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1. Introduction

This paper is motivated by the minimal ramification problem for p-groups. Given a p-group G it is
an open problem to find the minimal number of primes ramified in a G-extension of Q (see [8]). As
a consequence of Minkowski’s Theorem this number is greater or equal to d(G), the minimal number
of generators of G. In [5], Kisilevsky and Sonn proved this number is exactly d(G) for a family of
p-groups denoted by G, and defined as follows:

Definition 1.1. Let G, be the minimal family that satisfies:

(1) any abelian p-group is in G,

(2) if H,G € G, then the standard wreath product H:G is also in Gp,

(3) if GeGp and G — I is a rank preserving epimorphism, i.e. with d(G) =d(I"), then I" € G).

This family is contained in the family of semiabelian groups (see [5]):

Definition 1.2. The family of semiabelian groups S is the minimal family of groups that satisfies:
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(1) {1} e S,
(2) if A is a finite abelian group and H € S acts on A then the semidirect product A x H is in S,
(3) if GeS and G — I' is an epimorphism then I" € S.

We shall prove that G, is precisely the family of semiabelian p-groups. In fact this is an immediate
corollary of the following theorem:

Theorem 1.3. Let G be a semiabelian p-group. Then there are abelian p-groups A1, Az, ..., Ay for which there
is a rank preserving epimorphism A1 (Ay2--- 2 A;) — G.

By this we complete the solution of the minimal ramification problem for semiabelian p-groups.

I would like to thank my advisor Jack Sonn for his valuable advice and comments, for pointing out
an error in the first draft of this paper and suggesting a way to correct it. I would also like to thank
the referee for many helpful remarks that improved this paper.

2. Properties of decompositions
The family of semiabelian groups has appeared in many forms in problems that arise from field

theory (e.g., geometric realizations [3,7,9], generic extensions [9] and the minimal ramification prob-
lem [5]). The following notion of a decomposition is used in [3] to characterize semiabelian groups:

Definition 2.1. Let G be a non-trivial group. A decomposition of G is an abelian normal subgroup A <G
and a proper subgroup H < G such that G = AH.

Dentzer [3] showed that a non-trivial group G is semiabelian if and only if there is a decomposi-
tion G = AH where H is semiabelian.

In the following lemma we summarize several properties of such decompositions which we shall
use repeatedly. Let @(G) denote the Frattini subgroup of a group G. Recall that if G is a p-group then
@(G) = GP[G, G].

Lemma 2.2. Let G be a p-group with decomposition G = AH. Le_tﬁ =A/AP[A, H], 7w : A— A be the natural
map and let M be a minimal subgroup of A for which = (M) = A. Then:

(1) [A, H] is a subgroup of A that is normal in G,
(2) ©(G)=AP[A, Hl®(H), B
(3) A is a non-trivial elementary abelian p-group and d(A) = d(M).
If we assume in addition that
ANHCAP[A, HIN ®(H), (2.1)

then:
(4) there is an isomorphism:

Y :G/P(G) = A x (H/®(H)),
that is given explicitly for alla € A,h € H by:

¥ (ah®(G)) = (aAP[A, H],h® (H)).

(5) d(G) =d(A) +d(H).
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Proof. (1) For a € A, h € H, we have [a,h] =a~'h—'ah = a—'a" where a" := h~'ah € A and hence
[A, H] < A.

Since [A, H] is a subgroup of A it is centralized by A. For h,h’ € H and a € A we have [a, h]h’ =
[a",h"] € [A, H] and hence [A, H]" C [A, H]. It follows that [A, H] is normalized by A and H and
hence is a normal subgroup of G.

(2) Clearly

AP[A, H|®(H) = AP[A, HIHP[H, H] C GP[G,G] = @ (G).
To show the converse we prove that for gy =aihy, g2 = axhy € G, where a1,a; € A and hy,hy € H,

the commutator [g1, g2] = gl’lgz’lglgz and gf are elements of AP[A, H]®(H). We use the following
identities:

[x, yz] = [x, z][x, yT*,
[xy,z] =[x, 21 [y, 2],
where x¥ = y~1xy. It follows that:
[g1. 821 = [a1h1, g&2] = [a1. g21" [h1. &2].
Expanding the commutators on the right hand side we have:
la1, g21 = [a1, azha] = [a1, ha1[ay, a21" = [a1, ho] € [A, H],
[h1, g21 = [h1, azhz] = [h1, hol[hy, a2]™ € [H, HI[A, H1".
Since by part (1), [A, H] <G we have:
[g1. 821 = [a1, ha]" [h1, ha1[h1. a2]" € [A, HI[H, H][A, H] = [A, H][H, H].
We therefore have [G, G] C [A, H][H, H]. To prove that gf € AP[A, H1®(H) we use the equality:
gy =alh} (mod[G,G]).
It follows that g € APHP[G, G] € AP[A, H1®(H).
(3) Since all p-powers of A are in AP[A, H], A is an elementary abelian p-group. Assume on
the contrary A = {1}. Then A is contained in &(G) and hence the equality G = AH implies by
[6, Corollary 10.3.3] that G = H. This contradicts the assumption that H is a proper subgroup of G

as part of a decomposition. B B B B
Let us show that d(A) =d(M). Let A= (ay,...,dqy) where d :=d(A). Since m (M) = A, d(M) > d(A).

Furthermore, M contains elements dj, ..., aq such that 7 (a;) =a; for i=1, ..., d. The subgroup M =
(ay,...,ag) <M maps under 7 onto A and hence by the minimality of M, M = M’. It follows that
d(M) =d.

(4) Let us first prove G/®(G) = A x H/®(H) under the assumption A N H = {1}. In such case
G = A x H. Since by part (1) AP[A, H] < A, we have AP[A, HIN®(H) = {1} and hence part (2) shows

®(G) = AP[A, H] x ®(H).
We therefore have:

G/®(G) = (A x H)/(AP[A, H] x ®(H)). (2.2)
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As AP is characteristic in A we have AP < G. Together with part (1) this implies that AP[A, H] is
a normal subgroup of G. Therefore the right hand side of (2.2) is isomorphic to:

(A x H/AP[A, H] x {1}) /(AP[A, H] x ®(H)/AP[A, H] x {1})
and hence to:
((A/AP[A,H]) x H) /({1} x @(H)) = (A x H) /(1 x @ (H)). (2.3)

Since [A,H]={a"'a" |ae A, h e H}, H acts trivially on A/[A, H], and hence the actions in the
semidirect products in (2.3) are trivial. We therefore have an isomorphism:

G/P(G)=(Ax H)/({1} x ®(H)) = A x (H/®(H)).

Let us prove the assertion without assuming further that AN H = {1}. Note that AN H is a normal
subgroup of G and let Go =G/ANH, Ap=A/ANH, Hy=H/ANH. Since Ap N Hyp = {1} we have
Go = Ap % Hyg. In particular, the assertion holds for the decomposition Gg = AgHg. Thus,

Go/®(Go) = Ag x Ho/®(Ho). (24)
where Ag = Ag/Al[Ao, Hol. Since,
@ (Ho) = H8[Ho, Hol = HP[H, HI/ANH = ®(H)/ANH,
Af[Ao, Hol = AP[A, H]/ANH, (2.5)
we have:
Ao=(A/ANH)/(AP[A,H]/ANH) = A/AP[A, H] = A,
Ho/®(Ho)=(H/AN H)/(tD(H)/A N H) =H/®(H).
By part (2) we also have:
D(Go) = Ag[Ao, Hol®(Ho) = AP[A,H]®(H)/ANH =®(G)/ANH.
We therefore have:
G/®(G)=(G/ANH)/(®(G)/ANH) = Go/P(Go)
= Ao x (Ho/®(Ho)) = A x H/®(H).

Since in all of the above isomorphisms the coset of a € A (resp. h € H) passes to the coset of a
(resp. h) in the image, the resulting isomorphism

Y :G/p(G)— A x H/®(H)
is given for all a € A, h € H by:

¥ (ah®(G)) = (aAP[A, H],h® (H)).
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(5) By part (4) we have d(G/®(G)) =d(A x (H/®(H))). Since A and H/®(H) are p-groups one
has

d(A x (H/®(H))) =d(A) +d(H/®(H)).

Recall that d(H) =d(H/®(H)) (see e.g. the Basis Theorem in [1, §5.4]). We therefore have d(G) =
d(A)+d(H). O

By iterating Lemma 2.2(4) we have:
Corollary 2.3. Let Hg be a p-group. Let Hy > Hy > --- > Hy and A1, ..., Ay be subgroups of Hoisuch

that for eachi=1,...,k, Hi_1 = AjH; is a decomposition and A; N H; C Af[Ai, Hil N ®(H;j). Let A; :=
Ai/AlP[Ai, H;). Then there is an isomorphism

k
¥ - Ho/® (Ho) = (]‘[Aﬁ) x Hi/® (H)
i=1

such that foralla; € Aj,i=1,...,k, and h € Hy:

¥ (ar...aqkh® (Ho)) = (a1 AV[A1, Hil, ..., agAg [Ax, Hil, h (Hy)). (26)

Note that since Hyo = Aq...AyHy, every element x € Hyp can be written as ay...agh, for some

ai € Aj, i=1,...,k, h € H, and hence (2.6) provides a description of  for all elements of
Ho/®(Ho).

3. Minimal decompositions

_A key ingredient in our proof of Theorem 1.3 is to find a decomposition G = AH such that d(G) =
d(A) +d(H), where A= A/AP[A, H]. We shall prove this is the case for minimal decompositions.

Definition 3.1. Let G be a semiabelian group. A minimal decomposition of G consists of the following
data.

(1) a minimal normal abelian subgroup A <1G for which there is a semiabelian proper subgroup H’
of G satisfying G = AH’,

(2) a minimal semiabelian subgroup H < G for which G = AH (for the same A given in (1)).

By Dentzer’s result [3] any non-trivial semiabelian group G has a decomposition and therefore also
a minimal one.
In order to apply Lemma 2.2(5), we prove that minimal decompositions satisfy (2.1).

Proposition 3.2. Let G be a semiabelian p-group with a minimal decomposition G = AH. Then AN H C
AP[A, HIN & (H).

Proof. We divide the proof into two parts: (1) ANH C AP[A,H], (2) ANH C &(H).

(1) Let w4 : A— A where A := A/AP[A, H]. Assume, on the contrary, that there is an a e AN H
with non-trivial image a:= ma(a). By Lemma 2.2(3), A is an elementary abelian p-group, and hence
can be viewed as an IF-vector space. We can choose an [F;-subspace B1 C A such that A = (a@) & B1.

The group Aq := n;l(Bﬂ is a proper subgroup of A. By definition of A, H acts trivially by con-
jugation on A. Thus, as a preimage of an H-invariant group, A; is H-invariant and hence a normal
subgroup of G.
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We also have 74(A1)ma(ANH)=A and therefore
A1(ANH)AP[A, H] = A.
Since A1 2 AP[A, H] this implies that A;(AN H) = A and therefore that
AitH=A1(ANH)H=AH=G.

Thus, Aq is a proper subgroup of A that is normal in G such that G = A H, contradicting the mini-
mality of A.

(2) Let us show that ANH € @(H) by induction on |G|. Assume that for any semiabelian group Gg
with |Gg| < |G| and any minimal decomposition Go = BK, we have BN K C & (K).

Let my : H— H/®(H) and assume on the contrary there is an a € AN H for which a:= 7y (a) is
non-trivial. Let Hy = H and H; = Ajy1Hj+1,1=1,2,...,k— 1, be a sequence of minimal decomposi-
tions such that Hy is the first for which a ¢ g (Hy).

Let A; = Ai/AP[A;i, Hi] and 7; : Aj — A;. By the induction hypothesis and part (1), A; N H; €
Af[Ai, HilN¢(H;), for i=2,..., k. Thus, we can apply Corollary 2.3 and obtain an isomorphism

k
¥ H/®(H) = (HAZ-) x H/® (Hy)
i=2

such that for all a; € A;, i=2,...,k, h € Hy:
Y (mh(az...ach)) = (m2(a2), ..., m(@y), wr (h)). (31)

As Hy_1 = AgHy, (3.1) implies:

¥ (i (He—1)) = {13¥72 x Ap x Hy/@ (Hy),
¥ (mH(He) = {111 x Hy/® (Hp). (3.2)

Write a = ayas ...agh for a; € Aj and h e Hy, i=2,...,k. Since a € wy(Hg_1) \ wx (Hy), (3.2) implies:

¥ (@) € ({172 x A x Hy/@ (H)\(11)*" x Hi/® (Hy)),

and hence by (3.1), m(ay) # 1.

Let my(ay), X1, ..., % be a basis of A and let A = yrk_l((xl,...,xr)). Then A}, is a proper sub-
group of A which is normal in Hy_q. Since (my(ax))mk(A}) = Ay and as A, 2 A,’:[Ak, Hy], we have
(ax) Ay, = Ag.

The group Uyg_q := A;{Hk is a semiabelian subgroup of Hy_q. Since A1/< is a proper subgroup of A
and Ay is minimal we deduce that Uy_1 is a proper subgroup of Hy_1. Iteratively, define a semiabelian
subgroup U; := Aj11U;y1 of H; for i=1,...,k — 2. The decompositions Hy = A;j;+1H;4+1 are minimal
and hence each U; is a proper subgroup of H; fori=1,...,k—1.

We now claim that AU; = G. We have:

AUq :AA2...Ak,]A,’{Hk:AAZ...AqukA,’{Hk. (3.3)
Since

ax=a;,...a;'ah"" € Ay_q... Ay AHy = AAy ... Ay_1Hy,
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the right hand side of (3.3) contains:
AAy ... A1 (@) A Hk = Ar ... AkHik =G.
It follows that G = AU which contradicts the minimality of H; = H. O
Combining Lemma 2.2 and Proposition 3.2 we have:

Theorem 3.3. Let G be a semiabelian p-group and G = AH a minimal decomposition. Then d(G) = d(A) +
d(H). In particular d(H) < d(G).

Proof. By Proposition 3.2, ANH C AP[A, HIN® (H). By Lemma 2.2(5) this implies d(G) = d(A)+d(H).
By Lemma 2.2(3), A is non-trivial and hence d(H) <d(G). O

4. Equality of families

Let G be a semiabelian p-group. We shall prove Theorem 1.3 in three steps. In Step I, we use
a minimal decomposition G = AH to construct a rank preserving epimorphism ¥ : A x H — G. In
Step II, we construct a subgroup M < A and a rank preserving epimorphism ¥, : M:H — A x H. In
Step III, we prove Theorem 1.3 by iterating Steps I and II.

Step L. At first, we use Theorem 3.3 to prove the following corollary:

Corollary 4.1. Let G be a semiabelian p-group with a minimal decomposition G = AH. Let Gg := A x H with
respect to the action induced by conjugation in G. Then there is a rank preserving epimorphism vr : Go — G.

Proof. Let /1 : Go — G be defined by v (a, h) = ah. It is a homomorphism since for all a; € A, h; € H,
i=1,2,

hfl
Yi(a1, h1)¥1(az, ha) =athiaahy = ava,' hihy = ¥ ((a1. hi)(az, h)).

Since A and H are in Im(y), ¥ is surjective. Let A=A x 1, Hp=1x H < Gy and Ay =
Ao/Ab[ Ao, Hol. Since

Ao N Ho={1} € Ag?[Ao, Hol N @ (Hp),
it follows from Lemma 2.2(5) that d(Go) = d(Ag) + d(Hg). We have Ho = H and since
[Ao. Hol = (a~'a" | a € Ao, h € Ho)=[A, HI,

we also have Ay = A. In particular, d(Gg) = d(A) + d(H). By Theorem 3.3 d(G) = d(A) + d(H) and
hence d(Go) =d(G). O

Step II. We show that the group Go in Corollary 4.1 is a rank preserving epimorphic image of a
corresponding wreath product. We first recall the following definition:

Definition 4.2. Let H be a group and A an abelian group.

(1) Let M{1 (A) be the induced H-module, i.e. the abelian group of all functions f: H — A with the
H-action ff(x)= f(xh™1) for all x,h € H, f € M (A).
(2) For every a€ A, let a, € M{"(A) be defined by a.(1) =a and a.(h) =1 for h # 1.
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(3) The wreath product A: H is the semidirect product M1H(A) x H with respect to the above
H-action.

Note that for a € A, h € H, one has a’;(x) =aif x=h and a’;(x) =1 otherwise.
To compute the rank of wreath products we shall use the following well-known lemma (see e.g.,
[10] or [2]).

Lemma 4.3. Let A and H be p-groups and assume A is abelian. Then
d(AvH)=d(A) +d(H).

Proposition 4.4. Let G = A x H, where A and H are p-groups and A is abelian. Let_E = A/AP[A, H] and
7 : A — A be the natural map. Let M be a minimal subgroup of A for which w (M) = A. Then there is a rank
preserving epimorphism

Y2 :MiH— G.

Proof. Let v, be the epimorphism from A:H to G (see [4, Lemma 16.4.3]) defined for all f € Mf(A)
and h € H by!:

va(f.h) = ( I1 f(a)”,h).

oeH

We claim that the restriction of y» to M: H remains surjective. As y»(1,h) =h for all h € H, we
have H C Im(y,). Since for every a € M, ¥(a., 1) = a, we have M C Im(y,). As 7 (M) = A we have
MAP[A, H] = A and hence AP[A, H](M, H) = G. Since AP[A, H] is contained in & (G) this implies
(M, H) = G. It follows that Im(y») 2 G which proves the claim. It remains to show that d(M: H) =
d(G). By Lemma 4.3, d(M: H) = d(M) +d(H). By Lemma 2.2(3), d(M) = d(A). By Theorem 3.3, d(G) =
d(A) + d(H). It follows that:

d(M:H)=d(M)+d(H) =d(A) +d(H) = d(G). O

Step IIl. Let G be a semiabelian p-group. The composition v, o ¥y gives a rank preserving epimor-
phism from M :H — G where M < G is abelian and H < G is semiabelian. To prove Theorem 1.3 we
iterate this process using the following well-known lemma. For the sake of completeness we include
a proof of this lemma.

Lemma 4.5. Let A be a finite abelian group and  : G — I" an epimorphism of finite groups. Then there is an
epimorphism ¢ : A2G — AT,

Proof. We shall treat the I'-module M{"(A) as a G-module via the map . By the Frobenius Reci-
procity Theorem

Hom(A, M1 (A)) = Homg (M$ (A), M] (A)), (41)

1 In [4], ¥ was defined by v,(f,h) = (IMyen f((r)"il,h). The source of the difference is in the definition of f7. In [4],
ff(o)= f(zo).
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where Hom¢ denotes the group of G-homomorphisms. The isomorphism (4.1) associates to a homo-
morphism i : A — M/ (A), a homomorphism of G-modules i* : M{ (A) - M{(A) that is given by:

i“(H=[Tif@)".

geG

Leti:A— M{(A) be the homomorphism i(a) = a,. Then

i*(f)<y>:<1_[f<g)f(g>)(y)= [ re@. (42)

geG {geCG: ¥ (®)=V}

is the function that sums over the values of f € Mf(A) on the fiber v~ 1(y).
We claim that i* is surjective. Let f € Mf(A). For every y € I', fix an element g, € G for which

¥ (gy) =y and define f: l_[yeF f(y)f" € Mf(A). In particular, f(g) =1for g¢{gy |y erl} and

f(gy) = f(y). By (4.2), i*(f)(y) = f(gy) = f(y) for all y € I'. It follows that for every f € M{(A),
i*(f) = f, proving the claim.

Since i* : M?(A) — er(A) is an epimorphism of G-modules, i* induces an epimorphism 7 :
Mlc(A) X G — MlF(A) x G. Since ker(y) <t G acts trivially on Mf(A), ker(y) is a normal subgroup of
M{(A) x G. In particular, ¥} induces an epimorphism

Y2 A G =MJ(A) x G — (M} (A)xG)/ker(y) =M] (A)x '=AI. O

Proof of Theorem 1.3. We argue by induction on |G|. Let G = AH be a minimal decomposition. By
Corollary 4.1, there is a rank preserving epimorphism 1 : AxH — G.Let A= A/AP[A,H], m:A— A
be the natural map and let A; be a minimal subgroup of A for which 7 (A;) = A. By Proposition 4.4
there is a rank preserving epimorphism v, : Aj:H — A x H. Thus ¥ =y 0y : A1t H — G is a rank
preserving epimorphism.

By the induction hypothesis there are abelian p-groups A,, ..., A; and a rank preserving epimor-
phism ¢g : Ay 2 (A3 --- 1 Ar) - H. By Lemma 4.5, ¢9 induces an epimorphism ¢ : A1 (A2 - Ar) =
A1 H. Using the equality d(A2:---?Ar) =d(H) and Lemma 4.3 we have:

d(A1H)=d(A1) +d(H) =d(A1) +d(A2 -2 Ap) =d(Ar - Ap)

and hence ¢ is rank preserving. It follows that ¥ o ¢ : Aj (A2 ¢---2 A;) — G is a rank preserving
epimorphism. 0O

As a corollary we have:
Corollary 4.6. The families G, and Sy are equal.

Proof. The inclusion G, € Sp follows from [5]. For abelian p-groups Ay, ..., A, the iterated wreath
product Aq:(Az2---2Ap) is in Gp. By Theorem 1.3, every semiabelian group is a rank preserving
epimorphism of such an iterated wreath product and hence in G,. Thus, G, =S,. O
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