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1. Introduction

Binomial edge ideals were introduced in 2010 by Herzog, Hibi, Hreinsddttir, Kahle
and Rauh in [12] and independently by Ohtani in [19]. Let G be a simple graph on the
vertex set [n] and the edge set E(G). Let S = K[z1,...,Zn,y1,--.,Yn) be the polynomial
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ring over 2n variables where K is a field. Then the binomial edge ideal associated to the
graph G denoted by Jg is an ideal in S which is defined as follows:

Jo = (wyy; — xjy : {i,j} € B(G),1 <i<j<n).

This class of ideals could be interpreted as a natural generalization of the well-studied
so-called determinantal ideal of the (2 x n)-matrix

. lxl x] |
yl e yn
The study of algebraic properties as well as numerical invariants of binomial edge
ideals has attracted a considerable attention in the meantime, see e.g. [1,3,5,8-10,14,16—
18,20-22].
One of the interesting homological invariants associated to binomial edge ideals is

depth. Let H{ (S/Jg) denote the ith local cohomology module of S/Jg supported on
the irrelevant maximal ideal m = (z1,...,%n, Y1, .., Yn). Then we have

depth S/Jg = min{i : H.(S/Jg) # 0}.

While computing the depth of the binomial edge ideal of a graph is hard in general,
there have been several attempts to get some interesting results in this direction for
some special families of graphs. Moreover, some lower and upper bounds for the depth
of binomial edge ideal of graphs have been obtained by several authors which will be
briefly discussed in the sequel.

Let C, denote the cycle on n vertices. In [24] it was shown that depth S/J¢, = n, for
n > 3. Also, in [8] the authors showed that depth S/Js = n + 1, for a connected block
graph G. Later in [15] the authors computed the depth of a wider class of graphs which
are called generalized block graphs. In [17], a nice formula was given for the depth of
the join product of two graphs G; and G5. Roughly speaking, the join product of two
graphs G; and G4, denoted by G * G4, is the graph which is obtained from the union
of G; and G2 by joining all the vertices of G to vertices of Ga, (the precise definition is
given in Section 2).

In [3] the authors gave an upper bound for the depth of the binomial edge ideal
of a graph in terms of some graphical invariants. Indeed, they showed that for a non-
complete connected graph G, depth S/Jg < n—k(G)+2, where k(G) denotes the vertex
connectivity of G.

There is also a lower bound for depth S/Jg. Indeed, let cd(Jg, S) denote the cohomo-
logical dimension of Jg in S, namely, cd(Jg, S) = max{i : Hj_(S) # 0}. Now a result
in [11] due to Faltings implies that

cd(Jg,S) < 2n— { 2n 1 J,

_ 1
bigheight Ja (1)
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whenever Jg # (0). On the other hand, since S/Jg is a cohomologically full ring by a
result in [6], (see [7] for the definition of cohomologically full rings), by [7] we have that

depth S/Jg > 2n — cd(Jg, S). (2)

Hence, by (1) and (2), we get the following lower bound for the depth of S/Jg:
2n—1
depth S/ Jg > L n J

—_—— 3
bigheight Jg 3)

In this paper we apply some results and techniques from the topology of posets to
study the depth of binomial edge ideals. We are interested in studying binomial edge
ideals of small depth. Specifically, we characterize all graphs G with depth S/Jg = 4. This
is based on a Hochster type decomposition formula for the local cohomology modules of
binomial edge ideals provided recently by Alvarez Montaner in [1].

This paper is organized as follows. In Section 2, we fix the notation and review some
definitions and some known facts that will be used throughout the paper.

In Section 3, we associate a poset to the binomial edge ideal of a graph. Then, we
state in Theorem 3.6 the Hochster type formula for the local cohomology modules of
binomial edge ideals arised from [1, Theorem 3.9].

Section 4 is devoted to extract some topological properties like contractibility of some
specific subposets of the poset associated to binomial edge ideals which is introduced in
Definition 3.1.

In Section 5, in Theorem 5.2, we supply a lower bound for the depth of binomial
edge ideals. In particular, we show that depthS/Js > 4, where G is a graph with at
least three vertices. Then, by using the aforementioned lower bound and also by the
provided ingredients in Section 4, we characterize all graphs G with depth S/Jg = 4, in
Theorem 5.3.

2. Preliminaries

In this section we review some notions and facts that will be used throughout the
paper. In this paper all graphs are assumed to be simple (i.e. with no loops, directed
and multiple edges).

Let G be a graph on [n] and T C [n]. A subgraph H of G on the vertex set T is called
an induced subgraph of G, whenever for any two vertices i, j € T such that {i,j} € F(G),
one has {i,j} € E(H). Moreover, by G — T, we mean the induced subgraph of G on
the vertex set [n]\T. A vertex i € [n] is said to be a cut vertex of G whenever G — {i}
has more connected components than G. We say that T has cut point property for G,
whenever each i € T is a cut vertex of the graph G — (T'\{i}). In particular, the empty
set 0, has cut point property for G. We denote by C(G), the family of all subsets T' of
[n] which have the cut point property for G. Namely,
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C(G) ={T C [n] : T has cut point property for G}.

Let G; and G35 be two graphs on the disjoint vertex sets V(G1) and V(G2), respec-
tively. Then by the join product of G1 and G2, denoted by G, * G2, we mean the graph
on the vertex set V(G1) UV (G2) and the edge set

E(G1)UE(Go)U{{u,v}:ueV(Gy) and v € V(Ga)}.

Let G be a graph and 7' C [n]. Assume that Gi,...,G., ) are the connected
components of G —T'. Let G1,...,Gcy (1) be the complete graphs on the vertex sets
V(G1),...,V(Gey(r)), respectively, and let

PT(G) = (xi,yi)ieT + Jél + -+ J@

ca(T)’

Then it is easily seen that
height Pr(G) =n — cg(T) + |T.

Also, in [12, Corollary 3.9], it was shown that Pr(G) is a minimal prime ideal of Jg if
T has cut point property for G. Moreover, it was proved in [12, Corollary 2.2] that Jg
is a radical ideal. So, Jo = (| Pr(G).

Tec(G)

Let A be a simplicial complex. Recall that the 1-skeleton graph of A is the subcomplex
of A consisting of all of the faces of A which have cardinality at most 2. The simplicial
complex A is said to be connected if its 1-skeleton graph is connected.

Let (P, =) be a poset. Recall that the order complex of P, denoted by A(P), is the
simplicial complex whose facets are the maximal chains in P. If P is an empty poset,
then we consider A(P) = {0}, i.e. the empty simplicial complex.

3. Hochster type formula

In this section we focus on a Hochster type formula for the local cohomology modules
of binomial edge ideals recently provided by Alvarez Montaner in [1]. First we need to
recall the definition of a poset associated to the binomial edge ideal of a graph G from
[1].

Let I be an ideal in the polynomial ring S and I = ¢; N--- N ¢g; be a not necessarily
minimal decomposition for the ideal I. Now, the set of all possible sums of ideals in this
decomposition forms a poset ordered by the reverse inclusion and is denoted by P;. In
the special case, we use the notation Pg, instead of Py, for the poset arised from the
minimal primary decomposition of Jg.

Now, the following, is the definition of a poset associated to the binomial edge ideal
of a graph G which was introduced in [1, Definition 3.3].

Let G be a graph. Associated to Jg is the following poset which is denoted by Ag:
The ideals contained in A¢ are the prime ideals in Pg, the prime ideals in the posets Py
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arised from the minimal primary decomposition of every non prime ideal I in Pg and
the prime ideals that are obtained by repeating this procedure every time a non prime
ideal is discovered.

Note that for some technical goals that will be discussed later, we need to consider
another poset associated to binomial edge ideals. Indeed, the importance of our new poset
will be exhibited when we study the topological properties of some specific subposets of
it, see Lemma 4.1, Theorem 4.4 and also Remark 4.5.

Now, inspired by the Alvarez Montaner’s definition, we define a new poset associated
to the binomial edge ideal of a graph G as follows:

Definition 3.1. Let G be a graph on [n] and Jo = () Pr(G) be the minimal primary
TeC(G)
decomposition of Jg. Associated to this decomposition, we consider the poset (Qg, x)

ordered by reverse inclusion which is made up of the following elements:

e the prime ideals in the poset Pg,
o the prime ideals in the posets Py, arised from the following type of decompositions:

I=qgnNgn---Ngn(qa+ P(G)N(g+ P(G) N N(g+ P(G)),

where I’s are the non-prime ideals in the poset Pg and q1,q2, . .., ¢ are the minimal
prime ideals of I, and

e the prime ideals that we obtain repeatedly by this procedure every time that we find
a non-prime ideal.

It is worth mentioning here that the process of the construction of our poset Qg
terminates after a finite number of steps just like the construction process of the poset
Ag. Indeed, as we will see in Corollary 3.5, every element ¢ in the poset Qg is of the
form Pr(H) for some graph H on the vertex set [n] and some T C [n].

Moreover, the main difference between our construction of the poset Qg and the
construction of the poset Ag, is that our construction involves a special decomposition
of the form I = ¢1NgaN---NgeN (g1 + Pp(G)) N (g2 + Pp(G))N---N (g + Py(Q)) for the
non-prime ideals I, in spite of using the minimal primary decomposition for the ideals
I in the construction of Ag. It turns out that Ag is a subposet of the poset Qg. Now,
a natural question might be whether the posets Qg and Ag coincide in general or not.
The following example aims to show that, in general, Qg and Ag do not coincide.

Here, K, denotes the complete graph on [n].

Example 3.2. Let G be the graph shown in Fig. 1. One could see that
C(G)={T:T C{2,4,7,9}}.

Now, since
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Fig. 1. A graph G for which Ag is a proper subposet of Q¢.

($2»y27$37937$47y4, T, y77$871/8»$9»y9) € Min(P{2,9} (G) + P{4,7}(G))7

we have that ¢ = (22,y2, 3, Y3, T4, Y4, T7, Y7, T8, Y8, T9, Yo) + Jr 02,347,890} € La-
However, ¢ ¢ Ag. Indeed, assume on contrary that ¢ € Ag. Now let A = {Pr, (G),
..., Pr.(G)} be a subset of the maximal elements of the poset Ag with the property
that I = >"7 | Pr,(G) creates the element ¢ in the process of construction of the poset
Ag. We call the set A with such property, a predecessor for the element q. Now, regarding
the described structure of the minimal prime ideals of Jg, and also by using the fact that
the vertices 5 and 10 are adjacent in the graph Ko — {2,3,4,7,8,9}, one could easily
check that P4y (G) € A and Ppyy(G) € A. This implies that

I=(zj,y; 5 €U T;)+ Jr,
where L is the join product of two isolated vertices 5 and 10, with the complete graph
on the vertex set {1,2,3,6,7,8}. So, I = ¢; N ¢ is the minimal primary decomposition
for I, where
q1 = (x]ayj ] S Uf:sz) + (kayk k € {17273a67778})
and
g2 = (v5,y; 1 j € Ui Ti) + Pyp(L).

Now, since q1 + g2 is a prime ideal and q ¢ {q1, ¢2,q1 + g2}, we get a contradiction with
the fact that A is a predecessor for gq.

Now, to complete our discussion, we give an example of a graph G for which Qg = Ag.
This example was appeared in [1, Example 3.2].

Example 3.3. Let G be the path on 5 vertices illustrated in Fig. 2. Thus, the minimal
prime ideals of Jg are:

Py(GQ), P2y (GQ), P3y(G), Pray (G), P24y (G).
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Fig. 2. A graph G for which Qg = Ag.

So, it was mentioned in [1, Example 3.2] that the elements of the poset Pg are:

P@(G)aP{Q}(G)vP{3}(G)vP{4}(G)7P{2,4}(G)7 (372,y27f137f14, fis, f34,f357f45), (x3,y3,
f12, f1a, f15, f2a, fos, fas), (02, Y2, ¥3, Y3, f15), (T2, Y2, T4, Ya, f13), (T4, ya, f12, f13, f15, fo3,
J25, f35), (T2, Y2, T4, Ya, f35), (€3, Y3, T4, Ya, f12), (T2, Y2, T4, Ya, f13, f35), (T2, Y2, T3, Y3, T4,
Ya), (T2, Y2, 23, Y3, f14, f15, f15), (T2, Y2, T4, Ya, f13, f15, f35), (73, Y3, T4, Y4, f12, f15, f25),
(xz,y27x3,y3,x4,y4,f15)-

Note that I = (22, Y2, x4, Y4, f13, [35), is the only non-prime ideal in the poset Pg.
Moreover, I = g1 N gz is the minimal primary decomposition for I, where

@ = (%2, Y2, T4, Ya, f13, fi5, f35)

and

q2 = (xz,yz,w37y3,x4,y4).

Now, according to the construction of the poset Q¢, we need to consider the following
type of decomposition for I:

I'=qNgN(g+P(G))N(g+ Py(G)) (4)

On the other hand, since g1 + Py(G) = ¢1 and g2 + Py(G) = ¢1 + ¢2, the elements of the
poset Py, arised from the decomposition in (4) are exactly g1, g2 and g1 + g2. Therefore,
the constructions of the posets Qg and Ag imply that Qg = Ag.

Now, we are going to state the Hochster type formula for the local cohomology modules
of binomial edge ideals arised from [I, Theorem 3.9]. First, we need to present the
following proposition:

Here, Min(J), denotes the set of minimal prime ideals of an ideal J.

Proposition 3.4. Let G; be a graph on [n] and T; C [n] for each 1 < ¢ < k. Let J =
Zle Pr.(G;) and q € Min(J). Then q = Pp(H), for some graph H on [n] and some
T C [n].
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Proof. Foreach 1 <14 <k, we have Pr,(Gi) = (vs,ys : s € Ti)+Jg + - +Jg . Let

icg, (T;)
Hi,...,H; be the connected components of the graph G = (UZ 1 UCG (%) ) UZ T
One could easily see that

k
J:(xs,ys:seUTi)+JH1+-~-+JH[. (5)

i=1

Now, by [13, Problem 7.8, part (ii)], there exist Uy,...,U, with U; € C(H;) for each
1 <4 < /¢, such that ¢ = (zs,ys : s € Uf:1Ti) + Zle Py, (H;). Let T = (Uleﬂ) U
(UiZ 1 Ui). Now we take H to be the graph which is obtained from the graph L =
(Uz 1 UCH (©s) ) by adding those elements of [n] which do not belong to the vertex
set of the graph L, as isolated vertices. Then it follows that ¢ = Pr(H). O

Note that the above proposition together with the construction of the poset Qg imply
the next corollary that will be crucial throughout the paper:

Corollary 3.5. Let G be a graph on [n]. Then, every element g in the poset Qg is of the
form Prp(H), for some graph H on [n] and some T C [n].

Before stating the Hochster type formula, we need to fix some notation:
Let 1o, be a terminal element that we add to the poset Q¢. Then for every q € O,
by the interval (¢, 1o, ), we mean the subposet

{zeQo:q2 22104}

of the poset Qg.

Now, we are ready to state the Hochster type formula for the local cohomology mod-
ules of binomial edge ideals based on [1, Theorem 3.9]. Moreover, we would like to mention
that since the poset Qg which we consider in this paper is different from the poset con-
sidered by Alvarez Montaner in [1], we provide a proof for this formula. However, the
proof is similar to the one that was proposed in [1, Theorem 3.9].

Theorem 3.6. Let G be a graph on [n] and Qg be the poset associated to Jg. Then we
have the K-isomorphism

HE(S)Je) = @ Hu(S/q)®Mes,

q€Q¢c
where dg = dim S/q and M, = dimg Hi~da=1((q,10,): K).

Proof. Let ¢ € Qg. By Corollary 3.5, we have that ¢ = Pr(H), for some graph H
on [n] and some T C [n]. Now, the same method that was used for the proof of [1,
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Proposition 3.7] implies that Q¢ is a subset of a distributive lattice of ideals of S.
Moreover, since S/q = ®fil(T) Si/Jg , where S; = Klz;,y; : j € V(H;)], we have that
S/q is a Cohen-Macaulay domain, by [1, Theorem 2.2]. Therefore, the poset Q¢ fulfills all
the required conditions in [1, Theorem 2.4]. Now, the result follows by [1, Theorem 2.4],
since minimality of the decompositions of non-prime ideals I appeared in Definition 3.1

does not matter in applying [2, Theorem 5.22]. O
4. Topology of the subposets of the poset associated to binomial edge ideals

In this section we investigate some topological properties of some specific subposets
of the poset Q¢ associated to the binomial edge ideal of a graph G.
The following lemma plays a vital role in our proofs.

Lemma 4.1. Let G be a graph on [n]. Then ¢+ Py(G) € Qq, for every q € Qq.

Proof. By the construction of the poset Qg, it is enough to show that g+ Py(G) is a prime
ideal. By Corollary 3.5, we have that ¢ = Pp(H) for some graph H on [n] and some T C
[n]. First we assume that G is connected. Therefore, ¢+ Py(G) = (v4,y; : i € T)+Jk, -1,
where K,, — T denotes the complete graph on [n]\T. Therefore, ¢ + Py(G) = Pr(K,),
which implies that ¢ + Py(G) is prime.

Next assume that G is a disconnected graph with the connected components
G1,...,G.. We claim that every connected component of the graph H is contained
in the graph Gj;, for some 1 < ¢ < r. From this claim it will then follow that
q+ Py(G) = (wi,y: 2 i € T)+ 31, Jx, 1, where n; = [V(G;)], for every 1 <i <r.
Then g + Py(G) = Pr(Ul_, K,,), which is a prime ideal.

To prove the claim, by the construction of the poset Qs and also by virtue of Corol-
lary 3.5 and using (5) repeatedly, we may assume that ¢ € Min(J; + --- + Jy), where
Ji € Min(Jg), for every 1 < i < £. On the other hand, by [13, Problem 7.8, part (ii)],
we have that J; = 37, Pr, (G;) for each 1 < i < ¢, where T;; € C(Gj), for every
1 < j < r. Therefore, Y0_, J; = > PO Pr,,(G;). This, together with [13, Prob-
lem 7.8, part (ii)], Corollary 3.5 and (5) imply that the connected components of the
graph H should be contained in the connected components of the graph G, and hence
the claim follows. O

The following definition is devoted to recall the concept of meet-contractibility for
posets.

Definition 4.2. A poset P is said to be meet-contractible if there exists an element o € P
such that a has a meet with every element g € P.

We say that a poset is contractible if its order complex is contractible.
We use the following lemma to study the topology of some subposets of the poset Q.
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Lemma 4.3. ([4, Theorem 3.2], see also [23, Proposition 2.4]) Every meet-contractible
poset is contractible.

The following theorem is the main theorem of this section.

Theorem 4.4. Let G be a graph on [n] and assume that m € Qg. Then (m,1g,) is a
contractible poset.

Proof. Let P = (m,1lg,). By Lemma 4.3, it is enough to show that P is a meet-
contractible poset.

Clearly, Py(G) € P. Let ¢ € P. We show that Py(G) and ¢ have a meet in P. By
Lemma 4.1, we have ¢+ Py(G) € Qg. On the other hand, by Corollary 3.5 ¢+ Py(G) G m,
since ¢ & m and Py(G) does not contain any variable. This implies that ¢ + Py(G) €
P.

Now we claim that ¢ + Py(G) is the meet of ¢ and Py(G). Clearly, ¢ + Py(G) < ¢ and
q+ Pp(G) < Py(G). Now suppose that there exists ¢’ € P with ¢’ < ¢ and ¢’ < Py(G).
So, ¢’ < ¢ + Py(G). This means that ¢ + Py(G) is the meet of ¢ and Py(G), and hence
the claim follows. Therefore, P is a meet-contractible poset. O

Remark 4.5. Let m = Pp(H), where H is an arbitrary graph on [n] with [T = n — 1,
where n > 2. Then with the same argument that we used in the proof of Theorem 4.4,
one checks that the result of Theorem 4.4 still holds, if we replace m with m.

Now, as a consequence of Theorem 4.4 and the above remark, we get the following
corollary which will be used in the next section.

Corollary 4.6. Let G be a graph on [n] with n > 2. Let q be an element of the poset Qg
such that g € {m,m}. Then we have M, , = 0, for every i.

5. Characterization of binomial edge ideals of small depth

In this section, as an application of the results provided in the previous section, we
characterize all binomial edge ideals Jg, for which depth S/Jg = 4. First, we state the
following remark that enables us to simplify the proofs in this section.

Remark 5.1. Let G be a graph on [n]. Then d; # 1, for every ¢ € Q. Indeed, suppose
on the contrary that d, = 1. By Corollary 3.5 we have that ¢ = Pr(H), for some T C [n]
and some graph H on [n]. Now d, = 1 implies that either |[T'| = n and cy(T) =1, or
|T| =n —1and cyg(T) = 0, where both of them are clearly impossible.

Now, we supply a lower bound for the depth of binomial edge ideals that will be used
later in our characterization.
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Theorem 5.2. Let G be a graph on [n]. Then

depth S/ Jg > 4r + > i+ 1),

i=1

where r is the number of non-complete connected components of G and r; is the number
of complete connected components of G of size i, for every 1 <i <mn.

Proof. Let Gy,...,G, be the connected components of G. So, S/Je = Qi Si/Ja,,
where S; = K(z;,y; : j € V(G;)]. Therefore, depth S/Je = Y, depth S;/Jg,. Then,
by [8, Theorem 1.1], the result follows if we show that depth S/Js > 4, whenever n > 3.

Now by the definition of depth, it suffices to show that H: (S/Jg) = 0, for all i
with 0 < i < 3. Let g € Qg, dy = dim S/q and M, , = dimg I;V_dq_l((q7 1os);K). By
Theorem 3.6, it is enough to show that M; , =0, for ¢ = 0,1, 2, 3.

First of all, Corollary 3.5 implies that ¢ = Pr(H), for some graph H on [n] and some
T C [n]. Now, we consider the following cases:

Let ¢ = 0. If d; > 0, the assertion is clear. So we assume that d, = 0. We have
height Pr(H) =n—cy(T)+|T| = 2n. This implies that |T'| —cy (T') = n. So that ¢ = m,
since |T| = n and cy(T) = 0. Now the result follows, since the order complex of the
poset (¢,1g,) is not empty.

Let ¢ = 1. If d; > 2, then the assertion is obvious. So, by Remark 5.1 we may assume
that d; = 0. Then we get ¢ = m, and hence the result follows by Corollary 4.6.

Let i = 2. If d; > 3, then the assertion is clear. In addition, in Remark 5.1 we showed
that d, # 1. So assume that d, € {0,2}. If d; = 0, then ¢ = m. So that the result follows
again by Corollary 4.6. Next suppose that d, = 2. Then we have |T| —cuy(T) =n — 2.
This implies that |T] = n — 1 and ¢y (T) = 1. Therefore, Py(G) € (¢,1g,), and hence
the result follows since the order complex of the poset (¢, 1g,) is non-empty.

Let i = 3. If d; > 4, then the assertion holds. Moreover, the discussion of the cases
d, =0,1,2 is similar to the previous cases. So we only need to consider the case d;, = 3.
In this case we have that |T| = n — 2 and ¢y (T) = 1. So without loss of generality we
may assume that

q= (l‘l, sy Tn—2,Y15 - - - ayn—Q) + (-rn—lyn - xny'fl—l)'

Now, we have that Py(G) ; q, since n > 3. Therefore, the order complex of the poset
(¢,1o) is not empty, and hence the desired result follows. O

Note that the aforementioned lower bound in Theorem 5.2, recovers the stated bound
in (3) in Section 1. Indeed, by the notation that we used in Theorem 5.2, and by putting
t =31, ri it is not difficult to see that

L 2n—1

T <t l<4r42u<4 i+ 1),
bigheightJGJ_rJr 1< dr 42t <dr Y ri(it )

=1
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Fig. 3. A complete bipartite graph G with depth S/Jg = 4.

for every graph G with at least a non-complete connected component. Moreover, we
would like to remark that the given lower bound in Theorem 5.2 is sharp. For example,
consider G to be the graph depicted in Fig. 3. Then we have depth.S/Jg = 4, by [17,
Theorem 4.4].

Now we are ready to state our main theorem. Here, we denote by 2K;, the graph
consisting of two isolated vertices.

Theorem 5.3. Let G be a graph on [n] with n > 4. Then the following are equivalent:

(a) depth S/Jg = 4.
(b) G =G'«2K,, for some graph G'.

Proof. (a) = (b): Assume that G # G’ x 2K;, for any graph G’. We show that
depth S/Jg > 5. By the definition of depth and by Theorem 5.2, it suffices to show
that H(S/Jg) = 0.

We keep using the notation that we used in Theorem 5.2. Let ¢ € Q¢, dq = dim S/q
and My , = dimg H3~da((q, 1o,);K). By Theorem 3.6, the result follows once we show
that My, = 0. Notice that Corollary 3.5 implies that ¢ = Pr(H), for some graph H on
[n] and some T' C [n]. Note also that if d; > 5, then the assertion is obvious. On the
other hand, as we discussed in Remark 5.1, we have d, # 1. So we consider the following
cases:

Let d; = 0. So ¢ = m, since |T| = n and cy(T) = 0. Therefore, My, = 0, by
Corollary 4.6.

Let dg = 2. We have |T'|—cg(T) = n—2. This implies that |T'| = n—1 and ¢y (T) = 1.
Now the result follows by Corollary 4.6.

Let d; = 3. We need to show that the order complex of the poset (¢, 1o,,) is connected.
Note that since height ¢ = n—cy(T)+|T| = 2n—3, we have |T| =n—2and cyg(T) =1,
and hence we may assume that

q= (:L'h e Tp—2,Y1, .- - 7yn—2) + (xn—lyn - xnyn—l)-

Now suppose that q1,¢92 € (¢,10,) and ¢1 # ¢2. By Corollary 3.5, we have that
q1 = Pr,(H;) and g2 = Pr,(Ha2), for some graphs H; and Hs on [n] and some Ty, T, C [n].
Moreover, we have that Ty,T» C {1,...,n— 2}, since ¢1,¢2 € (¢, 1o, ). Now without loss
of generality we may assume that 73 C {1,...,n — 2} and T3 7C¢ {1,...,n — 2}, since
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q1 # q2. We first assume that 77 G {1,...,n — 2}. Thus we have ¢; + Py(G) € (¢,104)
and ¢z + Py(G) € (¢, 19, ), by Lemma 4.1. So we get the path

q1,4q1 + P(Z)(G),P@(G)7QZ + P@(G)7(J2

in the 1-skeleton graph of the order complex of the poset (¢, 1g,).

Next assume that T3 = {1,...,n — 2}. Now since the set of maximal elements of
the poset Q¢ coincides with the set of minimal prime ideals of Jg, there exists U €
C(G) such that Py(G) C qi1. We show that U & {1,...,n — 2}. Indeed, otherwise by
[12, Corollary 3.9] we get G = L x 2K, where L = G — {n — 1,n}. This contradicts
the fact that G # G’ x 2K, for any graph G'. So, Py(G) S ¢1. On the other hand,
Py(G) 4+ Py(G) € (q,1g,) by Lemma 4.1. Therefore, we get the path

01, Pu(G), Pu(G) + Py(G), Py(G), ¢2 + Fy(G), g2

in the 1-skeleton graph of the order complex of the poset (¢, 1g,).

Therefore, the order complex of the poset (¢,1g,) is connected, as desired.

Now let d; = 4. Therefore, |T| — cg(T) = n — 4. So, the following cases occur:

First assume that |T| = n — 2 and ¢y (T) = 2. Therefore, we may assume that
qg=(z1,---,Tn-2,Y1,--.,Yn—2). Then by a similar method that we used in the last part
of the case d; = 3, there exists W € C(G) such that Py (G) G ¢. This means that
Pw(G) € (¢,10,), and hence (¢, 1g,,) is non-empty.

Next assume that |T'| =n — 3 and ¢y (T) = 1. So, we may assume that

q= (1‘1, ey Tn—3,Y1y - - -y Yn—-3,Tn—-2Yn—1 — Tn—-1Yn—2, Tn—2Yn — TnYn—2,

Tn—1Yn — mnyn—1)~

Now, we have Py(G) € (q,10,), since n > 4. Thus, (q,1g,,) is non-empty.

Therefore, My, = dimg H*((g, 10, );K) = 0.

(b) = (a): Assume that G = G’ x 2K, for some graph G’. Now, if G’ is a complete
graph then, the result follows from [17, Theorem 3.9]. So, assume that G’ is not complete.
Therefore, by Theorem 5.2, we have depth S’ /Jg: > 4, where S’ = K[z;,y; : 1 € V(G')].
This, together with [17, Theorem 4.3] and [17, Theorem 4.4], imply the result. O
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