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1. Introduction

The theory of Harish-Chandra modules over the field C of complex numbers has
played a central role in representation theory of real reductive Lie groups as an algebraic
model of representations on Hilbert spaces. An important part of this theory is to induce
representations cohomologically by the derived functors RI 51\5 and ]LP‘i’AI;. In particular,
one can in this way obtain the so-called A4())-modules. For details, see [28].
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In this paper, we provide the notion of a differential graded (dg for short) Harish-
Chandra module over an arbitrary commutative ring, and generalize the functors I 51\12

and Pfy’ﬁ to this setting.
1.1. Motivation

The notion of Harish-Chandra modules has been extended in several directions.

One direction is to consider their dg analogues for applications to equivariant derived
categories which were introduced by A. Beilinson and V. Ginzburg (resp. J. Bernstein and
V. Lunts) in algebraic (resp. geometric) setting in the late 1980s and the 1990s to improve
functoriality of equivariant D-modules and sheaves ([2], [9], [5]). On this course, they
also introduced weak (g, K)-modules and equivariant (g, K)-complexes. For a uniform
approach to both (g, K')-modules and equivariant complexes of (g, K)-modules, J. Bern-
stein and V. Lunts introduced dg analogues of Harish-Chandra pairs and (g, K)-modules
in [5]. In that paper, they also introduced the induction functor and the production func-
tor (called the coinduction functor in [5]). In other words, they constructed left and right
adjoint functors of the forgetful functors when the corresponding map of algebraic groups
in pairs is the identity map. In [33], P. Pandzi¢ explicitly constructed the differential
graded analogue of the Zuckerman functor, which he called the equivariant Zuckerman
functor, in the setting of equivariant complexes as a right adjoint functor to the forgetful
functor.

The second direction is to work over commutative rings and possibly schemes, which
has been developed over last ten years and has applications to number theory and math-
ematical physics.

For example, to get applications to number theory, specifically to rationality and
integrality of special values of L-functions, one should study rational and integral models
of (g, K)-modules over ground rings like number fields and their rings of integers. In fact,
M. Harris suggested to work on Harish-Chandra modules and D-modules over number
fields to construct models of discrete series representations in [12] and [13]. After this
work, G. Harder suggested to work over the ring Z of integers. He introduced integral
models of certain Harish-Chandra modules to estimate contribution of rationality of the
Rankin-Selberg L-function at the infinite place in [10]. Moreover, he refined the periods
of [11] to formulate integrality of special L-values. In [22], F. Januszewski established
the cohomological induction over number fields in a fairly similar way to the complex
setting. Using his models, he proved rationality of special L-values in a representation
theoretic way ([20], [23]).

In mathematical physics, J. Bernstein et al. introduced the contraction families which
are Harish-Chandra pairs over the complex projective line P! ([4], [3]). In [37], E. Subag
used Harish-Chandra modules over contraction families to reveal the hidden symmetries
of the Schrodinger equation of the hydrogen atom in two dimensions.

A more primitive example can be obtained from the Lie group SU(1,1). In fact, observe
that the Lie algebra
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0 1 0 0 1 0
lLb=C C C
Gy = SpecC [z51] = = 0 tz€C*
m 0 Zil .

naturally form a Harish-Chandra pair. Replace C by Z to get a Harish-Chandra pair

and the torus

(sl2, SpecZ [zil]) over Z. More precisely, the Lie algebra sl, is spanned by the matrices

< 8 é) 5 ( _01 g) , and ((1) _01 ) , whose Lie bracket is defined by the usual commu-

tator as matrices. The multiplicative group Spec Z [zil] acts on sls by the conjugation of
matrices. The Lie algebra of the multiplicative group Spec Z [zil] is naturally isomorphic
to the abelian Lie algebra Z. The Spec Z [zil]-equivariant Lie algebra homomorphism

1+—><1 0).
0 -1

Such Harish-Chandra pairs are studied in [15] as split integral models. The (limit of)

7 — sl is given by

discrete series representations also admit integral forms, equipped with actions of this
integral model of the Harish-Chandra pair ([15]).

The main purpose of this paper is to generalize the functors I gﬁ and qu”]{; in these
settings at the level of abelian categories in a uniform fashion. They will be tools to
construct Harish-Chandra modules over these variant Harish-Chandra pairs. In view of
the theory over C, the next issue is to construct their derived functors to define an
analogue of the cohomological induction. In the reductive setting over fields of charac-
teristic 0 without differentials, they can be computed by the Koszul complex (28], [20]).
In the differential graded setting over C, P. Pandzié¢ constructed an explicit K-projective
resolution in [33] 5.6.5 and [34] Theorem 3.1 to describe the derived functors. However,
these methods do not work in our general setting. In [33], he also discussed an abstract
homological approach to get resolutions without using the complete reducibility. In [14],
the theory of model categories is adopted to get the desired derived functors without
complicated homological arguments. In fact, we put a model structure, the so called in-
jective model structure, on the category of (A, K)-modules. We also put another model
structure, the so called projective model structure on the same category in case the
base ring is a field of characteristic 0 and K is reductive. To relate the approaches from
the theories of triangulated categories and model categories, we study the underlying
oo-categories in the sense of [29]. In the author’s paper in preparation, it will be shown
in a standard way that they are stable, which means that our co-category is a homotopi-
cal enhancement of the structure of the usual derived categories. The advantage of the
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oo-categories is that we can use categorical techniques like limits/colimits, the adjoint
functor theorem, and generators for our oco-categories which are well developed by J.
Lurie in [30] and [29].

A fundamental problem in studying the functor I 31\}5[ is to describe representations
obtained by the functor (R)I ;’]\I/{[ over commutative rings. The first step in solving this
problem is showing compatibility with base change functors (the base change theo-
rem). For example, one may expect that our cohomological induction over subrings of C
produces forms of A4(A)-modules. In view of [22] and [23], they should naively have ap-
plications to integrality of special values of automorphic and Rankin-Selberg L-functions,
though we will need much deeper arguments to prove this. In [16], we establish the base
change for several practically important situations. On the other hand, we gave nontrivial
counterexamples, where the functor 1 51\5 does not commute with the base change along
Z — C in [15]. In fact, we found explicit integral forms of discrete series representations
of SU(1,1) which enjoy the principal series type universal property. This is a completely
new phenomenon since it never happens over fields of characteristic 0.

The second stage of describing the functor I gg:ﬁ will vary upon the result of the
first stage and one’s interests. In the settings where the base change holds, it is basic to
characterize the integral forms in a rigorous way. Suppose that we are given a pair (g, K)
over an integral domain k with K smooth integral over k, a homomorphism M — K
between smooth affine group schemes over k, and a (g, M )-module V which is torsion free
over k. If the fractional field of k is of characteristic O then one can show that I gg,’]{f[(V)
exhibits the maximal (g, M)-module whose structure extends to a (g, K')-module. A more
important thing is to investigate the structure of the integral forms or their cohomology in
more detail for applications to special L-values. For instance, their explicit descriptions
are interesting. For deeper applications to number theory, estimates of their rings of
definition will be important (see [22]). In another insight, one of the new things which
occur when by considering Harish-Chandra modules over Z is torsion, which appears
in the derived functor modules over Z. For example, we formulated and discussed the
Borel-Weil-Bott induction over Z in [16]. For a split reductive group G over Z, it is
proved that the algebraic Borel-Weil type induction provides the “maximal” Z-form of
the irreducible representations of the complexified group G ®7 C. According to the flat
base change theorem, the Borel-Weil-Bott induction over Z exhibits the integral model
of the Borel-Weil-Bott induction over C modulo torsion. In that paper, we found cases
when the cohomology has infinite torsion.

In a nontrivial case with the base change failing, a fundamental problem is to describe
the resulting modules and new higher derived functor modules as explicitly as possible.
It will be interesting to discover the role of these phenomena in representation theory
and other branches of mathematics.

In another direction, the theory of D-modules over general base schemes is suggested
to be a tool to construct Harish-Chandra modules in [12], [13], and [21]. With the equiv-
ariant derived categories of D-modules over number fields (commutative rings), one can
obtain the localization of the equivariant Zuckerman functor as in [32] and [27].
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1.2. Contents of this paper

We replace dg Lie algebras g by dg associative algebras A, for example A = U(g), and
we work with Harish-Chandra pairs (A, K) (pairs for short) and (A, K)-modules over
an arbitrary commutative ring k. Our definitions are straightforward generalizations of
those in [28] and [35].

Notation 1.2.1. For a pair (A, K), write (A, K)-mod for the category of (A, K)-modules.

For a given map (A, K) — (B, L) of pairs, one can define the forgetful functor

ffé’f : (B, L)-mod — (A, K)-mod.

s

Theorem 1.2.2.

(1) For a morphism (A, K) — (B, L) of pairs, the functor ?g:f admits a right adjoint
functor Iﬁ”{}.

(2) For a morphism (A,K) — (B, K) of pairs, whose corresponding endomorphism of
K is the identity map, the functor ?g:g admits a left adjoint functor Pf)’g.

This is deduced from its analogue for weak pairs and weak (A, K)-modules. We in-
troduce the weak concepts in this paper because we can apply generalities on symmetric
monoidal categories. More precisely, we will use the fact that cochain complexes of
K-modules form the closed symmetric monoidal category K -mod. Then a weak pair
(A, K) is just a monoid object in K -mod, and a weak (A, K)-module is a left module
over the monoid object (A, K) in the usual sense in the theory of monoidal categories.
Hence their categorical properties and relations easily follow from generalities without
any computations.

Another reason why we adopt this strategy is because of the internal Hom of K -mod
which was used for a construction of the right adjoint functor in [28]. In the setting of
[28], the internal Hom of K -mod is the K-finite part of the usual Hom space. However,
this description does not make sense in our setting. In fact, the general construction in
the proof of [17] Theorem 1.3.1 is more complicated. Our monoidal category theoretic
approach lets us avoid using this explicit description in our construction of the right
adjoint functor.

Motivated by Pandzi¢’s equivariant Zuckerman functor, we summarize the construc-
tion of a differential graded analogue of the dual Zuckerman functor in the case when
the base ring is C, and when algebraic groups are reductive in Section 3. The case of
(g, K)-modules without differentials over fields of characteristic 0 has been already done
by F. Januszewski ([20] 1.4.2).
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Theorem 1.2.3. Let f : (A, K) — (A, L) be a morphism of pairs, whose corresponding
map A — A is the identity map. Then the dual Zuckerman functor I and the pseudo-
forgetful functor (S"V)ﬁ:f of [28] naturally extend to an adjunction

II = Py ¢ (A, K)-mod = (A, L)-mod : (F¥))'}.

Combining Pﬁ,’f( and (?V)ﬁf with Pffg (see Theorem 1.2.2 (1)) and ng,’g re-
spectively, we obtain a pair (Pﬁ’f{, (ffrv)g:f) of adjoint functors for an arbitrary map
(A, K) — (B, L) of pairs. Finally, we show that the principle of induction-in-stages holds
for our functors.

Remark 1.2.4. A version of the Zuckerman functor and the dual Zuckerman functor for
Lie superalgebras was introduced in [36]. Our arguments also reprovide Santos’ Zuck-
erman functor and dual Zuckerman functor. Similarly, one can remove the differential
graded structures from this paper.

Remark 1.2.5. In [33], P. Pandzi¢ introduced the notion of triples (A, K,D) and
(A, K, D)-modules to separate two actions of dg algebras. One can define triples (A, K, D)
and (A, K, D)-modules over commutative rings in the manner of [33]. For full generality,
one may allow A and D to be dg algebras. From the perspectives of the theory of bi-
modules; it is better to modify the definition so that D acts from the right side (see [33]
3.7 and also 5.4). It also turns out that we need to refine the signs in the compatibility
condition of the Lie algebra of K. With these minor technical changes in mind, one can
easily prove in a similar way to [33] that for a triple (resp. a weak triple) (A, K, D),
the categories of (A, K, D)-modules and (A ® D°P, K)-modules are naturally isomorphic,
where D°P is the opposite dg algebra to D. Hence one can verify the results in this paper
for triples via this isomorphism.

1.3. Notation

Throughout this paper, we assume that there exists a sufficiently large strongly in-
accessible cardinal, and fix a Grothendieck universe U. We freely omit the terminology
“U-small” for rings and modules as usual. Let Z denote the ring of integers.

For an affine group scheme K over a commutative ring k, its coordinate ring will be
denoted by O(K).

For an object X of a category, let idx denote the identity map of X. If we are given a
pair F': € — D and G : D — € of adjoint functors between categories € and D, we will
denote the unit (resp. the counit) by ux : X — G(F(X)) (resp. vy : F(G(Y)) = Y) for
each X € € (resp. Y € D). In the following, the subscript X of ux will be omitted if
there is no risk of confusion. We will use similar notation for other algebraic structures.

We next summarize basic terminology and notation used in the theory of symmetric
monoidal categories for convenience of the readers who are not familiar with them. See
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[31] VII for a reference. A monoidal category is a category V, equipped with a functor
—®—:VxV =7V, an isomorphism a : (- ® ) ® — = — ® (— ® —) of functors from
V xV xV toV, which is called the associator, an object I = Iy € V called the unit, and
isomorphisms r: — ® I S idy : V =V, 1 : I ® — 5 idy : V = V such that the following
diagrams are commutative for all quartets X, Y, Z, W of objects in V:

WeX)e Y e 2)
(WeX)eY)®Z We Xl eZz)
aw,x,y®idzl Tidw ®ax,y,z

We(XQY)®Z W Xor.s We(XeY)® Z))

(X®I)eY = XoI®Y)
TCWX A@l
X®Y.

We will sometimes omit the identity map if necessary to save space; for example, we will
denote aw, x,y ® idz by aw,xy in the above diagram.

For a monoidal category V, define — ®°P — as the composition of —® — and the switch
of the components of V x V:

XPY =Y ®X.

A symmetric monoidal category is a monoidal category V, equipped with an isomorphism
C:—®—=— Q% — which satisfies the following properties:

(i) CY,X o CX,Y = idX®y for all X,Y € V;
(ii) The diagram

XY ®2)
GV Y@z
(XeY)eZ YoZ)oX
Cx,y®idzl lay,z,x
(Y®X)®Z Y®(Z®X)
am %Y@Cx,z
Y®(X®2)

commutes for all X,Y,Z € V.
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We say that a symmetric monoidal category is closed if for every object X € 'V, the
functor — ® X : V — V admits a right adjoint functor Map(X, —) which is sometimes
called the internal Hom. For a pair X,Y of objects in V, the counit

Map(X,Y)® X =»Y

will be denoted by ev. Note that the internal Hom is functorial in both the domain
and the target ([31] IV.7 Theorem 3). One can use adjunction to define the enriched
composition map

o:Map(Y,Z) ® Map(X,Y) — Map(X, Z)
for objects X,Y, Z € V via

idMap(y,z) ® ev
e

Map(Y, Z) ® Map(X,Y) ® X Map(Y,Z2) @Y = Z.

Let V be a monoidal category. Then a monoid object is an object A € V, equipped

with two maps myg : A® A — A and ja : I — A such that the following diagrams are
commutative:

®(A® A)

(Ao A)® A A®A
mA®idAJ( J/mA
AR A A A

T@AAEY f o A1 A0 f o
\ lm%
A

When we want to specify the structure morphisms, we will say that (A,ma4,j4) is a
monoid object. We will use similar notation for other algebraic objects. For a monoid
object A € V, a left A-module in V is an object M € V, equipped with a map m; :
A ® M — M such that the following diagrams are commutative:

A®(A® M)

GV Wﬂ'}vj

(Ao A) o M A®M

mA®idA4J/ L’TM

Ao M GECH M
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T M2 A g M
\ lﬁM
M.

The category of A-modules will be denoted by A-mod in a general setting (Lemma 2.2.5,
Lemma 2.2.6, and Lemma 2.2.7).

For example, consider a commutative ring k. Write k-mod for the category of cochain
complexes of k-modules. Its Hom k-module will be denoted by Hom or Homy. This
category is closed symmetric monoidal for the usual tensor product ® = ®j. Let us
summarize the structure of this category in detail. Let M be a cochain complex of
k-modules (or a graded k-module). For a homogeneous element m, m denotes the homo-
geneous degree of m. Write dj; for the differential of M. For cochain complexes M and
N of k-modules, define a new cochain complex M ® N as

(M@N)' = @ MP @ N
pt+q=i
dm®n) =dym®n+ (—=1)"m @ dyn

for any homogeneous element m € M and any element n € N. The unit object is the
complex k which is concentrated in degree 0 with k° = k. The internal Hom Map(M, N)
is described as

Map(M, N)* := {graded maps from M to N [i]}
= [ [ Hom(p?, NP+

P

df :=dy o f—(=1)/ fody
for a homogeneous element f € Map(M, N), where N [i] € k-mod is defined by

(N [i])? = NP+
dnpy = (—1)'dy

with the same k-action. The adjunction structure is given as follows: For a cochain
complex map ¢ : M @ N — L, we define a(y) € Hom(M,Map(N, L)) as

a(p)(m)(n) = ¢(m @ n)

for elements m € M and n € N. Finally, we put the symmetry structure Cp;y : M@N =
N ® M by

men— (=1)""n@m

where m € M and n € N are homogeneous elements.
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A monoid object of k-mod is a graded k-algebra A = @), A’, equipped with a differ-
ential d of A of degree 1, i.e., a k-module homomorphism d : A — A with the following
properties:

(i) d*> =0;
(i) d(A") C AT
(iii) d(ab) = (da)b+ (—1)%a(db) for all homogeneous elements a,b € A.

This is known as a dg algebra over k. We will simply say that A is a dg algebra. For a
dg algebra A, a left A-module in k-mod is a graded left A-module M, equipped with a
differential d of M of degree 1, i.e., a k-module homomorphism d : M — M satisfying
the following conditions:

(i) d*> =0;

(ii) d(M*) c M1

(iii) d(am) = (da)m+ (—1)*a(dm) for any homogeneous element a € A and any element
m € M.

This is known as a left dg A-module. We will simply say that M is a dg (left) A-module.
A morphism of dg A-modules is defined as a homomorphism of k£-mod respecting the
action maps of A.

For a digression, recall that a dg Lie algebra is a dg k-module g, equipped with a
graded bilinear map [—, —] : g ® g — g which satisfies the following conditions for any
three homogeneous elements z,y, z € g:

(1) [l',:l/] = _(_1)9_;@ [ya CE]; o
(i) [z, [y, 2]] = [[z, 9], 2] + (=1)* [y, [, 2]];
(111) d[:r,y] = [ x,y] + (_1)93 [xady]

For example, a Lie algebra over k is regarded as a dg Lie algebra concentrated in degree
0.

We next consider an affine group scheme K over k. Then the category of cochain
complexes of representations of K will be denoted by K -mod. This is closed symmet-
ric monoidal for the usual tensor product ® = ®j. Its objects are sometimes called
dg K-modules or dg representations of K. Note that if K is flat over k£, K -mod is a
Grothendieck abelian category. Namely, K -mod is a locally small cocomplete abelian
category with generators, which satisfies the property that filtered colimits are exact.
Moreover, its monomorphisms are the (degreewise) injective homomorphisms. See [8]
Proposition 1.2 for example.

If we are given an affine group scheme with a capital symbol, its Lie algebra will be
denoted by the corresponding German symbol. Let K and L be affine group schemes
over k. For a dg K-module M with an action map v, the corresponding differential
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dg representation will be denoted by dv. For an affine group scheme homomorphism
[+ K — L, its differential will be denoted by df : £ — [; it is a Lie algebra homomorphism.

We now return to general monoidal categories. A lax monoidal functor is a functor
F :V — V' equipped with a morphism pg : Iy — F(Iy) and a natural transformation
w: F(—)® F(—) = F(— ® —) such that the following diagrams are commutative for all
XY, ZeV:

(FX)®FY)@F(Z) ——— F(X)® (F(Y)® F(Z))

MX,Y®idF(Z)J( J{idmx) ®ny,z

FXQY)® F(Z2) FX)®F(Y ®Z)

NX@Y,Z\L lﬂx,y@)z

F(X0Y)®Z) — 102 pix oY e 2)

Iy @ F(X) —+— F(X)

,U'(J®idF(X)J/ TF(Z)

F(Iy) @ F(X) —t— F(Iy ® X)

F(X)® Iy ——— F(X)
idr(x) ®M0J/ TF(T)
F(X)® F(ly) —£= F(X ® Iy).

We say that F is monoidal if the map ug : Ivc — F(Iy) and the natural transformation
u:F(—)®F(—) = F(—® —) are isomorphisms. If V and V' are symmetric, a monoidal
functor F': V — V' is said to be symmetric if the diagram

Crx),F(v)
—

F(X)® F(Y) F(Y)® F(X)

;{ y
FX®Y) —g— FY © X)

commutes for all X, Y € V.
Acknowledgments

First of all, I would like to express my gratitude to my advisor Professor Hisayosi
Matumoto. He always listens to my talks with much time, and he gives me much useful
advice. Especially, he introduced the papers [33], [34] and [35] to me. I am grateful to
Professor Pavle Pandzi¢ for his work on (weak) (A, K, D)-modules and equivariant Zuck-
erman functor in his thesis [33]. This was a starting point for my study in the present
paper. I am also indebted to him for his polite answers to my questions during a coffee



T. Hayashi / Journal of Algebra 540 (2019) 274—305 285

break in the conference “Representations of reductive groups: A conference dedicated to
David Vogan on his 60th birthday” at MIT. I would like to thank the referee for sug-
gesting an idea to simplify Section 3. I would like to thank Tobias Columbus for telling
me about [17] Theorem 1.3.1. T also thank Tobias Columbus and Jun Yoshida for dis-
cussions on the closed structure on the symmetric monoidal category of comodules over
a flat commutative Hopf algebra. Finally, I would like to thank all my colleagues, espe-
cially, Tomoki Mihara, Yoshiki Oshima, Hironori Oya, Koji Shimizu, Yuichiro Tanaka,
and Kohei Yahiro for teaching me various parts of mathematics and discussing many
topics with me.
This work was supported by JSPS Kakenhi Grant Number JP15J06457.

2. Basic theory of dg Harish-Chandra modules
2.1. (A, K )-modules and their weak analogues

A weak pair (A, K) is a pair of a flat affine group scheme K over k and a monoid object
A in the symmetric monoidal category K -mod. In other words, a weak pair consists of
a flat affine group scheme K and a dg k-algebra (A, ma,ja), equipped with a K-action
¢, namely, a dg K-module structure on A with the properties that m4 and j4 are
K-equivariant. For weak pairs (A, K) and (B, L), a weak map from (A, K) to (B, L) is
a pair f = (fa, fx) consisting of a dg algebra homomorphism f, : A — B and a group
scheme homomorphism fj, : K — L with the property that f, is K-equivariant via fg.

To introduce the notion of pairs, recall how the adjoint “representation” is constructed:
For any commutative k-algebra R, we have a homomorphism

R[e] /(%) = R; a+ be — a.

Using this map, we define a functor Lie K from the category of commutative k-algebras
to that of groups as

(Lie K)(R) = Ker(K (R[] /(%)) — K(R)).
We now define an action Ad of K(R) on (Lie K)(R) by conjugation via the map
R — Rl /(€%); a+ a+ 0e
for each R. Hence we obtain a homomorphism of group functors
Ad: K — Aut(Lie K).
One can obtain the natural structure of a Lie algebra over R on (Lie K')(R) from this

action (see [7] Chapter I, §4, 4.2 and 4.5 Proposition). In particular, the Lie algebra ¢
of K is defined by ¢ = (Lie K)(k).
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To obtain a representation of K on the k-module £ from this construction, consider
the following condition for an affine group scheme K:

Condition 2.1.1. The conormal k-module I../I? is finitely generated and projective, where
1. denotes the kernel of the counit map of the coordinate ring of K.

Example 2.1.2 ([7] Chapter II, §4, 4.8). Condition 2.1.1 is satisfied in either of the
following cases:

(i) K is smooth over k;
(ii) k is a field, and K is of finite type over k.

Lemma 2.1.3 ([7] Chapter II, §4, 4.8 Proposition). Let K be an affine group scheme over
k. Then the R-module homomorphism

R @y (Lie K)(k) — (Lie K)(R)

is an isomorphism for every commutative k-algebra R if and only if K satisfies Condition
2.1.1.

Example 2.1.4. The additive group Z/2Z attaches the diagonalizable group K =
SpecZ [t] /(t* — 1). Then we have (Lie K)(Z) = 0 and (Lie K)(F3) = Fo, where Fy is
the finite field of two elements. In [16], we deal with the case when K has not so bad
singularity, for example, K is flat and finitely presented over k.

Therefore if K satisfies Condition 2.1.1, the adjoint representation Ad of K on the
k-module ¢ = (Lie K)(k) is obtained by

K(R) x (R oy, (Lie K)(k)) — K(R) x (Lie K)(R) 2% (Lie K)(R) = R ®y, (Lie K)(k),

where R runs through all commutative k-algebras. We are now ready to define pairs:
Let (A, K, ¢) be a weak pair with the property that K satisfies Condition 2.1.1, and let
¥ : ¢ — A be a K-equivariant dg Lie algebra homomorphism. Then (A, K) is called a
pair if the following equality holds for any & € ¢

dp(§) = [P(§), =] : A = A.

A map

(‘AaKv (bﬂawﬂ) — ('BaL7¢Ba¢B)

of pairs is a weak map f = (f,, f) respecting v, i.e., satisfying the equality

faota =1podfy : t— B.
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Example 2.1.5. Let K be a flat affine group scheme.

(1) We put A = k with the trivial action. This naturally gives a weak pair (k, K). We
call it the trivial weak pair. The trivial Lie algebra homomorphism ¢ — & defines a
structure of a pair on (k, K) if K satisfies Condition 2.1.1.

(2) Let (A, K) be a weak pair. Then we have a unique weak map f = (f,,idg) from the
trivial weak pair (k, K) to (A, K).

(3) Suppose that K satisfies Condition 2.1.1. We set A as the enveloping algebra U (¥)
with the adjoint action. Then (U(¥), K) forms a pair by the canonical Lie algebra
homomorphism ¢ — U(€). We call it the trivial pair.

(4) Let (A, K) be a pair. Then we have a unique map f = (f,,idk) from the trivial pair
(U(¥),K) to (A, K).

(5) For a weak pair (A, K), (A°P, K) is a weak pair where A°P denotes the opposite dg
algebra to A with the same K-action. We call it the opposite weak pair to (A, K).
This is the opposite monoid to (A, K) in the sense of monoidal category theory.

(6) For a pair (A, K,¢,v), (AP, K, ¢, —1) is a pair. We call it the opposite pair to
(A, K, 6, ).

(7) For two weak pairs (A, K) and (B, K), (A® B, K) naturally forms a weak pair. This
follows from general theory of monoids in symmetric monoidal categories.

(8) For two pairs (A, K,¢a,%a) and (B, K, ¢5,1s),

(A®87Ka¢ﬂ®¢37¢ﬂ®1+1®w3)
is a pair.

For a weak pair (A, K), the category of (left) weak (A, K)-modules is defined as
the category of left modules over (A, K) in the sense of 1.3. In other words, a weak
(A, K)-module is a dg k-module M with a left dg A-module structure = and a K-module
structure v satisfying the condition that 7 is K-equivariant, i.e., the following diagram
commutes:

idK X

KxAQM ———— K x M

¢®Vl ly

ASM ———— M.

For a pair (A, K), we define an (A, K)-module as a weak (A, K)-module M satisfying
w(1(€)) = dv(§) for every € € ¢.

Notation 2.1.6.

(1) For a weak pair (A, K), write (A, K)-mod,, for the category of weak (A, K)-modules.
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(2) For a pair (A, K), write (A, K)-mod for the full subcategory of (A, K)-mod,, con-
sisting of (A, K)-modules.

Lemma 2.1.7. Let K be a flat affine group scheme. Then the category of weak
(k, K)-modules is canonically isomorphic to K -mod.

Proof. Observe that the trivial K-module £ is the unit object of the monoidal category
K -mod. The assertion is now obvious. O

2.2. Functors

Our first goal is to give dg analogues of functors Srg’IL(, Pé”}(( and I¢ K (128]). The first
proposition below is obvious.

Proposition 2.2.1. Let f = (fq, fx) : (A, K) — (B, L) be a weak map of weak pairs. For
a weak (B, L)-module (M, mq,v2), the dg vector space M admits a weak (A, K)-module
structure (m1,v1) as follows:

T =20 fq
vy =130 fp.

Moreover, if f is a map of pairs and M is a (B,L)-module, the resulting weak
(A, K)-module is actually an (A, K)-module.

As a consequence, we obtain the following two forgetful functors:
Fp'tw (B, L)-mody, — (A, K)-mod,;
?;:f : (B, L)-mod — (A, K)-mod.
We construct their right adjoint functors. For a pair (A, K), let
Jax (A K)-mod — (A, K)-mod,,

denote the natural fully faithful embedding. The next lemma reduces existence of the
right adjoint functor I g’f to the cases of weak modules.

Lemma 2.2.2 ([353] 5.7.3). Let (A, K) be a pair. Then the full subcategory (A, K)-mod
of (A, K)-mod,, is both a localization and a colocalization, i.e., Ja x admits both a left
adjoint functor (—)¢ and a right adjoint functor (—)t. Moreover, the adjoint functors
only depend on K in the sense that we have the following isomorphisms for a map
(A, K) = (B, K) of pairs, whose corresponding map K — K is the identity map:

ALK ALK )
(_)e ° H:B,K,w = 993,1(,1” o (_)37
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(_)E ° ?J‘;:Iig,w = Srg

for £ € . Then w is a dg representation of £ by [32] 2.1. Moreover, w commutes with the
action of A and it is equivariant with respect to the action of K. Hence the dg submodule

N :=w(®)M

inherits a weak (A, K)-submodule structure, and N is stable under the action w. Hence
the quotient dg module My = M/N defines a left adjoint functor of Ja k. Similarly, let
M* C M be the submodule where w acts trivially. Passing to the adjunction, one can
identify it with the kernel of the K-module homomorphism M — Map(t, M) ([19] 1.2.7
(5)). Hence M* is an (A, K)-submodule, and (—)* gives rise to a right adjoint functor to
darx. O

In view of the classical construction of the functor I fl’f (especially in the case K = L),
we should use the internal Hom of K -mod and L-mod. Let us recall the construction:

Construction 2.2.3. Let C' be a (flat) coalgebra over k, V be a right dg C-comodule,
p=pv:V = V&C be its coaction, and V be the cokernel of p. Since p can be
regarded as a dg C-comodule homomorphism from the given right dg C-comodule V to
the free right dg C-comodule V @ C, V is canonically equipped with the structure of a
right dg C-comodule, whose coaction will be denoted by p. We again regard p as a dg
C-comodule homomorphism from V to the free right dg C-comodule V @ C. Compose
p with the canonical quotient map cokerp : V ® C — V to get a C-homomorphism
Ty : V®C — V& C between free right dg C-comodules, whose kernel (as a k-module)
is V since the coaction maps are injective.

Recall that for a flat affine group scheme K, K -mod can be identified with the sym-
metric monoidal category of right dg comodules over the coordinate ring H := O(K) of
K ([38] Theorem 3.2). In the following, we will denote the Hom bifunctor of right dg
H-comodules by Homp. Let m (resp. €) be the multiplication map (resp. counit) of H.

Proposition 2.2.4 ([17] Theorem 1.3.1). Let M, M’ be right dg comodules over H, and
N, N’ be dg k-modules.

(1) Regard Map(M,N) ® H as a free right dg C-comodule. Then there is a bijection
~ : Hompy(M',Map(M,N) ® H) £ Homy (M’ @ M, N ® H) which is natural in M
and M’'.
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(2) For a comodule homomorphism f : N ® H — N' @ H, set fiy = v '(f o
y(idmap(v,Myem)) : Map(M, N) ® H — Map(M,N') @ H. Then the diagram

Homy (M', Map(M, N) @ H) 22°5 Homp (M’, Map(M, N') © H)

al |

Homy (M' @ M,N ® H) —°= Homp(M' ® M, N’ ® H)

commutes.
(3) The homomorphism ~(idnap(a, Ny ) 5 given by the composite map

Map(M,N)® H® M 225 Map(M,N)® H® M @ H
M Homy(M,N)© M @ H® H

ev@m

—— N® H.
(4) The internal Hom of K -mod is given by
F(M, M) = Ker((rap:) 5 - Map(M, M) @ H — Map(M, M') ® H).
Proof. Part (1) is due to the following formal computation of the usual adjunctions:

Hompy (M', Map(M, N) @ H) = Hom(M', Map(M, N))
~ Hom(M' ® M, N)
~ Homy(M' @ M,N ® H).
It is clear that this sequence of bijections is natural in M and M’.
Part (2) immediately follows from the naturality of (1).

We unwind the definitions to show (3). Firstly, the identity map idMap(M,N)@H gO€S
to

idyap(ar, vy @€ : Map(M, N) ® H — Map(M, N).
Pass to the adjunction of Map and ® to get a map
Map(M,N)@ H® M — N; g®a®m > €(a)g(m).
We next regard Map(M, N) ® H ® M as the tensor comodule of Map(M, N) ® H and
M. The map 7(idyap(ar, Ny i) is obtained by universally extending to a comodule ho-

momorphism Map(M,N)® H® M — N ® H. Explicitly, y(idyap(a, Nyew) is expressed
by
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g®a®ml—>Zg®a1 ®my ® agcy
— Ze(al)g(ml) ® ascy

= Z g(m1) ® acy

(the Sweedler notation). This coincides with the map in the assertion.
The general adjunction is obtained from the isomorphism

Hompy (— @ M, M") = Ker Hompy (— ® M, 1)
=~ Ker Hompg (—, (T]\A/[/)M)

=~ Hompy (—, F(M, M’)).
This shows (4). DO
We now factorize a given morphism f = (fa, fx) : (A, K) — (B, L) of weak pairs as

(fa,idk) (ids, fr)

(A, K) (B, K) (B, L)

. B,K B,K . .
to reduce construction of P, and I;’7, to the following three well-known results in
the theory of monoidal categories:

Lemma 2.2.5. Let F : V — V' be a monoidal functor between monoidal categories with a
right adjoint functor G, and (A, m) be a monoid object of V. Then the adjunction (F, Q)
extends to

F:A-mod = F(A)-mod : G.

Proof. Since F is monoidal, F/(A) is a monoid object of V' in a natural way. Observe also
that G is lax monoidal in a canonical way ([1] Proposition 3.84). For an F'(A)-module
(N,7mn), define a map in 'V as

ua®idg(N)
L

A® G(N) G(F(A)) @ G(N) L2, qrA) o N) 25 g(w).

This determines the structure of a left A-module on G(N). In fact, use the lax structure
to get the following commutative diagrams:
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A® (A® G(N)) 42", Q(F(A)) @ (G(F(A)) ® G(N))
ida ®uA®idG(N)l J{id RG (1)
A® (G(F(A) @ G(N)) G(F(A))® G(F(A)® N)

ida ®Ml

A®G(F(A) @ N)
G|

AR G(
um@idmml

G(F(A) ® G(

;U'F(A),NJ/

G(F(A)®N)

G(TFN)J
G(N)

KF(A),F(A)®QN

idg(r(a)) ®G(7N)

N) G(F(A)® (F(A)®N))

N)

G(idpa) ®mN)

(A® A) ® G(N) (radna)Biew, (G(F(A)) ® G(F(A))) ® G(N)

HF(A),F(a)®idg(n)

G(F(A)® F(A) ® G(N),)7—7—7— G(F(A) ® F(A)) ® N)

HF(A)QF(A),N

UApA®idG(n)

ma®idg(n) lG(HA‘A)®id(,(“V) lG(MA,A(@idN)

GF(A®A)@G(N) — ey GIE(A®A) @ N)

HF(ARA),N

G(F(mA))‘@G(idN)l lG(F(T”A)®idN)
A® G(N) —gmm GP(4) @ G(N) ———— GF(A) @ N)
lG(WN)
G(N)
A®G(N) =4 G(F(A)) @ G(N) X% ¢(F(4) @ N) Z™ g(v)
jA®idG(N)T G(F(JA))@“dG(N)T G(F(ja) ®1dN)T
Iy ® G(N) —2, ) ® G(NY 2% G(F(Iy) © N)

G(l)

Iv)
1 \ )| custonn)]

G(Iv)® G(N —>GI\7/®N)

R l" /

G(Iy' ® N)

(use the colax-lax property of [1] Definition 3.81 and Proposition 3.82). Compare the first
and second diagrams to get the associativity of the action. The third diagram shows the
unitality. This construction is clearly functorial. The proof will be completed by seeing
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that the counit and the unit are compatible with actions of A and F(A) respectively. It
is again shown by routine diagram chases for an A-module M and an F'(A)-module N:

Ao M ida Qun A® G(F(M))
J{UA@)idG(F(J\/I))
wagar G(F(A)) ® G(F(M))
™™ LILF(A),F(M)
G l.flM
G(F(ae M) 222 Gp(4a) @ F(M))
G(F(mar) lG(ﬂ'F(A{))
M o G(F(M))
idp UN
F(A) ® F(G(N)) S F(A) @ N

J/ ’UF(W
HA,G(N)

F(A®G(N)) F(G(F(4))) ® F(G(N))
F(umidmmﬂ /#ZJFM)),GW)

F(G(F(A)) ® G(N))

F(uF<A),N)l
F(G(F(A)®N))
PG |

F(G(N)) il N.

VF(A)®N

Lemma 2.2.6. Let V be a closed symmetric monoidal category with equalizers, and f :
A — B be a morphism of monoids of V. Then the forgetful functor

B-mod — A-mod
admits a right adjoint functor.

Proof. We ignore the associator a in this proof for convenience.
Define m°P : B — Map(B, B) by the opposite multiplication

C
B BXB® B3 B.

Let (M, 7as) be an A-module. Then Map(B, M) is a left B-module for the multipli-
cation on the domain B from the right side:
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B ® Map(B, M) ™ Map(B, B) ® Map(B, M)

C
= Map(B, M) ® Map(B, B)

5 Map(B, M).
This corresponds to the composite map

CB Map(B,M)®B

B ®Map(B,M) ® B Map(B,M) ® B® B
™ Map(B, M) ® B

= M.

To see the associativity, observe that the following diagram commutes:

B®B U B
mop®mopl Jmf’?
Map(B, B) ® Map(B, B) Map(B, B)

ol =

Map(B, B) ® Map(B, B).

Since the enriched composition is associative ([26] 1.6), the assertion follows by comparing
the two diagrams

B® B®Map(B,M) ——™™ _, B® Map(B, B) ® Map(B, M)

m‘“’@m‘ml — lidB ®C
Map(B, B) ® Map(B, B) ® Map(B, M) B ® Map(B, M) ® Map(B, B)
idytap (5. 2) ®C B® Mei(B, M)
o
Map(B, B) ® Map(B, M) @ Map(B, B) —<2° Map(B, B) ® Map(B, M)
lCMaMB,B),Map(B.M>®Map<B,B> lC

Map(B, M) @ Map(B, B) ® Map(B, B) —24 Map(B, M) ® Map(B, B)

lo

Map(B, M)
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B ® B ® Map(B, M) m B ® Map(B, M)

mP@m°P J/,,ﬁop

Map(B, B) ® Map(B, B) ® Map(B, M) Map(B, B) ® Map(B, M)

C®id1\43p(B,IW)J/ mbﬂ lc
ap 5

Map(B, B) ® Map(B, B) ® Map(B, M) Map(B, M) ® Map(B, B)

CMap(B,B)@Map(B,B),Map(B,Iﬂ)J/ /()®0 lo
Map(B,M

Map(B, M) ® Map(B, B) ® Map(B, B) Map(B, M).

For the coincidence of the left vertical composite arrows, see [25] Proposition 2.7 and
also [24] Proposition 1 B.5. Observe next that the map m°P o jp : I — Map(B, B)
corresponds to I : I ® B = B (use [25] Proposition 2.1). Then the unitality follows from
the following diagram by passing to the left adjoints:

I®Map(B,M)® B
. l IMap(B,M)
CRidp

Map(B,M)® 1 ® B

zBl /

Map(B, M) ® B —— M.

TMap (B, M)

Map(B, M) ® B

We next define two morphisms Map(B, M) = Map(A ® B, M) as follows:

o Take the pullback along mpo (f ®idg): A® B— B® B — B.
o Define Map(B, M) — Map(4A® B,A® M) by

C
Map(B,M)® A® B= A®Map(B,M)® B = A® M.
Then compose it with 7.

Let Map 4 (B, M) be the equalizer of these two maps, and i : Map 4 (B, M) — Map(B, M)
denote the canonical morphism. Then the composite two arrows

B ® Map 4(B, M) -5 B ® Map(B, M) 5 Map(B, M) = Map(A ® B, M)

coincide. In particular, Map 4 (B, M) is a B-submodule of Map(B, M). In fact, passing to
left adjoints, we can rewrite the composite arrows B ® Map 4(B, M) = Map(A® B, M)
as
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B®Map,(B,M)® A® B -5 B® Map(B,M)® A® B
™ Map(B, B) ® Map(B, M) ® A® B
C
= Map(B, M) @ Map(B,B)® A® B
> Map(B,M)® A® B
Iy Map(B,M)® B® B
" Map(B, M) ® B
XM
B®Map,(B,M)® A® B % B® Map(B,M)® A® B
™Y Map(B, B) @ Map(B, M) ® A® B
C
= Map(B, M) ® Map(B,B)® A® B
> Map(B,M)® A® B
C
~ A ® Map(B, M) ® B

NAQM

™ M.

Since the arrows Map 4 (B, M) RN Map(B, M) = Map(A ® B, M) coincide, the diagram

Map 4(B,M)® A® B —— Map(B,M)® A® B

ZJ/ J/C®idB

Map(B,M)® A® B A® Map(B,M)® B
| lev
Map(B,M) ® B® B Ao M
] [
Map(B, M) ® B = M

commutes. The assertion now follows by comparing diagrams
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B®Map,(B,M)® A® B —2ass

ﬁlop®i®idA®Bl
Map(B, B) @ Map(B,M) ® A® B @M’ fidp

ol

Map(B, M) ® Map(B,B)®@ A® B — Map(B, M) ® Map(B,B) ® B® B

o |m

Map,(B,M)® B® A® B

Map(B,M) ® A® B Map(B, M) ® Map(B,B) ® B
mBo(f®idB)l / lev
Map(B, M) ® Map(B,M) ® B

| /

CB,A9B

Map,(B,M)® B A® B Map,(B,M)® A® B® B

IQMP® fl lf

Map(B, M) ® Map(B,B) ® B® B Map,(B,M)® B B® B
ml J{i@mo(m@idB)
Map(B, M) ® Map(B, B) ® B ———— Map(B, M) ® B

CB Map 4 (B,M)® A
—_a

B®Map,(B,M)® A® B Map ,(B,M)® A® B® B
mop®i®id,4i J{Z‘@idA ®m°P
Map(B, B) ® Map(B, M) ® A® B —%— Map(B, M) ® A ® Map(B, B) ® B
c| le

Map(B, M) ® Map(B,B) ® A® B Y54 Map(B, M) ® Map(B,B) ® B

l lev

Map(B,M)® A® B ° A®Map(B,M)® B
Ci lev
A®Map(B,M)® B — A M

[

M
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Map 4(B,M)® A® B& B ——— Map(B,M)® A® BQ B

. ~ op
1®id g @M op

Map(B,M) ®A®Map(B,B) ®R B CMap(B,M), A
CMap(B,IW),AJ/
A ®Map(B, M) ® Map(B, B) ® B A A®@Map(B,M)® B® B

ol [eos

A®Map(B,M)® B +—"—— A®Map(B,M)® B® B

e

A® M.

To see that this defines a right adjoint functor to the forgetful functor B-mod — A-mod,
let M be a B-module, and N be an A-module. If we are given an A-module homomor-
phism p : M — N, define a B-module homomorphism M — Map(B, N) adjunctionally
by

This factors through Map 4(B, M) by a similar argument. For a B-module homomor-
phism M — Map 4 (B, N), define an A-module homomorphism by

M — Map4(B,N) — Map(B,N) — N,
where the last arrow is defined by restriction to I: Map(B,N) — Map(I, N) 2 N. O

Lemma 2.2.7. Let V be a symmetric monoidal category with coequalizers, and f
(A,my) — (B,mp) be a morphism of monoids of V. Suppose that for every object
X €V, X ® — respects coequalizers. Then the forgetful functor

B-mod — A-mod
admits a left adjoint functor.

Proof. The proof essentially goes in the dual way to Lemma 2.2.6. Let (M, mys) be an
A-module. It is clear that B ® M is a left B-module for the multiplication from the left
side. Define B ® 4 M by the coequalizer sequence

(mpo(idp ®@f))®idnm q
BRAQM B M = B®y M.

idp ®mnm

Then we have a commutative diagram
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BRBRAOM ™, BoBo M™2W B o\

fl m A@ﬂ'h{

BeB®BoM BoAoM
idBV ) l
mpRidp 4
BB M B®B® M (mpo(idp ®f))®idn
T ]

q

Since B ® — respects coequalizer sequences, this implies that the action of B on B ®@ M
descends to B® 4 M. Moreover, the resulting map B® (B®4 M) — B® 4 M exhibits the
structure of a left B-module on B® 4 M since (B® B)® — respects coequalizers sequences.
The adjunction is defined in the usual manner: Let M be an A-module, and N be a
B-module. Suppose that we are given an A-module homomorphism p : M — N. Then it
extends to a B-module homomorphism 7y o (idg ®p) : B M — N. A similar argument
shows that this extension of p descends to a B-module homomorphism B®4 M — N:

BAM ™ BoM
f \
BB M BRA® N p
mBl Xx fl XN)
Bo M BoB®N —— B&N
d / [
B® N N

This determines the desired adjunction. 0O

Theorem 2.2.8.

(1) For a map (A,K) — (B, L) of pairs, ff"g:f admits a right adjoint functor IE”IL{.

(2) For a map f = (f4,idk) : (A, K) — (B, K) of pairs, the forgetful functor ngg
admits a left adjoint functor PEV’II((

Proof. Recall that a given map (A, K) — (B, L) of (weak) pairs admits a factorization

A,K)—= (B,K)— (B, L)

(see above Proposition 2.2.5), which implies an equality
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Notice that S’Zf » 15 a (strict) symmetric monoidal functor. Moreover, it admits a right
adjoint functor ([19] 1.3.3 and 1.3.4). We now apply Lemma 2.2.5 to

V = L-mod;
V' = K -mod;
F =97
A= (B,K)

to get a right adjoint functor Ig }L< w Of 3’% ’fw. Similarly, apply

V = K-mod
A=A K)
B=(B,K)
to Lemma 2.2.6 and Lemma 2.2.7 to get right and left adjoint functors Iﬁ:gw and

Pf’gw. Compose the right adjoint functors to get a right adjoint functor If’IL{w of

ALK )
F5'L - From Lemma 2.2.2,
B.L ¢ B,L
Iy = (=)o Iy w© da.x

is right adjoint to Srgf. This shows (1).
To see (2), it will suffice to show that Pi’]}éw sends (A, K)-modules to (B, K)-modules.

Let (M, 7, var) be an (A, K)-module and set X := Pf;{éwM. Let us denote the cor-
responding action maps on X by mx and vx. Let ¢4 : € — A and ¢¥g : € — B be the
structure maps. Then for £ € £ and b ® m € X, we obtain

dvx (§)(b®m) = [¢5(£),b] @ m + b & dva (§)m

Yu(§)b@m —b@mar(Ya(€))m + b dva(§)m
Y5()b®m
mx (Y5 (£))(b®m).

This completes the proof. 0O

Remark 2.2.9. The functor ffé’f does not always admit a left adjoint functor since it
does not preserve infinite limits in general.

Remark 2.2.10 (production-in-stages). Suppose that we are given a sequence

A, K)—= (B,L)— (C,M)
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of pairs. Then we have an obvious equality

Finally, we put a linear structure on the category of weak (A, K)-modules. Notice that
each Hom set of the category of weak (A, K)-modules is a k-submodule of the k-module
of morphisms as k-modules. The resulting linear structure makes (A, K)-mod,, into
a linear category. Remark that the isomorphism of Lemma 2.1.7 preserves the linear
structures. The next result is a consequence of Lemma 2.2.2:

Corollary 2.2.11.

(1) For a weak pair (A, K), the category (A, K)-mod,, is a (locally small) bicomplete
abelian category, whose colimits and finite limits are computed in the category of dg
k-modules.

(2) For a pair (A, K), the category (A, K)-mod is a (locally small) bicomplete abelian
category, whose colimits and finite limits are computed in the category of dg
k-modules.

Proof. Let (A, K) be a weak pair. According to [6] Proposition 4.3.1, Proposition 4.3.2,
(A, K) -mod,, has small limits and colimits which are computed in K -mod since K -mod
is a bicomplete closed monoidal category. Moreover, colimits and finite limits are com-
puted in k-mod since K is flat over the base ring k. Notice that the zero dg k-module
admits the trivial weak (A, K)-module structure, which is a zero object of (A, K)-mod,,.
It is also clear that (A, K)-mod,, is additive. Finally, suppose that we are given a map
of weak (A, K)-modules f : M — N. Let Ker f (resp. Im f) denote the kernel of f (resp.
the image of f). Then we have a natural map

M/Ker f — Im f

which is an isomorphism as a map of k-mod, so it is also an isomorphism as a map of
weak (A, K)-modules. Hence (1) is verified.

We next prove (2). Let (A, K) be a pair. Lemma 2.2.2 implies that the category
(A, K) -mod is bicomplete and that its limits and colimits are computed in (A, K)-mod,,.
In particular, (A, K)-mod is an abelian subcategory of (A, K)-mod. This completes the
proof. O

Remark 2.2.12. We can directly prove without Lemma 2.2.2 that the category (A, K)-
mod is stable under formation of (possibly empty or infinite) coproducts, cokernels, and
kernels in (A, K)-mod,, by checking the compatibility condition of the actions of €.
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3. Differential graded analogue of the dual Zuckerman functor

In this section, we remark how to define differential graded enrichment of the dual
Zuckerman functor and the pseudoforgetful functor over the field C of complex numbers.
In this section, the ground field is C, and all affine group schemes are assumed to be
reductive. We work with reductive groups since their representations are completely
reducible. Thanks to this fact, the pseudoforgetful functor is exact ([28] Lemma 2.28
and Proposition 2.33). We work over C to use [28] Lemma 1.46. The author expects that
[28] Lemma 1.46 is valid in the setting of [20].

3.1. Construction

For a reductive group K, R(K) will denote the Hecke algebra of a maximal compact
subgroup of K ([28] I1.2). Recall that R(K) is a right O(K)-module by the standard
multiplication ([28] Lemma 1.46).

As in the proof of Theorem 2.2.8 (1), we start with the weak setting. Let (A, L, ¢)
be a weak pair, K — L be a homomorphism of reductive groups, and V' be a weak
(A, K)-module. As a dg L-module, define Pf”ll(”w(M) =10,(M) as

IL,(M) = R(L) ®p(r) M.

To describe the action of A on IL,, (M), let a € A, and T ®m € II,,(M). Choose elements
a; € A and f; € O(K) such that

o(l) ta = Zﬁ-(zm

for every | € L. If we write p for the coaction of O(L) on A, these elements are charac-
terized by

pla) = Zai ® S(fi)s

where ' denotes the antipode of O(L). Then the action 7, (ar)(a) on I, (M) is written
as

mm, (0 (@) (T @m) = > Tf; @ w(a;)m.

This is clearly independent of the expression of p(a), and determines a differential graded
action ([28] 1.5, [18] 5.4.1). The dual Zuckerman functor for pairs is defined by composing
IT,, with the localization (—);.

Similarly, let N be a weak (A,L)-module. Define a dg vector subspace
Mappz)(R(L), N) € Map(R(L), N) by
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Mapp ) (R(L), N)* = {graded left R(L)-module homomorphisms R(L) — N [i]}.

Then Mapgr)(R(L), N) is a left R(K)-module for the right action on the domain. As a

K-module, (S"V)ﬁ fw(N) is defined as its K-finite part. To define the action of A, take

homogeneous elements ¢ € Mapp ) (R(L), M)k, a € A and S € R(L). Choose a; € A
and f; € O(L) so that

Wa = fia;

for every I € L. Then the action w(a) = T ()oK (N)( a) is defined as

ZTFM a1 Tf1

This determines the structure of a weak (A, K)-module. Since the action of € induced
from A factors through the degree 0 part A, this functor sends (A, L)-modules to
(A, K)-modules if (A, L) is a pair from the classical setting. We define (Fv)jzf :
(A, L)-mod — (A, K)-mod by the restriction of (Er"v)fl f“ if (A, L) is a pair.

3.2. Induction-in-stages

To establish the principle of induction-in-stages, we extend our definition. If we are
given a map f : (A, K) — (B, L) of pairs, factorize it as

(4, K) ! (B, L)

(fa,im A Fr)
(B,K)

According to this factorization, set

K K
AK AK B,K
(Srv)vaL 93,1( O(gv)ﬁ,p

Proposition 3.2.1 (induction-in-stages). Suppose that we are given a sequence (A, K) —
(B,L) — (€, M) of maps of pairs. Then the following isomorphisms exist:

,L

Ey ~Y 9
(2) P§MOPML<:1{q

) 3

(1) (F)5 L o (F)ens
C

Proof. It suffices to prove the weak version of (1). We construct the isomorphism in the
following two stages:
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ALK B,L AK BK B,L e,L
(ffv)ﬁ,L,w ° (ffv)e,M,w = ?9371(71,; © (CFV)B,L © ff&L,w °© (?v)G,M,w
() Ak B,K e.K eL
= ?B:K,w ° ge,k,w ° (FV)C,L,w o (gv)GZM,w

Part (i) follows by unwinding the definitions. To see (ii), we pass to the left adjoints
again. Since the natural isomorphism

R(M) ®@pgy (R(L) ®p(x) —) = R(M) @p(x) —

respects the differential and the actions of € and R(M), the assertion follows. This
completes the proof. O
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