b if there is some A € k* such that a = Ab.

With this convention we, in particular, deduce the following description of the block
idempotent f(; ) of kTe,: view T(; .y as a simple kAut(G;)-module via the isomorphism
(20), and let x(;, ) be the character of Aut(G;) afforded by T(; ;. Then the corresponding
block idempotent of kAut(G;) is

;o Xan(@) o
farm = w2o|Aut(Gy)| Z X(im (@ e,
a€Aut(G,;)

where x ;) = u(¥1 + -+ + 1) is a decomposition into absolutely irreducible characters
over a suitable extension field of k. Thus, applying (20) again, we get

_ |Gz| ’ X(i,r)(1> —1
fam = m Z X(i,r) (@) Aa(GH)

acAut(G;)

~ S Xam(@HALG). (22)

acAut(G;)

The next lemma will be the key step towards establishing Theorem 7.7, our main
result of this section.

7.6. Lemma. Let (i,7),(j,s) € A be such that S; < 7 S;, and suppose that L € Sj N e; *
S xej is such that f; ) - L fjs) # 0. Then one has

(a) StabAut(Gi)XAut(Gj)(L> (1 x Inn(Gj)) < (Inn(G;) x 1) - Sta‘bAUt(Gi)XAut(Gj)(L);
(b) if Inn(G}) acts trivially on the simple kAut(G;)-module T(; ;) then Inn(Gj) acts
trivially on the simple kAut(G;)-module T(; .

Proof. For ease of notation, set A; = Aut(G;), 4; := Aut(G,), I; := Inn(G;), and
I; := Inn(Gj).
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Since L € SjNe; xS *e;, we deduce from Proposition 7.3 that L = (P, K,n,Gj,1),
for some 1 < K < P <G,;.

To prove (a), note first that stab(L)(1 x I;) and (I; x 1)stab(L) are indeed subgroups
of A; x Aj, since I; < A; and I; < A;. Note further that it suffices to show that
1 x Ij < (Iz X 1)stab(L).

For (a,B) € A; x A, we have

(a, B) € stab(L) & Aq(Gi) * Lx Ag-1(Gj) =L
< (Oé(P),O((K),@O’I]O/B_17Gj,1) = <P7K777ana1)7
where @ is the isomorphism P/K — «(P)/a(K) induced by .

Now, given 8 € Inn(Gj), there is some g € G; with § = ¢4. Let h € P < G; be such
that n(g) = hK, and set a := ¢, € Inn(G;). Since h € P and K < P, we get a(P) = P,
a(K) = K as well as

(@onop™)(z) = alnlg~ zg)) = a(h™' K -n(z) - hK)
=hK -h 'K -n(z)-hK -h 'K =n(x),

for all € G;. Thus («, 3) € stab(L), and
(1,8) = (a, B) - (a1, 1) € stab(L)(L; x 1),

implying 1 x I; < stab(L)(I; x 1). This proves assertion (a).

To prove assertion (b), recall from (22) that

)~ > X (@ DAGG)  and  fg~ Y XGas (B7HARG),

a€cA; BEA;

and recall from Remark 7.2 that
Gl > Aa(Gi) (23)
acl;

is an idempotent in k.I'e, that, up to a non-zero scalar, corresponds under the isomor-
phism in (20) to the principal block idempotent of kI;. Since I; < A;, the element &;,
viewed in kA;, is stable under A;-conjugation. Thus, ¢; is a central idempotent of k.I.,.
Similarly, €; is an idempotent in Z(k,I,).

Now, assume that I; acts trivially on T;,), but I; does not act trivially on T{; ).
Then we get 0 # ;- T(;,r) = €if(ir) - T(ir)s thus €if@r) # 0 and

eifiry ~ far ~ farEi-

On the other hand, we have

€ifGs) = 0= f9E;55
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for otherwise we would have ¢; f(; s) ~ fj,s) ~ f(j,5)€j, and so I; would act trivially on

Tiis) = fii.s) " Tiy,s) = €51 G.s) - 1(j,s)> contradicting our assumption.
Therefore, we also have 0 = f; .y L- f(j,5€j and 0 # f(i)- L+ fij.6) ~ €ifiry L f(.9)-

Our final step will be to show that
(X(ir) X X(us)s Dstab(z)(1x1;) = 0 7 (X3 X X(5,5)0 1) (I x 1)stab(L) » (24)

which will then, by (a), lead to a contradiction completing the proof of (b). Here 1 simply
denotes the trivial character of stab(L)(1 x I;) and (I; x 1)stab(L), respectively.
By (22) and (23), we have

O_f(zr) L. f(]s)gjN Z Z ZX(’LT‘) X(]S)(ﬁ 1)'(a’ﬂ7 )L*AQ(GJ)

a€A; BEA; g€G;

Z Z Z X (i,7) 1 j S)(ﬂfl) . (01,69710[3’1)[/

acA; BEA; gEG;

=3 > Y Xam@ xgs(8) - L (25)

a€A; BEA; geG;
Fixing (ao, Bo) € A; x Aj, the coefficient at (@0.80) [, in (25) equals

> X (@ XG5 (B)

a€A;
BEA,
g€G;
(eeg ToB) 1 _(a0.80) ],

= Z Z X(i,7) (071 © aal)X(j,s)(cg o 50 © T)

9g€G; (o,7)Estab(L)

Z Z X(i,r)(cf—l OOéal)X(j,s)(ﬁo oTocy)

g€G; (o,7)€Estab(L)

~ > Xiir (0 0 g x (s (Bo 0 7)

(o,7)€estab(L)(1x1;)

= (X{i.r) % X(3.5)) ((@0, Bo) - (stab(L) (1 x I;))") .

Here (stab(L)(1 x I;))* := Z(a,r)éstab(L)(lij)(a7 ) € k[A; x Ajl.
Hence, altogether this yields

0= fir L f9€i
~ > (Xim) X X)) (0 B) - (stab(L)(1 x [;))T) - ()L,

(a,B)€
[Al X Aj /stab(L)]

where [A; x Aj/stab(L)] denotes a set of representatives of the left cosets A; x
Aj/stab(L). Thus, we have 0 = f(; ) - L - f(j5€; if and only if (x{; .y X X(5.5)) (e, B) -
(stab(L)(1x I;))") =0, for all (o, 8) € A; x Aj. By [1, Lemma 7.3], the latter condition
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is in turn satisfied if and only if (x; ) X X(j,s)) ((stab(L)(1 X I;))") =0, that is, if and

only i (X{; .y X X(j,5)» Dstab(L)(1x1;) = 0.
A completely analogous calculation gives

0Fefon -L-fan~ 32 (un X XGw) (@ B)((: x Dstab(£))¥) - @IL,

(a,B)€
[141 X Aj /stab(L)]

so that 0 # &;fir - L - f(j,5) holds if and only if there is some (a,) € A; x A;
with (X?i,r) X X(j,)) (o, B)((I; x 1)stab(L))*) # 0. By [, Lemma 7,3] again, this is
equivalent to (X{; . X X(j,s)) ((i X 1)stab(L))™) # 0, which is equivalent to (X{im ¥
X(4,8)» 1)(Iq1><1)stab(L) # 0.

To summarize, we have now established (24), which completes the proof of asser-
tion (b). O

7,7)

7.7. Theorem. Fori € {1,...,n}, let &; := [Z(Gi)| - X, crun(ay) Da(Gi), and let further
e:=¢ec:= Y & (see Remark 7.2). Then the following hold:

(a) The twisted category algebra A = k.C is quasi-hereditary, both with respect
to (A, <) and to (A,<). For (i,r) € A, the corresponding standard and costandard
A-modules Ay and V ;) with respect to both < and < satisfy

A(i,r) = Ae; ®82A€2 T(i,r) and V(i,r) = Home;Ae; (e;Av T(?,,r)) = (Ae; ®e’iAe’i T(Oim))o

with respect to the anti-involution —°: A — A from 7.1(b).

(b) Suppose that (i,r),(j,s) € A are such that (i,7) < (j,s). If € - D(; )y # {0} then
also € - D(j 5) # {0}.

(¢) The element € is an idempotent in A. Moreover, the condensed algebra cAe is
quasi-hereditary with respect to the partial order induced by < on A := {(i,r) € A |
€+ D(ry # {0}}. The corresponding standard and costandard modules are precisely the
modules A’(i)r) =D, and V'(w) =€ -V, respectively, for (i,r) € A". For every
(i,r) € A, one also has an isomorphism ( 2”))0 = A/(i,r)o = A’(i,ro) of e Ae-modules.

Proof. Assertion (a) is immediate from Theorem 4.3, Corollary 4.5, Proposition 6.6, and
the properties of the duality functor —° : C — C, see the last paragraph of 7.1(b). To
prove (b), let (,7), (j,s) € A be such that (i,7) < (j, s), that is, there exist m € N and
suitable (ig,70) = (4,7), (41,71), -+, (bm—1,Tm—1), (tm,Tm) = (4, 8) € A such that

Siq+1 <g Siq and f(iqﬂ“q) ’ Jiq+1 'f(iq+1ﬂ“q+1) fi— Jiq+1—1’

forallg =0,...,m—1. Since e-D(; ;) # 0, we deduce from [1, Corollary 7.6] that Inn(G})
acts trivially on 7(; ;). By Proposition 5.1(b) and Lemma 7.6(b), Inn(Gj, ) acts trivially
on T(;, r,y. Thus € - D(;, ) # 0, by [1, Corollary 7.6] again. Iteration of this argument
implies € - D(; 5 # 0, as claimed.



342 R. Boltje, S. Danz / Journal of Algebra 440 (2015) 317-853

As already mentioned in Remark 7.2 and shown in [1], € is an idempotent in A.
Moreover, for every i = 1,...,n, we have €7 = > . Ag(Gi)® =3 . Ay-1(Gi) = &4,
and thus also €® = . Assertion (c) now follows immediately from (a), (b), Proposition 2.6,

(16), and Proposition 6.6(a). O

7.8. Remark. (a) Theorem 7.7(a) remains true if one only requires that the morphisms
of C satisfy the slightly technical condition (10) in [1]. But the assumption of C being
section-closed was needed in [1, Corollary 7.6], and thus in the proofs of Lemma 7.6 and
Theorem 7.7(b)—(c). So if C satisfies condition (10) in [1] and is section-closed then parts
(b) and (c) of Theorem 7.7 still remain true.

(b) Part (c) of Theorem 7.7 gives a different proof of one of the main results of Webb
in [21, Section 7] in the case that C is finite. Lifting the finite case to the infinite case is
possible using standard techniques. In fact, if C' C C is a full subcategory whose objects
are again closed under taking subsections then all the constructions for C’ arise from
those of C by multiplying with the idempotent ec,. However, also with this approach
we do not see how to prove the finiteness condition on injective objects for an infinite
category C (see [21, Theorem 7.2]).

In order to compare our approach with the one in [21], we first claim that if e D(; .y #
{0} then this module corresponds to the simple biset functor Sg, r,,,, (in the notation
n [21]). In fact, by [4, Theorem 4.3.10 and Lemma 4.3.9], Sg, 1, ,, is characterized by
the following two properties:

(i) G; has minimal order among all group G; € Ob(C) with the property that
SGin(i,r)(Gj) # {0}, and

(ii) Sa, 1., (Gi) = Tii,ry as kOut(G;)-modules.

To prove the claim, recall from [21] that evaluation of a biset functor at a group G,
translates into multiplying the corresponding eAe-module with ;. Suppose that ¢ -
Dy # {0}. Then, by [1, Corollary 7.6], Inn(G;) acts trivially on T}; ), so that T(; ,
can be viewed as a simple kOut(G;)-module. Now, D, .y satisfies property (ii), since

gieD(iry = €Dy = €i€iDiry = €150y = Liir

as kOut(G;)-modules, by (6). In order to prove (i), suppose that |G;| < |G;|, so that
Si & # Sj. Thus S; - D(; »y = {0}, by [17, Theorem 1.2, Proposition 5.1]. From this we
get

ejeDiry) = €;Dry = €5 Dy = {0}

Therefore, also the standard modules and costandard modules constructed in [21]
must coincide with ours, since the ones constructed in [21] are the standard modules
with respect to the partial order we call <, and since < is a refinement of <. However,
knowing that they are also the standard modules with respect to < is an improvement,
since it imposes restrictions on possible composition factors occurring in the standard
modules (see Example 7.9).
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(c) The standard modules ¢ - A; ) appear also in [5] as the functors Lp, v, see the
paragraph preceding [5, Lemma 4.3] for a definition. There they play an important role
in the determination of simple biset functors, but without any investigation of quasi-
hereditary structures. That our standard modules coincide with these functors can also
be seen from their definition using (5).

7.9. Example. To conclude this section, we shall illustrate some of our previous results
by an explicit example. We shall, in particular, see that the relation C in Definition 4.1
is in general not transitive. Furthermore, we shall show that the partial order < on A is
in general a proper refinement of <. Throughout this example, let k := C.

(a) With the notation as in 7.1, we consider the category C whose objects are the
following finite groups:

G1 = {1}, G2 = CQ, G3 = Cg, G4 = C4, G5 = CQ X CQ,
GG = 63, G7 = Dg, Gs = 9(4, Gg = 64 .

Here, Dg denotes the dihedral group of order 8. In particular, Ob(C) is a section-closed
set. We shall determine the relation C via Corollary 5.5(a), and encode it in Table 1.
To this end, we first list, for each G € Ob(C), the isomorphism type of Aut(G) as
well as the ordinary irreducible Aut(G)-characters. The Aut(G)-characters that restrict
trivially to Inn(G) are set in boldface, as these are precisely the characters leading to
simple A-modules not annihilated by e.

i G, Aut(G;) Irr(Aut(G;))

1 {1} {1} X(1,1) =1

2 Cy {1} X(z.1y =1

3 Csg Cs X(3,1) ‘= 1, X(s,2) ‘= sgn

4 Cy Cy X(a,1) = 1: X(a,2) = sgn

5 Cy x Cs S3 X(5,1) = L X(5,2) = 581, X(5,3) := V2

6 Ss S3 X(6,1) ‘= 1, X(6,2) := 881, X(6,3) = V2

7 Dg Dy X(7,1) = L, X(7,2) = T, X(7,3) = K X(7,4) = WX (7,5) 1= X

8 Ay (G X(8,1) = 1, X(8,2) = SEI, X(8,3) = X2, X(8,4) ‘= X3, X(8,5) ‘= X5
9 Sy Sy X(9,1y ‘= 1, X(0,2) = SEN, X(9,3) = X2, X(9,4) ‘= X35 X(9,5) ‘= X3

Here, by abuse of notation, 1 always denotes the trivial character, and sgn denotes
the sign character, for each of the relevant groups. Moreover, v is the natural character
of &3 of degree 2, x3 is the natural character of G4 of degree 3, x5 = x3 - sgn, and X2 is
the unique irreducible G4-character of degree 2.

As for the characters of Aut(Dg) = Dg, we have deg(7) = deg(u) = deg(y') = 1 and
deg(x) = 2. Moreover, taking Dg to be the Sylow 2-subgroup of &, generated by (1,2)
and (1,3)(2,4), an explicit isomorphism Dg = Aut(Ds) is given by the map

@ : Dg — Aut(Ds) )
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With this convention, we get ker(u) = {(¢((1,2)),¢((3,4))), ker(x') = (¢((1,2)(3,4)),
©((1,3)(2,4))), and ker(r) is the unique cyclic subgroup of Aut(Ds) of order 4.

Now, whenever i, j € {1,...,9} are such that S; < y 5;, that is, G; is isomorphic to
a subquotient of G;, we proceed as follows, according to Corollary 5.5: we determine a
set of representatives of the Aut(G;) x Aut(G,)-orbits on

Sjﬂei*S*ejz{(RK,n,Gj,l)|K§1P§Gi:P/K%Gj}.

For every such representative L, we decompose the permutation character
Indgzz((%)XAm(Gj)(l) into a sum of irreducible characters. This determines the relation
C:if xir X ij,s) is a constituent of the above permutation character then (i,7) C (3, s).
We indicate this with an entry 1 in Table 1, and with - otherwise.

As above, if G; € Ob(C) and if x(; »y € Irr(Aut(G;)) restricts trivially to Inn(G;) then
we set the entries involving x(; ,) in boldface, since these characters lead precisely to the
simple A-modules not annihilated by €. Note that all characters in the above table are
self-dual. So, in our particular example, we have X?j,s) = X(j,s), for all (j,s) € A.

For instance, letting ¢ := 9 and j := 6, we have G; = &4 and G; = &3, thus
Sj < 7 Si. Representatives of the Aut(G;) x Aut(G})-orbits of S; Ne; xS * e; are given
by L := A(S3) and M := (&4, Vy,n,G3,1), where Vj is the normal Klein four-group in
G4 and n : 63 — 6,4/Vy is any fixed isomorphism. We have Aut(G;) = Inn(G;) = G;
and Aut(G;) = Inn(G,) = G;. Identifying G; with Aut(G;) and G; with Aut(G;), we
get stab(L) = A(S3) and stab(M) = A(GS3)(1 x V4). Furthermore,

Indggs(%(l):l><1+Sgnxsgn+xgx1+xgxsgn+xg><1/2+X3><1/2+X’3><1/2,

and

Indgiﬁ(%(l) =x2 X vy +1x1+sgn Xxsgn.

(b) Now Table 1 shows that the relation C on A is not transitive, since (9,2) C (7,5)
and (7,5) C (1,1), whereas (9,2) Z (1,1).

(¢) From Table 1 we, moreover, see that the partial order < on A is indeed coarser
than <: consider 7 = 8 and j = 3, so that G; = 24 and G; = C3. The group G; can
either be realized as a maximal subgroup or as a minimal quotient group of 24. So we
infer that (i,7) T (4, s) if and only if (4,7) < (j,s), fori=8,7=3,1<r <5, 1<s<2.
By Table 1, we have

(i,r) £ (4, 8) & (r;8) € {(1,1),(1,4),(2,2),(2,5)},

whereas (i,7) < (4,), forall 1 <r <5, 1<s<2.
After condensation with e, we obtain (¢,7) < (j,s) in (A, <) if and only if (r,s) €
{(1,1),(2,2)}, but (i,7) < (4, s) for all combinations of r,s € {1,2}.
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(d) As indicated in Remark 7.2, Theorem 7.7(b) does, in general, not hold with <
instead of <. To see this in our current example, take (7,7) := (9,1) and (j,s) := (8, 3).
Then (i,7) < (j,s), since G; = 2y is isomorphic to a subquotient of G; = &4. From
Proposition 7.3(c) we deduce that ¢ - D(; .y # {0}, but € - D(; 5y = {0}.

8. Application II: Brauer algebras

As mentioned in the Introduction, several classes of diagram algebras arise naturally as
twisted category algebras. In fact, in all these examples one deals with monoid algebras,
that is, the underlying category has only one object.

Throughout this section, let n € N, and let G,, be the symmetric group of degree n.
Permutations in &,, will always be composed from right to left, so that, for instance, we
have (1,2)(2,3) = (1,2, 3) € &,,, whenever n > 3. Moreover, let k be a field such that n!
is invertible in k, and let § € k.

8.1. Brauer algebras. Consider the set S of (n,n)-Brauer diagrams; each of these consists
of n northern nodes, labelled by 1,...,n, and n southern nodes, labelled by 1,...,7, and
each node is connected by an edge to precisely one other node. Egdes connecting a pair
of northern or southern nodes are called arcs, and edges connecting a northern with
a southern node are called propagating lines. In other words, the elements of S can be
viewed as equivalence relations of the set {1,...,n}U{1,...,n} whose equivalence classes
contain precisely two elements.

Given (n,n)-Brauer diagrams ¢ and t’, their composition tot’ is defined by first taking
the concatenation of t above t’', and then deleting all cycles from the resulting diagram.

For instance, suppose that n = 6, t = {{1,1},{2,4},{3,2},{4,6},{5,3},{5,6}}, and
t'={{1,1},{2,2},{3,4},{5,6},{3,6},{4,5}}. Then we get:

|

:

Hence t ot/ = {{1,1},{2,5},{3,2}, {4,6},{3,6},{4,5}}.

In this way, S becomes a finite monoid whose identity element is the diagram that
connects each pair of opposite nodes by a propagating line.

The map

S xS = kX, (t,t) - 5B (26)
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where m(¢, ') is the number of cycles in the concatenation of ¢t above ¢/, defines a 2-cocycle
of the monoid S with values in £*. The resulting twisted monoid algebra

Bn(é) = k;ozS (27)

is called the Brauer algebra of degree n over k with parameter §.

The _#-classes of the monoid S have been determined by Mazorchuk in [19]; we shall
recall the result in Proposition 8.2 below. In order to do so, it will be convenient to use
the following notation: let d := | %], and for i = 1,...,d 4 1, let e; be the diagram each
of whose n — 2(d — i + 1) leftmost northern nodes is joined to its opposite southern node
by a propagating line; the remaining 2(d — i + 1) edges of e; are arcs, each connecting a
pair of neighbouring northern or southern nodes. That is, e; has shape

e o --- o o o o o --- o o
—/ —/ —/
) ) )
e o ---- o o o o o --- o o

8.2. Proposition. (See [19, Theorem 7], [22, Section 8].) Keep the notation as in 8.1.
Then, one has the following:

(a) Brauer diagrams t,t" € S belong to the same _# -class if and only if they have the
same number of propagating lines. Moreover, the diagrams e1,...,eq11 are idempotents
in S, and they form a set of representatives of the distinct g -classes of S. Furthermore,

Sler) <g Fle2) < g - < g Fleat1)-

(b) Fori=1,...,d+ 1, the group T, consists of those diagrams t € S with arcs

{n-2j+1,n-2j+2}{n—-2j+1,n—-2j+1} (G=1,....d—i+1),

and whose remaining northern and southern nodes are connected by propagating lines.
In particular, there is a group isomorphism

Gp, = Te,, 0 15, (28)

where n; :=n —2(d—i+ 1), and t, is the Brauer diagram in ', with propagating lines
{J(l)vl}w"a{o—(ni)an_i}' ]

(c) Fori€ {1,...,d+ 1} and z,2" € T, one has a(z,v') = ale;, e;) = 67711 in
particular, o restricts to a constant 2-cocycle on I'e,, and the map

koTe, — kT, t s 64711 ¢ (29)

is a k-algebra isomorphism.

(d) For eacht € S, let t° be the diagram that is obtained by reflecting t about the hori-
zontal axis. Then the resulting map —° : S — S, t — t°, satisfies Hypotheses 6.1(ii)—(v),
with respect to the 2-cocycle o in (26). In particular, S is a regular monoid.
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8.3. Remark. In accordance with our notation in Section 3, we again set S; := _# (e;), for
i=1,...,d+1, so that, by Proposition 8.2(a), S1,...,Sq4+1 are the distinct #-classes
of S.

Furthermore, for ¢ =1,...,d+ 1, we may identify I',, with the symmetric group &,,,
via the isomorphism (28), and the twisted group algebra k,I'., with the untwisted group
algebra kG,,, via the isomorphism in (29). Note that, since we are assuming n! € k*,
we also ensure that the group orders |&,,|,...,|&y, | are invertible in k. Hence, the
isomorphism classes of simple k&,,,-modules are parametrized by the partitions of n;.
More precisely, suppose that {\; 1),...,A@,,)} is the set of partitions of n;. Then, for
r=1,...,l;, the simple k&, ,-module T{; ,y can be chosen to be the Specht kG&,,,-module
SAin . For details concerning the representation theory of symmetric groups, we refer
to [14] and [15].

Now, Theorem 4.3 and Corollary 4.5 as well as the results from Sections 5 and 6 apply,
and we obtain the following result. Here we again set d := |5, so that A = {(i,7) | 1 <
1<d+1,1<r <}

8.4. Theorem. The Brauer algebra Bs(n) is quasi-hereditary with respect to (A, <). The
corresponding standard Bs(n)-module labelled by (i,r) € A is isomorphic to Ag; .y =
Bs(n)e; ®e s (n)e! T(i,r)’ and the costandard Bs(n)-module labelled by (i,r) is isomorphic
to V(i) = Home gy (nyer (€;B5(n), Ti ry) = A?in")
is self-dual with respect to the map —° : S — S in Proposition 8.2 and the resulting

. Moreover, every simple Bs(n)-module
duality introduced in 2.3; in particular, Bs(n) is a BGG-algebra.

Proof. By Theorem 4.3 and Proposition 8.2, Bs(n) is quasi-hereditary with respect to
(A, <), and the standard modules are as claimed. Moreover, the costandard modules are
as claimed, by Corollary 4.5 and Proposition 6.6, taking into account that k,I'e, = kG,
and that every simple k&,,,-module is self-dual; see [14, Theorem 11.5]. Finally, since,
by Proposition 6.6 again, Dy; . is the head of A(; ;.), and Dfm) is isomorphic to the head
of Airye = Agiro) = Agry, we get Dy = D?i’r). ]

8.5. Remark. It has been known that, under our assumptions on k£ and 4, the k-algebra
B;(n) is quasi-hereditary, see [16, Theorem 1.3]. The underlying partial order on the
set A that is usually considered is the one in which (i, r) is strictly smaller than (j, s) if
and only if j < 4. As shown in Proposition 8.6 (a), this partial order coincides with the
partial order < from (7). Part (c) of Proposition 8.6 determines the partial order < from
Definition 4.1 explicitly. Here, for ¢ = 1,...,d+1, we again identify the subgroup I'c, of S
with the symmetric group &,,, via the isomorphism (28). Furthermore, if j € {1,...,i—1}
then we denote by &,,; x (&2)"~7 the standard Young subgroup

677,_,» X <(771J + 1,nj + 2)> X ((nJ + 3,71]' + 4)> X - X <(7Ll — 1,TLZ)>

of G,,.
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8.6. Proposition. Let (i,7),(j,s) € A. Then one has the following:

(a) (i,7) < (J,s) if and only if j < i.
(b) For allz €T,,, t €e;0S and u € Soe;, one has a(z,t) = 64+ = a(u,r). If
J <1, then SjNe;oSoe; is a transitive S, X &, -set via the action defined in 5./ and
the isomorphism (28). Moreover, in this case one also has e; € S;Ne;o0Soe;.
(¢) One has
(i,7) < (j.8) © j < i and Tiipy | MY,

where M@

(s denotes the kG,,,-module

I

<
o) =g e

&y (LGys) X kX x k).
Before proving the proposition, we mention (without proof) the following well-known
lemma that will be used repeatedly in the proof below. As usual, given finite groups G

and H, we identify left k[G x H]-modules with (kG, kH )-bimodules, and vice versa.

8.7. Lemma. Let G and H be finite groups such that |G| and |H| are invertible in k and
assume that k is a splitting field for G x H. Let M be a left k|G x H]-module and assume
that X is an irreducible left kG-module and Y is an irreducible left kH-module. Then,
X ®k Y™ is a constituent of M if and only if X is a constituent of M Qg Y .

We are now prepared to prove Proposition 8.6:

Proof of Proposition 8.6. Assertion (a) is clear, by the description of the ¢-classes of .S
in Proposition 8.2(a).

To prove the first assertion in (b), let x € I'c, and t € ¢; o S. Note that cycles in the
construction of x ot can only result from southern arcs of x and northern arcs of ¢t. Since
xe€l.,,and t € e; 09, the diagram of x has precisely d — i+ 1 southern arcs connecting
consecutive nodes starting from the right, and ¢ has the d — i+ 1 matching northern arcs
(and possibly more, which are irrelevant). Thus there are precisely d — i + 1 cycles, so
that a(x,t) = 64~+1, Similarly, we obtain a(u,z) = 691, for u € Soe;.

Now suppose that j < i, so that alson; =n—-2(d—j+1) <n—-2(d—-i+1)=n;
in particular, &,; < &,,. Since e; = ¢; o e;, we have e; € S; Ne; 0S5 oe;. Now let
t € SjNe;oSoe; be arbitrary. Then ¢ has precisely n; propagating lines, each connecting
one of the n; leftmost southern nodes with one of the n; leftmost northern nodes. In other
words, there is an injection ¢ : {1,...,n;} — {1,...,n;} such that ¢ has the following
propagating lines:

{L(l)’ 1}7 R {L(nj)a ﬁj} :
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Multiplying ¢ from the left by a suitable permutation in &,,, we may suppose that
t(q) < nj, forall g =1,...,n;. Then, for 0 € &, with o(c(m)) =mform=1,...,n;
and o(m) = m for m = n; +1,...,n;, we get e; = o - t. Therefore, S; Ne; 0 S oe; is
actually a transitive left G,,,-set, thus also a transitive left &,,, x &,,,-set.

It remains to verify assertion (c). To this end, we first determine When (i,7) T (4, )
holds. Note that the hypothesis of Corollaries 5.5 and 6.7 are satisfied by Proposi-
tion 8.2(c) and by part (b). Therefore, we obtain

n7><6’

(i,7) T (4,8) & J <iand T(; ) @ T | Ind, I(k), (30)

where L; ; := Stab@nix&Lj (ej). Note that here we again used the fact that the simple
kG&,;-module T; ;) is self-dual. So, by Lemma 8.7, we infer that

(i,’l") L (.7) 8) <:>.] < and T(i,'r) ’ k[(an X an)/L’i,j] ®k(‘3nj T(j,s) . (31)

Now suppose that j < ¢, so that n; —n; = 2(i — j). In order to describe L, ;, let first
W;,; denote the subgroup of &,,, defined by

Wij L= <(TLJ + 1,le +2), (le + 1,le +3)(7LJ +2,’I‘Lj +4),

)

(nj+1,n]+3,,TLJ+2(17‘])71)(TLJ+2,H]+4,,le+2(7¢fj))> (32)

Then W; ; is isomorphic to the wreath product G201 &;_;, and we have L; ; = A(G,,;) -
(Wij x 1) £6,, X &,,. Thus, writing L; ; as a quintuple as in 7.1(b), this gives

Lij=(Sn; x Wi, Wi j,mi5, an,l) ) (33)

where Nij: an :> (GnJ X Wi7j)/Wi,j, g —r (0’, 1)Wi7j.
Consequently, we have shown the following:

(i,7) <(j,s) ©3Jq €N, (ig,70), ..., (ig;7q) € A :
(i,7) = (ig,r0) C (i1,71) T -+ C (ig,7q) = (4, 5)
< 3JqgeN, (ig,r0),-- -, (ig;7q) EA:
J=ig <...<i1 <ip=1and
T(ip,rp) | k[(anP X 6nip+1)/Lip7ip+1:| ®k6nip+1 T(ip+1,rp+1) (0 <p<gq- 1)
@HQEN, (i07T0>7 (mrq)EA
J=ig <...<i3 <ip=1and
Tig,ro) | k[(Gmo x enil)/Lio,h] ®k6ni1 Qe X Gniq)/Liq—uiq]

Dk&n, Tligry) - (34)
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Suppose that (ig,r0),. .., (iqg,7q) € A are such that j = i, < ... < i3 < 49 = @.
Then the (k&,,, k&, )-bimodule k[&,, x &, [Li, ] Oy, Ok, k[emq,l %
S, /Li,_1,i,) 1s isomorphic to kX, where X is the (&,,, &y, )-biset

"*iq,

X = (Gnig X 671,;1 /Li07i1) X&,. " Xe, (Gn1

Vi Vig—1 q—1

X 6”7‘,(1 /Liq_l,iq) .

For a precise definition of the tensor product of bisets, see [4, Definition 2.3.11]. Since
p2(Liy i, ) = Gmpﬂv for p =0,...,q — 1, the Mackey formula for tensor products of
bisets in [4, Lemma 2.3.24] gives X = &,,, X &,,,/L, where

x W;

L:= (&, xW; igm2yige1 X Wig i Way_yig X Way_oiigq X0

1q— 1Zq

X Wio,i177776nj7 1) (35)

and n(o) := (o0,1,...,1)(W; X Wig4,), for o € &,,,. Set W := W,

X e X
’q*lxlq ig—1,iq
Wiy iy~ Then, by [4, Lemma 2.3. 26] we also know that, as a functor from k‘G ,-mod

&, xW
to kG,,-mod, tensoring with kX over kG, is equivalent to Ind XW o Infg )

Therefore, this implies

(i,7) <4, s)
n w
S3dgeN, j=j,<...<ip<ig=1: Ty Indg"f w(Infg X (T4,5))) 5
for W= W;, i, %+ X Wig, - (36)

Recall again that, by Lemma 8.7, the condition on the right-hand side of (36) holds if
and only if

ng xS

S n;
Ty ® Ty | Indy, (k)

here L is the group in (35), which contains the subgroup

M = (Gn] X (62)1-7]-1 (GQ)iijvT/a an71) ) (37)
where /(o) = (0,1,..., 1)(‘3Z I, for o € &,,. Hence, if T(; ,y®T ;) | Ind;, Sni XOng 7 (k) then
n1>< n nl><6

we have T;, T)®T(j 5) ‘ Ind,, I (k)

then T(; . | IndGV N (S2)im ;(In f (T(j7s))), again by Lemma 8.7 and [4, Lem-
nj X

ma 2.3.26]. But then we may cons,lder thechain j<j+1<j+2<...<i7—1<iand

the group W := Wjiq1; x -+ x Wi ;—1 = (62)"7. So our above considerations imply

(i,7) < (4, s).

To summarize, we have now shown that

I (k) as Well Conversely, if T(; T s | Ind,,
ny X (S2)"”

. ‘ o ny X(82)"77
(,r)<(jys) & j<i and Ty, | Indg™ ot (s (0 f~7 T (Tys) - (38)
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. Sp, X (Ga)
Since Infg ’

of (¢). O

(Ty,s) = T(js) @k ®@--- @k, for j < i, this completes the proof

"

The next example will show that, also in the case where the twisted category algebra
is a Brauer algebra, the partial order < on A is a proper refinement of <, and that the
relation C in Definition 4.1 is not transitive.

8.8. Example. Let n := 6, so that d = g = 3; in particular, there are four ¢ -classes of S.
Moreover, for simplicity let k := C.

(a) If i = 3 and j = 2 then n; = 4 and n; = 2. The isomorphism classes of simple
kG -modules are labelled by the partitions of 4, and the isomorphism classes of simple
kG2-modules are labelled by the partitions of 2. We thus choose our notation in such
a way that the simple k&, ,-module T{; ,y corresponds to partition A, and the simple
k&,,;-module T; ) corresponds to the partition As:

T 1 2 3 1 5 [ s 1 2
Ar (W) B (2% (2,1%) (1Y) [ A (2 (1P

By the Littlewood-Richardson Rule [14, Theorem 16.4], we obtain
Indg;‘xe2 (T(j,l) ® k) = T(i,l) D T(i’g) D T(z',?)) and Indg;x62 (T(j,2) X k) = T(i,2) D T(i,4) s

so that (¢,7) < (4, s) if and only if (r,s) € {(1,1),(2,1),(3,1),(2,2), (4,2)}, by Proposi-
tion 8.6(c). On the other hand, (i,r) < (j,s), forall 1 <r <5and 1 <s < 2.

(b) Now let [ := 4, so that n; = 6. Again, we choose our labelling such that the simple
kGg-module T{; ;) corresponds to the partition A; of 6:

t 1 2 3 4 5 6 7 8 9 10 11
A (6) (51 (42 (4,11 (3*) (.21 &1%) (2% (%17 (2,1Y) (1Y

Using the notation introduced in the proof of Proposition 8.6, we have

A(G2)(Wyz x 1) with Wy o = 6216,
A(S,)(Was x 1) with Wys = &y,
A(Gy)(Wsg x 1) with W o = &y

L472 = S‘Eabe6 XSo (62)

L473 = Stabge XSy (63)

L3 5 = stabg, x e, (e2)
. . Sy, X6,
Recall that, by (30), we have (i,7) T (4, s) if and only if T(; .y ®T{; ) | Ind, """ (k).
a character computation with MAGMA [3], we infer that (3,2) C (2,1) and (1,5) C (3, 2),
whereas (1,5) 7 (2,1).

8.9. Remark. Via the partial order < we, in particular, obtain information on the de-
composition numbers of the Brauer algebra Bs(n), that is, on the composition factors of
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standard modules. It should be pointed out that further information on decomposition
numbers of Brauer algebras over fields of characteristic 0 can, for instance, be found
in [8].
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