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Let G(q) be a finite group of Lie type over a field with ¢
elements, where ¢ is a prime power. The Green functions of
G(q), as defined by Deligne and Lusztig, are known in almost
all cases by work of Beynon—Spaltenstein, Lusztig und Shoji.
Open cases exist for groups of exceptional type 2Eg, E7, Eg in
small characteristics. We propose a general method for dealing
with these cases, which proceeds by a reduction to the case
where ¢ is a prime and then uses computer algebra techniques.
In this way, all open cases in type 2Eg, E7 are solved, as well
as at least one particular open case in type Eg.
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1. Introduction

To the memory of Kay Magaard, a dear friend

Let G(q) be a group of Lie type over a finite field with ¢ elements. We are concerned

with the problem of computing the Green functions of G(q), as defined by Deligne and

Lusztig [5]. This is an important and essential part of the more general problem of com-
puting the whole character table of G(q); see Carter’s book [3] for further background.
There is a long tradition of work on Green functions; the principal ideas and methods,

which remain valid and state of the art as of today, are summarized in Shoji’s survey
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[36] from 1987. At that point, the Green functions were known in all cases where ¢ is a
power of a good prime for G, or where ¢ is arbitrary, G is of small rank and the whole
table of unipotent character values is available (like for G, ®Dy, ?Ba, ?G). Subsequently,
explicit results for Fy, 2F4, Eg in small characteristics were obtained by Malle [27], [28]
and Porsch [33].

Regarding the general theory, it was first shown by Lusztig [22] (with some mild
restrictions on ¢) and then by Shoji [37], [38] (in complete generality) that the original
Green functions of [5] can be identified with another type of Green functions defined in
terms of Lusztig’s character sheaves [21]. This provides new, extremely powerful tools.
In this setting, groups of classical type in characteristic 2 are dealt with by Shoji [40].
Thus, the remaining open cases are as follows:

(@) Eg(3™), Er(2™), E;(3™), Es(2™), Es(3™), Es(5™)

for any m > 1. (See Marcelo—Shinoda [29] for some comments about the Green functions
of F4(3™).) In principle, one could try to deal with these cases by similar methods as
in the papers by Malle and Porsch mentioned above; however, these involve the techni-
cally complicated and unpleasant task of explicitly inducing class functions from proper
subgroups. In this paper, we use another approach, similar to that in [11]. By [12, The-
orem 3.7], the computation of the Green functions of G(q), where ¢ = p™ with m > 1,
can be reduced to the base case where m = 1, which amounts to just six individual cases
which can be addressed by computer algebra methods. In this way, we will solve all the
open cases for the groups of type ?Eg, E; in the list (©), as well as one particular case
for type Eg in characteristic 2.

In Section 2, we review the general plan for computing Green functions, which reduces
matters to the determination of certain “Y-functions”. In Section 3, we discuss a number
of techniques for determining these functions. Consequently, we obtain a method for
solving the remaining open problems that relies on knowing at least some values of the
permutation character of G(q) on the cosets of a Borel subgroup B(q) C G(gq). In order
to compute such values, we shall work with an explicit realisation of G(g) as a matrix
group. In Section 4, we advertise a “canonical” way of constructing G(q), following [8],
[25]. Then the remaining sections deal with the discussion of the various cases in groups
of type Fy, Eg, 2Eg, E7; see Section 9 for the particular case in type Eg.

We heavily rely on Michel’s version of CHEVIE [30], as well as programs (written
by the author in GAP [6]) implementing the constructions in Section 4. As far as the
remaining open cases in type Fg are concerned, it seems that the above method might
work in principle, but more sophisticated algorithms will certainly be required. (For
example, one could replace the Borel subgroup B(gq) by a parabolic subgroup of G(q).)
This will be discussed elsewhere.

The main computational challenge of our approach is the explicit computation of
the values of the above-mentioned permutation character of G(q). For this purpose, we
need to count the (left) cosets of B(g) that are fixed by a given element g € G(q).
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But, because of the sheer size of the groups in question (e.g., for G(q) = E7(3) we have
[G(q) : B(q)] = 17 -10%%), it is entirely impossible to run through the complete list of
cosets. Now a crucial feature of our approach is that, typically, we only need to obtain
lower bounds for the number of fixed points, and this can be exploited as follows. By the
sharp form of the Bruhat decomposition, we have a partition

G(q) = [Lyew B(@)wB(q),

where W is the Weyl group of G(gq) and each double coset B(q)wB(q) contains precisely
¢") left B(q)-cosets; here, I(w) is the length of w. Now we simply begin with various
elements w € W of relatively small length, run through the left cosets that are contained
in B(q)wB(q), and check if they are fixed by g or not. In a sense, we were just lucky
because in all cases that we consider, this is sufficient to reach the desired lower bounds
for the total number of fixed points — and there are cases where we never reached the
exact total number, even after weeks or months of computations. (We will indicate the
maximum length required for Weyl group elements in all cases in Sections 5-9.)

Acknowledgments. The author is indebted to Gunter Malle for a careful reading of
the manuscript and for a number of useful comments. This work is a contribution to the
SFB-TRR 195 “Symbolic Tools in Mathematics and their Application” of the German
Research Foundation (DFG).

2. On the computation of Green functions

Let p be a prime and k£ = Fp be an algebraic closure of the field with p elements.
Let G be a connected reductive algebraic group over k£ and assume that G is defined
over the finite subfield F, C k, where ¢ = p™ for some m > 1. Let F': G — G be the
corresponding Frobenius map. Let By C G be an F-stable Borel subgroup and Ty C By
be an F-stable maximal torus. Let W = N¢(Tp) /Ty be the corresponding Weyl group.
For each w € W, let R,, be the virtual representation of the finite group G* defined
by Deligne-Lusztig [5, §1]. (In the setting of [3, §7.2], we have Tr(g, Ry) = R, 1(9)
for g € GF, where T,, C G is an F-stable maximal torus obtained from T} by twisting
with w, and 1 stands for the trivial character of T7.) This construction is carried out
over Q,, an algebraic closure of the f-adic numbers where £ is a prime not equal to p.
The corresponding Green function is defined by

Qu: GE. = Q,, u > Tr(u, Ry),
where Gypn; denotes the set of unipotent elements of G. It is known that Q,(u) € Z
for all u € GL;; see [3, §7.6]. So the character formula [3, 7.2.8] shows that we also
have Tr(g, R,) € Z for all g € GF'. The general plan for computing the values of Q,, is
explained in [20, Chap. 24], [36, §5], [39, 1.1-1.3] (even for generalised Green functions,
which we will not consider here). In order to be able to address the main open issues,
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we will have to go through some of the steps of that plan, where we streamline the
exposition as much as possible and concentrate on the algorithmic aspects.

Remark 2.1. The Frobenius map F' induces an automorphism of W which we denote by
v: W — W. Let Irr(W) be the set of irreducible representations of W over Q, (up to
isomorphism). Let Irr(WW)7 be the set of all those E € Irr(W) that are y-invariant, that
is, there exists a bijective linear map og: F — FE such that cgow = y(w)oog: E — FE
for all w € W. Note that o is only unique up to scalar multiples but, if v has order
d > 1, then one can always find og such that

ol =idp and Tr(ogow, E) € Z for all w € W,

see [17, 3.2]. In what follows, we assume that a fixed choice of o satisfying the above
conditions has been made for each E € Irr(IWW)?. (For example, one could take the
“preferred” choice for o specified by Lusztig [19, 17.2].)

For E € Irr(W)7, the corresponding almost character is the class function Rg: G —
Q, defined by

RE(g) : .

= W Z Tr(anwa)Tr(g7Rw) for all g < GF

weWw

Since all the terms Tr(ogow, F) are integers, all the values Rp are in Q. By [17, 3.9],
the above functions are orthonormal with respect to the standard inner product on class
functions of G¥. Furthermore, by [16, 3.19], we have

Quu)= Y T(opow, E)Rp(u)  forwe W, ue Gl
Eclrr (W)Y

Hence, knowing the values of all Green functions ., is equivalent to knowing the values
of all R on GE .. We define the matrix Q= (OE',E) B Betrr(w)» Where
1
WEg B = W Z [GF . TE Tr(0grow, B')Tr(opow, E) € Q;
weWw

here, T, € G denotes an F-stable maximal torus obtained from Ty by twisting with w
and the maps og: E — E, og:: E' — E’ are as above.

Proposition 2.2 (Orthogonality relations). For E,E' € Irr(W)7, we have

WE B = Z Rp/(9)RE(9)-
geGE,

uni

Please cite this article in press as: M. Geck, Computing Green functions in small characteristic, J.
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Proof. Arguing as in [16, 3.19], the above relations are a formal consequence of the
orthogonality relations for the Green functions @, in [3, Prop. 7.6.2]. O

Let Ng be the set of all pairs (C,&) where C is a unipotent class in G and & is
a G-equivariant irreducible Q,-local system on C (up to isomorphism). The Springer
correspondence defines an injective map

te: Irr(W) < Ng;

see Lusztig [18], [20, Chap 24], and the references there. Let E € Irr(W) and 1g(F) =
(C,€) € Ng. Then we define

dg = (dim G — dim C' — dim Tj) /2.

Note that dim Cg(g) > dim Ty for g € G. Furthermore, dg € Z>( since dim G — dim Ty
is always even and so is dim C; see [3, §5.10] and the references there. Now assume that
E € Irr(W)". Then F(C) = C and F*€ = £. We define a function

Ye: GE. 5 Q

uni

as follows. Let g € G .. Then we set Yz (g) :=0if g ¢ C, and

Ye(g) :==q “"Rp(g) ifgeCF.

Note that Yz(g) € Q for all g € G since all values of R are in Q (as remarked above).
Now we can state the following fundamental result.

Theorem 2.3 (Lusztig, Shoji). In the above setting, the following hold.

(a) The functions {Yg | E € Irr(W")} are integer-valued and linearly independent.
(b) There are unique coefficients pgr. g € Z (E',E € Irr(W)") such that

Rg|gr, = Z 4" pp BV for all E € Trr(W)7.
E’elrr(W)Y

(c) We have pg g = 1; furthermore, ppr p =0 if E' # E and dg' < dg.

Proof. By Lusztig [22] (with some mild restrictions on p,q) and Shoji [37], [38] (in
complete generality), the original Green functions of [5] can be identified with another
type of Green functions defined in terms of character sheaves [21]. So we can place
ourselves in the setting of [20, Chap. 24]. Thus, the restrictions of the functions Rg to
GE . are indeed the characteristic functions of the character sheaves A; in [20, 24.2].

Furthermore, the functions Yz defined above are indeed equal to the functions Y; in [20,
24.2.3]; thus, if 1q(F) = (C, ), then we have

Please cite this article in press as: M. Geck, Computing Green functions in small characteristic, J.
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Ye(9) = Tr(y, &) for g € C*,

where &, is the stalk of £ at g and ¢4: £; — &, is a certain linear map of finite order.
In particular, this shows that the values of Yy are algebraic integers. Since Yg is also
rational-valued, we have Yg(g) € Z for all ¢ € G¥. Then all of the above statements
follow from [20, 24.2, 24.3, 24.5] and [20, Theorem 24.4]. Note that the hypotheses of [20,
Theorem 24.4] (“cleanness”) are always satisfied by the main result of [24]. (Since we are
only dealing with Green functions of G, and not with generalised Green functions, it
would actually be sufficient to refer to [7, §3] instead of [24]; see also [12, §2] where all
of the above are discussed in somewhat more detail.) O

Remark 2.4. The Springer correspondence is explicitly known in all cases; see the ta-
bles in Carter [3, §13.3], Lusztig [18], Lusztig—Spaltenstein [26], Spaltenstein [41] (and
the further references there). It can be obtained electronically, via tables or combina-
torial algorithms, through Michel’s version of the CHEVIE system [30]; see the function
UnipotentClasses.

Remark 2.5. Let E € Irr(W)7 and 1g(E) = (C,€) € Ng. As already mentioned in the
proof of Theorem 2.3, the corresponding function Yz has a more direct interpretation
in terms of the local system &; see [20, 24.2.7], [23, 19.7] (and also Remark 3.2 below).
At this point, let us just consider the example where £ = Q, is the trivial local system.
Then the construction in [23, 19.7] shows that Yg is constant on C*'; by Theorem 2.3,
that constant must be an integer. We will see in Example 2.7 below how this constant
can be determined. Note also that, for every F-stable unipotent class C, there exists
some E € Irr(W)7 such that tq(FE) = (C,Q,); this can be easily seen, for example, from
the explicit description of the Springer correspondence in all cases.

Remark 2.6. Lusztig [20, §24.4] describes a purely combinatorial algorithm for computing
the coefficients pgs g in Theorem 2.3, which modifies and simplifies an earlier algorithm
of Shoji [36, §5]. For this purpose, we define three matrices

P = (pp/ k), Q= (wp,E), A= (Ag.E),

where, in each case, the indices run over all E', E € Irr(W)7, and we set

7dE7dElu~)E/7E and >\E’,E‘ = Z YEl(g)YE(g)
geGT

uni

WE' E ‘= (

Then the orthogonality relations in Proposition 2.2 give rise to the matrix identity
P".A-P = see Lusztig [20, 24.9], Shoji [36, 5.6].

In general, given the right hand side 2, such a system of equations will not have a
unique solution for P, A. But if we take into account the additional information on the

Please cite this article in press as: M. Geck, Computing Green functions in small characteristic, J.
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coefficients pgr g in Theorem 2.3(c), then it does have a unique solution, which can be
found by a recursive algorithm. This is implemented through the function ICCTable in
Michel’s version of CHEVIE [30]; examples will be given below.

Example 2.7. (Cf. Beynon—Spaltenstein [1, §2].) Let E; € Irr(W) be the trivial repre-
sentation of W. Clearly, we have E; € Irr(W)7; furthermore, we can certainly choose
og,: E1 — E; to be the identity map. Then, with this choice, we have

Rg, (9) =1 for all g € G¥';

see [5, 7.14.1] or [3, Prop 7.4.2]. It is also known that 1 (E1) = (Creg, Q) Where Cheg is
the class of regular unipotent elements (see, e.g., [41, 1.1]); hence, we have

d}_:;1 =0 and RE1|G5ni = Z pE/7E1YE/.
E'€lrr (W)Y

Combining the above two expressions for Rg,, the functions Yg/ are determined for all
E' € Irr(W)" such that pg g, # 0. Indeed, if pg g, # 0, then let us write tg(E') =
(C',&") where C’ is an F-stable unipotent class. Using Remark 2.5 and the fact that the
functions {Yg | E € Irr(W?)} are linearly independent, we conclude that

pE/7E1YE/(g) =1 for all g € C'/F.

Since prr.p € Z and Yr/(g) € Z for all g € G, we either have Yz (g) = 1 for all
geC'F or Yi/(g) = —1for all g € C'F', where the sign is determined by pg/ f, .

Example 2.8. Let G be of type G5 and p = 3. In this case, W = (s1, s3) where s; is the
reflection corresponding to a long simple root and s; is the reflection corresponding to
a short simple root. We have

Irr(W) = {E10, Ev6, E} 3, E 3, FE21,Ea 2}

where E o is the trivial representation, Ij ¢ is the sign representations, E1737 Eﬁg are
two further one-dimensional representations such that

Tr(sl,E{’g) = Tr(SQ,Eﬁg) =—1 and Tr(sl,Ei'yg) = Tr(sz,Ei_B) =1;

finally, Ey ; is the standard reflection representation and Es 5 is a further two-dimensional
representation. The Frobenius map F' acts trivially on W and so v = idw . In Michel’s
version of CHEVIE [30], we obtain the information on unipotent classes and the Springer
correspondence as follows.

gap> W := CoxeterGroup("G",2);;
gap> uc := UnipotentClasses(W,3);; # p=3
gap> Display(uc); Display(ICCTable(uc));

Please cite this article in press as: M. Geck, Computing Green functions in small characteristic, J.
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Table 1

The Springer correspondence and pgr g for G2, p = 3.
E dp A(u) ta(E) PE.E Ei6 Eis Eild Es o Es Eio
Eis 6 {1} (1,Qp) Ei6 1 1 1 +1 ¢+l 1
Els 3 {1} ((A1)s,Qy) Ejs 0 1 0 1 1 1
EY, 3 {1} (A1,Qy) EY, 0 0 1 1 1 1
Es > 2 {1} (A1,Q,) Es,2 0 0 0 1 1 1
R R
Eio O Z/3Z  (G2,Q) 1,0

The information is summarized in Table 1 (see also [41, p. 329]). There are 6 unipotent
classes, denoted by Go, Go(a1), Ay, Ay, (A1)s, 1. Since v = idyy, we also have og = idg
for all E € Irr(W). Thus, we obtain explicit expressions

RElem = Z q%F PE EYE for all E € Irr(W).
E’'elrr(W)

It remains to determine the values of Yg for all E € Irr(W). In the present case, this is
easily done using Example 2.7. Indeed, since all entries in the last column of Table 1 are
equal to 1, we have Rg, , = Echn(W) YE. Hence, each function Y is identically 1 on
CF where 1(E) = (C,Q,).

In general, the determination of the functions Yy is a very subtle problem. In or-
der to solve it, one either needs further geometric information (as, for example, in
Beynon—Spaltenstein [1, §3, Case V], Shoji [40, §1]) or some additional information
about character values of G, which was readily available in the above example but may
require much more work in other cases (as, for example, in Malle [28]). The following
discussion, which is inspired by the approach of Marcelo—Shinoda [29], will turn out to
be very useful in later sections.

Remark 2.9. For w = 1, the virtual representation Ry of Deligne—Lusztig is known to be
an actual representation, which is in fact the permutation representation of G¥ on the
cosets of BY" (see [5, 1.5] or [3, 7.2.4]). Thus, for any unipotent element u € G, we have

Q1(u) = Tr(u, Ry) = {gBg € G"/B{ | ugBg = gBg }|

_ Ca(u)F]
={9B{ € G" /Bl | g7 ug € B{'} = A
0 0 0 1;@ |C, (ui)F|

where uy, ..., u, € BE are representatives of the conjugacy classes of B}" that are con-
tained in the G¥-conjugacy class of u. On the other hand, expressing R, as a linear
combination of Rg’s and then using Theorem 2.3(b), we obtain that

Q1(u) = Z P Yp(u) where pp = Z q**Tr(og, E) ppr k-
E’elrr(W)Y Eclrr(W)Y

Please cite this article in press as: M. Geck, Computing Green functions in small characteristic, J.
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Thus, since the terms pgs are determined by the algorithm in Remark 2.6, this yields
conditions on the values of the functions Yz, once we manage to obtain some information
about @Q1(u) by other means.

In Sections 5-8, we will try to evaluate @Q1(u) explicitly for certain unipotent ele-
ments u (see Example 3.6 below for a first illustration). For this purpose, we note that
the formula for Q1 (u) can be further refined using the Bruhat decomposition. Let ® be
the root system of G with respect to Ty. Let & C ® be the set of positive roots deter-
mined by the choice of By. Finally, let {; | i € I} C ®* be the corresponding set of
simple roots, where [ is a finite indexing set. This defines a length function [: W — Z .
For each o € @, let Uy = {z4(t) | t € k} C G be the corresponding root subgroup. For
w € W, we set

Up:=Uy|ae®,) CG where O, ={acd |wa)ecd }

we also fix a representative w of w in Ng(Tp). Here, we tacitly assume that w is chosen
such that F'(w) = w whenever v(w) = w, which is possible by [3, p. 33]. Then we have
the following sharp form of the Bruhat decomposition.

G= H BowUy, (with uniqueness of expression);
weW

see [3, Theorem 2.5.14 and Prop. 2.5.6]. Writing ®,, = {01, ..., 5} where [ = l(w), we
actually have U,, = Ug, - - - Ug, with uniqueness of expression.

Lemma 2.10. Let u € G be unipotent. Then

Q)= D |Quuw(w)|

weW,y(w)=w
where Q1 4 (u) := {v € UL | wouwv=ti~t € B} for allw € W such that v(w) = w.

Proof. By [3, §2.9], we also have a sharp form of the Bruhat decomposition for the finite
group G¥', such that G¥ = I, BEwUE | where the union runs over all w € W such that

w
~v(w) = w. Inverting elements, we see that

{(@o)™! Jw e Wy(w) =w,v e Uy}

is a complete set of representatives of the cosets {gB{" | g € GI'}. This yields the above
formula. O

Remark 2.11. As far as explicit computations using a computer are concerned, the above
formula means that

Please cite this article in press as: M. Geck, Computing Green functions in small characteristic, J.
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Q1(u) = Y Q10(w)]

w

where w runs over all elements of W of any given bounded length. Note that |UZ| = ¢'(*)
(see [3, p. 74]) which quickly becomes very large with growing [(w). Thus, we can only
reasonably work with bounds like I(w) < 25 (if ¢ = 2) or I(w) < 16 (if ¢ = 3) on a
standard computer. In any case, the above estimate will be crucial in our discussion of
groups of exceptional type in Sections 5-9.

3. On the determination of the functions Yg

We will assume from now on that G is simple and that the Frobenius map F': G — G
is given by

F=FoF=F'oy (m>1)

where ¥: G — G is an automorphism of finite order (leaving T, By invariant) and
F,: G — G is a Frobenius map corresponding to a split F)-rational structure, such that
F, commutes with 4 and F,(t) = t? for all ¢ € Ty. Thus, G¥' is an untwisted or twisted
Chevalley group, as in Steinberg [42]. Note that 4 induces an automorphism of W which
is just the automorphism v: W — W induced by F' considered earlier.

Remark 3.1. It is known that all unipotent classes of G are Fj,-stable (since, in each case,
representatives of the classes are known which lie in Gf»r = G (Fp); see, e.g., Liebeck—Seitz
[15]). Let C be an F-stable unipotent class. We shall also make the following assumption.

(%) There exists an element ug € CF such that F acts trivially on the finite group of
components A(ug) := Ceq(ug)/Ce(uo).

If (&%) holds, then there is a bijective correspondence between the conjugacy classes of
A(up) and the conjugacy classes of GF' that are contained in the set C¥ (see, e.g., [15,
Lemma 2.12]). For a € A(ug), an element in the corresponding G¥-conjugacy class is
given by u, = hugh™! where h € G is such that h=1F(h) € Cg(ug) maps to a under the
natural homomorphism Cg(ug) — A(ug). (The existence of h is guaranteed by Lang’s
Theorem; note that h is not unique but u, = hugh~! is well-defined up to G¥-conjugacy.)

Remark 3.2. Let E € Irr(W)? and 1g(E) = (C,€) € Ng, such that F(C) = C and
F*& = . Now let us fix an element ug € C¥" as in (&), such that F acts trivially on
A(up). Then it is known (see Lusztig [23, 19.7]) that there is a natural A(ug)-module
structure on the stalk &,,; in fact, we have &,, € Irr(A(ug)) and there is a root of unity
§g € Q, such that

Ye(u,) = 0 Tr(a, Eyu,) for all a € A(uy).

Please cite this article in press as: M. Geck, Computing Green functions in small characteristic, J.
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Since the values of Y are integers, it easily follows that §p = 1. (See [12, Lemma 3.3]
for further details.) Note that Tr(a, &,,) is just an entry in the ordinary character table
of A(ug). In particular, if a = 1, then u; is G¥-conjugate to uy and so d is determined
by the identity

YE(U()) = 6E dim gu(,.

Thus, the whole problem of computing the Green functions Q. is reduced to the de-
termination of the signs dgp = £1 for E € Irr(W)7 (cf. Shoji [39, 1.3, p. 161]).

Remark 3.3. In the tables in Carter [3, §13.3], Lusztig—Spaltenstein [26] and Spaltenstein
[41], the pair (C, &) € Ng corresponding to E € Irr(W) via the Springer correspondence
is specified by indicating the class C, the group A(u) (where u € C) and the irreducible
A(u)-module &,. For example, in Table 1, we have £ = Q, and so &, is the trivial
representation of A(u), in all cases. For G of exceptional type, the possibilities for A(u)
are rather limited: either A(u) is abelian of order at most 6, or a dihedral group of order 8,
or isomorphic to a symmetric group &, where r = 3,4, 5, or isomorphic to Z/2Z x &3
(see [41, 5.4]).

Remark 3.4. Let C be an F-stable unipotent class and uy € CF be such that F acts
trivially on A(ug). Let ug = uy,us, ..., u, € CF be representatives of the G¥'-conjugacy
classes that are contained in C¥, and let aq,...,a, € A(ug) be corresponding represen-
tatives of the conjugacy classes of A(ug) (see Remark 3.1).

(a) Let Eq € Irr(W)Y be such that tg(Ey) = (C,Q,). Then the corresponding
A(ug)-module is the trivial representation and we have

YE0<U1) = (5E0 for 1 < 1 < T.

Now let E; € Irr(W) be the trivial representation. Then the restriction of the almost
character Rg, to CF is constant and so pg, g, 0r, = 1 (see Example 2.7). Hence, the
sign g, is determined by the Lusztig—Shoji algorithm in Remark 2.6.

(b) Let E € Irr(W)" be such that tg(Ey) = (C,€) where £ is not the trivial local
system. Then we have Yg(u;) = dgTr(a;, &y, ) for 1 <i < r. Hence, we obtain

Aeog = Y Yi(9)Vel9) = 0mde Y [G": Calu)|Tr(as, Euy)-

geGF 1<ir

The sum on the right hand can be explicitly computed using the knowledge of the
centraliser orders |Cg(u;)¥'| and the character table of the group A(ug). On the other
hand, the left hand side is also known from the Lusztig—Shoji algorithm in Remark 2.6.
Hence, if the left hand side is non-zero, then we also obtain dg,0g; since dg, is known
from (a), this also determines 0.
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If the left hand side is zero, then some special arguments are required. A very particular
such case occurs for G of type Eg and p # 2,3, where A(up) = &3 and it turns out that
dg, =1 and g = ¢ mod 3; see Beynon-Spaltenstein [1, §3, Case 5]. (We will encounter
a similar case in Section 9.)

Example 3.5. Let C be an F-stable unipotent class such that A(u) = Z/2Z for u € C.
Note that F acts trivially on A(u) for any u € C¥ (since A(u) has order 2). So let us
fix some ug € CF. Assume that FEy € Irr(W)” is such that tg(Eg) = (C,Q,). Then the
corresponding sign dg, is determined as in Remark 3.4(a). Let us also assume that there
exists E € Irr(W)” such that tq(E) = (C, ) where £ is a non-trivial local system. Now
CF splits into two classes in G'; let u)y € CF be such that ug,uf, are not conjugate in
G¥'. Then the values of Yg,, Y are given by

YEO (UO) = YEO (ué) = 5E and YE(Uo) = 6E7YE(U6) = —(SE.

(Note that Q, corresponds to the trivial character of A(ug) and £ corresponds to the
non-trivial character of A(ug).) Now, we either have g = 0g, or g = —0g,. But, as
already discussed in [1, p. 591], if we are in the second case, then we change the roles
of ug,uyy and, with the new choice of ug, we will have 6 = dg,. Thus, in the present
situation, we can always choose ug € CF such that 6p = dg,, and ug is unique up to
conjugation within G¥. The only remaining problem is to identify wy in a given list
of representatives of unipotent classes. In order to try to solve this problem, we follow
Remark 3.4(b) and consider the relation

(*) Aeog = Y Yi,(9)Ve(g) = |GT|(ICa(uo)”|™" = [Ca(up) | ~1)dg, 05

geGF

This leads to the following two cases.

(a) If Mg,z # 0, then (x) implies |Cq(up)?'| # |Cq(uy)¥|, which distinguishes the
representatives ug, ué.

(b) If Ag, g = 0, then an additional argument is required in order to distinguish the
representatives ug, uj. (See §5.2 below for a typical example.)

Example 3.6. Let G be of type Gy and p # 3. Then F acts trivially on W and the
induced automorphism ~: W — W is the identity. Consequently, Irr(W) = Irr(W)7. By
[15, Table 22.2.6], there are 5 unipotent classes of G, which are all F-stable. Let C be
the unipotent class denoted by Ga(a); we have A(u) = &3 for u € C. The set CF splits
into three classes in G¥', with centraliser orders 6¢*, 2¢*, 3¢*. Thus, up to conjugation
by elements in G, there is a unique ug € C¥" such that |Ce(up)¥'| = 6¢* and F acts
trivially on A(ug). This whole discussion also works for the Frobenius map F),. Thus, we
can even assume that Fj,(ug) = up and F), acts trivially on A(uog). If C’ is a unipotent
class different from C, then |A(u')| < 2 for v’ € C. Consequently, condition (&) holds
for all unipotent classes of G. The Springer correspondence is explicitly described by
Spaltenstein [41, p. 329]; see Table 2. As in Example 2.8, we run the function ICCTable
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Table 2
The Springer correspondence and pg/ g for G2, p # 3.
E dg  A(u) ta(E) pere Eie  Efy  Eap Es 1 Eis  Eio
Eis 6 {1} (1,Q) Eig 1 1 A+l g*1 P 1
By 3 {1} (A1,Qp) E/, 0 1 1 1 0 1
E3 2 2 {1} (A~17@£)_ Es > 0 0 1 1 1 1
Ez1 1 CH (Gz2(a1), Q) E?,l 0 0 0 1 0 1
Eig 1 S3 (G2(a1),&) El 0 0 0 0 1 0
Eio O Z/(p,2)Z (G2,Q,) Eio 0 0 0 0 0 1
(where € 2 Q,, dim&, = 2)

which yields the coefficients pg/ g. By inspection of Table 2, we see that there is just one
case which is not covered by the arguments in Remark 3.4. The relevant unipotent class
is the above-mentioned class C'; we have

tq(Ea1) = (C,Qy) and ta(Ey3) = (C,€) where dimé&, =

Using the output of ICCTable and the argument in Remark 3.4(a), we already see that
0p,, = 1. However, we have (Yg,,,Yr; ) = 0 and so we can not apply the method in
Remark 3.4(b). We now argue as follows. Using the output of ICCTable (see Table 2),
we compute the coefficients pgs in Remark 2.9. We obtain the following formula:

Q1(uo) = (2¢ +1)Ym, , (uo) + ¢Ve; , (uo) = (2¢ + 1) + 2¢0p; ,.

Thus, depending on whether dp; | equals +1 or —1, we have Q1(ug) =4g+1or Q1(ug) =

1. On the other hand, by Remark 2.9, Q1(up) also is the value at ug of the character of
the permutation representation of G on the cosets of B{". We use this 1nterpretat10n to
show that Q1 (ug) > 1. For this purpose, it will be sufficient to show that Cg( uo Q B0
Assume, if possible, that Cg (uo)F C BE'. Then we also have Cg(ug)f» C B0 . We have
a natural homomorphlsm B0 — T0 with kernel consisting of unipotent elements only.
If p = 2, then TO = {1} and so Cg(uo)FP would be a unipotent group, contradiction
to the fact that A(ug) = &3 is a quotient of Cg(ug)f™. If p # 2 (and p # 3), then
A(ug) = &3 will still be a quotient of the image of Cg(ug)f? in TF” contradiction since
Ty is abelian. Thus, we do have Cq(ug)" ¢ BE and so Q1(ug) > 1, as claimed. But this
forces 5E1’3 =1

Remark 3.7. Assume that 4 = idg and F' = F}J" where m > 1. Let us first consider the
case where m = 1 and G» = G(F,) is an untw1sted Chevalley group over the prime
field F,,. The whole discussion above applies, of course, with F}, instead of F. In order to
have a separate notation from the general case, we introduce a superscript “4” to various
objects considered earlier. Thus, for w € W, we denote by Rf the virtual representation
of G» defined by Deligne-Lusztig, and by Q% the corresponding Green function. For
E € Irr(W), let R%,: GF» — @, be the corresponding almost character. (Note that, now,
F, acts trivially on W and so g = idg: E — E.) As in Remark 3.1, we assume that
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there exists an element ug € Cf» such that F, acts trivially on A(ug). By Remark 3.2,
there is a well-defined sign, which we now denote by 655 = +1, such that

RﬁE (up) = 5% p® dim &,, .

Having fixed the above notation, we now consider F' = F;" for any m > 1. Then we still
have F(ug) = ug, and F' acts trivially on A(ug). Let g = £1 be as in Remark 3.2, now
with respect to F. Then, by [12, Theorem 3.7], we have

0p = ((SﬁE)"”; in particular, 6 = 1 whenever m is even.

Thus, in order to determine dg, it is sufficient to consider the case where m = 1. This
will be our main tool in the discussion of groups of exceptional type, in order to deal
with those cases which are not covered by Remark 3.4.

4. Explicit realisations of G(q)

Assume that G is a simple algebraic group. In order to perform explicit computations
on a computer with elements of G (as in the following sections), we need a concrete
realisation of G as a matrix group. Now, in principle it is well-known how to do this,
using Chevalley’s construction as explained in detail by Carter [2] and Steinberg [42].
Computer programs are available as described by Cohen—Murray—Taylor [4], for exam-
ple. Note that the starting point of this approach is the choice of a Chevalley basis in
the corresponding simple Lie algebra over C. For example, Mizuno [32, Table 12] ex-
plicitly specifies such a choice for type Eg, E7, Fs. But this raises the following issue. If
we want to perform computations with Mizuno’s class representatives using the Cohen—
Murray—Taylor programs, we would first need to clarify the relation between the chosen
Chevalley bases — and the same issue arises with any other reference to the literature
about explicit computations in G.

Here, we wish to advertise two recent developments with regard to these issues. Firstly,
Lusztig [25] gives an explicit, canonical construction of G as a matrix group, which does
not depend at all on the choice of a Chevalley basis. Since this only yields root elements
in G for simple roots and their negatives, one still needs to specify a Chevalley basis
for further computations. But then, secondly, [8] produces two canonical choices of a
Chevalley basis, which differ from each other by a global sign and, thus, yield “canonical”
root elements for all roots. The computer algebra package ChevLie [10] implements these
constructions and works both in GAP4 [6] and Michel’s version of GAP3 [30]. We briefly
explain the constructions of [8], [25] and the basic functionality of the ChevLie package.

4.1. Cartan matrices and the e-function

Let I be a finite index set and A = (a;;); jer be the Cartan matrix of an irreducible
(crystallographic) root system. In Table 3, we fix a labelling of the corresponding Dynkin
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Table 3
Dynkin diagrams of simple Lie algebras.

diagram. Recall that A can be recovered from the diagram as follows. For i € I, we have
a;; = 2. Now assume that ¢,j € I are such that ¢ # j. Then a;; = aj; = 0 if 4,7 are
not joined by an edge. We have a;; = a;; = —1 if 4,j are joined by a simple edge.
Furthermore, a;; = —1 and aj; = —2 if 4, j are joined by a double edge with an arrow
pointing towards j. Finally, a;; = —1 and aj; = —3 if 7, j are joined by a triple edge with
an arrow pointing towards j. For example:

2 =2 0
2 -1
Bg: —1 2 -1 ; Gg:(g 2)
0 -1 2
In Table 3, we also specify a function e: I — {£1} such that €(i) = —e(j) whenever

i # j and a;; # 0. Note that, since the diagram is connected, there are exactly two such
functions: if € is one of them, then the other one is —e.

4.2. The Weyl group and the root system

Let V be a Q-vector space with a basis {«; | i € I}. For i € I, we define a linear map
si: V.=V by si(a;) == oj — a0y for j € I. Then 52 = idy and so s; € GL(V). Then
the corresponding Weyl group is given by W := (s; | i € I) C GL(V), with root system

O :={w(y)|iecl,weW}CV,

where {a; | i € I} is a system of simple roots. In CHEVIE [13], all of the above is
realised by the function CoxeterGroup, which returns a record containing basic data
corresponding to a given Dynkin diagram. For Chevlie, we essentially copied the code of
that function, so that it works both in GAP3 and GAP4. Example:
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gap> W := WeylRecord("B",2);;

gap> W.cartan # the Cartan matrix
(02 -21,[-1,21]
gap> W.roots; # I-tuples representing the roots

tfti1,0131, 00,11, 01,17, [2,11],
(-t,o01,fo0,-11,[-1,-11, [-2,-171]1

gap> W.epsilon;

(1, -1]

The record component epsilon holds the function e: I — {£1}. (This is not present in
the original CHEVIE system.)

4.8. The operators e; and f;
For any «, 8 € ® such that o # £, we define
Pap:=max{i 20| +ia e ®} and g¢up:=max{i>0|p—iac ®}.

Thus, 8 — qape,...,0—a,B,8+a,...,B+ papge is the a-string through /. Following
Lusztig [25, §2], we now consider a Q-vector space M with a basis {u; | i € I} U {v, |
a € @} and define linear maps e;: M — M and f;: M — M by the following formulae,
where j € I and a € .

(Yas,a + DVata, ifa+a;€d,
ei(u;) = |aji|va,, ei(va) == U; if a = —ay,

0 otherwise,
(paiya + 1)1)@—% ifa—aq; €9,

fz(uj) = |aji|v—oz,z7 fi(Ua) = U; if o = ay,

0 otherwise.

Note that all entries of the matrices of e;, f; with respect to the given basis of M are
non-negative integers. We consider End(M) as a Lie algebra with the usual Lie bracket
[x,y] == 20y —youx for x,y € End(M). We set h; := [e;, fi] for i € I. As in [8, §4],
consider the Lie subalgebra g C End(M) generated by e;, f; (i € I). Then g is a (split)
simple Lie algebra with Cartan subalgebra h := (h; | i € I)g and corresponding root
system ®. In particular, we have the Cartan decomposition

0=b D, co0a where dimg, = 1 for all a € ®.

In ChevlLie, we obtain matrices representing e;, f; through the following command.
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gap> W := WeylRecord("E",7);
gap> r := LieAdjRepresentation(W);;
gap> #I dim = 133, Chevalley relations ....... true

If the basis vectors {u; | i € I} U {v, | @ € ®} are ordered as in [8, Lemma 4.1],
then each e; is a nilpotent upper triangular matrix and each f; is a nilpotent lower
triangular matrix. This convention is used in ChevLie. There is also the function
LieMinusculeRepresentation which constructs the matrices in a representation with
a minuscule highest weight, as in [9].

gap> W := WeylRecord("E",7);

gap> m := MinusculeWeights(W);
tfo,o0,0,0,0,0,11]1

gap> r := LieMinusculeRepresentation(W,m[1]);;
#I dim = 56, Chevalley relations true

4.4. Lusztig’s construction of Chevalley groups

Following Lusztig [25, §2], we now obtain a Chevalley group over any field as follows.
Since the e; and f; are nilpotent, we can define z;(t) := exp(te;) € GL(M) and y;(¢) :=
exp(tf;) € GL(M) for all i € T and ¢t € Q. Explicitly, we have:

xl@)(”j) =uj + |aji|tv04m (L’i(t)(U,ai) =VU—q, +tu; + tzvam

T (t) (Uai) = Vay, €T (t) (Ua) = Z (k+q]5iva>tkva+kaia
k>0, a+ka; €P

yi(t>(uj) = Uj + |aji|tv_ai7 yi(t>(vai) = Vo, T tu; + tQ’U_ai,
k+po;,a
Yi(t) (V—a,) = V—a,; Yi(t)(va) = Z ( +pk B )tkvafkam

k>0, a—ka;,€P

where j € I and a € ¥, a # ;. (Compare with the formulae in [2, §4.3].) Now let K
be any field and M be a K-vector space with a basis {u; | i € I} U {0, | @ € ®}. For
i€landt € K, we define z;(t) € GL(M) and #;(t) € GL(M) by formulae as above
(which involve only integer coefficients; see also [2, §4.4].) Then

Gr := (Z;(t),5:(t) | i € I,t € K) C GL(M)
is a Chevalley group over K.
4.5. The e-canonical Chevalley basis
For each a € ®, let us choose a non-zero element e, € g,. If a, 5 € & are such that

a+ (€ D, then we define N, g € Q by [eq,es] = Nogeats. Now {e, | o € @} is called
a Chevalley basis if
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Nuop==2(gap+1) forall o, € ® such that a + § € P.

Clearly, if {eq | @ € @} is a Chevalley basis, then so is {£e, | & € ®}, for any choice of
the signs. Now, having fixed e: I — {£1}, there is a unique Chevalley basis {€¢, | a € @}
such that the following relations hold, for any i € I:

e;, = €(i)e;, e, = —€(i)fi,
[eiveiy] = (qqz‘,a + 1)ez+o¢i if a + Q; € (I)a
[fiseq] = (Pasa +1)e5_q, ifa—a; € .

(See [8, Theorem 5.7 and Example 5.9].) If we replace € by —e, then e_ ¢ = —e¢, for
all & € ®. In Chevlie, the complete list of elements {ef, | & € ®}, as matrices with
respect to the basis {u; | i € I} U{v, | @ € ®} of M, is obtained through the command
CanonicalChevalleyBasis (W).

4.6. Root elements

Let a € ®. By [8, Cor. 5.6], the linear map ef, € End(M) is nilpotent and so we
can define z€(t) := exp(te,) € GL(M) for any ¢t € Q. As in §4.4, if K is any field,
then we obtain analogous elements z¢,(t) € Gk for t € K. If € is replaced by —e¢, then
z¢(t) = z5,(—t) for all t € K. Thus, having fixed €, we obtain “canonical” root elements
z¢ (t) € Gk. In Chevlie, these are obtained as follows.

gap> W := WeylRecord("E",8);

gap> rep := LieAdjointRepresentation(W);

gap> cb := CanonicalChevalleyBasisRep(W,rep);
gap> r := W.roots[70];

(1,1, 2,3,2,1,1, 0]

gap> u := ChevalleyRootElement(W,cb,r,5); # t=5
< matrix 248x248 over the integers >

(One can equally well use elements from finite fields, of course; furthermore, instead of
the adjoint representation, one can also use a representation with a minuscule highest
weight, if such a representation exists.) Once the elements z¢ (t) € Gk are available, we
can also define elements h¢,(t) € Gx and 7S, (t) € Gk by analogous formulae as in [2,
Lemma 6.4.4]. These elements yield the familiar diagonal elements and lifts of reflections
in the Weyl group, respectively.

In Chevlie, the basis of M is ordered such that all z¢(t), o € ®T, are represented
by unipotent upper triangular matrices, and all z¢(t), « € ®~, by unipotent lower
triangular matrices; furthermore, all h¢,(t) are diagonal and all 7, (t) are monomial ma-
trices. Thus, the unipotent radical of the standard Borel subgroup of G, that is, the
subgroup
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Uk = (z5(t) |a € @ t € K) C Gk

consists precisely of the unipotent upper triangular matrices in G .

4.7. Computing estimates for Q1 (u)

Now let G = Gy, where k = Fp as in the previous sections, and Fj,: G — G is given
by F,(z,(t)) = z5,(t?) for « € ® and ¢ € k. Once the above functions are available, it is
straightforward to write a program which computes the cardinalities of the sets Q1,.,(u)
in Lemma 2.10, where u € G». For w € W, let &, = {p1,..., 5} where [ = [(w). Then

Usr = {5, (t1) -+ @5 (t) | t; € Fp},

with uniqueness of expression. By running systematically over all tuples (¢1,...,%) € IF}?,
we have a way of running through the elements of ng, one by one. For each v € UUITP,
we need to check if v/ := wouv ! € Bg” which, by the remarks in §4.6, is simply
done by testing if v’ is an upper triangular matrix. (Some modifications are needed for
twisted groups; see §7.1 below.)

This description shows that computer memory is not an issue, but speed is critical.
We shall have to perform several millions of multiplications of matrices (of moderate
size) over small finite fields. For this purpose, the GAP [6] function ImmutableMatrix
turns out to be particularly efficient. It converts a given matrix into an internal format
which appears to be highly optimized concerning space and runtime.

5. On the Green functions of type F, in characteristic 3

Throughout this section, let G be a simple algebraic group of type Fy. We have
G = (x4(t) | @ € ®,t € k) where ® is the root system of G with respect to Tp. Let
{aq, as, a3, a4} be the set of simple roots with respect to B, where the labelling is as in
Table 3. We assume that G is defined and split over I, with corresponding Frobenius
map Fj,: G — G such that F)(t) = t? for all t € Ty. Let F' = F}" where m > 1. Then

G = Fy(q) where qg=p".

For p > 3, the Green functions of G¥" have been determined by Shoji [35]. For p = 2,
the Green functions are explicitly computed by Malle [28]. It is briefly remarked by
Marcelo—Shinoda [29] that Shoji’s computations remain valid for p = 3. Since further
details are omitted in [29], we provide here an independent verification based on the
results in Section 3; this will also serve as a model for the later case studies in Sections 6-9.
In the following, if o = Zle n;a; € Y, we just write T, nonan, (t) instead of x4 (t).
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Table 4
Critical unipotent classes for type Fy with p = 3.
@] dim Cg(u)  A(u) |Cq(u)”| Eo E:dimé&,
Fy(a1) 6 Z/2Z 24¢%,2¢° X4,1 X2,3 1
Fy(az) 8 Z/27Z 2¢%, 2¢° X9,1 Xx2,1: 1
Fy(as) 12 Sy 24¢*2,8¢%2, 4¢2, 4¢*2, 3¢12 X12 X9,3 3
X6,2 ¢ 2
X1,3 3
Cs(ar) 14 Z/2Z  29"°(¢°-1),2¢"*(¢°~1) X16 Xa,3: 1

5.1. Critical unipotent classes for p =3

Assume from now on that p = 3. We have | Irr(W)| = 25 and the character table of
W is available in CHEVIE. Now F' acts trivially on W and v: W — W is the identity.
Consequently, Irr(W) = Irr(W)?. By Shoji [34], there are 16 unipotent classes of G,
which are all Fs-stable. Furthermore, for each unipotent class C, there exists an element
ug € C such that F3(ug) = up and Fj acts trivially on A(up); see [34, Table 6]. Thus,
condition (&) in Section 3 holds. The Springer correspondence is explicitly described by
Spaltenstein [41, p. 330]. As in Example 2.8, we run the function ICCTable which yields
the coefficients pg/ g. By inspection of the output, we see that pg g, € {0,1} for all
E’' € Trr(W), where E; is the trivial representation of W. Hence, by the argument in
Remark 3.4(a), we already have that

dp, =1  for all Ey € Irr(W) such that tq(Eo) = (C,Q,).

There are further cases which are not covered by the arguments in Remark 3.4(b);
these are specified in Table 4. The last two columns specify E, Fy € Irr(W) such that
we(Eo) = (C,Q,) and 1a(E) = (C, &) with € 2 Q.

In the table, we use the notation of Spaltenstein [41] for Irr(W). The translation to
the notation of Carter [3, §13.2] (or CHEVIE) is as follows.

X4,1 X2,3 X9,1 X2,1 X12 X9,3 X6,2 X1,3 X4,3

Pas  Pra  Po2  Phy P24 Bos Do Pliz  Pig

5.2. The class Fy(ay)

Let C be the unipotent class denoted by Fy(a1). Since A(u) = Z/2Z for u € C,
we are in the situation of Example 3.5, with Ey = x4,1 and E = x23; see Table 4.
We already know that there exists some ug € C¥ such that F acts trivially on A(ug)
and dy,, = 0y,, = 1. The only remaining problem is to identify ug in a given list
of class representatives. For a certain choice of a Chevalley basis in the Lie algebra
of G, a representative 4 € C' is explicitly described by Lawther [14, Table A]. Since our
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“canonical” Chevalley basis in Section 4 may be different from that in [14], we can only
say that

U= 331000(61)360100(52)960110(53)530011(54) cC

where ¢; = £1 for 1 < i < 4. Clearly, we have @ € G*. Using our computer programs
in §4, we check explicitly that all elements @ as above, for all possible choices of the &;,
are conjugate under elements of T{ 3. Hence, we may assume without loss of generality
that e; = 1 for all i. Now consider the signs d,,, and d,,, with respect to @. Since
ta(xa,1) = (C,Qy), we already know that d,, , = 1. We claim that we also have 4y, , = 1.
Since @ € CF3, we can apply Remark 3.7. Thus, it will be sufficient to determine Oxas
in the special case where m = 1. We now argue as in Example 3.6. Using the output of
ICCTable, we find the coefficients pg/ in §2.9. This yields the formula

Q1(1) = (4g + 1)Yy, , (@) + 2qYy, 5 (@) = (4g + 1) + 2¢0y, ;-

Setting ¢ = 3, we obtain Qi(u) = 13 + 64, , € {19,7}. On the other hand, by Re-
mark 2.11, we can try to directly compute the value of Q1 (@) (or, at least, a lower bound
for that value), by running through the sets Q1. (@) and checking if the corresponding
coset representatives are fixed by @. It turns out that we just need to go up to I(w) < 3
in order to find 19 cosets that are fixed. (Since we already know that Q1(a@) € {19, 7},
it would actually be enough to find strictly more than 7 cosets that are fixed — this
simple remark will be important in later sections when the values of ()1 get significantly
larger.) Thus, we do have Q1(%) = 19 and, indeed, @ € C is a representative such that
Oxs1 = Oy, = 1 (vegardless of the choice of a Chevalley basis).

5.3. The class Fy(as)

Let C' be the unipotent class denoted by Fy(as). Again, we are in the situation of
Example 3.5, now with Ey = x91 and E = x2,1; see Table 4. As in the previous case,
there exists some ug € C¥ such that d,,, = d,,, = 1. The only remaining problem is
to identify ug in a given list of class representatives. By Lawther [14, Table A], there is
a choice of signs €; = 1 such that

@ := Z1100(€1)Z0120(€2) 0001 (€3)To011(€4) € C.

We check again that all elements as above, for all possible choices of the signs, are
conjugate under elements of TOF 3. Hence, as in the previous case, we may assume without
loss of generality that ¢; = 1 for all . We consider the signs d,,, and d,, , with respect
to @. Since tg(xo,1) = (C,Qy), we already know that &,,, = 1. Since @ € CT*, it will
again be sufficient to determine d,, , in the special case where m = 1. Using the output
of ICCTable, we find the formula
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Q1(@) = (9¢° +4q 4+ 1)Yy, , (@) + 2¢°Yy,, (@) = (9¢° + 4q + 1) + 2¢°0y, .

Setting ¢ = 3, we obtain Q,(%) = 94 + 180y, , € {112,76}. Again, by an explicit com-
putation counting coset representatives, we find that Qq(@) = 112. (We just need to
look at sets Q1 (@) where [(w) < 7.) Thus, indeed, @ € C' is a representative such that
Oyo1 = Oy, = 1 (regardless of the choice of a Chevalley basis).
5.4. The class Fy(as)

Let C be the unipotent class denoted by Fy(as). We have A(u) = &4 for u € C.
By Shoji [34, Table 6], the set C¥ splits into five classes in G, with centraliser or-
ders 24q'?,4¢'%,8¢"2, 3¢"2, 4¢'2. Thus, up to conjugation by elements in G¥', there is a
unique ug € C¥ such that |Co(ug)¥'| = 24¢'? and F acts trivially on A(ug). Now, via
the Springer correspondence, there are four irreducible representations of W associated
with C. These are x12, X9,3, X6,2, X1,3; see Table 4. We already know that d,,, = 1.
Now ug can be chosen to be fixed by F3; see the explicit expression in [34, Table 6]. So,
1)

by Remark 3.7, it is sufficient to determine 6 0y, in the special case where

X6,27 YX9,3?
m=1.

Let ug = w1, ug, us, ug, us € CT% be representatives of the G*#-conjugacy classes that
are contained in C*®, and let a1, as,as, as, a5 € A(ug) be corresponding representatives
of the conjugacy classes of A(ug) (see Remark 3.1). Using the output of ICCTable, and

setting ¢ = 3, we find the formula

Q1(u;) = (12¢* + 16> + 9¢° + 4q + 1)Yy,, (u;)
+ (60" + 4¢%) Yy, (wi) + (9¢* + 8¢ + 2¢%) Yy , (i) + ¢* Y, , (us)
= 1498YX12 (ul> + 594YX6,2 (ul) + 963YX9,3 (ul) + 81YX1,3 (ul) (q = 3)7

for 1 < i < 5. Now, up to the signs & the values of the Y-functions on

X6,27 5)(9,35 5)(1,3’
u; are given by character values of G,4; see Remark 3.2. Thus, up to those signs, we can

explicitly determine the values @Q1(u;). We find that @Q(u;) < 5818 for all i, regardless

of what the signs 0, ,, d Oy, 5 are; furthermore,

X9,37

Q1(u;) = 5818 = i=1 and 6y,, =0y, =0y, =1

Hence, if we can find an element 4 € C*3 such that Q(#) = 5818, then % must be

X6,2 T 6X9,3 = 6X1,3
representatives in [34, Table 6] and adjusting some signs, we consider the element

conjugate to ug = u; in G and § = 1. Now, using the list of

it = 21100(1)Z0120(—1)Z0122(1)Z1192(—1) € G*3,

where we work with the “canonical” Chevalley basis as in Section 4. We check that,
in the adjoint representation, 7 has Jordan blocks of sizes 7, 62,53, 3%. Hence, we have
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@ € C} see [14, Table 4]. By an explicit computation counting coset representatives, we
find that Q1(@) = 5818. (We just need to look at sets (1., (@) where I(w) < 9.) Thus,
indeed, ug, @ are conjugate in G*3 and we do have dy, , = 6y, , = 0y, , = 1.

5.5. The class Cs(aq)

Let C be the unipotent class denoted by Cs(aq). Again, we are in the situation of
Example 3.5, now with Ey = x16 and E = xa,3; see Table 4. As in the first case, there
exists some ug € C¥ such that d,,, = d,,, = 1. The only remaining problem is to
identify ug in a given list of class representatives. By Lawther [14, Table A}, there is a
choice of signs ¢; = £1 such that

x0100(€1)l‘0001(52)1’0120(63) eC (Where g = :|:].)

Now we find that all elements as above, for all possible choices of the signs, are conjugate
under elements of Tj * to one of the following two elements:

@* == wo100(1) 20001 (1) 0120 (£1).

We check that, in the adjoint representation, both 4 and %~ have Jordan blocks of sizes
7,62,5,4% 3% 13. Hence, we have 4 € C; see [14, Table 4]. We consider the signs 5%16

and (5;:4 , with respect to @*. Since 1g(x16) = (C,Q;), we already know that 55, = 1.
Since @+ € C*3, it will again be sufficient to determine 53& , in the special case where

m = 1. Using the output of ICCTable, we find the formula

Q1 (@) = (16¢° + 36¢* + 28¢° 4+ 11¢* + 4q + 1)Yy,, (aF)
+ (4¢° + 10¢* + 8¢® + 2¢%) Yy, , (@7F).

Setting ¢ = 3, we obtain Q,(a*) = 7672 + 201655, , € {9688,5656}. By an explicit
computation counting coset representatives, we find that Q(a%) = 9688. (For @, we
just need to look at sets Q1 ., (%F) where [(w) < 13 in order to find 9688 cosets that
are fixed; for @~ we have to go up to I[(w) < 14 in order to find strictly more than 5656
cosets that are fixed.) In particular, this shows that @, 4~ are conjugate in G*. Hence,

indeed, u = @" € C is a representative such that d,,, = & = 1 (independently of the

X4,3
choice of a Chevalley basis).

Remark 5.6. By analogous arguments, we obtain an independent verification of the re-
sults of Malle [28] on the Green functions of Fy(2™).

6. On the Green functions of untwisted Eg in characteristic 3

Throughout this section, let G be a simple algebraic group of (adjoint) type Eg. We
have G = (z(t) | @ € ®,t € k) where ® is the root system of G with respect to Tp. Let
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Table 5
The critical unipotent class for type Eg with p = 3.
o} dim Cg (u) A(u) |Ca(u)f| Ey E
Es(as) 12 Z)27 2¢'2,2¢*2 303 155

{a; | 1 <4 < 6} be the set of simple roots with respect to By, where the labelling is
chosen as in Table 3. We assume that G is defined and split over IF,,, with corresponding
Frobenius map Fj,: G — G such that F,(t) = t? for all t € Ty. Let F' = F* where
m > 1. Then

GF = Es(q) where qg=pm".

For p > 3, the Green functions have been determined by Beynon—Spaltenstein [1]. For
p = 2,3, the Green functions are explicitly computed by Malle [28] and Porsch [33].
Since the results for p = 3 have never been published, and since we also need them
when dealing with the twisted case, we will provide here an independent verification of
Porsch’s results.

6.1. Critical unipotent classes for p =3

Assume from now on that p = 3. We have | Irr(W)| = 25 and the character table of
W is available in CHEVIE. Now F' acts trivially on W and v: W — W is the identity.
Consequently, Irr(W) = Irr(W)7. By Mizuno [31], there are 21 unipotent classes of G,
which are all F3-stable. Furthermore, for each unipotent class C, there exists an element
ug € C such that F5(ug) = ug and F3 acts trivially on A(ug); see [31, Prop. 6.1]. Thus,
condition (&) in Section 3 holds. The Springer correspondence is explicitly described by
Spaltenstein [41, p. 331]. As in Example 2.8, we run the function ICCTable which yields
the coefficients pgs g. By inspection of the output, we see that there is just one case
which is not covered by the arguments in Remark 3.4; see Table 5 where the last two
columns specify E, Ey € Trr(W) such that 1q(Ey) = (C,Q,) and 1g(E) = (C, &) with
£2Q,.

In the table, we use the notation of Spaltenstein [41] for Irr(TV), which is just a slight
variation of Carter [3, §13.2] (or CHEVIE); for example, the representation 303 is denoted

by ¢3073 in [3, p. 415]
6.2. The class Fg(as)

Let C be the unipotent class denoted by Eg(as). (Note that Mizuno uses the notation
As+A; for this class.) Since A(u) = Z/2Z for u € C, we are in the situation of Exam-
ple 3.5, with Fy = 303 and £ = 155. The following argument is analogous to that in §5.2.
We already know that there exists some ug € C such that F acts trivially on A(ug)
and d30, = d15,. Using the output of ICCTable and the argument in Remark 3.4(a), we
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have 630, = 1 and, hence, also 15, = 1. The only remaining problem is to identify wug
in a given list of class representatives. By Mizuno [31, Lemma 4.3], there is a choice of
signs such that

L18 = Tas (il)xtu (il)xaa(il)xou (il)xaﬁ(i1)$a1+az+a3+a4+a5+a6 (il) eC.

But then we check again that all elements as above, for all possible choices of the signs,
are conjugate under elements of T(f 3. Thus, we may assume that all signs are +1. Then
we consider the signs d3g, and d15, with respect to x15. Since 1¢(303) = (C, Q,), we
already know that d3p, = 1. Since x13 € CF3, we can apply Remark 3.7. Thus, it will
be sufficient to determine d;5, in the special case where m = 1. Using the output of
ICCTable, we find the coefficients pg/ in §2.9. This yields the formula

Q1(z18) = (30¢> + 20¢° + 6q + 1)Y30, (z18) + (15¢° + 6¢%) Y15, (218).

Setting ¢ = 3, we obtain Q1(x18) = 1009 + 459415, € {1468,550}. By an explicit com-
putation counting coset representatives, we find that @Qq(z1s) = 1468. (In the setting
of Lemma 2.10, we just need to look at sets Q1 (z1s) where I(w) < 12.) Thus, in-
deed, up := z13 € C' is a representative with respect to which we have d39, = 615, =1
(regardless of the choice of a Chevalley basis).

6.3. A different representative for Eg(as)
Let C be as above, but now consider the element

93/18 = xal(Dxas(Dxas(Dxas(l)xm(l)xa1+a2+as+a4+as+ao(1) € G™.

(This will be useful in the following section, when we consider twisted groups of type
FEg.) We claim that x5, 24 are conjugate in G¥3. First we check that, in the adjoint
representation, a4 has Jordan blocks of sizes 9%, 7,6, 3%, 2. Hence, we have x4 € C; see
[14, Table 6]. Furthermore, we check that all the elements

Loy (il)xaa(il)xa?, (:l:l)xoés (i1)$a4 (il)xa1+a2+a3+a4+0¢5+a6 (:I:l)

are conjugate under elements of T} °. As above, we set ¢ = 3 and compute that
Q1 (hg) = 1468. Thus, g must be conjugate in G¥* to z15 (regardless of the choice of
a Chevalley basis). Furthermore, if we take /g4 as the chosen representative in C', then
the corresponding signs ds0, and 015, will again be equal to 1.

6.4. Improving efficiency

We have |W| = 51840 and there are 8335 elements w € W such that I(w) < 12. So, a
priori, in §6.2 we would have to look at
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> 3" = 1569060811
weW,l(w)<12

coset representatives in order to obtain that Qi(x15) = 1468. Since we only need to
establish the estimate @Q1(z15) > 550, we can try to reduce the number of elements
w € W to consider, as follows.

Let v € UL for some w € W. Writing v as a product of terms ,(t) where o € &+
and t € k, and using Chevalley’s commutator relations, we see that

V180 = Ty (1) Ta, (D) Zas (£1) 20, (1) 20, (£1)

x product of terms z,(t) where a € ®1 and « # q; for all i.

L=t e B'. So we just consider

Now v will only contribute to |Q1 ., (x18)| if Wwvz1sv™
those w € W such that {(w) < 12 and the roots w(as), w(ay), w(as), w(ar), w(ag) are
all positive. There are 47 such elements w € W, accounting for only 4220491 cosets. It
turns out that, already among these cosets, we find more than 550 ones that are fixed by
218. (And a similar procedure works in all the other cases that we consider in Section 8,
where |W| = 2903040 and such a reduction becomes even more important. We also note

that that procedure is not just a heuristic principle but can be formally justified.)

Remark 6.5. By analogous arguments, we obtain an independent verification of the re-
sults of Malle [28] on the Green functions of Eg(2™).

7. On the Green functions of twisted Eg in characteristic 3

Throughout this section, let again G be a simple algebraic group of (adjoint) type Fs.
We have G = (z,(t) | « € ®,¢ € k) where ® is the root system of G with respect to Tp.
Let {a; | 1 < i < 6} be the set of simple roots with respect to By, where the labelling is
chosen as in Table 3. We assume that G is defined and split over F,, with corresponding
Frobenius map Fj,: G — G such that F,(t) = t* for all ¢ € Ty. Now we also consider
the non-trivial graph automorphism 4: G — G of order 2, such that 4(By) = By and
A(Ty) = Tp. This induces the following permutation of the simple roots:

o] — g, Qg — g, Q3 — Q5, Q4 —> 04, o5 —>Q3, Og—> Q7.

Let m > 1 and g = p™. Then G¥ = 2E¢(q) where F := 7o Fr=FEro7.

For p > 3, the Green functions have been determined by Beynon—Spaltenstein [1].
For p = 2, the Green functions are explicitly computed by Malle [28]. To complete the
picture, it remains to deal with the case p = 3.
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7.1. Root elements in GF

Let g be the Lie algebra of type Eg, realized as a subalgebra of End(M) as in Section 4;
recall that M comes equipped with a basis {u,...,ug} U {ve | @ € ®}. Let & — P,
a + af, be the permutation induced by the automorphism 5: G — G. Then define a
linear map 7: M — M by

Ul — Ug, U — Uz, U3 > U5, Ug > Ug, U5 +> U3, U > U, and Vo 7 Vgt

for all @ € ®; note that 72 = id ;. Then one simply checks that conjugation with 7 inside
End(M) defines the non-trivial graph automorphism of g. We shall assume throughout
this section that G = Gy C GL(M) is realised as in §4.4. Then 7 is also realised
by conjugation with 7 inside GL(M ). Furthermore, consider the “canonical” Chevalley
basis {ef, | & € ®} of g. Then one also checks that 7oef, = e; o for all a € ®. In this
situation, root elements for G have a simple description as in [2, Prop. 13.6.3], that is,
given a € ® and t € k, we have

zo(t) € GF if af = o and t7 =1t,

To ()Tt (1) € GF if af # « and P —

(Note that, in type Eg, we have a + af ¢ ® for all a € ®; so we only have to consider
cases (i) and (ii) of [2, Prop. 13.6.3].) It is then straightforward to adjust the program
in §4.7 to the present situation.

7.2. Critical unipotent classes for p =3

Assume from now on that p = 3. The induced automorphism ~: W — W is given
by conjugation with the longest element wy € W. Consequently, Irr(W) = Irr(W)7. For
each E € Irr(W), we need to choose a map og: E — E as in §2.1. In CHEVIE, the
“preferred” choice for o specified by Lusztig [19, 17.2] is taken. By [15, Lemma 20.16],
all the 21 unipotent classes of G are stable under F3 and under 5. Further information
about the classes is provided in [15, Table 22.2.3]. This shows that, for each unipotent
class C, there exists some ug € C*' such that F acts trivially on A(ug). Thus, condition
(&%) in Section 3 holds. As in Example 2.8, we run the function ICCTable which yields
the coefficients pg/ g:

gap> W := RootDatum("2E6");;
gap> Display(CharTable(W));
gap> uc := UnipotentClasses(W,3);; # p=3
gap> Display(uc); Display(ICCTable(uc));

By inspection of the output, we see that there is only one case which is not covered
by the arguments in Remark 3.4, exactly as in Section 6, Table 5.
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7.8. The class Eg(as) (twisted case)

Let C be the unipotent class denoted by Eg(as). Since A(u) = Z/2Z for u € C, we
are in the situation of Example 3.5, with Ey = 303 and E = 155. The following argument
is analogous to that in §6.2, but some additional care is needed because of the presence
of the graph automorphism 4. We already know that there exists some ug € C¥ such
that F acts trivially on A(ug) and d30, = d15,. Using the output of ICCTable and the
argument in Remark 3.4(a), we have d3p, = 1 and, hence, also 015, = 1. Again, the only
remaining problem is to identify ug in a given list of class representatives. We claim that,
regardless of the choice of a Chevalley basis in the Lie algebra of G, we can take ug to
be the element already considered in §6.3:

37/18 = Zay ()T (D) Zas (1)%as (1) Tay (1) %0y +astastast+as+as(1) € C.

By §7.1, we have 2}y € G¥'; in fact, /g is fixed by both F3 and 4. Conjugating by
elements in 7', one sees again that the G¥-conjugacy class of /g is well-defined, re-
gardless of the choice of a Chevalley basis. We consider the signs d3p, and 015, with
respect to xhg. Since 1¢(303) = (C,Q,), we already know that 39, = 1. So it remains
to show that 15, = 1. Since x4 is fixed by F3 and by 7, we can apply the argument in
[12, Remark 3.8]. This shows that

015,615, does not depend on m,

where 475 is the sign from the untwisted case in Section 6. By §6.3, we have 675, = 1 for
all m. Hence, we conclude that d15, does not depend on m either. So it will be sufficient
to determine 6§15, in the special case where m = 1. Using the output of ICCTable, we
find the coefficients pgs in §2.9. This yields the formula

Q1 (zs) = (10¢* + 4¢* + 2q + 1)Y30, (z'5) + (¢° — 2¢°) Y15, (z)s)-

Setting ¢ = 3, we obtain Q1(x)g) = 313+ 9415, € {322,304}. By an explicit computation
counting coset representatives, we find Q1(x}g) = 322. (In the setting of Lemma 2.10,
we just need to look at sets Q1. (z)g) where [(w) < 12.) Thus, indeed, 2jg € C is a
representative with respect to which we have 630, = d15, = 1.

Remark 7.3. By analogous arguments, we obtain an independent verification of the re-
sults of Malle [28] on the Green functions of 2Eg(2™).

8. On the Green functions of type E7 in characteristics 2, 3
Throughout this section, let G be a simple algebraic group of (adjoint) type E;. We

have G = (z(t) | @ € ®,t € k) where ® is the root system of G with respect to Ty. Let
{a; | 1 < i < 7} be the set of simple roots with respect to By, where the labelling is

Please cite this article in press as: M. Geck, Computing Green functions in small characteristic, J.
Algebra (2020), https://doi.org/10.1016/j.jalgebra.2019.12.016




YJABR:17504

M. Geck / Journal of Algebra sss (ssee) sso—ses 29

Table 6
Critical unipotent classes for type E7 with p = 2, 3.

p C dim Cq (u) A(u) |Ca(u)F| Ey E :dimé&,

2,3  FEr(az) 13 7)2Z  2¢*3,2¢" 563 21¢

3 E7(as) 17 727  2q¢'7,2¢'7 1895 157

2,3  Er(as) 21 S3 6q%1,2¢%1, 3¢** 3157 2809 : 2

3513 : 1
2,3  FEg(az) 23 Z/2Z  2¢**(¢*>—1),2¢%* (¢*—1) 4055 18919

chosen as in Table 3. We assume that G is defined and split over I, with corresponding
Frobenius map Fj,: G — G such that F},(t) = t? for all t € Ty. Let F' = F* where
m > 1. Then

G = Fr(q) where q=7p™.

For p > 3, the Green functions have been determined by Beynon—Spaltenstein [1]. To
complete the picture, it remains to deal with the cases p = 2,3. In the following, if
o= ZZ:1 nio; € ®, we just write Tp,n,..n,(t) instead of x4 (t).

8.1. Critical unipotent classes for p = 2,3

Assume from now on that p = 2 or p = 3. We have | Irr(WW)| = 60 and the character
table of W is available in CHEVIE. Now F' acts trivially on W and v: W — W is
the identity. Consequently, Irr(W) = Irr(W)?Y. The unipotent classes of G have been
classified by Mizuno [32]. Each unipotent class C is F-stable and there exists an element
ug € C such that F,(up) = up and F, acts trivially on A(ug); see [32, Table 2]. Thus,
condition (&) in Section 3 holds. The Springer correspondence is explicitly described by
Spaltenstein [41, p. 331-333]. As in Example 2.8, we run the function ICCTable which
yields the coefficients pg . By inspection of the output, we see that pg g, € {0,1} for
all B/ € Irr(W), where E; is the trivial representation of W. Hence, by Remark 3.4(a),
we already have that

0p, =1 for all Ey € Irr(W) such that tq(Ep) = (C, Q).

There are further cases which are not covered by the arguments in Remark 3.4(b); these
are specified in Table 6 where, as before, the last two columns specify E, Ey € Irr(W)
such that ve(Ep) = (C,Q,) and vq(E) = (C, ) with £ 2 Q,.

In the table, we use the notation of Spaltenstein [41] for Irr(W), which is just a slight
variation of Carter [3, §13.2] (or CHEVIE); for example, the representation 563 is denoted
by ¢s6,3 in [3, p. 416].
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8.2. The class E7(ag) forp=2,3

Let C be the unipotent class denoted by E7(as). (Note that Mizuno uses the nota-
tion Dg+A; for this class.) Since A(u) = Z/27Z for w € C, we are in the situation of
Example 3.5, with Ey = 563 and E = 21g. The following argument is analogous to that
in §5.5. We already know that there exists some ug € CF such that F acts trivially on
A(ug) and 56, = d21, = 1. The only remaining problem is to identify ug in a given list
of class representatives. Using Mizuno [31, Table 2], checking sizes of Jordan blocks, and
arguing as in §5.5, we may take

@ := 21000000 (1)0101000 (1)Z0011000(1) 0101100 (1)

- Zo111100 (£1)Zo000110(1)Z0000001 (1) € C,

regardless of the sign or the choice of a Chevalley basis. We consider the signs 5?63 and
5;16 with respect to @*. Since 1 (563) = (C,Q,), we already know that 55i63 = 1. Since
@t € O, we can apply Remark 3.7. Thus, it will be sufficient to determine (527:16 in the
special case where m = 1. Using the output of ICCTable, and setting ¢ = 2 or ¢ = 3, we
obtain the formulae

Q1(a*) = (56¢° + 27¢° + Tq + 1) Y6, (45) + (21¢° + 7¢%)Ya1, (%)

| 57141960, € {767,375} (¢ =2),
T ) 1777 + 630051, € {2407, 1147} (¢ =3).

(Of course, in general, the polynomial expressions for the values of @7 will depend
on whether p = 2 or p = 3, but for the classes in Table 6, they do coincide.) By
an explicit computation counting coset representatives (see Lemma 2.10), we find that
Q1(a*) equals 767 if p = 2, and 2407 if p = 3. (If p = 2, then we just need to look
at sets Q1 (4*) where [(w) < 15 in order to find 767 cosets that are fixed; if p = 3,
then we just need to go up to [(w) < 6 in order to find strictly more than 1147 cosets
that are fixed.) In particular, @+, @~ are conjugate in G¥. Thus, indeed, it € C is a
representative with respect to which we have 56, = d21, = 1 (regardless of the choice of
a Chevalley basis).

8.3. The class E7(ay) for p=3

Let p = 3 and C be the unipotent class denoted by F7(a4). (Note that Mizuno uses
the notation Dg(a;)+A; for this class.) Since A(u) = Z /27 for u € C, we are in the
situation of Example 3.5, with Ey = 1895 and F = 157. The following argument is
analogous to that in §5.5. We already know that there exists some ug € C* such that F
acts trivially on A(ug) and d1s9, = 015, = 1. The only remaining problem is to identify
ug in a given list of class representatives. Using Mizuno [31, Table 2], checking sizes of
Jordan blocks, and arguing as in §5.5, we may take
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@ = 21000000(1)Zo111000(1)Z0011100(1)Z0101100(1)

- zooo1110(1)Too11110 (1) 20000011 (1) € C,

regardless of the sign or the choice of a Chevalley basis. We consider the signs 5%%95 and
(5%57 with respect to @*. We already know that 6f[895 = 1. Since @* € C*3, we can apply
Remark 3.7. Thus, it will be sufficient to determine d;5, in the special case where m = 1.
Using the output of ICCTable, we find the following formula.

Q1 (™) = (189¢° + 155¢* 4 77¢> + 27¢* + Tq + 1)Yigo, (aF) + 15¢° Y15, (0F).

Setting ¢ = 3, we obtain that Qq(4%) = 60826 + 3645015, € {64471,57181}. By an
explicit computation counting coset representatives, we find that Q;(at) = 64471. (We
just need to look at sets Q1,,,(%F) where I(w) < 16 in order to find strictly more than
57181 cosets that are fixed by 4*.) Thus, 4T and %~ are conjugate in G¥" and, indeed,
at € C is a representative with respect to which we have d15, = 1 (regardless of the
choice of a Chevalley basis).

8.4. The class E7(as) forp=2,3

Let C be the unipotent class denoted by E7(as). (Note that Mizuno uses the notation
Dg(az)+A; for this class.) We have A(u) = &3 for u € C. The set CF splits into three
classes in GF', with centraliser orders 6¢2', 2¢?!, 3¢'. Thus, up to conjugation by elements
in GF'| there is a unique ug € C¥ such that |Cg(ug)f| = 6¢*' and F acts trivially on
A(ug). Now, via the Springer correspondence, there are three irreducible representations
of W associated with C'. These are 3157, 2809, 3513; see Table 6. We already know that
d315, = 1. Now ug can be chosen to be fixed by F),; see the explicit expression in [32,
Table 2]. So, by Remark 3.7, it is sufficient to determine dag0,, d35,, in the special case
where m = 1. The following argument is analogous to that in §5.4.

Let ug = uy,us,uz € CF» be representatives of the Gfr-conjugacy classes that are
contained in CF» and let a1, az,a3 € A(ug) be corresponding representatives of the con-
jugacy classes of A(ug), where the notation is such that as corresponds to a transposition
in 63 = A(ug) and as to a 3-cycle. Using the output of ICCTable, and setting ¢ = 2 or
q = 3, we find the formula

Q1(u;) = (315¢7 + 483¢° + 350¢° + 182¢* + 77¢% 4 27¢° + Tq + 1)Yaus, (us)
+ (280¢7 + 330¢° + 161¢° + 48" + 7¢°) Yaso, (ui) + (357 + 21¢°) Va5, (u;)

- 86083 Y315, (u;) + 62936 Yaso, (u;) + 5824 Y35, (u;) (¢ =2),
© ) 1143148 1/3157 (UZ) + 896130 Yggog (ul) + 91854 }/3513 (ul) (q = 3),

for 1 < i < 3. Now, up to the signs dag0, and dss,,, the values of the Y-functions on u;
are given by character values of G3; see Remark 3.2. Thus, we obtain
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Ou(ur) = {30083+ 2 629360as0, + 5524635, (q=2),
P 1143148 + 2 - 8961306280, + 9185435, (q = 3).

Since Q1 (u1) > 0, this already forces that dagg, = 1 in both cases. We claim that we also
have d35,, = 1. For this purpose, we consider the values at us:

01 (us) = 86083 — 62936 -+ 5824035, = 23147 + 5824835, (¢=2),
PUET) 1143148 — 896130 + 91854035,, = 247018 + 91854035, (g = 3).

By Mizuno [32, Lemma 21], there is a choice of signs €; = +1 such that

Y46 = T1011000 (51)-'170111000 (52)‘T0011100 (53)550101100 (54)

: 3?0001110(85)1?0000111(56)961111100(87)$1111110(68) eC

and |Cq(ya6)" | = 3¢*'. Then y46 will be conjugate to us in GF'.

If ¢ = 2, then ¢; = 1 for all 4, and the above formula shows Q1 (us) € {28971, 17323}.
By an explicit computation counting coset representatives (see Lemma 2.10), we find
that Q1 (yae) = 17323. (We just need to look at sets Q1 ., (yas) where [(w) < 13.) Hence,
035,, = 1, as claimed.

Now assume that p = 3. Then Qq(u3) € {338872,155164}. Now we simply consider
all elements y46 as above, for all possible choices of the signs €;. For each such choice,
ya6 has Jordan blocks of sizes 9%,7,6%,53,3% and, hence, ys6 € C; see [14, Table 8].
Furthermore, we find that Q1(y46) = 338872 in each case. (We just need to look at sets
Q1,w(ya6) where I(w) < 8.) Hence, d35,, = 1, as claimed.

8.5. The class Eg(ag) for p=2,3

Let C be the unipotent class denoted by Eg(as). (Note that Mizuno uses the notation
(As+A;)" for this class.) Since A(u) = Z/2Z for v € C, we are in the situation of
Example 3.5, with Fy = 4053 and E = 189;p. The following argument is analogous to
that in §5.2. We already know that there exists some uy € CF such that F acts trivially
on A(up) and 0405, = d189,, = 1. The only remaining problem is to identify ug in a given
list of class representatives. Using Mizuno [31, Table 2], checking sizes of Jordan blocks,
and arguing as in §5.2, we may take

@ := 21010000 (1)Z0111000(1)Z0011100(1)Z1111000(1)Z0101110(1)Z0001111 (1) € C,|

regardless of the choice of a Chevalley basis. We consider the signs d405, and d189,, with
respect to . We already know that 6405, = 1. Since % € C*3, we can apply Remark 3.7.
Thus, it will be sufficient to determine d139,, in the special case where m = 1. Using the
output of ICCTable, we find the following formula.
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Q1() = (405¢® + 973¢" + 933¢° + 532¢° + 230 + 84¢® + 27¢* + Tq + 1) Y405, (1)
+ (189¢® + 420q" + 351¢% + 161¢° + 48¢* + 7¢°)Yiso,, ()

_ ] 309435 + 130584d1,, € {440019, 178851} (¢=2),
| 5615752 + 24576480159, € {8073400, 3158104} (¢ =3).

On the other hand, using Lemma 2.10, we can try to directly compute Q1 (@).

If p = 2, then we just need to look at sets Q1 (%) where I(w) < 12 in order to find
strictly more than 178851 cosets that are fixed. A comparison with the above formula
shows that we must have d189,, = 1. If p = 3, then we need to go up to l(w) < 13 in
order to find strictly more than 3158104 cosets that are fixed. (This is the hardest case
for type E7; the computation requires less than 4 GB of main memory but takes about
a week on a standard computer, even with efficiency improvements as in §6.4.) So we
also have d1g9,, = 1 in this case.

9. On the Green functions of type Fg in characteristics 2

In this final section, let G' be a simple algebraic group of type Eg and F,: G — G be
a split Frobenius map as before. Let F' = F" where m > 1. Then

G = Es(q) where qg=7p™".

For p > 5, the Green functions have been determined by Beynon—Spaltenstein [1]. Here,
we will not be able to complete the computation of the Green functions for the cases
where p = 2,3,5. But we can at least show that the very particular case mentioned in
Remark 3.4 also occurs for p = 2. So assume from now on that p = 2.

We have |Irr(W)| = 112 and the character table of W is available in CHEVIE. Now F
acts trivially on W and v: W — W is the identity. Consequently, Irr(W) = Irr(W)7. The
unipotent classes of G have been classified by Mizuno [32]. The Springer correspondence
is explicitly described by Spaltenstein [41, p. 333-336]. The “very particular” case is
related to the unipotent class C specified as follows.

C dimCg(u)  A(u) |Cq(u)f| Ey E:dimé&,
Eg(b@) 28 63 6q28, 2q28, 3(]28 224010 17512 12
84013 01

where, as before, the last two columns specify E, Ey € Trr(W) such that v (Eo) = (C, Q)
and 1g(E) = (C,€) with £ 2 Q,. (Note that Mizuno uses the notation Dg(asz) for
this class; furthermore, the same conventions for the notation of Irr(W) apply as in
Section 8.) Up to conjugation by elements in G, there is a unique ug € C*" such that
|Ca(up)f| = 6¢%® and F acts trivially on A(ug). By Mizuno [32, Lemma 53], such a
representative is given by
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uo := 277 = 11110000 (1)Z10111000(1)Z01111000(1)Z00111100(1)

- 201011100 (1)Zooo11110 (1) Zoooooo11 (1) Zooooo111 (1)-

(As before, if @ = 2?21 n;o; € O, we just write X, n,. ne(t) instead of z,(t).) We
consider the corresponding signs dp with respect to ug; we claim that

022400 =1 and  dgaoys = (=1 (¢ =2").

This is seen as follows. As before, since ug € C'2, it is sufficient to determine the signs in
the special case where m =1 (see Remark 3.7). As in Example 2.8, we run the function
ICCTable which yields the coefficients pg/ g. By inspection of the output, and using the
argument in Remak 3.4(a), we already see that da249,, = 1.

We now follow the argument in §8.4. Let ug = uy,us,us € CF? be representatives
of the G™-conjugacy classes that are contained in C*2, and let a;,as,a3 € A(ug) be
corresponding representatives of the conjugacy classes of A(ug), where the notation is
such that ay corresponds to a transposition in &3 = A(ug) and a3 to a 3-cycle. By
Mizuno [32, Lemma 53], such representatives are given by

ug := 278 = 277200001111 (1),
Uz = 279 = Z11110000(1)Z10111000(1)Z01111000(1)Z00111100 (1) T01011100(1)

- 200011110 (1) 200000001 (1) Zooooo111 (1) Zoooo1111 (1).

Using the output of ICCTable, and setting ¢ = 2, we find the formula

Q1 (u;) = (2240¢"° + 3688¢” + 34444¢® + 2360q¢" 4 1351¢°
+ 672¢° + 294¢* + 112¢° + 35¢% + 8¢ + 1)Yao40,, (us)
+175¢" Y175, (i) + (8404 + 650¢” + 160¢®) Yzao,, (u:)
= 5479485 Yao40,, (i) + 179200 Y175, (us) + 1233920 Yaso,, (us) (¢ =2),

for 1 <4 < 3. Up to the signs d175,, and dg40,,, the values of the Y-functions on u; are
given by character values of G3; see Remark 3.2. Thus, for ¢ = 2, we obtain

Ql(ul) = 5479485 + 2 - 179200 517512 + 1233920 584013,
Q1 (uz) = 5479485 — 1233920 Sga0,,,
Q1 (u3) = 5479485 — 179200 6,75, + 1233920 6s40,,

Assume, if possible, that dg49,;, = 1. Then we would have Q1 (uz) = 5479485 — 1233920 =
4245565 for ¢ = 2. On the other hand, running through all sets Q1,.,(z7s) (as in
Lemma 2.10) where I(w) < 23, we already find 4047101 cosets that are fixed by z7s.
Running also through sets Q1 .,(27s) where [(w) = 24, we find further 305856 cosets that
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are fixed. Thus, we have Q1(ug) > 4245565 and so we conclude that dgs0,, = —1, as
claimed.

The total running time for these computations is about 1 year, even with effi-
ciency improvements as in §6.4. (It already takes 4 months just to deal with those
sets Q1.4(278) where [(w) = 24.) Everything is much slower than in the previous
cases because, for type Fg, we only have at our disposal the 248-dimensional ad-
joint representation, whereas for type F; we could use the 56-dimensional minuscule
weight representation. However, distributing the task over a small number of (inde-
pendent) standard desktop computers with altogether 30 processors, we could manage
to complete the computations in 2 weeks. — Once dgq0,, is determined, we obtain
Q1(u1) = 5479495 — 1233920 + 2 - 1792000175,, € {4603965,3887165} (for ¢ = 2). If
we could find strictly more than 3887165 cosets that are fixed by z77, then we would
be able to conclude that d;75,, = 1. However, this appears to be even more difficult
computationally, the reason being that the difference between the lower and the upper
bound for the value of @1 is much smaller than in the previous case. (So we would need
to find almost all cosets that are fixed by z77.)

All this clearly indicates that type FEg is not completely out of reach, but some more
sophisticated algorithms are certainly required in order to deal with the remaining open
cases (especially for p = 3,5). An independent verification of the above results would
also be highly desirable.

Note added January 2020. There is now a version of the ChevLie package written
in the Julia programming language (https://julialang.org/), with some improvements.
Using these new programs, the computations in this paper can be performed within a
few hours; details and further applications to the remaining open problems on Green
functions will appear elsewhere.
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