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1. Introduction

The goal of this paper is to investigate the involution module of the general linear group GL,(2/),
where f >1 is an integer. We start with an introduction to the idea of the involution module. Also
in this section we develop the necessary notation and state some important results which we employ
in our work.

In Section 2 we present a partial decomposition of the involution module of GL,(2). In Theo-
rem 3.1 the possible vertices of a component of our involution module are given. By component we
mean an indecomposable summand. Sections 4-8 focus on each of those possible candidates. Finally
we summarize our results in Theorem 9.1, followed by some further observations.

1.1. The involution module

Let G be a finite group and let k be an algebraically closed field of characteristic 2. By J we
denote the set of involutions in G, that is, the set of elements in G of order two. Then G acts on
J by conjugation. In particular we obtain the kG-permutation module kJ. This module is called the
involution module of G. In the paper [15], G.R. Robinson investigated the projective components of
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this module using the Frobenius-Schur indicator. Later ]J. Murray studied the involution module in
general in [8-11]. He, too, worked with the Frobenius-Schur indicator, but also used block-theoretical
methods, such as the defect class of a block. Furthermore P. Collings studied parts of the involution
module of the symmetric group in his PhD thesis [4], focusing on the fixed point free involutions in
the symmetric group Sym(n). Finally the author studied the involution module of the special linear
group SLy(2f) in [12].

The main motivation of this paper is to study the involution module of the general linear group
GL,(2f). We are able to determine the number of components and describe the vertex and Green
correspondent of each component. However as many of our calculations are still valid for any prime
number p, we present most results for GL,(pf) and k of characteristic p.

1.2. Notation

Throughout this paper let k be an algebraically closed field of prime characteristic p. Also let
f,n>1 be integers and set q := pf. By Fq we mean the finite field with g elements. Our main
group of interest is the general linear group GL;(q), that is, the group of all invertible n x n-matrices
with entries in Fy. For convenience we denote this group by GL, in the following. Note that both
the upper-triangular matrices in GL, and the upper-triangular matrices in GL, with ones on the main
diagonal form subgroups of GL,. We denote them by B, and Up, respectively. Furthermore Uy is
a Sylow-p-subgroup of both B, and GL,. As is standard I, denotes the identity matrix in GL,. For
integers 1 <k <I<n let Ex () be the n x n-matrix with zeros everywhere, except for the (k, [)-entry
which is & € Fg. Then Fyj := {I, + E j(@): « € Fq} is the subgroup of U, of matrices where all entries
off the main diagonal are zero, except for the (k, I)-entry which can be anything in [F4. Finally for any
two integers r, s > 0 we define GL; s := GL; x GLs, where GLg is the trivial group.

Next let A1,...,Ar > 0 such that A1 4+ --- 4+ A =n. Then if A; € GLy,, for r=1,...,t, we define
Dn(Aq, Az, ..., Ay) as that matrix in GL, that has the matrices Aq,..., A on its main diagonal and
zeros everywhere else. Likewise Dp(Aqe, Aze, ..., A;) denotes a matrix with the matrices Aq,..., A¢
on its main diagonal, zeros below and arbitrary elements in F; above. Note that D,(Aqe, Age, ..., A¢)
is not unique, but in our considerations it does not matter what the specific entries above the di-
agonal of matrices Aq,..., A; are. In the same sense we define the groups D,(Hq, Ha, ..., H;) and
Dn(H1e, Hye, ..., Hy), for Hy < GLy,. Finally set GPy,, . := Dn(GL;, ®,GLy, e,...,GLy,). Note that
GP;,,,...», is known as a parabolic subgroup of GLj.

Still let n > 1. Then W, denotes the group of permutation matrices in GL,. Note that we can
identify a permutation matrix with a unique permutation in the symmetric group Sym(n). In fact
w € Sym(n) corresponds to the permutation matrix (8 @)k, Where _ _ denotes the Kronecker-
symbol.

Finally we discuss some block theory of GL,. Refer to [6] and [16] for definitions and more de-
tails. A block of GL, has either full defect or is of defect zero. There are exactly ¢ — 1 of each type.
Also the module anTGL" has a unique irreducible projective component St,, which is called the Stein-
berg module. This module is self-dual and has dimension q(g). Furthermore the center Z(GL,) of GL,
acts trivially on kg, 1. This follows since Z(GL,) = {aly: o € Fz} is a normal subgroup of Bp. In
particular Z(GL,) acts trivially on Stj.

Let S denote the GL,-representation corresponding to St,. For A € GL, and j=0,1,...,q — 2, we
define 8/(A) := (det(A))’ - S(A). Then 8/ is a projective irreducible GL,-representation. We denote
the corresponding GL,-module by St.. If (St})* denotes the dual of St}, then (St))* = Stﬂ_l_J. The
modules Stp, St,lq, ...,Stﬁ72 are all the projective irreducible GL,-modules. As every block of defect

,,,,,

zero contains a unique irreducible projective module we let B§ denote the block that contains Stﬁ', for
j=0,1,...,q—2. Thus

B; = St% ® Stgflfj, as GLy n -modules. (1)

In particular B; is projective and irreducible as a GL; ,-module.
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1.3. Broué’s Theorem

In this section we present a method to study vertices of the components of permutation modules.
The following approach is due to M. Broué [2].

Let G be a finite group. As usual for a subgroup H < G, we denote the normalizer of H in G
by Ng(H). Suppose that V < G is a p-group and X is a G-set. By Fixx(V) we mean the set of
elements in X that stay fixed under the action of V. Then Fixx(V) is an Ng(V)-set, and kFixx (V) is
an Ng(V)-module.

Theorem 1.1 (Broué). Let V < G be a p-group and X a G-set. Then kX, as kG-module, and kFixx(V),
as kN¢ (V)-module, have the same number of components with vertex V. Furthermore the components of
k Fixx (V) with vertex V are the Green correspondents with respect to (G, V,N¢(V)) of the components of kX
with vertex V.

For a subgroup H of G, we have ky1¢ = k(G/H). Here G/H is the set of left cosets of H in G,
regarded as a G-set under translation. Hence ky1¢ and kFixg,n (V) have the same number of com-
ponents with vertex V, for any p-subgroup V of G. The next statement follows from Mackey’s lemma
and the fact that kFixg/y (V) is a direct summand of (kHTG)J,NG(V).

Lemma 1.2. Let H and V be subgroups of G, with V a p-group. Then

k Fixg/p (V) = @ kuzone vy TN, as kNG (V)-modules.

geH\G/Ng(V),
V<HE

14. Inflation and deflation

Let ¢ : G — R be a group homomorphism. Set H := @(H), for H < G. Next let L be a group such
that G < L < R. Then every kL-module N can be considered as a module for G using inflation. We
denote the resulting kG-module by N?. If ¢|y denotes the restriction of ¢ to some subgroup H of G,
then

N? |y =N askH-modules. (2)

Next let M be a kG-module with ker¢g acting trivially on M. Then M can be considered as a
kG-module via deflation. We denote the arising kG-module by ¢(M). If H < G, then o(M)| gz =
@lg(M|y), as kH-modules. Furthermore (¢(M))? = M and @(N?) = Nlg, as kG-modules and
kG-modules, respectively. Also inflation and deflation commute with taking the dual of a module.

Lemma 1.3. Let ¢ : G — R be a homomorphism of groups. Also let H < G so that ker ¢ < H. Then for every
kH-module N, (N1¢)? = (N¥!4)4C, as kG-modules.

Proof. The isomorphism is given by >5_;x; ® nj > >j_; ¢(x;) ® nj, where {x1,...,x} is a left
transversal for G/H. O

Next for K < R we define ¢~ 1(K) :={g € G: ¢(g) € K}. Observe that (¢~ (K)) = K N ¢(G).

Lemma 1.4. Let ¢ : G — R be a homomorphism of groups. Furthermore suppose that N is an indecomposable
kG-module. Assume that W < G is a vertex of N and V < G is a vertex of N?. Then W is G-conjugate to V
and V is G-conjugate to a Sylow-p-subgroup of o1 (W).
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Proof. Set H := ¢~ !(W). Then H= W and ker¢ < H. Thus N¥ is a component of (NHTG)“’. Also
(Ng 16y¢ = (Nﬁ)le 16, by Lemma 1.3, and so N¥ is relatively H-projective. Hence w.l.o.g. V < S, for
some S € Syl, (H).

As V < ¢~ 1(V), we get that N¥ is a component of (N‘/’%,](V))TG. Hence N is a com-
ponent of @((N¥4,-17))1%). Since N 1) = (NL )P~ @ it follows with Lemma 1.3 that
PUNT |y 7)1) = (N1, Thus, W <z V. As V <z S < W we conclude that W =; V, that is,
V is G-conjugate to W.

Since ker¢ acts trivially on N, V contains a Sylow-p-subgroup of ker¢g. But then V Nkery =
SNkerg, and since V =S, it follows that V. =5. O

In the following let p?(M) denote the number of projective components of a module M, and let
P(V) be the projective cover of V.

Lemma 1.5. Let ¢ : G — G be an epimorphism of groups, let H < G and suppose that ker ¢ is a p-group, with
H Nkerg = (1). Then p*(ky1¢) = p*(kz1).

Proof. Since ker¢ is a normal p-subgroup of G, Clifford theory shows that the irreducible kG-mod-
ules are in bijection with the irreducible kG-modules by deflation/inflation with respect to ¢. Hence
for every irreducible kG-module V there exists an irreducible kG-module V such that V = V¢, The
lemma follows if the multiplicity of P(V) as a summand of ky1¢ equals the multiplicity of P(V) as
a summand of kg1°.

Assume P(V) appears exactly d times in ky4°. Then Theorem 3 in [14] shows that P(ky) ap-
pears exactly d times in V}py. Since kerg|y = (1), every kH-module M can be considered as a
kH-module by deflation with respect to ¢|g. Then ¢|g(Vg) = @|g (V) = Viﬁ, by (2). As cer-
tainly @|p(P(ky)) = P(kg) and P(kp) = (P(kﬁ))‘/’“’, it follows that P(ks) appears exactly d times in
Viﬁ. Again by Theorem 3 in [14], we conclude that P(V) appears exactly d times in kg 16, O

2. The involution module of GL, (2¥)

In this section let p =2 and let G := GL,(2f), for some integer f > 1. We aim to study the
involution module of G. First we determine all involutions in G. As is standard, |r] denotes the
greatest integer less or equal to r € R.

Lemma 2.1. There are exactly L%J conjugacy classes of involutions in G.

Proof. It is a straightforward exercise to show that a Jordan form of order 2 does only contain 1-by-1
and 2-by-2 Jordan blocks, with all its eigenvalues equal to one. In particular there are exactly L%J
such Jordan forms. It furthermore follows that each involution X € G is G-conjugate to its Jordan
form. O

Our goal in this section is to partially decompose the involution module into direct summands

that are easier to handle. Hence we determine the G-conjugacy classes of the involutions in G and
calculate the centralizer of a representative for each of these classes. Leti=1,..., L%J. We define

I; I;
Ti:= ( In_2i > (3)
I

This notation means that T; has 1's on the main diagonal and a 1 in each entry (j,n —i + j), for
j=1,...,i. All other entries are zero. Note that T; is an involution. We denote the centralizer of T;
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in G by C¢(T;). We define

Ci:={Dn(Ae, Be, A): A€GL;, B €GLy_3}. (4)
In the following let m:= | 5].

Lemma 2.2. et i =1, ...,m. Then C¢(T;) = Ci. Moreover T+, ..., T, represent the m different conjugacy
classes of elements of order p in G. In particular they represent the m different conjugacy classes of involutions
inG.

Proof. An easy matrix calculation shows that C¢(T;) = C;. Also observe that the rank of T; — I,
equals i. Hence different T; lie in different conjugacy classes. The last part of the statement follows
from Lemma 2.1. O

This provides a first partial decomposition of the involution module kJ as now:

m m
kI= @kCG(T,-)TG = @kciTG. (5)
i=1 i=1

3. A more general framework

For the remainder of this paper we work in the following more general framework. Let k be an
algebraically closed field of prime characteristic p. Also let G := GL,(q), where q = p/, for some f > 1.
Furthermore set m := L%J. For i =1,...,m consider the element T; and the group C; as defined in
(3) and (4), respectively. Note that still C; is the centralizer of the element T;, which is an element of
order p.

Our aim is to study the module L, kc;1¢, which includes the case of the involution module of
GL,(27), that is, when p = 2. In the following we fix i € {1, ..., m} and focus on the direct summand
kciTG. In addition to C; we define the following groups:

Si:==CiNUp={Dy(Ae,Be,A) € G: AcUj, BeUp_y},

Nj:={Dn(Ae, Be,aA): A€GL;, B€Gly 3, a €Fy},

R; := Dn(GL;j e, GL,_; e, GL;). (6)
Then S; < C; < N;j < R; < G. Note that |Sj] :q(;)‘@ =|Cilp = INilp. So S; is a Sylow-p-subgroup of

both C; and N;.
Furthermore for r,s > 1 such that r +s <n we set

Vis:=Dn(lre, Up_r_se,Is). (7

Then, if defined for i and n, we have Vi1 11 < Vjit1, Vigr,i < Vi <S;. In [13] the author has shown
the following:

Theorem 3.1. Suppose M is a component of kc; 4G Then, one of the following groups is a vertex of M:

Si, Viio Vigtis Viigt, Vigtiv,  (In).

Furthermore if M has a trivial vertex, then i = L%J.
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Observe that these six groups are not conjugate in G as they all have different size apart from
Viiy1 and Viiq1;, which however have different numbers of fixed points on the natural GL,-module
Fo)".

Next we state some observations. It is easy to see that C; is normal in Nj. In fact N; = N¢g(C;), but
we do not require this stronger fact and thus omit a proof. Also observe that N;/C; =Fy is the cyclic
group of order ¢ — 1. Hence

q—2
ket =P wr, (8)
r=0

where W; is a one-dimensional Nj-module, and D,(Ae, Be,A) € N; acts on W, by multiplication
by o. In particular, Wo = ky;. Furthermore observe that Wq_1_r ® W, Zky,. If W/ denotes the dual
of W,, then

W= Wq_1—, forallr=0,...,q—2. (9)

Since C; acts trivially on Wy, for all r=0,...,q — 2, it follows that S; is contained in a vertex of W,.
Thus W, has vertex Sj, as S; € Syl, (Ni).
Next consider the epimorphism

R:R;— GLij: Dp(Ae,Be,C) > (A,C). (10)

Note that R(C;) = AGL;, where AH :={(h,h): h € H}, for any group H. Moreover kerXR < C;. Then
ke, MR = (ka g, 140X, by Lemma 1.3. But kg, 15 is the direct sum of all p-blocks of GL;, re-
garded as GL; j-modules. In particular

ketfi= € BR (11)
B a p-block
of GL;

As each B is a component of ka GLI.TGLI'-I', we now have a decomposition of kcl.TRf into a direct sum of
indecomposable R;-modules.

Theorem 3.2. (a)

q—2
ke 1C = P win©. (12)

r=0
Furthermore W,4C has at least one component with vertex S;. In particular, kciTc has at least ¢ — 1 such

components.
(b)
ket¢= @ B*1C (13)
B a p-block
of GL;

Furthermore if B has full defect then BX 4 has at least one component with vertex S;. If B has defect zero,
then BR 46 has at least one component with vertex Vi,i. In particular, kc, 1C has at least ¢ — 1 components
with vertex V; ;.
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(c)Forallr=0,1,...,q — 2 there is a unique block B of GL; of full defect such that BX 1¢ is a direct
summand of W, 1. We denote this block by B;. Then for s :=gcd(q — 1,i) and q — 1= - t, we have

W46 = BX1C, ifi=1orstr,
T B @ Bi0(BE, )R 10, ifiz2ands|r,
wherel € {0,1,...,t — 1} such that il = —r mod (q — 1). Such an l is uniquely determined in the case s | r.

Proof. Part (a) follows from (8) and transitivity of induction. Furthermore, as W, has vertex S;, the
same must be true for at least one component of W,1°.

The decomposition (13) in part (b) follows from (11). Next recall that a block B of GL; is either of
defect zero or full defect. In the first case B is projective as a GL; ;-module. Since V;; € Syl, (kerR)
we conclude from Lemma 1.4 that B® has vertex Vii. In the second case B has vertex AU;. Since
AU; < R(R;) and S; € Sylp(ﬂz—1(AUi)), Lemma 1.4 implies that B*® has vertex S;.

It remains to prove part (c). Note that kciTRi has exactly ¢ — 1 components with vertex S;, which
arise from the blocks of full defect. Since W, has vertex S;, the direct summand W, 4R of kc,.TRf
must have a component of vertex S;. Hence this must be some B® for some p-block B of GL; with
full defect.

Next if i =1, then the blocks of full defect coincide with the blocks of defect zero and thus we have
W ki Bry. Hence in the following let i > 2. Recall from (1) that B? = St{ ®St?_]_] is an irreducible
GL; ;-module. Then (Bi)92 is an irreducible R;-module. First we show that (B;)DQ is a component of
W, 4R if and only if (Bj)R appears in the head of W,1Ri. We only need to verify the sufficiency of
this claim. So let (B;)jz appear in the head of W,1Ri. Then B; appears in the head of R(W, 4R,
But B? is projective, and thus must be a component of R(W,1Ri). Therefore (B;)gz is a component of
w, ki,

Next we claim W_;; appears in the socle of (B?)SUNI.. As (B;)92 is a component of kc,.TRf there

exists some A =A1 ® Ay € St,j®5t?_]_j, such that C; acts trivially on A. The claim follows once we
have shown that kN; - 1 = W_;;. So let X € N;. Then X = D;,(Ae, Be, @A) € Dy(I;_;, ;) - C;. Thus

X a=Dp(n—i,alp) - A =211 ® () - A2).

But al; € Z(GL;) acts trivially on St;, and therefore («l;) - A» =" - A,. In particular D,(Ae, Be, 0t A) -
A=a7Y.2, and thus kN; - A = W_j;.

By Frobenius reciprocity it now follows that (B?)jz appears in the head of W_ijTRf. Overall the
previous two paragraphs show that (B?)R is a component of W,4Ri if and only if ij = —r mod (q—1).

Next suppose s{r. Since s divides both ¢ —1 and i, there is no [ > 0, such that il= —r mod (g —1).
In particular, there are no blocks of defect zero contributing towards W,4Ri and so W, 4Ri = B,.

If s | r, then there exists [ € {0,1,...,t — 1} such that il= —r mod (q — 1), as gcd(i/s,t) = 1. Now
il +ut)=—-r mod (q—1), for all u=0,1,...,5s—1. So B}, BIZH,...,B,ZHS?])t are components of
W, 4R, Since t different integers in {0,1,...,q — 2} are divisible by s, we have accounted for all
blocks of defect zero. In particular this completes the proof. O

Remark 3.3. We claim that the block Bg as given by Theorem 3.2(c) is the principal block of GL;.
Since Wo = ky,, we know that kg, appears in the socle of WOTRf. Hence fR(WoTR") has kcL,-ﬁ,- in its
socle. Consequently, considered as a GL;-module it contains the trivial GL;-module. In particular the
principal block must appear as a component of R(Wg1 ki), and thus equals Bo.
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We conclude this section with a useful duality on GL,. Let € W, be the permutation matrix that
corresponds to (1,n)(2,n—1)... € Sym(n). We define

9:G—>G g ((g"))"

Then ¢ is an automorphism. Furthermore it is a straightforward exercise to show that ¢(C;) = C; and
@(Viit1) = Viy1,i. Consequently we obtain

Lemma 3.4. The module k¢, 16 has the same number of components with vertex V; ;1 and Vi,

4. The group S; as a vertex

Let i € {1,...,|5]}. In this and the following sections we consider each of the six groups found
in Theorem 3.1 and investigate how many components of kc,.TG have each group as a vertex. If V is
the p-group in question then by Theorem 1.1 it is enough to determine the number of components of
kFixg,c;(V), considered as a kN (V)-module. Furthermore for each component of kciTG with vertex
V we determine its Green correspondent with respect to (G, V,N¢(V)).

We start with the Sylow-p-subgroup S; of C;. Since any G-conjugate of S; contained in C; must
be a Cj-conjugate of S; we obtain by Lemma 1.2 that

k FiXG/C,- SpH= kNC,- (si)TNG(Si), as kN¢ (S;)-modules.

At first we describe the normalizer Ng(S;) of S; in G. Recall the definition of the groups Fy, as given
in subsection 1.2.

Lemma 4.1.
N¢(Si) = {Dn(Ae, Be, AZ): A€ Bj, B€ By 3, Z€Cer(Up)} =Nn,(Si) - Fnit1n.

Proof. Let H denote the described set in the middle and let X € Ng(S;). Then S;¥X < R;. By Bruhat
decomposition (see [1]) we have X = giuga, for g1,82 € B, and w € W,. As B, < R; we get
(Si8)" < R;. Note that for every k <1, there is some h € S;8 with hy; # 0. Hence u acts on the
sets {1,...,i},{i+1,...,n—i} and {n—i+1,...,n}. That means, i € R;, and so X € R;.

Write X = D, (Ae, Be, C), for A, C € GL; and B € GL,_»;. Since S; = S;X we have A,C € Ng, (Uj) =
Bj, B € Ng1,,_; (Un—2i) = Bp—2; and A7lce Cor,; (Uj). As now C = AZ, where Z € Cg, (U;), we conclude
that N¢(Sj) € H.

Next let X = D (Ae, Be, AZ) € H. Note that Z =« - 11 ;(8), for some o € IE‘qX and B € Fg. Then X =
Dy(Ae, Be,tA) - Dn(In—i, I1,i(B)) € N;i - Fy_iy1. The fact that F;; centralizes U;, shows that F;_ji1n
normalizes S;. In particular we have X € Ny, (S;) - Fy—it1,n, that is, H C© N, (S;) - Fn—iy1n.

Finally Ny, (Si) - Fn—it1,n < Ng(S;) is obvious as Fp_j 11, <Ng(S;). O

Lemma4.2. Forallr =0,1,...,q — 2, let W, be the one-dimensional kN;-module given in (8). Then
q—2
kne, (s TN = EDWr Iy, s 1.
r=0
Furthermore (Wr\l«NNi(S,'))TNG(Si): for r =0,1,...,q — 2, are pairwise non-isomorphic indecomposable

N¢ (Sj)-modules with vertex S;.
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Proof. Note that N; = C; - Ny, (S;). So kc,.TNwNN'_ sp = chi (si)TN"’i S by Mackey’s lemma. Hence the
decomposition follows from (8).
Since Ny, (Si) N Fny1—in = (In), we get by Lemma 4.1 and Mackey’s lemma that

(WriNNi(s,-)TNG(S"))LFHHH = kg, p -t

As Fny1-in is a p-group, k(1,1 Fr+1-in is indecomposable. Thus so is W |y, (s, tN¢ 7. Its vertex is S;,
as W, has vertex S;.

Next let T := Dy (In—i, Z(GLj)) < Ng(S;). Then Ng(S;) =Ny, (Si) - Fo—jy1,n- T, by Lemma 4.1. Clearly
Fr—it1.n < Cg(T), and thus T8 NNy, (S;) =T, for all g € Fy_iy1,. Since |[Ng(S;) : Ny, (Si)| =g, it fol-
lows from Mackey's lemma that (Wr{ny, sp)MNeG) |1 is the direct sum of g copies of Wy |r. As
the various Wy are non-isomorphic, the same is true for the various (Wrn,, sy NeGD. o

We summarize our results on the components that have vertex S;. Recall the homomorphism
R:R; — GL;; given by (10).

Theorem 4.3. Let i € {1, ..., L%j}. Then I<cl.TG has exactly ¢ — 1 components with vertex S;. In decom-
position (12) each summand W,4C has exactly one component M, with vertex S;. In decomposition (13),
M; is a component of BTR 1. Furthermore with respect to (G, S;, Ng(S;)) the Green correspondent of M is
(WriNN,- (Si))TNG(Si). Finally, the modules Mg, M1, ..., Mq_> are pairwise non-isomorphic.

Proof. By Lemma 4.2 we see that kciTG has exactly ¢ — 1 components with vertex S;. Then by
Theorem 3.2(a) each of the ¢ — 1 modules W;4¢ in the decomposition (12) has exactly one such
component, which we denote by M;. By Theorem 3.2(b) + (c) it follows that M, is a component of
BX4C.

As W, is a component of Wr»LNNi(Si)TNiv we get that M, is a component of (Wr¢NNi(5i)TNG(5i))TG.
Now the rest of statement follows by Lemma 4.2. O

5. On the groups V, ¢

Lletie{l,..., L%j }. Recall the groups V, s, as defined in (7), for integers r, s > 1, such that r+s <n.
Below we study kFixc,c;(Vr,s), as an Ng(Vrs)-module, for certain pairs (r, s). In particular we need
to understand Ng (V;s).

Lemma 5.1. Let r, s > 1 be positive integers, such that r + s < n. Then

NGLn(Vr,s) = Dn(GLr o, By_;_se, GLs).

Proof. Clearly D, (GL e, B,_r_se, GL;) normalizes V, ;. Now the Bruhat decomposition and the obser-
vation that if 4 € W, normalizes Vs, then @ = Dn (i1, In—r—s, (42), for some 1 € W, and pz € Ws,
imply the rest. O

Lemma 5.2. Letr,s > iso thatr +s <n,and let V = V; 5. Then

Ng (V)

kFixg/c,(V) = ch,-(V)T as Ng (V)-modules.

Proof. By Lemma 1.2 it is enough to show that if VX < C;, for some X € G, then X € N¢(V) - C;.
However observe that R; =Ng(V; ;) - C;i < Ng(V) - R;, and hence N¢g (V) - C; =Ng(V) - R;. Since B, <
Ng(V) N R; and C; < R; it follows from the Bruhat decomposition that it is sufficient to show that if
VH < R;, for some u € Wy, then i € Ng(V) - R;.
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So let V# < R;, for some € Wy. Observe that there is some A € W, N R; such that for u' := ux
we have '(i+1) <--- < u/(n —1i). For more details see the proof of Lemma 3.4 in [13].

It is a straightforward exercise to show that w({1,...,i}) € {1,...,r} and w({n—i+1,...,n}) C
{n—s+1,...,n}, for all w € W, such that V® < R;. Hence this is true for ¢’ and we conclude from
Lemma 5.1 that i’ € Ng(V). This concludes the proof. O

Recall the homomorphism R : R; — GL;; given by (10).

Lemma 5.3. Under the above assumptions let M be a component of the module (BRWRI_(V))TNG(V) with
vertex V. Then the Green correspondent of M with respect to (G, V,Ng(V)) is a component of BX 1C.

Proof. It follows from Mackey's lemma that (BR¢NRX,(V))TNG(V) is a direct summand of (B® 1) |, (v).

Hence there exists a component N of B®4C such that M is a component of N{Ncv). Now a
result by Burry and Carlson [3] implies that N is the Green correspondent of M with respect to
(G,V,Ng(V)). O

6. The group V; ; as a vertex

letie{l,..., L%J}. In this section we determine the number of components of kq?c that have
vertex Vi;. As Vi1 = Si, let i > 2. Furthermore set V := V;;. By Theorem 1.1 and Lemma 5.2
it is enough to determine the components of chi(V)TNC(V) with vertex V. Note that Ng(V) =
D, (GL; e, By_>je, GL;) < R;, by Lemma 5.1. Let R be the epimorphism given by (10), and let R :=
RINg(vy be its restriction to Ng(V). Recall that B, B, ..., 8272 denote the p-blocks of GL; of defect
Zero.

Lemma 6.1. The module kNCi(V)TNG(V) has exactly q — 1 components with vertex V. They are given by

(Bj)m“c(‘”,forj =0,1,...,q — 2. In particular these components are pairwise non-isomorphic.

Proof. Note that ®'(N¢(V)) = GL;j, R'(N¢;(V)) = AGL; and ker®’ = Dy(l;e, By_aje, I;}) < N¢, (V).
Hence chi(V)TNGW) = (ka g, 1°4H)%, by Lemma 1.3,

Clearly, V € Syl,(ker®R’). Hence Lemma 14 implies that the components of kNCi(V)TNG(V) that
have vertex V are exactly the R’-inflations of the projective components of ka GL,.TGLH. These are
the p-blocks Bf, B, ..., Bé_z of GL; of defect zero. As they are pairwise non-isomorphic the proof is
complete. O

Now we can summarize our results on components with vertex V; ;.

Theorem 6.2. Leti e {1,..., L%J}. Then kc; 16 has exactly ¢ — 1 components with vertex Vii. Nextlet s :=

ged(q — 1, 1). In decomposition (12) the module W 1€ has exactly s components with vertex Vi if and only
if s divides r. Otherwise it has no such components. In decomposition (13) each (Bf)g2 16 admits exactly
one component M, with vertex V; ;. With respect to (G, V; i, Ng(Vi;)) the Green correspondent of M; is

(Bf)R‘NG‘VW. Finally the components Mo, M1, ..., Mq_2 are pairwise non-isomorphic.

Proof. By Lemma 6.1 we know that kciTG has exactly ¢ — 1 components with vertex V. By Theo-
rem 3.2(c) it follows that (Bf)y 4G in the decomposition (13) admits a unique component M, with
vertex V. The statement on W,1¢ follows from Theorem 3.2(b).

By Lemma 6.1 we know that (Bf)R‘NG(‘” has vertex V. Since Ng(V) = Ng,;(V), Lemma 5.3 now
implies that the Green correspondent of (Bﬁ)y"“c“” is M. Finally Mo, M1, ..., Mq_» are pairwise
non-isomorphic, as their Green correspondents are pairwise non-isomorphic, by Lemma 6.1. O
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7. The groups V; j 11, Viyq,i and Viyq iyq as a vertex
Leti=1,..., L%J, and let (r,s) e {(i,i+ 1),({+1,i),(i+ 1,i+ 1)} provided that r + s < n. By
Theorem 1.1 and Lemma 5.2 we know that k¢, 1€ and kn, v, ) tN¢(Vrs) have the same number of

components with vertex V, ;. We have Ng(V; s) = D;(GL; o, By_;—_se, GLs), by Lemma 5.1. Also observe
that Nc,(V;s) = {Dn(Ae, Be, A): A € GL;, B € B;_»;}. Next we define the epimorphism

Prs:Ng(Vrs) = GL.s: Dp(Ae, Be,C) > (A, C). (14)

Then ker P; s = Dp(Ire, By_r—se, I5), and V; s is a Sylow-p-subgroup of ker P, 5. For every 0 <t <i we
define the group

Qf s :={(Dr4r—i(Ae, X), Ds(Yo, A)): AcGL;, X €Br_i, Y € Bs_¢}. (15)

Then Q,tys < GP¢,r—iy X GPs—t,5) < GLeyr—is. Also Prs(N¢;(Vrs)) = Q;',S. Recall the definition of the
groups GP¢ ;_j and GP(s_; 5y from Section 1.2.

Lemma 7.1. We have

NG (Vrs) ~ (in TGLr,s)fPr,s.

r.s

kNC,— (Vr,s) T
Also the number of components of kn, (v,.) tNe(Vrs) that have vertex V, s is given by pﬁ(er,- . 4 GLrs),

Proof. Since kerPr s < N¢;(Vrs), the first assertion follows from Lemma 1.3. As V; s € Syl, (ker Py ),
Lemma 1.4 implies the second assertion. 0O

Lemma 7.2.
(@) pti (k ; TGLHLHI) < pti (k ; TGLi.iJrl)’
i+1,i4+1 i,i+1
GL i GLi— i .
(b) pﬁ(inf‘iH A CLe, +1) < ptt(kQ,-[_,-::] CL-1, +1)’ for1<t<i,
© pli (on TGLo,m) <1.

i,i+1
Proof. For every integer t such that 0 <t <i we define the subgroup
Ke:={(X,Y) € GP1,¢) x GLi41: det(X) - det(Y) = 1},

of GL¢41,i+1. Furthermore consider the epimorphism

@c: Ke— Gleit1: (Det1(ae, A), B) > (A, B).

Then ker ¢ = {(D¢+1(1e, I;), I;11)} is a normal p-subgroup of K;.

(a) Let @’ € Wj41 be the permutation matrix that corresponds to the permutation (1,2, ...,i+1) €
Sym(i+1). Then the (GP¢ j), GPi 1))-double cosets of GL; are represented by {I; 1, ®'}. This follows
from the Bruhat decomposition and the observation that for n € W1 we have 1 € GP( ;) -GP. 1) if
and only if n(i+1) #1, and n € GPqy i - @’ - GP 1y if and only if n(i+1)=1.
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Set w:= (', Iiy1) € GLi;1.i+1. Then the (K;, Q;'HJ.+
by {(Ii+1, li+1), w}. Now by Mackey’s lemma we have

(k

where T := (Qi'+1 ,.+1)“’ N Kj. One checks easily that

1)-double cosets of GLj1,i+1 are represented

; Glittit1) |, >~k Ki gy or £ Ki
il+1,i+1T )i/l(,— Qx'l+1.i+lmKiT k1™,

T ={(Diy1(a, A), Diy1(Be, A)) € Ki: AeGL;, o, B e Fy}.

Observe that (I1,;41(1), Ii11) € kerg: N Q NK;. As ker ¢ is a normal p-group, k: mquK"

ii—o—l,H-l i+1,i41
is projective-free. Hence pﬁ(iniHviHTGLfﬂviﬂ) < pPkr +50). Since kerg, N T is trivial and ¢ (T) =
Q,.i’iﬂ, Lemma 1.5 implies that p® (k1% = pﬁ(kQ;-j+1 1GLiit1y), This concludes part (a).

(b) Let 1 <t < i. First note that GL; j+1 = Ki—1-Q This follows as for all (A, B) € GL; ;11 and
o :=det(B) - det(A~1) we have

t
ii+1°

(A,B)=(It, B-Diy1(a " Iize, A7")) - (A, Disa(et, li¢, A)).

i,i+1
_nt-1 Ke—1y — GLi—1
<pt_1(nyi+1 NKe-1) = Q; 1- S0 p‘i(inf‘iJrlﬁK[_1 -1y = pt(inr;:] AGle-1i41) by Lemma 1.5. Thus

Now (int]_+1 oLy g | = IcQ]_:MmK[flTKffl. Observe that ker(g_1) N Qf. ., N K;_q is trivial and

pli (kQ? TGLt,H—l) < pli (I<Q£i+]ml(t—l TKF]) — pﬁ (thi] TGLt—l,H—l).

i,i+1 i,i+1

(c) Note that Qi(,)i+l = Biy1 and GLg i+1 = GLi+1. As GLiy1 = SLit1 - Bit1 and SLiy1 NBiy1 = SBit1

it follows from Mackey’s lemma that

Pikqo  1CM0iT) = pF(kp,,, 1H41) < pP(ksp,,, t241) =1. O

i,i+1
Next we define the two homomorphisms

T : GPi r—j) — GLy, and B¢ GP(s—i,i) = GLj,
D;(Ae, X) > A, Ds(Xe, B) > B,

Note that since r,s € {i,i 4+ 1}, the variable X either represents a scalar or nothing, that is, these
homomorphism might just be the identity. Also recall that St denotes the Steinberg module in GL;.

Lemma 7.3. The module St, is a component of (St;)™1C, and the module St; is a component of (St;)*s4Cls,

Proof. We only prove the first assertion of the statement, as the second one is shown similarly. As the
statement is trivial if r =1, let r =i+ 1. Since St;;1 is a projective irreducible module, by Frobenius
reciprocity it is enough to show that Homkcp(i_])((Sti)ff, Str yGpgq)) # 0. We claim that Sty |cp,,, =

((St))™ L c1;,)1CP@n, which then completes the proof.

Observe that (St;)¥!cti1 = (St)7cL; . by (2), and since ker(z|gl;,) is a p’-group, (St)™|cL;,
is projective, by Lemma 1.4. Hence (kg 16l)™oh1 = kDM(Bi’qu)TcLi-l, by Lemma 13, and thus
(St ™ |cr,, 1¢PéD is a projective summand of kDm(Bi!FJ)TGPUJ). But Dj11(Bi, Fy) =GP 1) N(Bit1)®,

where € Wj;q corresponds to (1,2,...,i + 1) € Sym(i + 1). So, by Mackey’s lemma,
(St)™ Jcr;,, 1P is a projective summand of (kg,,, 1<) {cp, -
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As p*((kp,,, 11 +1) Lop ) < P*((kp,,, 1°+1) Lu,,,) = 1, we get that St; cp,,, is the unique pro-
jective component of (kg,,, 1°+1) | gp, ,,- Consequently St; |cp,, = (St)™ 1, 1700, O

Next we define & s := 7+ ® s, that is,

Sr,s : Gp(i,rfi) X Gp(sfi,s) - GLi,ia
(Dr(Ae, X), Ds(Ye, B)) > (A, B).

Furthermore let St; s := St; @ St;, considered as a GL; s-module. Then St s is projective.

Lemma 7.4. As GL; s-modules, Sty s is a direct summand of (B3)*rs1Crs and kQ;STGLﬁS. In particular,
Pﬁ (kQ;STGLr'S) > 1

Proof. First we claim that (B3)5s4Clrs is a direct summand of kQ;.STGLm. Observe that & (Ql,) =
AGL; and & s(GPgr—i) X GPs_i i) = GL; ;. Since keré& s < Qri,s, we obtain eri.ﬂGP(ivr—i) X GPs—iji) ==
(ka GLI.TGL"J)E“ from Lemma 13. Considering the block Bf of GL; as a GL;;-module, we see that
(BZ)%rs is a direct summand of kQ;-.STGPW*D xGPs-i.h, Now the claim follows.

Next we show that St; s is a direct summand of (Bg)‘ngGLrvS. Since B} = St; ;, as GL; ;-modules, we
get (B3)5rs = (St)™ ® (Stj)*s, as GP( 1y,(1,i-modules. Then (B3)5rs4Clrs = (St;) ™4 Clr @ (St;)Hs4CLs, as
GL; s-modules, follows by (10.17) in [5]. By Lemma 7.3 we know that St; is a component of (St;) T 46Lr
and St; is a component of (St;)*s4CLs, In particular the projective module St; s is a direct summand
of (BZ)¥rs1Sls. O

Lemma 7.5. The N (V; s)-module (St s)7rs is indecomposable with vertex V5. Itis the only such component
of kg, (v, ) N6 (Vrs)_ Also (Sty 5) P is a component of((Bé)ngRi W, ) ANEVrs),

Proof. Lemmas 7.2 and 7.4 show that pt(erisTGLf-S) =1 for (r,s) e {(i,i +1),({+ 1,i+ 1)}. Hence

chi(v,’S)TNG(V”) has a unique component with vertex V, s, by Lemma 7.1. The case (r,s) = (i + 1, 1)
now follows from Lemma 3.4.

From Lemmas 7.1 and 7.4 we get that (St;s)”rs is a direct summand of I<Nci<vr’5)¢NC(Vf«S). As
Vi s € Sylp(ker Pr 5), each component of (Str,S)T” has vertex V,g, by Lemma 1.4. Hence (Strﬁs)?ﬂf
is indecomposable with vertex V; ;.

Lemma 7.4 shows that St.s is a component of (B)*4Clrs. So (St )"+ is a component of
((B)%rs 4 6lrs)Prs. Next observe that Pr (N, (Vr.5)) = GPir—i) X GP(s_i5). As kerPps < Ng,(Vy5), we
conclude from Lemma 13 that (BZ)5rs4Clrs = (BZ)Y4Ne(Vrs) where y := &5 o Pr sINg, (v,.5)- But

RINg. (V) ~
&rs © PrsINg, (Vr.s) = RINg, (vr.5)» and (Bf) NR; (V) = (Bé):Rl«NRi(V,YS), by (2). O

Theorem 7.6. Leti € {1,..., L%J} and (r,s) e {(i,i+ 1), (i +1,i), i+ 1,i+ 1)}, provided that r + s < n.
Then kCI.TG has exactly one component M; s with vertex V;s. In decomposition (12), M; s is a compo-
nent of Wo1¢ = ky,1¢. In decomposition (13), My,s is a component of (B3)® 4°. Finally with respect to
(G, Vr5,Ng(V;5)) the Green correspondent of My s is (Str,s)fpfvS.

Proof. By Theorem 1.1 and Lemma 7.5 we derive that quC has a unique component M, with
vertex V; s, whose Green correspondent with respect to (G, Vs, Ng(Vy5)) is (Str,s)?m. Furthermore
as (Sty.5)”rs is a component of ((BS)‘{RiNRi(V,YS))TNG(V'*S), by Lemma 7.5, it follows from Lemma 5.3
that M; s is a component of (Bé)gz 4. In particular we have located M; s in the decomposition (13).
Now Theorem 3.2(c) shows that M; s is a component of WotC. O
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8. The trivial group as a vertex

The trivial group turns out to be the most exceptional vertex. By Theorem 3.1 we deduce that in
the decomposition (5) the module kcmTG, where m := L%J, is the only summand that could have a
projective component.

Let us briefly only consider the case of the involution module, that is, when p = 2. Theorem 8 of
[8] states that all projective components of kJ are self-dual, irreducible and appear with multiplicity
one. On the other hand all self-dual and irreducible projective kG-modules appear in kJ. But in the
case p =2, the Steinberg-module St;, is the only self-dual irreducible projective kG-module, and thus
it is unique as a projective component of the involution module.

We have no equivalent statement to the above theorem in the case of odd characteristic. However
below we verify that there is at least one projective component.

In the following let p again be arbitrary. First we describe the restriction of Str’; to Ry, for all
j=0,1,...,q — 2. We define

Ry :={Dn(A,B,C): A,C € GLp, B € GLy_om}.

Then R}, < Rm. Note that n—2m is either zero or one. Next we set R* := R|gx , where R : Ry — GLin,m
is the homomorphism defined in (10). Finally we define the GLp ,-module Sty m := Sty ® Stin.

Lemma8.1. St} | = ((Stm.m)®)i4km, forall j=0,1,...,q—2.

Proof. Recall that St; is a projective component of kBmTGLm. So Stm.m is a projective component of
kg, xB, 1¢tmm, by [7] (Proposition 1.2). Note that ker R* is a p’-group. Hence Lemma 1.4 implies that
(Stm.m)®" is projective. Also R*(BnNR,) = By x By and ker R* < Bp,. So we conclude from Lemma 1.3
that (kg, x, 1Cmm)R" = kg gs 18m. In particular (Stmm)® tfm is a projective direct summand of

kg,nrz, 1.

Next observe that St, |, is a direct summand of (anTGNRm. As U, < Rp, it follows that
pj((kgnTc)wm) < 1. Hence St; |r,, is the unique projective component of (anTGNRm. But Mackey's
lemma implies that kg, g, tRm is a direct summand of (kg, 1) r,,, since Ry N BE = By N R}, where

I
g = ( In—om )
Im

Hence Sty g, = (Stm.m)® 1Rm. Our statement follows as ((Stym)™ 18m)/ = ((Stym)®)I1Rm and
Sty d Ry = (Sta dR,)Y. O

Lemma 8.2. For every p-block B of G and j=0,1,...,q — 2 we have

Homyg (Sth, BX 19) = Homygs, (((Stm.m)™®)’, BXY).
Proof. By Frobenius reciprocity and Lemma 8.1 we get

Homyg (St), BX 16) = Homyg,, (St} | ., BX)
(Stmm)® ) 18, BR)
(Stmm)™ ), BR g2 )
= Homygs. ((Stmm)®)’, BX),

= Homyg

m

= Homyg:,

(
(
(
(

where the isomorphism BﬁiR;% =~ B®" follows from (2). O
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Now we give the final statement on the projective components of @'1"21 kc,.TG. Recall that B}
denotes the block of GL;; that contains St;,. Then B(z) = St.m, as GLm m-modules, by (1).

Theorem 8.3. The Steinberg module St, is a component of kc, 16 if and only if i = m. In the decompositions
(12) and (13) of kc,, 1€ it appears as a component of kn,, 1, and (BZ)® 1€, respectively.

Furthermore in the case of the involution module kJ, that is, when p = 2, the Steinberg module St;, is the
unique projective component.
Proof. Since (Bf))j2 is a direct summand of both ky, 1¢ and kc, 1€, it is enough to show that St, is
a component of (BS)R. Being projective and irreducible, St, is a component of B® 4¢ if and only if

Homy¢ (Sty, (Bf,)jz 46) is non-trivial. But this is the case by Lemma 8.2 and the fact that B} = Sty m, as
GLy;,m-modules. The rest of the statement has been established in the introduction to this section. O

Lemma 8.4. [fn = 2m and p is odd, then St% is a projective component of(B?)R 16, where j = %.

Proof. Since p is odd, j is an integer. As n = 2m we have ((Stm_m)y*)f = ((Stm,m)j)y*. Furthermore
(Stom) = Sth, @ Sth, = st} @std 177 = B%. Now the statement follows from Lemma 8.2. O

Note that in the above lemma the module St,J; is irreducible, projective and self-dual. In particular
this is not a counter-example to an odd-characteristic version of Theorem 8 in [8].

Lemma 8.5. [fn =2m + 1 and p is odd, then Stj, where j = %, is not a component of kc,, 46, and thus not
a component of @ k¢, 1.

Proof. Suppose that St,{ is a component of kcmTG. Then there is some p-block B of G so that St,J; is a
component of BR. By Lemma 8.2, we have Homyc (St,’;, BR 16y = Homer*n(((Stm_m)W)f, B®"), which
is then non-trivial. Thus there is a non-trivial homomorphism ¢ : ((Stm,m)w)f — B¥",

Next let H := Dy (I;m+1, GLy). Then ((Stm,m)y*)jiy = (kgr, ® Stfn)w. So ¢ gives rise to a (Ip) x
GLp-homomorphism from kg, ® (Stm)J to the block B. Hence St,{1 appears in the block B, and so
Bst) @sti !~ BZ. Now let x € ((Stm,m)™")J and set y =g (x) € (B3)*". Also let § € F}, such that
B4 #1. Then

¥ =Dulm, B, In) - $ () = ¢(Dn(Im, B, Im) - x) = ¢ (87 -x) = B/ - ) = B/ - y.
As this is a contradiction, ¢ does not exist. O

9. The involution module of GL,(2f)
We conclude this paper with a comprehensive description of the involution module kJ of GL,(2/),
which we introduced in Section 2. Let G = GL,(2f), for some integer f >1 and let m = L%J. Then

kI=pr, kciTG, by (5). Using Theorems 4.3, 6.2, 7.6 and 8.3 we obtain

Theorem 9.1. Leti € {1,..., [5]}. Then

ket®= P BF4C

B a p-block of GL;

Unless B = B}, the summand BR4C is indecomposable, with the respective vertex S; or Vi, depending on
whether B is a block of full defect or of defect zero. The summand (Bé)g2 1G decomposes in the following way:
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Ifn = 2i, then (Bé)jz 4G has two components, the Steinberg module, which is projective and a component
that has vertex V; ;.

Ifn=2i+1, then (Bé)g2 4G has four components, the Steinberg module and a component with each of
the respective groups V; j, Vi iy1 and Vi1 ; as a vertex.

Ifn > 2i+ 2, then (B(Z))y 16 has four components with each of the respective groups Vii, Viig1, Vigr,i
and Viy1,iy1 as a vertex.

Finally all components of kc; 4G are pairwise non-isomorphic.

Remark 9.2. Theorem 9.1 is also true for odd characteristic unless i = L%J. In this case the statement
is true unless there are additional projective components. In fact the only unaccounted components
would have to be projective. However only if n = 2i are we aware of such an additional component,
that is, St} appearing as a component of (B;)gz 1G, where j = %. See Lemma 8.4.

We can now count the number of components of kJ.

Corollary 9.3. The involution module kJ of GL,(2/) decomposes into exactly 2f (n — 1) + (r — 1) components,
ifn = 2r, and into 25 (n — 2) + (r + 1) components, ifn = 2r + 1.

Proof. Note that S; = V1. First let n = 2r. We start with r = 1. Then kJ = k¢, TG. Hence there are
2/ —1 components with vertex S; and one projective component. So there are 2/ components, and
thus the claim is true.

Now let r > 2. Then kc]TG has 2/ — 1 components with vertex S; and three components with
the respective vertices Vi, V21 and V5. For all je{2,...,r — 1} we find that kchG has 2f — 1
components with vertex Sj, 2/ — 1 components with vertex V; j, and another three components
with the respective vertices Vj jy1, Vji1,j and Vjyq j1. Finally kc,1¢ has 2/ —1 components with
vertex Sy, ¢ — 1 components with vertex V,, and one projective component. Altogether the claim
follows for even n. Likewise one shows the claim for odd n. O

Corollary 9.4. The only self-dual components of kc; 1G are the various components of (Bé)92 16 and the com-
R AG
ponent By 1~.

Proof. Let M be a self-dual component of kciTG. Then M is a component of BX 16, for some 2-block
B of G. But according to Theorem 9.1 no two components of k¢, 1¢ are isomorphic, and thus BR 4G
must be self-dual. So if B is of full defect, then (9) implies that BX1C is self-dual if and only if
B = Bg. On the other hand if B is of defect zero, then using (1), we must have B = B}. Considering
their vertices we see that each component of (Bg)m 46 is indeed self-dual. O

Corollary 9.5. Forevery i € {1, ..., L%J — 1} the component Miy1,i+1 oflcciTG that has vertex Vi1 i11 (see
Theorem 7.6) is isomorphic to the component Mo of kc, , 1C (see Theorem 6.2). Moreover this is the only way
a component of the involution module can occur with multiplicity greater than one.

Proof. Let M and M’ be different components of the involution module that are isomorphic. Then
there are integers i, j such that 1<i < j<[5], and M is a component of kciTG and M’ is a com-
ponent of kchG. Now let V be a common vertex of M and M’. Since i # L%J, we know that V is
non-trivial. Therefore V is G-conjugate to one of the groups {S;, Vii, Vi it1, Vit1.i, Vit1,i+1} and to
one of groups {S;, V; i, Vj j+1, Vjs1,j, Vg1, j+1). A straightforward comparison of the size of the var-
ious groups shows that the only possibility is V = V;41+1 and j=1i+ 1. Hence M = M1 41, by
Theorem 7.6. Furthermore with respect to (G, V,Ng(V)) its Green correspondent is (St,-+1,,-+1)?"+1v"+1.

Ring (v

which is isomorphic to (St j) i, In particular M = Mg, where Mg is described in Theo-

rem 6.2. O
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In the following let i e {1, ..., L%J}. Recall decomposition (8).

Lemma 9.6. Set s := gcd(q — 1,n) and let r € {0, 1, ...,q — 2}. Then W,1C is indecomposable if and only if
i=landr#0ori>2andstr.

Proof. By Theorem 3.2(c) we see that W;1C is surely not indecomposable if i > 2 and s | r. So suppose
that i = 1. Then W16 = BrgQ 4G, Note that GL; is a 2/-group. So the 2-blocks of full defect coincide
with the blocks of defect zero. As the trivial module kgi, coincides with the Steinberg module, we
conclude that Bg = B}. So it follows from Theorem 9.1 that W;1¢ is indecomposable if and only if
r#0.

Next suppose that i > 2 and s{r. Then Theorem 3.2(c) shows again that W16 = Br52 1G. As now
B, ¢ BZ, we conclude that W,4C is indecomposable, by Theorem 9.1. That completes the proof. O

We conclude this section by calculating the dimension of the modules BX 1€, for all 2-blocks B of
GL;. In particular we know the dimension of most of the components of the involution module kJ of
GL,(2)). For any integer m > 1 we define

m

[mlg:=[](a/ - 1).

j=1
Lemma 9.7. Letr =0,1,...,q — 2 and set s := gcd(n,q — 1). Then

[n]q

. R i(i—
dime(B7) 1 ="V
q

q [nlq s
AT L — ifi=1orstr
. q—1 [ilg-[n—2i]g° ’
dim B 1€ ="
q'2 [nlq

(ilg—s-(q—1)-q), otherwise.

S
|
—_

[2-n—2ilq

Proof. Since dimy St; = q(é), it follows from (1) that dimy BZ = q'@="., Hence dimy(B?)® 1¢ =¢g/(-D .

.. P — [nlq
|G : R;|, where |G : Rj| = 2,

Theorem 3.2(c) gives B* 1¢ = W, 1€, if i =1 or s{r. Then dimy W;1¢ = |G : N;|, where |G : N;| =
) , . . (i
3T21 . % Finally let i > 2 and s |r. Then dimy B 1¢ = |G : Ni| —s - (¢’ - |G : Ry]), by Theo-
rem 3.2(c). O
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