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Abstract

Some general criteria to produce explicit free algebras inside the division ring
of fractions of skew polynomial rings are presented. These criteria are applied
to some special cases of division rings with natural involutions, yielding, for
instance, free subalgebras generated by symmetric elements both in the division
ring of fractions of the group algebra of a torsion free nilpotent group and in
the division ring of fractions of the first Weyl algebra.
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1. Introduction

It has been conjectured by Makar-Limanov in [1] that a division ring which is
infinite dimensional over its center k and finitely generated (as a division algebra
over k) must contain a noncommutative free k-subalgebra. Makar-Limanov
himself provided evidence for this in [2], where it is proved that the division
ring of fractions of the first Weyl algebra over the rational numbers contains

a free subalgebra of rank 2, and in [3], where the case of the division ring of
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fractions of a group algebra of a torsion free nonabelian nilpotent groups is
tackled. Various authors have dealt with this problem and Makar-Limanov’s
conjecture has been verified in many families of division rings (see, e.g., [4, 5,
6,7,8,09,10, 11, 12, 13, 14, 15, 16, 17, 18]).

Division rings often come equipped with an involution. That is the case, for
instance, of division rings of fractions of group algebras which are Ore domains.
These have natural involutions induced by involutions on the group.

After the work in [12], it has become apparent that an involutional version
of Makar-Limanov’s conjecture should be investigated. To be more precise,
given a field k and a division k-algebra D, a k-linear map x: D — D satisfying
(ab)* = b*a* and a** = a for all a,b € D is called a k-involution. An element
a € D is said to be symmetric with respect to the involution * if a* = a. Our
aim in this paper is to present explicit constructions of pairs of elements in
the division ring of fractions of some Ore domains which both generate a free
subalgebra and are symmetric with respect to an involution which extends an
involution on the ring.

In [14], this was achieved for the division ring of fractions, inside the division
ring of Malcev-Neumann series, of the group algebra of a nonabelian orderable
group G with respect to an involution induced by the canonical (inverting)
involution on G.

Here, we present proofs to the following two further instances of the same
situation, which can be regarded as involutional versions of Makar-Limanov’s

early results.

Theorem 1.1. Let D be the division ring of fractions of the group algebra kI’
of the Heisenberg group I' over the field k and let % be a k-involution of D which
1s induced from an involution on I'. Then D contains a free k-algebra of rank 2

freely generated by symmetric elements.

By the Heisenberg group, one understands the free nilpotent group of class

2 generated by 2 elements. It can be presented by

I' = <’I,y : [[l’7y}7x] = H‘ray]ay] = ]‘>ﬂ



35

40

45

50

55

60

where [g, h] denotes the commutator g~ th~!gh of elements g, h in a group.

Theorem 1.2. Let Ay = Q(s,t: st — ts = 1) denote the first Weyl algebra over
the field Q of rational numbers and let * denote the Q-involution of Ay such that
s* = —s and t* = t. Then the division ring of fractions Dy of Ay contains a
free Q-subalgebra of rank 2 freely generated by symmetric elements with respect

to the extension of * to D1.

Theorems 1.1 and 1.2 will follow from criteria that generalize the method
developed by Bell and Rogalski in [11]. These will also provide simpler proofs of
[8, Theorem A] and [10, Theorem 1]. As a special case, we obtain the following

result.

Theorem 1.3. Let F be a field, let K = F(Xq,...,X,,) be the rational function
field in n indeterminates over F', and let o be an F-automorphism of K of in-
finite order that extends one from the polynomial algebra F[X1,...,X,]. Then,

the division algebra K(X; o) contains a noncommutative free F-subalgebra.

2. Free subalgebras of fields of fractions of skew polynomial rings

In this section we offer generalizations of the method of [11] to construct free
algebras inside division ring of fractions of skew polynomial rings.

Let k be a field and let D be a division k-algebra. Let o: D — D be a
k-automorphism and let §: D — D be a o-derivation (that is, a k-linear map
satisfying d(af) = o(a)d(B) +(a)p, for all a, 8 € D). Denote by D[X; o, ] the
skew polynomial ring in the indeterminate X such that Xa = o(a)X + §(«),
for all @ € D, and let D(X;0,0) denote its division ring of fractions. Given
ap, a1, bo, by € k, consider the polynomials f = ag+a1X,9 =by+01 X € k[X] C
D[X;0,06]. Also, let : D — D be the map defined by ¢ = a1 + ao(Id —0),
where Id stands for the identity map from D to D. (Note that 1 is again a
o-derivation.) Finally, let £ = ker .

In what follows, we will further assume that a; # 0 and that Z = gf ! €

D(X;0,0) \ k.
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Under these hypotheses, we shall prove the following two theorems.

Theorem 2.1. Let o € D be such that
o {1,a,a?} is left linearly independent over o(E) and
e H(D)N (o(E) +o(E)a+ o(E)a?) = {0}.

If either

(i) by =0 or
(ii) bp =0 and 6 =0,

then the set {aZ,Za} freely generates a free k-subalgebra in D(X;0,0).
Proor. Consider the set
S = {(i1,...,is) 1t > 1,i; € {0,1,2}, for all j € {1,...,t}}

and the following subset of S:

S:{(il,...,it) GS:’it G{O,l}}

For each I = (i1,...,4;) € S, define the following element in D(X;0,9):

o iem PR
R =a""Ea”=. .. 0" '=2a' 2,

and, for each I = (iy,...,i;) € S, let
-1 0t

Ly =a"ZaE... a" 'Ea*a=.

The set B= {1} U{R;: T € SYU{L;: I € S} (properly) contains all the words

in the letters a= and Z«. Therefore, if we prove that B is linearly independent

over k, we will have proved that a= and Z« freely generate a free k-algebra.
In order to show that B is indeed linearly independent over k, we shall

introduce new auxiliary elements. Given I = (iy,...,i;) € S, let
Vi =Ea"Za?=Z. .. " 2a' 2,

that is, V; = ZR;. We shall also define Vy = Z.
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Given I = (iy,...,it) € S, define the truncation of I to be I' = (ia,... i)
ift>2 and I' =@ if t =1. So, in D(X;0,0), the following relations hold:

EWy=1 and Z'V;=R; =a"'Vp, (1)

forall I € S.
For I = (iy,...,4:) € S, we define the length of I to be u(I) =t. Also, we
set u(@) = 0.
We claim that if {V; : I € SU{@}} is left linearly independent over D, then
B is linearly independent over k. Indeed, suppose {V; : I € SU{@}} is left
linearly independent over D and that
b+ZCIR1+Zd1L1=0 (2)
= 1e$
is a linear combination of elements of B with coefficients b, c;, d; from k resulting
in 0. Multiplying (2) by Z« on the right, one obtains a relation of the form
Z erRr =0, (3)
Ies
with e; € k. Note that, by doing that, all of the elements R; in (3) are distinct.
Hence, in view of (1), we get
0= ZeIRI = Ze;ail‘/p.
Ies Ies
For each I = (i1,...,4;) € S, there are exactly 3 elements in S which have

truncation I’, they are
102(077;17"'72.15)’ 11:(177:17"'7it) and 12:(2ai15"'ait)'

Thus, since {V; : I € SU{@}} is left linearly independent over D, it follows
that, for each I € S, one has

2
e, tepa+en,a” = 0.

But, by hypothesis, {1, a,a?} is linearly independent over k (for o(E) 2 k);
therefore, e;, = ey, = ey, = 0. This proves that all the coefficients in (3), which

are the same as the ones in (2), are zero. So, B is linearly independent over k.



85

90

Our next task is to show that {V; : I € SU{@}} is left linearly independent
over D. We shall split the proof in two parts, depending on the conditions (i)

or (ii) in the statement of the theorem.

First suppose that condition (i) holds, that is, that by = 0. In this case,
we must have by # 0. We shall show the stronger statement that {V; : I €
S U{@}} is left linearly independent over D modulo the subspace D[X; 0, ).

By contradiction, suppose there exists a relation

> BiVi=he D[X;0,d], (4)
resu{e}

with 8y € D not all zero. Among all those relations, choose one with r =
max{pu(l) : fr # 0} minimal. Moreover, among those, choose one with the
smallest number of nonzero coefficients 5y for I with pu(I) = r. Note that
r > 1, otherwise we would have = € D[X;0,d], which is impossible. Clearly,
we can further assume that our relation (4), beyond being minimal in the sense
described above, has fr = 1 for some T € S with u(7T) = r, by multiplying it
by a nonzero element of D on the left if necessary.

Recall that = = gf ' = by(ag + a1 X)~". Hence, =~! = (ag + a1 X)by '. Tt,
then, follows from (1) that

XVy = —a7taoVs +a7tby and XV; = —a7laVi + a7 boa™ Vi,  (5)
for all T € S. Multiplying (4) by X on the left, and using (5), yields

Xh= Y XBVi= Y (o(B)X+d(BD))Vs

IeSu{o} IeSu{o}
=0(Bo)XVa +6(Bo)Ve + >_(0(B1)X +5(81) Vi
Ies

= 0(Be)(—ai 'aVz + ai 'by) + 6(Be) Ve
+ > o(Br)(—a; tagVr + ay 'boa Vi) + Y 6(Br) Vi

Ies Ies
= Z (6(B1) — a3 taoo(Br)) Vi + Z ay tboo (Br)a" Vi + ay boo (Bg).
IeSu{o} Ies
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Multiplying this by a; and summing with agh, one gets

fh=(ap+a1X)h=ah+a Xh= Z aoBrVi+

IeSu{o}
+ > (@d(Br) — aoo(B1) Vi + Y boo (Br)a™ Vir + by ()
Iesu{o} Ies

= > GB)IVi+ > bo(Br)a Vi + boo(Bg).

IeSu{o} Ies

Therefore, one has

D WBDVi+ ) boo(Br)a’Vir = fh—boo(Bo) € D[X;0,6].  (6)

IeSu{} Ies

The coefficient of Vr in (6) is ¥(Br) = ¥(1) = 0. Moreover, no new nonzero
coefficient of a V; with p(I) = r appears in (6). By the minimality of (4), all
the coefficients of the V; in (6) are zero. If u(I) = r, the coefficient of V; in
(6) is ¢(Br), so, in particular, it follows that 8; € E = ker for all I € S with
w(I) = r. Now, there are exactly 3 elements Iy, I1,I> in S whose truncations
equal T”. Since all three have length r, if follows that Sy, f1,, 81, € E. But the
coefficient of Vz in (6) is ¥(Br) + boo(Br,) + boo(Br, ) + boo (81, )a?. So,

U(Brr) = o(=boPr,) + o(—bofBr, )a + o (—bof1,)a?,

which is an element of (D) N (0(E)+0(E)a+o(E)a?) = {0}. Since {1,a,a?}
is left linearly independent over o(E), it follows that 81, = 51, = f1, = 0. But
T € {Iy, I, Ic}. This contradicts the fact that gr = 1.

Now suppose that condition (ii) holds, that is, that by = 0 and 6 = 0. In this
case, we must have by # 0 and ag # 0. We shall show the stronger statement
that {Vr : I € SU{@}} is left linearly independent over D modulo the subspace
D[X, X~ !;0]. By contradiction, suppose there exists a relation

> BiVi=heD[X, X 0], (7)
Iesu{o}

with By € D not all zero. Among all those relations, choose one with r =

max{pu(l) : fr # 0} minimal. Moreover, among those, choose one with the
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smallest number of nonzero coefficients 8y for I with u(I) = r. Note that r > 1,
otherwise we would have = € D[X, X ~!; 0], which is impossible (for ag # 0).
Clearly, we can further assume that our relation (4), beyond being minimal in
the sense described above, has Sy = 1 for some T € S with u(T) = r, by
multiplying it by a nonzero element of D on the left if necessary.

It follows from (1) that
X v, = —alCLO_lVg + blagl and X'V, = —alagIVI = blaalaile, (8)

for all I € S. If one multiplies (7) by X ! on the left, relations (8) allow us to
conclude that
X h= Z —alagla_l(ﬁj)VI + Z blaalo_l(ﬁf)a“‘/p + blao_la_l(ﬁz)-
1esu{o} Ies
This multiplied by afla% and, then, summed with —agh yields
Z (o™ (B1) Vi — Z biay 'ago (Br)a Vi
1e5u{o} 1es

= (a7 a2 Xt + ap)h + biay tago  (By) € DIX, X Y 0] (9)

The coefficient of V7 in (9) is ¥(6=(B7)) = ¥(1) = 0. By minimality, all the
coefficients on the left-hand side of (9) are zero. In particular, if u(I) = r,
the coefficient of V; is 0 = ¥(o71(B;)). So, for I with p(I) = r, one has
Br € o(E) = E. (This last equality follows from the fact that, in this case,
E =ker(Id —0); so o(E) = E.) If Iy, I, I denote the three elements in S with
truncation 7", then, by what we have just seen, 81, 51,01, € E.

The coefficient of Vi on the left-hand side of (9) is
(o (Brr)) — buay tao(o ™ (Br,) + o N (Br)a+ o (Br,)a?);
because this must be zero, it follows that
V(o™ (Br)) = bray tag(o ™ (Br,) + 0 (Br)a + 0~ (Br,)a?),

which belongs to (D) N (E + Ea + Ea?) = {0}. Hence, since {1,a,a?} is a
left. E-linearly independet set, we have that o~(37,) =0, for all j =0,1,2. In
particular, 8r = 0, for T € {Iy, I1, Io}. But this contradicts Sr = 1.
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Theorem 2.2. Letn be an integer with n > 2. Let aq,...,a, € D be such that
o {ay,...,an} is left linearly independent over o(E) and
e Y(D)N (d(E)ar + -+ o(E)ay,) = {0}.

If either

(i) by =0 or
(ii) bp =0 and 6 =0,

then the set {an2, ..., a,Z} freely generates a free k-subalgebra in D(X;0,0).

PrROOF. We consider the set

S = {1+ (@) 42 1,(5) = (ign, -y ign)sigt € {01},
S i =1, forall j= 1,...,t}.
=1

Given I = ((i1),...,(it)) € S, one defines

Wr=oa'...q"Za ... E . alt . LainE.

The set of all nonempty words in the letters a1 Z, ..., o, = coincides with {W7 :
I € S}. Our task is, thus, to show that B = {1} U {W; : I € S} is linearly
independent over k.

Here, for I = ((i1),...,(i;)) € S, its length is defined to be ¢ and its trun-
cation I’ = ((iz), s, (zt)) € S, if t > 2. If I has length 1, its truncation is
defined to be I’ = &. Tt follows from the definition of S that given I € S, there
exist exactly n elements of S, all of them with the same length as I, having
truncation I’ (clearly, one of them is I itself).

Defining V; = ZWy, for I € S, and Vi = E, one gets
E Wy =1 and EZ'W;=W;=al".. .oV, (10)

forall I € S.
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Again, we shall show first that left linear independence over D of {V} :
I € SU{@}} implies linear independence of B over k, and, then, show that
{Vi: I € SU{&}} is, indeed, left linearly independent over D.

So, suppose that {V;: I € SU{@}} is left linearly independent over D and
let ¢+ > ;cgdrWr = 0 be a linear dependence relation of elements of B with
coefficients ¢, d; from k. By multiplying this relation by o= on the right, we

can assume that ¢ = 0. So,

0= Zd}W] = Zdloffl .. .OéiLl"V]/.

IeS IeS

Since {V; : I € SU{@}} is left linearly independent over D, for each I € S, if

Hiy,..., H, denote the elements of S with truncation I’, one gets
dHla;”‘“ cooalan oo dHna;l"‘“ oalman =,

where H; = ((hj1,---,~jan)s (B2t s hjon), ... (Rjr1, ..., hjrp)) and r stands
for the length of I. Now, the set {a1,...,a,} is linearly independent over k
(because, by hypothesis, it is left linearly independent over o(E)). So, dpy, =
-+ =dp, = 0, which implies that d; = 0, for / must be one of the H;’s. This
proves the first assertion in the previous paragraph.

Our final step it to prove that {V; : I € SU{@}} is left linearly independent

over D. We shall consider cases (i) and (ii) separately.

Suppose that (1) by = 0. We shall show, in this case, that {V; : I € SU{@}}
is, in fact, linearly independent in the left D-vector space D(X;0,0)/D[X;0,4].
Suppose not and pick a minimal (in the sense used in the proof of Theorem 2.1)
relation Zlu{z} Bi1Vi = h € D[X;0,6], with 87 € D. That is, the maximal
length r of the I’s ocurring with nonzero coefficient ; is minimal and, moreover,
the number of nonzero §;’s with I having length r is also minimal. We can
assume that $; = 1, for some J € S of length 7, by multiplying the relation by

a nonzero element of D, if necessary. Now, multiply the relation by f = ag+a1 X

10
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on the left to get

fh=(a0+aX)h=ah+aXh= > afiVi+ Y aXBVi

Iesu{o} 1esu{o}
= Z aoBrVr + Z a1 (6(Br) +o(Br)X) V1
IeSu{@} IeSUu{o}
= Z (a16(B1) + ao(Br — o(B1))) Vi + boo (Bz)
1e50{2}
+ Z boa(@’])ai“ . aij" Vi,
Ies

since it follows from (10) that a1 XVy = —agVy + by and
a1 XV = —agV7 +bgWi = —aoV7 + boa?l R Oé;l"’Vp.
Therefore,

ST wBNVI+ Y beo(Br)att ... alin Vi = fh —byo(Bs) € D[X;0,0].
IeSu{o} IeS
(11)

The coefficient of V; on the left-hand side of (11) is ¢/(8;) = %(1) = 0. By min-
imality, all V7 on the left-hand side of (11) have coefficient zero. In particular,
if I has length r, since its coefficient is ¥(8;), it follows that 8; € kery) = E.

If Hy,..., H, denote the elements of S with truncation J’, the coefficient of
Vy: on the left-hand side of (11) is

(Ba) b (B o™ ol 4 boo (B, o™ g

Since all Hy, ... H,, have length r, it follows that Bp,, ..., Sx, € E and, because

this coefficient is zero, we have

hi11 h hn11 h
J') = —bg H, —_. s = " "1,
Y(By) = —boo (B, )y apbin boo (B, )aq™ apmin

an element of (D)N(o(E)ay+- - -+0(E)a,) = {0}. Left linear independence of
{ai,...,a,} over o(F) implies o(Bu,) = -+ = o(Bu, ). In particular, B; = 0.

This is impossible, because we had §; = 1.

Finally, let us deal with the case (ii) by = 0 and 6 = 0. Here we shall
show that {V; : I € SU{@}} is D-left linearly independent in D(X;0) mod

11
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D[X, X 1;0]. Again, pick a minimal relation of the form Zlesu{@} BrVr =
h € D[X,X~1; 6] with 8; =1 for some J € S of maximal length 7.
Relations (10) imply X "1V = —ala(;lVg + blaal and

X_1V[ = —a1a61V[ + blaala?l L. Oé?ﬂl"’V[l,

forall I € S.

Similarly to what has been done in the proof of Theorem 2.1, we may get

S e BV =D biay tago T (Br)adt ol Vi

IeSu{o} Ies

= (a7 a2 Xt +ag)h + bra; fagoH (By) € DX, X 0] (12)

Again, from minimality of the given relation, it will follow that 8y € E for
all I with length r. For the last step, consider the elements Hy,...,H, in S
with truncation J'. Then By, ,...,BH, € E. Looking at the coefficient of J’ on
the left-hand side of (12) and considering the hypothesis that ¢(D)N (o (F)a; +
-+ 0(FE)a,) = {0}, one will eventually get that Sy, = -+ = g, = 0, a

contradiction.

Remark 2.3. By setting o to be the identity automorphism of D, Theorem 2.2
can be used to recover both [8, Theorem A] and Makar-Limanov’s result of
[2], producing free subalgebras inside the division ring of fractions of the first
Weyl algebra over the rationals. Indeed, if D; denotes the division ring of
fractions of the first Weyl algebra A1 = Q(s,t : st — ts = 1), then, via the
identification s — X, D; coincides with the division ring of fractions Q(¢)(X;0)
of the skew polynomial ring Q(¢)[X;d], where ¢ is the usual derivation on the
rational function field Q(t), that is, the one satisfying 6(t) = 1. Here, the
rational functions ay = % and oy = t(1+t) satisfy the hypotheses of Theorem 2.2;
hence, taking ay = by = 0 and a; = b; = 1, it follows that oy X! and a, X!
generate a free Q-subalgebra in Q(t)(X;6), or, in other words, (st)~! and (1 —
t)~1(st)~! generate a free Q-subalgebra of D;.

Observe that Theorem 2.2 recovers Makar-Limanov’s result, which does not

occur with [11, Theorem 2.2], as pointed out by the authors.

12
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In Section 4, we shall see that Theorem 2.2 can also provide a pair of symmet-
ric elements of D generating a free algebra, with respect to a natural involution

on D;.

3. Free symmetric subalgebras and the Heisenberg group

Let k be a field, let T' = (z,y : [[z,y],2] = [[z,y],y] = 1) be the Heisenberg
group and let * be an involution on I'. Then * can be linearly extended to a k-
involution % on the group algebra kI', which, in turn, has a unique extension to
a k-involution on the Ore division ring of fractions D of the noetherian domain
kL.

In this section, we shall present a proof of Theorem 1.1, exhibiting two
elements in D which freely generate a free k-subalgebra and which are symmetric
with respect to *. For that purpose, we shall make use of Theorem 2.1 and of
the classification of involutions on I" given in [19].

Recall that the center of I' is infinite cyclic, generated by A = [z,y]. The
attribution A\ — t,y — Y, x — X establishes a k-isomorphism between D and
the division ring k(¢,Y)(X;0), where k(t,Y") stands for the field of rational
functions in the indeterminates ¢t and Y over k and o is the k(¢)-automorphism
of k(t,Y) satisfying o(Y) = tY.

Theorem 1.1 will follow from Theorem 2.1, after a judicious choice of ele-
ments « and Z. But, in order to verify the hypotheses of Theorem 2.1 in this
setting, we shall need the following fact on automorphisms of rational function

fields, whose proof is similar to the proof of [14, Lemma 1.4].

Lemma 3.1. Let F be a field, let t € F\ {0} be an element which is not a
root of unity, and let o be the F-automorphism of the rational function field
F(Y) such that o(Y) =tY. Let « € F(Y)\ F[Y] be a rational function which
has a unique pole and this pole is nonzero, and let m be a positive integer. If
B € F(Y) satisfies

o(f)—BEF+Fa+ -+ Fa™,

then p € F.

13
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8.1. Proof of Theorem 1.1

As we have seen above, we can identify D with k(¢,Y)(X;0). Taking F =
k(t) in Lemma 3.1, one sees that any rational function o € F(Y) which has a
unique pole and this pole is nonzero will satisfy the hypotheses of Theorem 2.1,
therefore providing a pair {aX (1 — X)~, X(1 — X)~'a} inside D which freely
generates a free k-subalgebra. Now, according to [19, Theorem 3.4], up to
equivalence, a k-involution % on D which is induced by an involution on I' must

satisfy one of the following conditions:

(I) X* = (X, Y* =nY;
(II) X Ly =y
() X* =X, Y* =YY
(IV) X* =Y, Y* = ('X;

the elements ¢ and 7 being powers of ¢ (and, therefore, central). In the first two
cases, one has t* =t~!, and in the last two, t is symmetric.

We shall treat each of the four types (I)-(IV) separately.

(I) In this case, taking o = (1-Y) ™!, we obtain elements A = (1-Y) "1 X (1—
X)land B=X(1—X) (1Y)~ ! freely generating a free subalgebra
of D. Now consider the k(t)-automorphism v of D such that ¢(Y) =
(14n)Y and ¥(X) = (1+¢)X. Since (1+7)Y =Y +Y* and (1+()X =
X 4+ X*, it follows that ¥(Y) and ¢ (X) are symmetric with respect to *.
Thus, ¥(A)* = ¢(B). This implies that 1)(AB) and (B A) are symmetric
and, because AB and BA freely generate a free subalgebra of D, so do
they.

(IT) This is contained in Theorem 1.1 of [14].

(ITII) The rational function v = Z(¢ — Z)~2 in the indeterminate Z over the
field F' = k(t) satisfies the conditions of Lemma 3.1 with respect to the
automorphism 7 such that 7(Z) = t2Z. Therefore, by Theorem 2.1,
vX(1 — X)"! and X(1 — X))~y freely generate a free k-subalgebra in
k(t, Z)(X;7). Since the map Z ~ Y2 establishes an isomorphism between

14
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k(t, Z)(X;7) and the subalgebra k(t,Y?)(X; o) of D, it follows that, set-
ting @ = Y2(¢ — Y?)72, the elements 4 = Y2(¢ — Y?)72X(1 — X)°!
and B = X (1 — X)"'Y?2({ — Y?)~2 freely generate a free k-subalgebra of
D. Since A* = B, it follows that AB and BA form a pair of symmetric
elements which freely generate a free subalgebra of D.

(IV) Here, taking a = Y (1—Y) ™1, one gets the free pair A =Y (1-Y) 1 X (1—
X)"tand B = X(1-X)~1Y(1-Y)~!. If ¢ denotes the k(t)-automorphism
of D such that ¢(X) = X and ¥(Y) = (Y, it follows that {¢)(A),¥(B)}
is a pair of symmetric elements which freely generates a free algebra in

D.

4. Free symmetric subalgebras and the first Weyl algebra

As we have seen in Remark 2.3, we can regard the division ring of fractions
D, of the first Weyl algebra over Q as Q(¢)(X; ), where ¢ stands for the usual
derivation on the rational function field Q(¢).

In the proof of Theorem 1.2, we shall need the following consequence of

Theorem 2.2.

Corollary 4.1. Let a,b € Q(t) be rational functions satisfying the following

conditions:
o {a% ab} is a Q-linearly independent subset of Q(t), and
e 5(Q(t)) N (Qa*+ Qab) = {0}.
Then, aX ta and bX ta freely generate a free Q-subalgebra of Q(t)(X;4).

PRrROOF. By Theorem 2.2, the elements a?X ! and abX ! freely generate a
free Q-subalgebra of Q(¢)(X;d). The automorphism of Q(¢)(X;d) given by
f > a='fa sends the set {a>X 1 abX '} to {aX 'a,bX la}.

4.1. Proof of Theorem 1.2

Consider the rational functions




245
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255

260

in Q(¢). Considering them as real functions in the variable ¢, we have

/ LN = L (aretant — —' ) + constant
_v = - | arctant — ——— constan
1+¢2 2 141¢2

t 1 1
/ <1 n t2> <—1 n t) dt = 1 (In(1 + t?) + 2arctant — 21n(1 + t)) + constant.

and

Developing arctant, In(1+#2) and In(1+t) as power series in the interval (0,1),
we can easily check that a and b satisfy the conditions in Corollary 4.1. It
follows that o = as™'a and B = bs~'a freely generate a free Q-subalgebra of
D;. Hence, the symmetric elements o and o3 also generate a free Q-subalgebra

of Dl.

5. Free subalgebras in F(Xq,...,X,)(X;0)

In this section we follow closely the arguments in [10, Section 4] and show
that part of the proof of [10, Theorem 1] can be greatly simplified using Theo-
rem 2.2.

We start with a more general setting. Let k be a field and let R be a
commutative k-algebra which is a factorial domain with group of units kf =
E\ {0}. Let o be a nonidentity k-automorphism of R and assume the the fixed
ring of R under o coincides with k. Extend o to the field of fractions K of
R. Theorem 1.3 will follow from the next result, in the statement of which, for

a € kT, we use the notation R, = {r € R: o(r) = ar}.

Proposition 5.1. Under the above hypotheses, the division algebra K(X;o)
contains a noncommutative free k-subalgebra. More precisely, one of the follow-

ing alternative possibilities must hold.

(i) Either R, = {0}, for all a € kT \ {1}. In this case, given any o € K \ R

whose denominator is a prime power, for any positive integer m, the set
{aX(1-X)"1 X1 -X)" . ., X(1-X)™ 1)

freely generates a free k-subalgebra in K(X;o0).

16
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(ii) Or R 2 k[t], where t is algebraically independent over k and o satisfies
o(t) = At, for some X € k which is not a root of unity. In this case, given

any b € k, for any positive integer m, the set
{(t=b0)' XA -X)"Ht-b0)2X1-X)" . t—b)"™X(1-X)'}
freely generates a free k-subalgebra in K(X;0).

PROOF. In case (i), take o € K \ R. By [10, Lemma 5], the set {1} U {07 (a?) :
i >1,j > 0} is k-linearly independent. Moreover, if the denominator of « is a
prime power, then, by [10, Lemma 7], the equation
o()—B=) b
i>1

has no solution with b; € k and 8 € K \ k. It follows from Theorem 2.2 that
aX(1—X)"t ... ,a™X (1 — X)"! freely generate a free k-algebra in K(X;0)
for any positive m.

Now suppose that (i) does not hold, that is, there exists A € kT \ {1} such
that Ry # {0}. By [10, Lemma 2], A is not a root of unity. Choose t € Ry \ {0}.
Then, o(t) = At and we have an embedding k(t)(X;0) C K(X;0). It follows
from Lemma 3.1 and Theorem 2.2 that, for any b € k and any positive integer
m, (t—b)1X1-X)"L,t=0)2X1-X)"1 ..., (t=b)""X(1—X)"! freely
generate a free k-subalgebra in k(t)(X; o) and, hence, in K(X;o0).

5.1. Proof of Theorem 1.3

The same argument used in the proof of [10, Corollary 2] holds. Let M be the
fixed subring of S = k[X71, ..., X,,] under the action of o, let R = S(M\ {0})~!,
and let k = M(M \ {0})~!. By Proposition 5.1, K(X;0) contain a free k-

subalgebra and, thus, by [5, Lemma 1], contains a free F-subalgebra.
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