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1. Introduction

Let G be a reductive connected algebraic group over an algebraically closed field K of

characteristic p. A subgroup

X of G is called G-irreducible (or just irreducible if G is clear

from the context) if it is closed and not contained in any proper parabolic subgroup of G.

This definition, as given by Serre in [26], generalises the standard notion of an irreducible
subgroup of GL(V). Indeed, if G = GL(V), a subgroup X is G-irreducible if and only if
X acts irreducibly on V. Similarly, the notion of complete reducibility can be generalised
(see [26]): a subgroup X of G is said to be G-completely reducible (or G-cr for short)

if, whenever it is contained
subgroup of P.

in a parabolic subgroup P of G, it is contained in a Levi
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Now let G be a simple algebraic group of exceptional type. In [30], the author classified
the simple, G-irreducible connected subgroups of rank at least 2. In this paper we clas-
sify the G-irreducible A; subgroups, completing the classification of simple, G-irreducible
connected subgroups. We note that the G-irreducible A; subgroups can be deduced from
[12, Theorem 1] when p > N(A1,G) (see the preceding table to Theorem 3.9 for the
definition), in particular when p > 7. In low characteristics there are fewer classes of
irreducible A; subgroups but the existence of non-G-cr subgroups complicates the proof.
We also note that if G # FEg then partial results can be found in [1]; we require a set
of conjugacy class representatives without repeat for the G-irreducible A; subgroups for
the Eg case and therefore classify the irreducible A; subgroups independently. The fol-
lowing theorem summarises the individual cases for each exceptional algebraic group Gj;
it classifies the G-irreducible A; subgroups of G.

Theorem 1. Suppose X is a G-irreducible subgroup Ay of a simple exceptional algebraic
group G. Then X is conjugate to exactly one subgroup of Tables 4 to 8, found in Sections 5
to 9, respectively and each subgroup in the tables is G-irreducible.

The validity of Theorem 1 will be established by proving Theorems 2 to 6 found below,
which classify the G-irreducible A; subgroups of G when G is of type Gy through Eg.
Each subgroup in Tables 4 to 8 is described by its embedding in some reductive, maximal
connected subgroup, given in Theorem 3.1. When we say a reductive, maximal connected
subgroup we mean a subgroup that is maximal among all closed connected subgroups
and is reductive. We note that the case p = 0 can be recovered by simply removing
any subgroup in the tables for which a non-zero field twist is necessary and assuming
p = oo when reading inequalities; this yields only finitely many classes of irreducible A
subgroups when p = 0.

A natural question to ask is whether G-irreducible subgroups of a certain type exist,
especially in small characteristics. As an immediate consequence of Theorems 2 to 6,
we reprove the following corollary, first proved by Liebeck and Testerman in [21] with
a correction by Amende in [1], showing that G-irreducible A; subgroups almost always
exist.

Corollary 1. Let G be an exceptional algebraic group. Then G contains an irreducible
subgroup A1, unless G = Eg and p = 2.

Given the existence of irreducible A; subgroups, we can use the proofs of Theorems 2
to 6 to study their overgroups. The next result shows the existence of a reductive,
maximal connected subgroup that contains representatives of each conjugacy class of
G-irreducible A; subgroups in small characteristics, with one exception.

Corollary 2. Let G be an exceptional algebraic group and p = 2 or 3. Then there
exrists a reductive, maximal connected subgroup M containing representatives of every
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G-conjugacy class of G-irreducible Ay subgroups, unless G = Fy and p = 3 (in which
case two reductive, mazimal connected subgroups are required). Table 1 lists such sub-
groups M .

Table 1

Maximal connected overgroups for G-irreducible A; subgroups.
G p=3 p=2
G2 A1 Al _ Al Al
Fy B4 and A1C3 By
Es Ca -
Eq A1Dg A1Dg
FEg Dsg Dg

The choice of M is not unique; for example, if G = F; and p = 2 then Cj also
contains a representative of every G-conjugacy class of G-irreducible subgroup A;. We
also note that in larger characteristics more reductive, maximal subgroups are required.
In particular, when p > 19 we need seven such subgroups for G = Fy.

The next corollary shows that the G-conjugacy class of a G-irreducible subgroup A;
is determined by its composition factors on the adjoint module for G. This is similar to
[15, Theorems 4, 6] and extends part of Theorem 3.9 to low characteristics for irreducible
A, subgroups.

We must first explain a definition we will use throughout the paper. Let X and Y
be semisimple subgroups of a semisimple algebraic group G and let V' be a G-module.
Then we say that X and Y have the same composition factors on V if there exists an
isomorphism from X to Y sending the set of composition factors of V' | X to the set of
composition factors V' | Y (counted with multiplicity).

Corollary 3. Let G be an exceptional algebraic group and X and Y be irreducible Ay
subgroups. If X and Y have the same composition factors on L(G) then X is conjugate
toY.

We also deduce that the G-conjugacy class of a simple connected subgroup of G
is determined by its composition factors on a smallest dimensional non-trivial module
for G, which we will abbreviate to “minimal module” throughout. The dimensions of
such a module are 7 (6 if p = 2), 26 (25 if p = 3), 27, 56 and 248 for G = G2, Fy, Eg, E7
and Fjg, respectively.

Corollary 4. Let G be an exceptional algebraic group and X and Y be irreducible Ay
subgroups. If X and Y have the same composition factors on a minimal module for G
then X is conjugate to Y.

The next corollary lists some of the interesting A; subgroups that are M-irreducible
but not G-irreducible for some reductive, maximal connected subgroup M. Here “in-

teresting” means that the M-irreducible subgroup is not obviously G-reducible, i.e.
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M'-reducible for some other reductive, maximal connected subgroup M’ or contained in
a proper Levi subgroup.

To describe one of the subgroups we first define a piece of notation from [30]. Suppose
G = Eg and p = 2. There are two Dg-conjugacy classes of By subgroups in Dg acting
irreducibly on the natural module for Dg. Since p = 2, one is Eg-irreducible (by [30,
Lemma 7.5]) and denoted by By(f) and the other is Eg-reducible (by [30, Lemma 7.4])
and denoted by By(f). Furthermore, there are two Dg-conjugacy classes of A; subgroups
acting irreducibly on the natural module for Dg and one of these is contained in By(t)
and the other in B4(}); thus we can differentiate them by giving the B4 overgroup they
are contained in.

Corollary 5. Let G be an exceptional algebraic group and X be a subgroup Ay of G.
Suppose that whenever X is contained in a reductive, mazimal connected subgroup M it
18 M -irreducible and assume that such an overgroup M exists. Assume further that X is
not contained in a proper Levi subgroup of G. Then either:

(1) X is G-irreducible, or
(2) X is conjugate to a subgroup in Table 2. Such X are non-G-cr and satisfy the
hypothesis.

Table 2
Non-G-cr subgroups that are irreducible in every (and at least one) maximal, reductive overgroup.
G Max. sub. M p M-irreducible subgroup X
G2 A1A~1 P = 2 Al — AlAl via (17 1)
E;  Ag p=2 Va(O)lA=101"e1F (0<r<s)
A1Go p=7T Ap — A1A; < A1G2 via (1,1) where A; < G5 is maximal
Es Ds p=2 Ay < By(}) where Vp,(\) L A1 =11 @1 @1 (0 <r<s <)

and Vg, (A1) | A1 =2 @ 2l @ 2l g 2l

The notation in the fourth column of Table 2 is explained in Section 2.
2. Notation

Let G be a simple algebraic group over an algebraically closed field K of character-
istic p. Let ® be the root system of G and ®T be the set of positive roots in ®. Write
T ={ay,...,o} for the simple roots of G and Ay, ..., \; for the fundamental dominant
weights of G, both with respect to the ordering of the Dynkin diagram as given in [6,
p. 250]. We sometimes use ajas . .. a; to denote a dominant weight a; Ay +agAa+- - -+aiA;.
We denote by V() (or just A) the irreducible G-module of dominant high weight A. Sim-
ilarly, the Weyl module of high weight A is denoted W(\) = W () and the tilting module
of highest weight X is denoted by T'(\). Another module we refer to frequently is the
adjoint module for G, which we denote L(G). We let V7 := W, (10), Vag := Wg, (0001),
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Var := Vis(A1) and Vig := Vg, (A7). We note that V7 (V) is irreducible unless p = 2
(p = 3). For G-modules V, W we write V + W for the module V& W and let V* de-
note the dual module of V. If Y = Y1Y5...Y), a commuting product of simple algebraic
groups, then (V3,..., V%) denotes the Y-module V] ® - - - ® V}, where each V; is an irre-
ducible Y;-module. The notation X denotes a subgroup of Y that is generated by long
root subgroups of Y. If Y has short root elements then X means X is generated by short
root subgroups.

Now suppose p > 0. Let F' : G — G be the standard Frobenius endomorphism
(acting on root groups U, = {uq(c)|c € K} by uq(c) = uq(c?)) and V be a G-module
afforded by a representation p : G — GL(V). Then VI"l denotes the module afforded
by the representation pl"} := po F". Let Mj,..., M}, be G-modules and n4,...,n; be
positive integers. Then M{" /... /M;* denotes a G-module having the same composition
factors as M{"* @ --- @ M,'". Furthermore, V' = M;|...|M;, denotes a G-module with
a socle series as follows: M, = Soc(V) = Soc'(V) and for i > 0, we have Mj,_; is
Soc™™ (V) = Soc(V/N;) where N; is the inverse image in V' of Soc’ (V') under the quotient
mapping V' — V/N;_1 (so Ng = 0 and N; = M},). Sometimes, to make things clearer,
we will use a tower of modules

My
M,
M
to mean the same as M| Ma|Ms.
We need a notation for diagonal subgroups of ¥ = H;H,...Hg, a commuting

product of subgroups of type A;. Let H be a simply connected subgroup A; and
Y = H x H... x H, the direct product of k copies of H. Then we may regard Y
as ?/Z where Z is a subgroup of the centre of ¥ and H; is the image of the ith pro-
jection map. A diagonal subgroup of Y is a subgroup X =~ H of the following form:
X = {(¢1(h),...,¢r(h))|h € H} where each ¢; is a non-trivial endomorphism of H.
A diagonal subgroup X of Y is the image of a diagonal subgroup of ¥ under the natural
map Y — Y. To describe such a subgroup it therefore suffices to give a non-trivial en-
domorphism, ¢;, of H for each i. By [27, Chapter 12], ¢; = af; F"* where « is an inner
automorphism, 6; is a graph morphism and F" is a power of the standard Frobenius
endomorphism. We only wish to distinguish these diagonal subgroups up to conjugacy
and therefore assume « is trivial. Moreover, there are no non-trivial graph automor-
phisms of A;. It therefore suffices to give a non-negative integer r; for each i. Such a
diagonal subgroup X is denoted “X <« H{Hy ... Hy via (171, 10721 1[%])”. We often
abbreviate this to “X via (1[’”1], ey 1[”])” if the group Y is clear. We note that to avoid
any redundancies we always take the minimum of the r1,...,7; to be zero.

Now let G be a simple exceptional algebraic group. In Tables 4 to 8 we give an ID num-
ber to each of the conjugacy classes of G-irreducible A; subgroups in Theorems 2 to 6.
The notation G(#a) (or simply a if G is clear from the context) means the G-irreducible
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subgroup corresponding to the ID number a. Sometimes G(#a) will refer to infinitely
many conjugacy classes of G-irreducible subgroups. This only occurs for diagonal sub-
groups and the conjugacy class will depend on field twists 71, ..., 7. Sometimes we need
to refer to a subset of the conjugacy classes that G(#a) represents, described by an
ordered set of field twists s1,..., s and this will be denoted by G(#a{sl"”’sk}). Let us
give a concrete example to make this clearer. Consider Ga(#1), the conjugacy classes
of diagonal subgroups A; — A;A; via (117,16)) (rs = 0; 7 # 5) (see Table 4). Then
the notation Go(#1{70}) refers to the conjugacy classes with s = 0 and the notation
Go(#111:0}) refers to the single conjugacy class A; < A; Ay via (101,1).

In Tables 4 to 8 we also need a notation to be able to describe M-irreducible
A; subgroups X of reductive, maximal connected subgroups M of G. Suppose M =
MM, ... M,, with each M; simple. If all of the factors are simple classical algebraic
groups then we define

Vi = Var, (A1) @ Var,(\) @ -+ @ Vi, (A1)

and let Vs | X be the usual restriction of the M-module Vj; to X. If M = F4 then we
define Vs | X to be Fy(#a), where a is the ID number of the subgroup X of Fy. The final
case we need to describe the notation for is M = M7 My where M is one of A1Go, AsGo,
G2C3, A1 Fy, GoFy or A1 E;. The projection of X to both M; and Ms is an M;-irreducible
subgroup Aj, say X; (by Lemma 3.3) and therefore X is a diagonal subgroup of X; X5
via (1[”], 1[T2]). We need to give X1, X5 and the field twists rq, ro. If M; is classical then
write Vi, (A1) } X; for X; and otherwise write M;(#a) for X;, where a is the ID number
of X; in M;. Then we define V; | X = (X{T], Xés]). We make a slight modification if
X; (or similarly X5 but not both) is a diagonal subgroup of some subgroup Y of My,
which is of exceptional type, so X1 = M;(#a) <Y via (1(11, .. 1[%]). In this case, X is
a diagonal subgroup of Y X, and we define Vi; | X = (M (#als16h), Xésk“]).

Again, let us give a concrete example to make this clearer. Suppose G = E7 and
M = A;Fy. Then F; has a maximal subgroup A; when p > 13, which is of course
Fy-irreducible and denoted by Fy(#10). Letting the factor A; of M be X; and the
maximal subgroup of F; be X; we have an M-irreducible subgroup X — X;X, via
(171 101y (rs = 0). Then Vs | X = (17, Fy(#10)[]). The notation changes slightly
when we consider another Fj-irreducible subgroup. Let X; be as before but this time
let X2 be the subgroup Fy(#8), i.e. A1 — A1A; < A;C3 via (1[“], 1[”]) (p>7 uv=0)
where the second A factor is maximal in C3. Then X < X; Xy via (17, 11%]) (rw = 0) is
M-irreducible and represents X — X7 A; A; via (107,151 11) (rst = 0) where s = u+w
and t = v + w. We then write Vas | X = (1", Fy(#8{5h)) (rst = 0).

Let J = {oj,,0j,,..., ;. } CIT and define ® ; = PNZJ. Then the standard parabolic
subgroup corresponding to J is the subgroup P = (T,U, : a € ®; U®T). The Levi
decomposition of P is P = QL where Q = R, (P) = (Uy|a€®t\®;), and L =
(T,Uy | € @ ). For i > 1 we define
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Q(l) = <Ua o = ZCJ'O[]‘ where Z Cj > Z>,

JEII JEM\J

which is a subgroup of Q. The ith level of Q is Q(i)/Q(i + 1), and this is central in
Q/Q(i+1).

3. Preliminaries

Let G be a simple algebraic group over an algebraically closed field of characteristic p.
The first result needed for the proofs of Theorems 2 to 6 is the classification of reductive,
maximal connected subgroups of exceptional algebraic groups.

Theorem 3.1. (See [19, Corollary 2].) The following tables give the conjugacy classes of
reductive, mazimal connected subgroups M for G a simple exceptional algebraic group.

We also give the composition factors of the restrictions to M of Vi, Vag, Var, Vse and
L(G).

G =Gy
M Comp. factors of V7 | M Comp. factors of L(G2) | M
As 10/01/00 W(11)/10/01
As (p=3) 11 11/30/03/00
A1 Ay (1,1)/(0,W(2)) (W(2),0)/(0,W(2))/(1,W(3))
A (p2>7) 6 W (10)/2

G=F,
M Comp. factors of Vog | M Comp. factors of L(Fy) | M
Bs W (1000)/0001/0000 W (0100) /0001
Cy (p=2) 0100 2000,/0100,/0001/0000%
A,C5 (p # 2) (1,100)/(0, W(010)) (2,000)/(0,200)/(1,001)
A1G2 (p # 2) (2,10)/(W(4),00) (2,00)/(0, W (01))/(W(4), 10)
AsAg (10,10)/(01,01)/(00, W(11)) (W(11),00)/(00, W (11))/(10, W(02))/(01, W (20))
Gz (p=17) 20 01/11
Ay (p > 13) w(16)/8 W (22)/W(14)/10/2

G = Eg
M Comp. factors of Comp. factors of L(Eg) | M

Vor | M
A1 As (1, X1)/(0, Aa) (W(2),0)/(0, W (A1 + A5))/(1, Az)
F, W (0001) /0000 W (1000) /W (0001)
Cy (p#2) 0100 2000,/ W (0001)
A3 (10,01, 00)/(00, 10, 01)/ (W (11), 00, 00) /(00, W (11), 00) /(00, 00, W (11))/
(01, 00, 10) (10,10, 10)/(01, 01, 01)

AxGa (10, W (10))/(W (02), 00) (W(11), W(10))/(W(11),00)/(00, W (01))
G2 (2 classes; p £ 7) W (20) wW(01)/W(11)

Az (2 classes; p > 5) W (22) 11/41/14
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G=F;
M Comp. factors of Vzg | M Comp. factors of L(E7) | M
A1 Dg (1,21)/(0, As5) (W(2),0)/(0, W(A2))/(1, Xe)
Az X2/Xe W(X1 + A7)/
Az As (10, X1)/(01, X5)/(00, A3) (W(11),0)/(00, W (A1 4+ X5))/(10, X4)/(01, A2)
G2Cs (W(10),100)/(00, W (001)) (W (10), W(010))/(W (01), 000)/(00, W (200))
A1Gy (p#2) (1, W(01))/(W(3),10) (W(2),00)/(0, W(01))/(W(4),10)/(2, W(20))
ALFy (1, W(0001))/(W(3),0000) (W (2),0000)/(0, W (1000))/(W(2), W(0001))
Ay (p>5) W (60) /W (06) W(44) /11
A1Ay (p25)  (W(6),3)/(4,1)/(2,W(5))  (2,0)/(0,2)/(2, W(8))/(W(6),4)/(4, W(6))/(4,2)/(2,4)
A; (p>17) W (21)/15/11/5 W (26)/W(22)/W(18)/16/14/10%/6/2
A; (p > 19) W (27)/17/9 W (34) /W (26) /W (22)/18/14/10/2

G = Fg
M Comp. factors of L(FEg) | M
DS W()\2)/>\7
Asg W (A1 + Xs)/ A3/ X5
A1Eq (W(2),0)/(0,x1)/(1, A7)
Az FEg (W(11),0)/(00, W (A2))/(10, X6)/(01, A1)
Ai (W (1001), 0000)/(0000, W (1001))/(1000,0100)/(0001, 0010)/(0100,0001)/(0010, 1000)
GoFy (W(10), W(0001))/(W(01),0000)/(00, W (1000))
B> (p > 5) 02/W(06)/W (32)

ArAz (p25)  (W(6),11)/(W(2), W(22))/(4, 30)/(4,03)/(2,00)/(0,11)
Ay (p > 23) W (38)/W (34) /W (28) /W (26)/22%/18/16/14/10/6/2

Ay (p > 29) W (46)/W (38)/W (34)/28/26,/22/18/14/10/2

Ay (p > 31) W (58)/W (46) /W (38)/W (34)/26,/22/14/2

Note that in the cases in Theorem 3.1 where M is of maximal rank, the composition
factors are not given in [19] but can be found in [20, Lemmas 11.2(iii), 11.8, 11.10, 11.11,
11.12(ii)]; moreover, for (G, M) = (Es, A3), (E7, A2As5), (Es, Dg) and (Es, A3) we have
made a choice of simple system within each factor.

We next recall the algorithm of Borel and de Siebenthal, described in [23, 14.2]. The
algorithm describes a way of using the extended Dynkin diagram to find subsystem
subgroups of G. When G is exceptional it finds all such subsystem subgroups unless
(G,p) = (G2,3) or (Fy,2), in which case certain subgroups containing short root sub-
groups need to be added. The subgroups of maximal rank in Theorem 3.1 come from this
algorithm, although a maximal rank subsystem subgroup need not be maximal amongst
connected subgroups. For example, we have the following inclusion of maximal rank sub-
system subgroups A} < A1Dy < D} < Dg < Eg. Throughout the proofs of Theorems 2
to 6 we will implicitly make use of this algorithm to describe maximal rank subsystem
subgroups.

For the following lemmas let G be a semisimple connected algebraic group. We describe
some elementary results about G-irreducible subgroups.

Lemma 3.2. (See [21, Lemma 2.1].) If X is a G-irreducible connected subgroup of G,
then X is semisimple and Cq(X) is a finite subgroup.
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Lemma 3.3. (See [30, Lemma 5.6].) Suppose a G-irreducible connected subgroup X is
contained in K1Ks, a commuting product of connected non-trivial subgroups Ky, Ko
of G. Then X has a non-trivial projection to both Ky and Ky. Moreover, each projection
is a K;-irreducible subgroup.

We now need some results that allow us to deduce whether or not a subgroup A; of G
is G-irreducible. The first result allows us to do that when G is a classical simple group.
Recall that if G is not of type A,, then G has a natural non-degenerate bilinear form
on V(A1) (noting that we are factoring out the radical when (G, p) is (Byp,2)) and the
notation V = V; L V5 denotes an orthogonal decomposition with respect to this form.

Lemma 3.4. (See [21, Lemma 2.2].) Suppose G is a classical simple algebraic group, with
natural module V.= Vg(A1). Let X be a semisimple connected closed subgroup of G. If
X is G-irreducible then one of the following holds:

(i) G = A, and X is irreducible on V.
(i) G = Bp,Cp or Dy and V| X =Vy L ... L Vi with the V; all non-degenerate,
irreducible and inequivalent as X -modules.
(iii) G = Dy, p = 2, X fizes a non-singular vector v € V, and X is a G, -irreducible
subgroup of G, = B,_1.

Applications of this lemma often implicitly invoke some facts about the representation
theory of X. For instance, suppose that X is of type A; and that n < p. Then we
implicitly use that the dimension of V' = Vx(n) is n4+1; and that X preserves a symplectic
form on V when n is odd and preserves an orthogonal form when n is even.

The next lemma and corollary are used heavily in the proofs of Theorems 2 to 6 to
show a subgroup is G-irreducible for a simple exceptional algebraic group G.

Lemma 3.5. (See [30, Lemma 5.8].) Let X be a semisimple connected subgroup of G and
let V' be a G-module. Suppose that X does not have the same composition factors as any
semisimple connected subgroup H of the same type as X with H < L’ and L-irreducible,
for some proper Levi subgroup L of G. If X is of type B,, and p = 2 then assume further
that there is no subgroup H of type C, with H < L' and L-irreducible, for some Levi
subgroup L of G, such that there is an isogeny ¢ : X — H inducing a mapping which
takes the composition factors of V | X to those of V | H. Then X is G-irreducible.

Corollary 3.6. (See [30, Corollary 3.9].) Suppose X < G is semisimple and L(G) | X
has no trivial composition factors. Then X is G-irreducible.

Proof. Suppose X is G-reducible. Then by Lemma 3.5 (with V = L(G)) there exists a
subgroup H of some Levi subgroup L; such that the composition factors of L(G) | H
are the same as L(G) | X. But H < Ly, so L(G) | H has trivial composition factors
coming from L(Z(L1)), a contradiction. O
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The next result is [16, Prop. 1.4] with .S allowed to be any closed subgroup of X; the
proof is the same.

Lemma 3.7. Let X be a linear algebraic group over K and let S be a closed subgroup
of X. Suppose V is a finite-dimensional X -module satisfying the following conditions:

(i) every X-composition factor of V is an irreducible S-module;
(i) for any X-composition factors M, N of V, the restriction map Exty (M, N) —
Exty(M, N) is injective;
(iii) for any X-composition factors M,N of V, if M | S =2 N | S, then M = N as
X -modules.

Then X and S fix precisely the same subspaces of V.

The following well-known result will be used implicitly to prove certain extensions of
Ai-modules exist.

Lemma 3.8. (See [2, Corollary 5.9].) Suppose X is an algebraic group of type Ay and
that M is an irreducible X -module such that H' (X, M) # 0. Then M is a Frobenius
twist of (p—2) @ 1M and HY (X, M) =2 K.

When considering the conjugacy class of a subgroup A; in an exceptional algebraic
group, the following result is useful. We define a prime number N(A;, G) for each ex-
ceptional algebraic group G as in the table below.

G Go Fy Eg Er Eg
N(A1,G) 3 3 5 7 7

Theorem 3.9. (See [12, Theorem }].) Let G be an exceptional algebraic group in character-
isticp > N(A1,G) and X1 and Xa be Ay subgroups of G that have the same composition
factors on L(G). Then X, and X5 are G-conjugate.

In the proofs of Theorems 5 and 6, we use Lemma 3.5 to prove A; subgroups are
G-irreducible when p = 2 for G = E7; and Eg. To do this, we need to know the
L'-irreducible A; subgroups of Levi subgroups L of G when p = 2, which we list in
the following lemma. For a Levi subgroup L such that all factors of L' = Ly ... L,, are
classical, we define V7, to be the module Vi, (A1) @ --- @ Vi (A1).

Lemma 3.10. Let G = E; or Eg with p = 2 and let L be a proper Levi subgroup of G.
Then Table 3 contains each L-irreducible subgroup A .

Proof. Let L be a Levi subgroup of G. Write L' = Ly ... L,, where each L; is a simple
factor. Given the L;-irreducible subgroups of type Aj, then all L’-irreducible subgroups
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Table 3
L-irreducible Ay subgroups of Levi factors L of E7 and Es when p = 2.

Levi L/ VL J, A1
E; see Theorem 5
Dy 0[(2 4 271 4 2051 4 oltl 4 olwl L 2P0 (D <r<s<t<u<wv)
o]l +2thjo+ 1l @1 @ 1] (rt = 0; r < 55t < u < v)
oj(2!" +2lhj0+ 1M @ 1™ 1T @ 1] (rt =0y r < 85t < uj t < w30 < w)
Dg 0[(2 4 2" 4 2bsl polth L olulyj0 (0 < r < s <t < u)
0[(2l7 4 2ls1 y 2lthyjo 4 119 @ 1) (ru = 0; r < s < £ u < V)
1M g1l @1 1 @1l (ru =05 r < s < t; u < v)
1@ 107 4106 @1 4 104 @ 11 (s < min{t, uw, v}; [{0, r}] + |{s, t}| + |{u,v}| > 5;
|{{07 r}v {57 t}1 {u, U}}‘ = 3)

A1Ds @l o) (2] 4+ 2 4 ol L ol j0) (rs = 0; s < t < u < v)
Ds 0[(2 + 27 4201 L 2lt1yj0 (0 < r < 5 < 1)
A1Dy (1 o251 4 20 4 2[uly|0) (rs = 0; s < t < w)

[

1l 1l @ 1M @ 114y (rs = 0; s < t < u)

(I[T], 1l @1 414 g 1[“]) (rs =0; s <t; u <w;if s =wu then t < v)
Dy 0[(2 4 2" 4 2ENj0 (0 < r < 5)

1@ 1" @ 1051 (2 classes; 0 < r < s)

1@ 17+ 16l @11 (0 < r; s < t; if s =0 then 7 < t)

Aq 1@1M @1l (0<r<s)

A2 M @1t 1 @14y (rt =05 7 < 55t < w)
A2 A4 @11l @ 1) (rst = 0; ¢ < w)

Ay A a1l @1ty (s < t)

Al (1) qlsl g Ty (rstu = 0)

As 11 (r #£0)

A3 (a1l 4y (st = 0)

A7 (1l (rs = 0)

A1 1

of type A; follow, since they are just diagonal subgroups (by Lemma 3.3). We there-
fore give a brief description of the L;-irreducible subgroups of type A; to conclude the
proof.

Suppose L; is of classical type. We use Lemma 3.4 to find all L;-irreducible A; sub-
groups. First let L; = A,, then V,, := V4 (A1) | A; is irreducible. By Steinberg’s
Tensor Product Theorem, it follows that V,, | 4; = 1"l @ 12l @ ... @ 1] for distinct
r1,...,r; since p = 2. Therefore, A, has an A,-irreducible subgroup A; if and only if
n+1 = 2% for some k > 1. Now let L; = D,, (4 < n < 7). In all cases L; has an
Li-irreducible subgroup Aj, acting as 0[(2l"1) 4-- - 4 2["=11)|0 on Vp, (A1), coming from
part (iii) of Lemma 3.4. If n =4 or 6 then L; has an L;-irreducible subgroup A; acting
as 1Ml @ 102l 4 ... 4 1lrn-1l @ 1[ra] on Vb, (A1). Finally, if n = 4 then there are two
further classes of L;-irreducible A; subgroups, acting as 1 ® 1" @ 165 on Vb, (A1).

Now suppose L; is of exceptional type and hence isomorphic to Eg or E7. We use
Theorems 4 and 5, respectively, to find the L;-irreducible A; subgroups. We note that
we are permitted to do this since we prove Theorems 4 to 6 successively and so are
only using Theorems 4 and 5 after they have been proved. In particular, there are no
Fjg-irreducible A; subgroups when p = 2. All Er-irreducible A; subgroups are contained
in A;Dg when p = 2 and are listed in Table 8. 0O
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4. Strategy for the proof of Theorem 1

To prove Theorem 1 we prove Theorems 2 to 6 in Sections 5 to 9, respectively and
successively. In this section we describe the strategy used in proving Theorems 2 to 6. Let
G be an exceptional algebraic group over an algebraically closed field of characteristic p.
Suppose X is a G-irreducible subgroup A; of G. Then X is contained in a maximal
connected subgroup M of G. Since X is G-irreducible, M is reductive. Furthermore,
X is M-irreducible as any parabolic subgroup of M is contained in a parabolic subgroup
of G by the Borel-Tits Theorem [4]. Therefore, X is contained M-irreducibly in some
reductive, maximal connected subgroup M of G and the following strategy finds all
such X.

Take a reductive, maximal connected subgroup M from Theorem 3.1 and find all
M-irreducible A; subgroups of M, up to M-conjugacy. To do this we use Lemma 3.4 for
classical simple components of M, and Theorems 2 to 5 for exceptional simple compo-
nents of M of smaller rank than G = Fy, Eg, E7, Es. For each class of M-irreducible A;
subgroups X we then check whether there exists another reductive, maximal connected
subgroup containing X that we have already considered. If there is, then we have already
considered X and are done. If not, we must then decide whether X is G-irreducible or
not. To do this we heavily use Lemma 3.5 and Corollary 3.6. To apply these results we
must find the composition factors of the action of X on the minimal or adjoint module.
These can be found by restricting the composition factors of M to X. This can be done
for all M-irreducible A; subgroups and the composition factors for the G-irreducible
ones can be found in Section 11, Tables 9 to 13. To apply Lemma 3.5 we also need
the composition factors for the action of the Levi subgroups of G on the minimal and
adjoint modules. These can be found in Appendix A, Tables 18 to 22. In most cases, an
M-irreducible subgroup A; is G-irreducible: Corollary 5 lists the subgroups which are ir-
reducible in every reductive, maximal connected overgroup yet G-reducible. To prove an
M-irreducible subgroup X is G-reducible can be difficult and can require precise knowl-
edge of the action of X on the minimal or adjoint module for G as well as computation
in Magma [5].

5. Proof of Theorem 2: G3-irreducible A; subgroups

In this section we find the irreducible A; subgroups of G, proving Theorem 2 below.
We note that Theorem 2 is [1, Theorem 5.4] and can also be deduced from [28, Theo-
rem 1]. We give a proof for completeness and also to show how the strategy described in
Section 4 works. Recall the notation Vj,s from Section 2.

Theorem 2. Suppose X is an irreducible subgroup Ay of Ga. Then X is conjugate to
ezxactly one subgroup of Table 4 and each subgroup in Table 4 is irreducible.
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Table 4

The Ga-irreducible A; subgroups of Gs.
ID M Vi 4 X p
1 A Ay @l 1l (rs = 057 #£ 5) any
2 (1,1) >3
3 Ay 1 >7

We note that Table 9 gives the composition factors of V7 and L(G2) restricted to each
irreducible subgroup A; in Table 4.

Proof. The conjugacy classes of reductive, maximal connected subgroups M of Go are
listed in Theorem 3.1. They are As, A, (p = 3), A1 A and Ay (p > 7). Let X be an
M-irreducible subgroup A; of M.

First suppose M = A;A;. By Lemma 3.3, X has non-trivial projection to both
A; and A;. Hence X is a diagonal subgroup of M and we have X <« A;A4; via
(171 10y (rs = 0; 7 # ) or (1,1). The diagonal subgroups with distinct field twists are
Go-irreducible for all p. Indeed, to show X via (11", 105]) (rs = 0; r # s) is Gp-irreducible
we use Lemma 3.5. From Table 9, the restriction of Vg, (10) to X has a 4-dimensional
composition factor, namely 1" @ 1[5 (since r # s). Neither a Levi subgroup A; nor a
Levi subgroup A; has a 4-dimensional composition factor on Vi, (10) (the composition
factors are listed in Table 18) and hence X does not have the same composition factors
as either Levi subgroup on Vg, (10). Therefore, X is Ga-irreducible by Lemma 3.5.

Now consider X via (1,1). When p > 3, we see from Table 9 that X has no trivial com-
position factors on L(G2) and hence X is Ga-irreducible by Corollary 3.6. When p = 3,
we see that X has two 3-dimensional composition factors on Vi, (10). Neither 4; nor A,
has two 3-dimensional composition factors on Vg,(10) and hence X is Ga-irreducible
by Lemma 3.5. Finally, let p = 2. Then Vg,(10) | A;A; = (1,1) + (0,2) and so
Ve, (10) L X = (0]2]|0)+2 and X fixes a non-zero vector of Vi, (10). The stabiliser of this
non-zero vector in G5 is a parabolic subgroup. Indeed, G5 is transitive on 1-spaces of
Ve, (10) by [13, Theorem B] and the stabiliser of some 1-space is a parabolic subgroup.
Hence X is Ga-reducible.

Now suppose M = A,. The only irreducible subgroup A; of A, is embedded via the
representation with high weight 2, when p # 2, by Lemma 3.4 and therefore X is such a
subgroup A;. By [19, Table 10.3], we have A5.2 is contained in Gs. The subgroup Ay.2
contains an involution ¢ such that X is the centraliser of ¢ in A5.2. The centraliser in G
of tis A1 Ay, by [10, Table 4.3.1]. Therefore X < A, Ay and has already been considered.
In fact, X is conjugate to Ga(#2).

Now let M = A, (p = 3). Then as before, X is embedded in A via the representation
of high weight 2. The same argument as for M = A, shows that X is contained in A;A;.
In particular, X is Ga-irreducible and conjugate to GQ(#l{O’l}).

Finally, when M = A; (p > 7) we have X = M and hence X is Go-irreducible.
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To finish the proof of Theorem 2, we use the composition factors in Table 9 to check
that Go(#1), G2(#2) and G3(#3) are pairwise non-conjugate. 0O

6. Proof of Theorem 3: Fy-irreducible A; subgroups

In this section, we classify all Fy-irreducible A; subgroups of Fj, proving Theorem 3.

Theorem 3. Suppose X is an irreducible subgroup A; of Fy. Then X is conjugate to
exactly one subgroup of Table 5 and each subgroup in Table 5 is irreducible.

Table 5

The Fj4-irreducible A; subgroups of Fjy.
D M Vi 4 X p
1 By 1118 @1 o0 <r<s<i) any
2 2lrl polsl L 1 @ 10 (rt = 0; 7 < 55 ¢ < w) =
3 2420 L olsl Lol (0 < r < s < 1) =2
4 24207 42l (0 <r < s) >3
5 2@ 27 (r #£0) >3
6 all 16 @ 10 (rs = 0; s < 1) >5
7 8 > 11
8 AC3 (p #2) (117 551y (rs = 0) >7
9 al olsl @ 118y (rst = 0; s # 1) >3
10 Ay 1 > 13
11 A1Go A G (#3)E) (rs =0; r # 5) >7

The composition factors of Vo and L(Fy) restricted to each irreducible subgroup A;
in Table 5 are found in Table 10.

Proof. The conjugacy classes of reductive, maximal connected subgroups M of F, are
listed in Theorem 3.1. They are By, Cy (p = 2), A1C3 (p # 2), A1Go (p # 2), As Ay, Go
(p="T)and A; (p > 13). Let X be an M-irreducible subgroup A; of M.

Firstly, let M = B4. The M-irreducible A; subgroups are straightforward to find,
using Lemma 3.4. They are the subgroups Fy(#1)—Fy(#7) listed in Table 5 (without
the constraints imposed on the field twists) as well as the subgroups Y; and Y> acting as
3 @1l 40 (p>5)and 1@ 1M @16 (p=2;0 < r < 5) on Vp, (A1), respectively. Note
that Y1,Ys < Dy < By and are conjugate by a triality automorphism to subgroups acting
on Vg, (A1) as 47142051 1-0 or 0] (24201 +-2051)|0, respectively. The first is Fy (#61™5}) and
the second is By-reducible, by Lemma 3.4. Now consider Fy(#1) and Fy(#3). These are
diagonal subgroups of the maximal rank subsystem subgroups A} and fl‘ll, respectively.
Indeed, the subgroup A is a maximal subgroup of Dy < By, corresponding to the chain
S04804 < SOg < SOg. The subgroup A? only exists when p = 2 and is the image of A%
under the graph automorphism of Fj. The Weyl group of F; induces an action of S4 on
both A} and A%. The field twists in the embeddings of Fy(#1) and Fy(#3) can hence
be chosen such that 0 < r < s < t, as in Table 5. The constraints on the field twists in
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the remaining subgroups in Table 5 all come from considering the M-conjugacy classes
of the M-irreducible A; subgroups.

We must now prove that Fy(#1)-F4(#7) are Fy-irreducible. We first treat the cases
when p > 2.

Let X be Fy(#1) (p # 2) or F4(#6), so X is contained in A?B,. By restricting the
composition factors of L(Fy) | M (from Theorem 3.1) to A?By we have

L(Fy) 4 ATBs = (2,0,00)/(0,2,00)/(0,0,02)/(1,1,10)/(1,0,01)/(0, 1,01).
Let X = Fy(#1) (p # 2). Then X is contained in A} and we have

L(Fy) | AT =(2,0,0,0)/(0,2,0,0)/(0,0,2,0)/(0,0,0,2)/(1,1,1,1)/(1,1,0,0)/
(1,0,1,0)/(1,0,0,1)/(0,1,1,0)/(0,1,0,1)/(0,0,1,1).

Since 0 < r < s < t, there are no trivial composition factors occurring in L(F}y) | X and
thus X is Fy-irreducible by Corollary 3.6. Now let X = Fy(#6), so the projection of X
to By is a maximal subgroup A; (p > 5) and X is a subgroup of A?A;. The composition
factors of L(F}) restricted to A?A; are then as follows:

L<F4) i A%Al = (2a 0, O)/<07 2, 0)/(0’ 0, 2)/(0’ 0, W(6))/(1’ L, 4)/<17 0, 3)/(0’ L, 3)'

Therefore, Corollary 3.6 shows that X is Fj-irreducible unless p = 5 and X =
Fy(#610:91}) 'in which case L(Fy) | X = 10%/83/6/4/2/0. To prove X is Fy-irreducible
in this case we use Lemma 3.5. Suppose Y is an L’-irreducible subgroup A; of a Levi
subgroup L having the same composition factors as X on L(Fy). Then using Table 19,
we see that L’ = Bs, AsA; and A, A; are the only possibilities since X and hence Y,
by definition, has only one trivial composition factor on L(F}y). Suppose L' = Bz. Then
from Table 19, we see that Vp,(100) occurs as a multiplicity two composition factor of
L(Fy) | Bs. But it is impossible to construct two isomorphic 7-dimensional modules
from the composition factors of L(Fy) | Y, hence Y is not contained in Bs. Now suppose
L' = AyA; or AyA;. Then from Table 19, we have that (V4,(00), V4, (1)) occurs as a
composition factor of L(Fy) | L’ and hence Y has a 2-dimensional composition factor
on L(Fy). This is a contradiction. Hence we conclude that Y does not exist and X is
Fy-irreducible by Lemma 3.5.

Next, if X = Fy(#4) or Fy(#7) then X is Fy-irreducible by Corollary 3.6, with the
composition factors of L(Fy) | X given in Table 10.

The final case when p # 2 is when X = Fy(#5), acting on Vg, (A1) as 2@ 2] (r # 0).
From Table 10, if p > 3 then X has no trivial composition factors on L(Fy). Hence
Corollary 3.6 applies and X is Fjy-irreducible. If p = 3 then the composition factors
of Vag | X have dimensions 9,4% 1 or 9,43 3,12 (if » = 1). From Table 19, we see
that the only Levi subgroup with a composition factor of dimension at least 9 on Vag is
L' = C5. Moreover, the composition factors of Cs acting on Vo have dimensions 13, 62, 1.
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Therefore, no subgroup A; of C3 has the same composition factors as X on V,s. Hence
X is Fy-irreducible by Lemma 3.5.

We now assume p = 2. If X is either Fy(#1) or F4(#3), acting as 1@ 1"+ 181 @ 11 or
2+ 207 4 2ls] 4 21 (0 < r < 5 < t in both cases), respectively, we use Lemma 3.5. From
Table 10, we see that 1 ® 1" @ 105) @ 1[] occurs as a composition factor of L(Fy) | X.
Table 19 shows that there are no Levi subgroups with L(Fy) | L’ having a composition
factor of dimension at least 16 when p = 2. Hence X is Fy-irreducible by Lemma 3.5.

Finally, suppose X = Fy(#2) and so contained in A?A?, a maximal rank connected
subgroup of Fj, corresponding, for example, to the chain SO4Sp,Spy < Sp,Sps < Spg-
From L(Fy) | By we have

L(Fy) | A2A? =(2,0,0,0)/(0,2,0,0)/(0,0,2,0)/(0,0,0,2)/(1,1,2,0)/(1,1,0,2)/
(1,1,0,0)/(1,0,1,1)/(0,1,1,1)/(0,0,2,2)/(0,0,0,0)*.

It follows that X has at most 5 trivial composition factors on L(Fy) with the possible
extra one coming from (1,1,2,0), (1,1,0,2), (1,0,1,1) or (0,1,1,1). Using Table 19, we
see that only L' = Bs, C3 can have an irreducible subgroup A; with the same composition
factors as X on L(Fy). The only L’-irreducible A; subgroups of B3 or C5 when p = 2 are
diagonal subgroups of A3, A?A;, A;A? or A3. Any such subgroup has at least 6 trivial
composition factors on L(Fy). Hence X is Fy-irreducible by Lemma 3.5. This completes
the analysis of the M-irreducible A; subgroups contained in M = By.

Now let M = Cy (p = 2). Then another application of Lemma 3.4 shows that X acts
as 1@ 1M 41l @ 11 (r £ 0; s £ t; {0,r} # {s,t}), 1T @ 1] 4 10 4114 (r < s,
t<au), 1+10T 418 11l 0 <r <s<t)or1@1M @16 (0 < r < 5). The first
three are contained in the subsystem subgroup C3 and the latter is contained in the
subsystem subgroup Dy. Suppose X is contained in C2. There is only one Fj-conjugacy
class of subgroups C3 in Fy because Cr,(C2)° = Cq [14, p. 333, Table 2]. Therefore X
is contained in By and has already been considered. Now suppose X is contained in Dy
acting on Vg, (A1) as 1@ 1M @168 (0 < r < ). In this case X is contained in A; By which
is contained in a subgroup Bs since p = 2. By [7, Table 8|, we have Np,(D4)/Dy = S3
and hence applying the graph automorphism of Fj, we have N, (D4)/D4 = Ss. It follows
that all three D4-conjugacy classes of Bs are conjugate in Fy. Therefore X is contained
in a Cy-reducible Bs acting as 000/100/000 on V¢, (A1) and hence X is Fy-reducible.

Next, we consider the case M = A;C3 (p # 2). Using Lemma 3.4, we see that the
projection of X to Cs acts as 5 (p > 5), 301 + 161 (p > 7), 2l @ 18] (p £ 2,0 # 5),
or 1+ 1" + 151, In the second and fourth cases, the projection of X is contained in
A1C5 and so X is contained in A%Cg, which is also a subgroup of By. Therefore we have
already considered them. Now consider the first case, where the projection of X to Cj
is a maximal subgroup A; (p > 7) and so X is a diagonal subgroup of A;A;. This gives
the conjugacy classes Fy(#8) in Table 5. From Table 10, we see that X has no trivial
composition factors on L(Fy). Hence Corollary 3.6 applies and X is Fy-irreducible.
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The final possibility is that the projection of X to C3 is contained in a maximal
subgroup A; A; (p # 2), which acts as (2,1) on Vg, (100). In this case X < A; A; Ay via
(171, 161 1) (rst = 0). First, we suppose s = t. Then if p > 5 we have X is contained
in A%BQ and hence By because 2" ® 107 = 3[71 4107, If p = 3 then X is M-reducible
by Lemma 3.4 because 2[") @ 1] = 1I|3["11["]. Therefore, we only need to consider the
case s # t, yielding the conjugacy classes Fy(#9) in Table 5. We now prove that they
are all Fy-irreducible. From the composition factors of L(F}) | A;C3 in Theorem 3.1, we
find that

L(F4) \l/ AlAlAl = (27 070>/(07 2; 0)/(07 Oa 2)/(17 W(4)7 1)/(17 07 W(S))/(Ov W(4)7 2)

If p > 5 then X has no trivial composition factors on L(Fy) and so Corollary 3.6 shows
that X is Fy-irreducible. If p = 5 then Corollary 3.6 applies unless X = F4(7§r€9{0’0’1})7
which is embedded via (1,1, 111). In this case L(Fy) | X = 14/102/83 /22 /0. To show that
X is Fy-irreducible we use Lemma 3.5. Suppose Y is an L-irreducible subgroup A; of a
Levi factor L' having the same composition factors as X on L(F}). Then using Table 19,
we find that L’ = B3 since X, and hence Y, has a 15-dimensional composition factor
and only one trivial composition factor on L(Fy). Further inspection of the dimensions
of the composition factors of X on L(Fy) shows that there are three composition factors
of dimension 8 as well as the one of dimension 15. The dimensions of the composition
factors of L(Fy) | Bz are 21,82,7%,1. It follows that Y is not contained in Bs. This
contradiction shows that Y does not exist and hence X is Fj-irreducible by Lemma 3.5.
Now let p = 3. From the restriction of Vag | A;C5 in Theorem 3.1, we have

Vae ~|( AlAlAl = (17 2, 1)/(07 4, O)/(07 2, 2)/(07 0, O)

Using Table 19, we see that L’ = Cj3 is the only Levi factor that can contain a subgroup
Ay with the same composition factors as X on Vig because X has a 9-dimensional
composition factor, namely 2¥1 ® 2 (recalling s # t). We want to apply Lemma 3.5
to conclude that X is Fy-irreducible. From Table 19, we have Vas | C3 = 1002/010.
If the field twists for the embedding of X in A;A;A; are all distinct then X has a
12-dimensional composition factor as well as a 9-dimensional one, and hence there is no
subgroup A; of C3 with the same composition factors as X on Vag. The cases which
remain are X embedded via (11,107, 16]) (rs = 0) and (107,111, 107) (s = 0). The
dimensions of the composition factors on Vag are then 9,44, 1 (or 9,4%,3,1%2 if s = r + 1)
or 92,4,3,1 respectively. None of these are compatible with a subgroup A; of C3 and
hence X is Fy-irreducible. This completes the analysis of the M-irreducible A; subgroups
contained in M = A;Cs.

Now suppose M = A1G5 (p # 2). By Theorem 2, the projection of X to Ga is
either contained in A;A; or is maximal with p > 7. In the first case we claim that
X is contained in A;Cs. Indeed, since the factor Gy of M is contained in D4 by [25,
3.9], it follows that the long root subgroup A; of G is a long root subgroup A; of



A.R. Thomas / Journal of Algebra 447 (2016) 240-296 257

D4 and hence Fy. Therefore X is contained in 14_1101:4 (/_11)" = A;C5. Now consider the
second case. Then X — A14; < A1G2 (p > 7) via (1[’”], l[s]) (rs = 0). From Table 10,
we see that if r # s then X has no trivial composition factors on L(Fy). Hence X is
Fy-irreducible by Corollary 3.5, yielding Fy(#11). Now consider X — A;A; via (1,1).
Then

L(Fy) L X = W(10)*/W (8)/6/4/2.

From Lemma 3.5, we have Y = Fj(#810:0}) < A,C3 has the same composition factors
on L(Fy). Since p > 7 > 3 = N(A1, Fy), Theorem 3.9 applies. Hence X is conjugate to
Y and has already been considered.

Now suppose M = Ay A;. Then X is contained in ¥ = Y1V = 4141 < M (p #2)
(both factor A; subgroups are irreducibly embedded in A;). We claim that Y is contained
in A;C5 and hence so is X, which has therefore already been considered. Indeed, by [7,
Table 8], we have that Fy contains an involution which acts as a graph automorphism
on both A, factors of M. Therefore, there exists an involution ¢ such that Y < Cg, (¢)°.
One calculates that Cp,(t)° = A;Cs, as required.

Now let M = Gy (p = 7). By Theorem 2, up to M-conjugacy, X is contained in
A1 A; or is a maximal subgroup. Consider the first case. By [10, Table 4.3.1], the sub-
group A1 A; < Go is the centraliser in Go of a semisimple element of order 2. By [17,
Proposition 1.2] the connected centraliser in Fy of ¢ is By or A, C5 with the trace of ¢
on Vg being —6 or 2, respectively. We calculate that the trace of ¢t on Vg is 2 using
Vag 4 A1 A1 = (2,2)/(1,1)/(1,W(3))/(0,W(4)) and the fact the element ¢ can be seen
as minus the identity in both A; factors. Therefore the subgroup A;A; is contained in
A,C3, and in particular X < A; A; via (17 16]) (rs = 0) is conjugate to Fy(#91mms}).

Now consider the second case, when X is a maximal subgroup A; of M. By restricting
from L(Fy) | M, it follows that L(Fy) | X = 16/14/10%/6/2%. Now let Y = Fy(#8{1:0})
from Table 5. Then from Table 10, we have L(Fy) | Y = 16/14/103/6/23. As p = 7,
Theorem 3.9 applies and hence X is conjugate to Y, and has already been considered.

If M =A; (p>13) then X = M and X is Fy-irreducible and not conjugate to any
other subgroup A; (this follows immediately from Theorem 3.1).

Finally, we use the composition factors given in Table 10 to show that there are no
further conjugacies between the A; subgroups in Table 5. O

7. Proof of Theorem 4: Eg-irreducible A; subgroups

In this section we prove Theorem 4, which classifies the Eg-irreducible A; subgroups
of EG-

Theorem 4. Suppose X is an irreducible subgroup Ay of Fg. Then X is conjugate to
ezxactly one subgroup of Table 6 and each subgroup in Table 6 is irreducible.
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Table 6

The Eg-irreducible A; subgroups of Eg.
1D M V1 X )4
1 Aj As @1l sy (rs = 0) >7
2 @l 2l @ 118y (rst = 0; s # 1) >3
3 A3 (2,207,260 (0 < r < s) >3
4 A2Ga @I Ga(#3)B) (rs = 057 # ) >7
5 Fy Fy(#10) > 13
6 Cy (p#2) 7 > 11

The composition factors of Vor and L(FEjg) restricted to each irreducible subgroup A;
in Table 6 are found in Table 11.

Proof. We use the same method as for Fy, taking each reductive, maximal connected
subgroup M of Fg in turn (from Theorem 3.1) and finding all Eg-irreducible A; sub-
groups contained in them, up to Eg-conjugacy. Let X be an M-irreducible subgroup A;
of M.

First, consider M = A; As. Then using Lemma 3.4, we see that the projection of X
to As acts on Vi, (A1) either as 5 (p > 7) or 20 @ 18] (p # 2; + # ). Suppose we are
in the first case and so X < Ay A4; (p > 7) via (11", 168]), where the second factor A,
acts as 5 on V. (A1). From Table 11, we see that X has no trivial composition factors
on L(FEs) and is thus Eg-irreducible by Corollary 3.6, yielding Eg(#1).

In the second case X = FEg(#2), a diagonal subgroup of A;A;A; < A;As, where
A1A; < Aj acts on Va (A1) as (2,1). From the restriction of L(Eg) | A;As in Theo-
rem 3.1, it follows that

L(EG) { AIAIAI = (27 0, O)/(la W(4)7 1)/(1’ 2, 1)/(17 0, W(?’))/(07 W(4)v 2)/(01 W(4)7 0)/
(0, 2, O)/(O, 2, 2)/(0, 0, 2).

If p > 5 then X is Fg-irreducible by Corollary 3.6. If p = 5 then Corollary 3.6 applies
unless X = Fg(#21001h) In this case Vor | X = 12/8/6/4/0 (from Table 11) so the
dimensions of the composition factors are 9, 8,5, 4, 1. We use Lemma 3.5 to show that X is
Fjg-irreducible. Suppose not, then there exists a subgroup A; with the same composition
factors as X on Va; contained (not necessarily L-irreducibly) in L' = Ds, A; Ay, Ay A3
or As. But the dimensions of their composition factors on Va7 are 16, 10, 1 for Ds, 102,5,2
for A1 Ay, 9,62,3% for A; A3 and 15,62 for As. Therefore, no subgroup A; of L’ has the
same composition factors as X, a contradiction. When p = 3, we use Lemma 3.5 again.
There are four possibilities for the dimensions of the composition factors of X on Va7:
12,9,4,12 (r,s,t distinct), 9%2,4,3,1%2 (r = t), 9,4*,12 (r = s # t — 1) and 9,43,3,13
(r =s=1t—1). It follows that only L' = D5 can contain a subgroup A; with the same
composition factors as X on V7. Further consideration of the dimensions (and recalling
that p = 3) leads to the only possibility being Y < D5 with Vp, (M) Y =2® 2lal 40
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(a#0). Then Var | Y =2®2l /31041 /1® 3[4 /(1@ 1[9)2 /02, The composition factors
of X and Y do not agree on Va7 regardless of the choice of r,s,t and a. Hence X is
FEg-irreducible, completing the analysis of the M-irreducible A; subgroups of M = A; As.

Now let M = A3. Then p # 2 and X is a diagonal subgroup of A3 < A3, where
each factor A; is irreducibly embedded in As. By Theorem 3.1, we have Vor | A3 =
(10,01,00)/(00,10,01)/(01,00, 10) and hence Va7 | A3 = (2,2,0)/(0,2,2)/(2,0,2). First
consider the case where all of the field twists in the embedding of X are distinct. Then
the action of X on Va7 has three composition factors, all of dimension 9. Using Table 20,
we see that no subgroup A; of a Levi subgroup can have the same composition factors
as X on Va7. Hence X is Eg-irreducible by Lemma 3.5 and this yields Fg(#3).

If at least two of the field twists in the embedding of X are equal then we claim that
X is contained in A;As. To prove the claim, we first show that A3 < A3 is contained
in Cy, acting as (1,1,1) on Vg, (A1). Consider the standard graph automorphism of g,
call it 7. Then wyg = —7 and so t := Tw, acts as —1 on a maximal torus of Fg. Therefore
t induces a graph automorphism on each A, factor of A3. It follows that A3 < Cg,(t)
because an irreducible A; in a subgroup A, is centralised by a graph automorphism
of Ay. We check that dim(Cpg,)(t)) = 36 and so dim(CE,(t)) = 36 (by [3, 9.1], since
t is semisimple). Therefore, C,(t)° = Cy by [10, Table 4.3.1] and we have A3 < Cj.
Considering the composition factors of A3 on Var, it follows that it is conjugate to a
subgroup A3 acting as (1,1,1) on Vg, (A1), as required. Therefore, X is contained in
A1C5 < Oy since 1" @ 17 @ 161 = 2T g 1ls] 4 11s] (p # 2). The factor A; of A,Cy
is generated by root subgroups of Fg and so X < /_11CE6 (/_11)0 = A, A5, proving the
claim. If only two of the twists are equal then X is Eg-irreducible and conjugate to
Eg(#21rms}) 1 all three twists are equal then X is Cy-reducible and hence Eg-reducible.
This completes the case M = A3.

Next, we let M = AsG45. By Theorem 2, up to M-conjugacy, the projection of X to
G4 is either contained in A;A; or is maximal (p > 7). Assume the former. Since the Go
factor of M is contained in Dy by [25, 3.15], the first A; factor of A;A; is generated
by root subgroups of Eg. Therefore, Ay A; A < /_11CE6 (/L)O = A; As. Therefore, X has
already been considered in the A; A5 case. Now assume the projection to G is maximal,
sop > 7. Then X — A;A; < AyGy via (117, 115]) (rs = 0) or (1,1) where each factor A;
is maximal. If X is embedded via (1[7’], 1[‘9]) then X is Eg-irreducible by Corollary 3.6,
yielding Eg(#4). If X is embedded via (1,1) then X is conjugate to Y = Eg(#1{%0}), by
Theorem 3.9 since p > 5 = N(Aj, Fg) and X and Y have the same composition factors
on L(Eg).

Now suppose M = Fj. Theorem 3 gives all of the conjugacy classes of Fy-irreducible
Ay subgroups, showing they are all contained in By, 4,C3 (p # 2), A1G (p # 2) or Ay
(p > 13). If X is contained in By then X is Eg-reducible because By is contained in a
D5 Levi subgroup. If X is contained in A;C3 (p # 2) then X is also contained in A; As
since O, (A1)° = As, as above and has already been considered. If X is contained in
A1G2 then X is contained in the maximal subgroup A;Gs (since Cg,(G2)° = A3) and
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has also been considered already. Finally, if X is a maximal subgroup A; of F; then X
is Eg-irreducible by Corollary 3.6, yielding Eg(#5).

Now let M = C4 (p # 2). By considering the action of X on Vg, (A1) and using
Lemma 3.4, it follows that X is contained in CZ, A;C3, A3 or Ay (p > 11). If X is
contained in C3 then X is Fg-reducible because Cp,(C2)° = CoTy, by [14, p. 333,
Table 3] and so C% is contained in a Levi subgroup of Eg. If X is contained in A;C3 then
X is also contained in A; As, hence considered in the A; A5 case above. If X is contained
in A3, acting as (1,1,1) on Vi, (A1) then an argument in the A3 case showed that X
is contained in A3. The last possibility is p > 11 and X is maximal in C; acting as 7
on Vg, (A1). From Table 11, we see that X is Eg-irreducible by Corollary 3.6, yielding
Eg(#6) in Table 6.

Now let M be one of the two conjugacy classes of Ga (p # 7). By Theorem 2, an
M-irreducible subgroup A; is contained in A;A; or is maximal with p > 7. If X is
maximal then X is conjugate to Eg(#6) by Theorem 3.9, since both subgroups have
the same composition factors on L(Eg) and p > 5 = N(A;, Eg). Now suppose X is
contained in A;A;. When p # 2, we claim that A;A; is contained in A1 A5 and X has
already been considered. In G5, we have that A;A; is the centraliser of a semisimple
element of order 2, and by [10, Table 4.3.1], the centraliser in Eg of this involution is
either A1 As or Ty Ds. An easy check shows it to be the former, proving the claim.

When p = 2, we claim that X is Eg-reducible. To prove this we consider the action
of A1A; on L(Fg). By [19, Table 10.1], we have L(Eg) | G2 = 11 + 01. In Table 9,
the composition factors of Vi, (01) | A1 A; are given and moreover, Vg, (01) | A14; =
((0,0)]((2,0)+(0,2))|(0,0))+(1, 3). Therefore A; A1, and hence X, fixes a non-zero vector
of L(Es). By [25, Lemma 1.3], we have X is contained in a parabolic subgroup, A; A5 or
A3. The A;As and A3 cases show that neither A; A5 nor A3 contain an Fg-irreducible
subgroup A; when p = 2. Therefore X is Fg-reducible, as claimed.

Finally, let M be one of the two conjugacy classes of As (p > 5). There is just one
M-irreducible subgroup X, acting as 2 on Vy4,(10). If p > 7 then Theorem 3.9 shows that
X is conjugate to EG(#l{O’O}), which is contained in A; As. When p = 5, we show that
X is Eg-reducible. By [19, Table 10.2], we have Va7 | Ay = W(22) = 22|11 or W (22)*
and Va,(20) ® Va4,(02) = (11|22]11) + 00. Using [9, 1.2|, which states that a tensor
product of tilting modules is again tilting, we have 4 ® 4 = (0|8|0) + (2|6]|2) + 4. Since
Va,(20) } X =4+0and Vya,(11) | X = 4+2, it follows that Va7 | X = (0/8]0)+(6|2)+42
or (0[8]0) + (2|6) + 42. This shows that X fixes a 1-space of V7. The dimension of
the centraliser in Fg of this 1-space is at least 51 = 78 — 27 and hence X is either
contained in a parabolic subgroup or F,. Assume the latter. By [19, Table 10.2], we have
Vo7 | Fy = 0001 4+ 0000 and so any subgroup of Fj has a trivial direct summand on Va7.
Since X does not have such a summand on V57, it is not contained in Fy. Therefore X
is Fg-reducible.

Using the composition factors listed in Table 11, we see there are no further conjugacies
between the A; subgroups in Table 6, which completes the proof. O
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8. Proof of Theorem 5: Er-irreducible A; subgroups

In this section we find the E7-irreducible A; subgroups of E7, proving Theorem 5

Theorem 5. Suppose X is an irreducible subgroup Ay of FE;. Then X is conjugate to
exactly one subgroup of Table 7 and each subgroup in Table 7 is irreducible.

Table 7

The Er-irreducible A; subgroups of E7.
ID M Vi L X
1 A1Dg (1l 5l fl) (rst =058 #t) >7
2 s By (rst = 0;5 # t) >7
3 (l[r 2[ ] ® 1[’] ® 11*1) (rstu = 0; s, t, u distinct) >3
4 108 +0) (rs = 0) >11
5 atl T8l 4 21ty (rst = 0) >11
6 (al, 6[ + althy (Tst =0) >7
7 e +1“]®1 +0) (rs =0;7 <t < u) >7
8 atl 4[S] +2[t] + 1M ®1[”]) (rstu=0; s #t; u < v; if u=v then t < u) >5
9 (1l 4lsh Lolsl 1 @118y (rst = 0; r <t < wort=u#s) >5
10 atl 2[ ® 2 4 2[4y (rsu = 0;5 < t) >3
11 (17 2 +2[t+2[“]+2“])(rs—03<t<u<v) >3
12 (1, 1ir) @ 11 4 10 @ 114 4 119 @ 1[%]) (see Table 14 for conditions on r,...,w)  all
13 a7 o2l 4 201 4 2lelyjo 4 11T @ 1) (rsv = 055 < t < w;v < W) 2
14 (1 o] (2] 4 20 4 olul L ol] L olwhy|0) (rs = 0;s <t <u < v < w) 2
15 G2Cs  (Ga(#3)7, 51y (rs = 051 # ) >7
16 (Ga(#3)!", 2081 @ 118) (rst = 057 # 535 # 1) >7
17 A1Gy (1M, Ga(#3)1)) (rs = 051 # 5) >7
18 A Fy (AU Fy(#10)) (rs = 0) >13
19 A4, (AUl (rs =050 £ 5) >5
20 A 1 > 17
21 Ay 1 > 19

The composition factors of the irreducible A; subgroups in Table 7 acting on Vs¢ and
L(Er) are listed in Table 12.

Proof. We consider each reductive, maximal connected subgroup M of E7 in turn. By
Theorem 3.1, they are A1D67 A7, 1421457 (;26'37 A1G2 (p 75 2), A1F4, AQ (p Z 5), A1A1
(p>5), A1 (p>17) and A; (p > 19). Let X be an M-irreducible subgroup A;.

First let M = A;Dg. First, we need to find the FE7-conjugacy classes of the
Aj Dg-irreducible A; subgroups contained in Aj;Dg. Using Lemma 3.4, we see that
the AjDg-irreducible A; subgroups are the subgroups listed in lines 1 to 14 of Ta-
ble 7 without the constraints on the field twists, as well as Y = A; < A;Dg acting
as (11736l @ 1 1M @ 1) (p > 555 # t) and Z = A; < A;Dg acting as
(1l 18 @ 1 @ 114 4 10T @ 1[*1) (p = 2 s, ¢, u distinct). For most of the subgroups, the
Er-conjugacy classes are just the A; Dg-conjugacy classes. This is the case for subgroups
E7(#1)-E7(#6), E7(#10), E7(#11), E7(#14) (we can check that E7 does not fuse any
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of the A; Dg-conjugacy classes by considering the composition factors on Vsg given in
Table 12).

All of the remaining A; Dg-irreducible A; subgroups are contained in A3 Dy, a maximal
rank connected subgroup. By [7, Table 10], we have Ng, (A3D,) = (A3Dy).S3 where the
S3 acts simultaneously as the outer automorphism group of A3 and Dy. First, suppose
that the projection of X to Dy acts as 6" +0 (p > 7) or 4"l + 2[") (p > 5) on Vp, (\y).
Then the projection of X is contained in the centraliser of both a triality automorphism
(since X is contained in a G2 or Ay respectively) and an involutory automorphism
of D, (since X is contained in a B3 or A;Bs respectively). The conjugacy classes of
E7(#7) and E7(#9) follow. Next, assume the projection of X to D, acts as 4l 4 2l
(p>3;r #s) or 31 @16 (p > 5;7 # 5). Then, using the triality automorphism, we
assume that X acts as 41" 4 2651 on Vp, (\;), hence excluding Y from Table 7. The
projection of X to D, is contained in A; Bs and is therefore fixed by an involution in the
outer automorphism group of D4. By considering composition factors, we see that this
involution swaps the two A; factors contained in Dg. The conjugacy classes of X now
follow, which are E7(#8) in Table 7. The same argument applies when the projection to
Dy acts as 0|(201 + 261 2|0 (p = 2,7 < s < t) or 1M @1 @1H (p = 2; r s, ¢ distinct).
Therefore, we exclude Z from Table 7 and obtain the conjugacy classes E7(#13).

The last possibility to consider is when the projection of X to D, is contained in
S04S04 and so X is E(#12). In this case X is contained in A] and Ng, (A]) =
(A7).PSL(2,7) by [7, Table 10]. The automorphism group of the Fano plane is PSL(2,7)
and this leads to an isomorphism between PSL(2,7) and the subgroup of S; generated
by (1,2,3)(5,6,7) and (2,4)(3,5). This subgroup is 2-transitive and has two orbits on
sets of 3 points. One orbit is made up of all 3 point sets that form a line in the Fano
plane and the other orbit is the 3 point sets that do not form a line.

As PSL(2,7) is transitive we may assume that the field twist in the first A; is zero
and we let X < A7 via (1,107 101 101 104 11 1]y In particular, we have fixed that
(0,7,8), (0,w,v) and (0,¢,u) form lines in the Fano plane. We claim that the 7-tuples
0,r,...,w satisfying the conditions in Table 14 yield a set of representatives of the
Er7-conjugacy classes of X without repetition. We will prove the first few lines of Table 14.
The others are similar and easier.

Assume r,...,w are all non-zero, so we are in the first seven rows of Table 14. By
Lemma 3.4, we have X is A;Dg-irreducible if and only if the following conditions hold:
the sets {r, s}, {¢,u} and {v, w} are distinct and at most one of the sets has cardinality
one. The stabiliser in PSL(2,7) of a point is isomorphic to Sy.

First suppose r,...,w are all distinct. The action of S4 on r,...,w is given by the
natural action of Sy on pairs of {1,2,3,4}. This action of Sy on r,...,w is transitive and
so we may assume that r is the smallest integer in r,...,w. Now consider the stabiliser

in Sy of r, a Klein four-group, V4. Since 0,7, s form a line, it follows that s is fixed and
so no further conditions can be imposed on s. The action of Vy on t,u, v, w allows us to
assume that ¢ is the smallest integer of ¢, u, v, w. The stabiliser of ¢ in V} is trivial and
hence we have the conditions given in the first row of Table 14.
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Next, suppose exactly two of r,..., w are the same. The action of Sy on r,...,w has
two orbits on pairs. Hence we assume either r = s or r = t. If r = s, then the stabiliser
of the pair 7, s is isomorphic to Dihg, the dihedral group of order 8. The action of Dihg
on t,u,v,w is transitive. Therefore we may assume that ¢ is the smallest integer of these.
The stabiliser of ¢ in Dihg is isomorphic to Zs, swapping v and w and we therefore assume
v < w. If r = ¢, then the stabiliser in Sy of {r,t} is Zy, swapping s and u, and so we
assume s < u. This yields the second and third rows of Table 14.

For the final example, suppose exactly three of r,...,w are the same. The action of
Sqon 7, ..., whas two orbits on triples. Hence we assume either r =s=torr =t = w.
The stabiliser of 7, s,t in Sy is trivial and so no further conditions can be imposed. The
stabiliser of r, ¢, w is isomorphic to Zs, acting as a 3-cycle on ¢, u, v. Therefore, we assume
that ¢ is the smallest.

We now need to show that the subgroups E;(#1)-E7(#14) are Er-irreducible.

The subgroups with ID numbers 1, 2 (p > 7), 3 (p > 5), 4,5 (p > 11), 6 (p > 7),
T(p>7),8(p>5),9(p>5),10 (p >5), 11 and 12 (p > 3) are all Er-irreducible by
Corollary 3.6 (the composition factors of L(E7) | X are listed in Table 12).

In many of the remaining cases, Corollary 3.6 still applies. We present the cases where
we use Lemma 3.5 with Table 21 to prove the remaining subgroups are Er-irreducible.
The arguments are all very similar and so we will omit the details for some of them.

Firstly, consider X = E7(#2) when p = 7. Then Corollary 3.6 applies unless
r = s =t — 1 in which case X has one trivial composition factor on L(E7) and
L(E7) | X = 22/18%/16/142/122/10%/8/6/4/2° /0. We will use Lemma 3.5 by showing
that the composition factors of any irreducible subgroup A; of a Levi subgroup on L(Er)
are not the same as those of X. Suppose, for a contradiction, that Y is an L-irreducible
subgroup A; of a Levi subgroup L, having the same composition factors as X on L(E7).
Since X has only one trivial composition factor on L(FE7), we have L’ has only one trivial
composition factor on L(E7). Therefore, using Table 21, we find the possibilities for L’
are Eg, A1 D5, Ag, A1As, AsAy and A1 A3 A3. Since p = 7, Lemma 3.4 shows there are
no Ag-irreducible A; subgroups and so we immediately rule out L’ = Ag. Suppose Y is
contained in Fg. Then by Theorem 4, we see that Y is conjugate to a subgroup in Ta-
ble 6. Using the composition factors in Table 11, we find that the composition factors of
L(E7) | Eg(#n) are not the same as L(E7) | X for any n and hence Y is not contained
in FEg. Now suppose Y is contained in A; Ds. From Table 21, we see that (Va, (0), Vp, (A1))
occurs as a multiplicity two composition factor of L(E7) | A;Ds. As there is no com-
bination of composition factors of L(E7) | X that form two isomorphic 10-dimensional
modules, it follows that Y is not contained in A; D5. Using Table 21, we see that A; As;
has a 2-dimensional composition factor and hence Y is not contained in A;As;. Now
suppose Y is contained in AsAy4. Since Y is As As-irreducible, it follows that Y acts as
2T @ 4151 on (V4,(10), V4, (1000)). Both (Va,(00), Va, (1000)) and (Va,(00), V4, (0001))
occur as composition factors of L(E7) | A2 A4 and hence Y has two 5-dimensional com-
position factors on L(Er7), a contradiction. Finally, suppose Y is irreducibly contained in
A1 Az As. Consider the composition factors of L(E7) | A; A3 Az given in Table 21. Since
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all A;-modules are self-dual it follows that the restriction to Y of the composition factors
(Va,(2), Va, (00), Va, (000)), (Va, (0), Va, (11), Va, (000)) and (Vaa, (0), Va, (00), Va, (101))
yield a copy of each non-trivial odd-multiplicity composition factor of L(E7) | X. This
is a contradiction, because the sum of the dimensions of one copy of each non-trivial
odd-multiplicity composition factor is 46, which is greater than 26. Therefore, no such
subgroup Y exists and X is indeed E7-irreducible by Lemma 3.5.

Next we consider X = E7(#3). If p = 5, then Corollary 3.6 applies unless r = s = u—1,
in which case X has one trivial composition factor on L(FE7). A similar argument to
the previous one shows that X is Er-irreducible. If p = 3, then there are more cases
when Corollary 3.6 does not apply. f r =u+ 1, r=s=u—-1,r=s=t—1=
u—2orr=t=s—1=u—2 then X has one trivial composition factor on L(Er)
and X is FEr-irreducible by a similar argument to before. The only other case where
Corollary 3.6 does not apply is r = u (so r,s,t are distinct), in which case X has
two trivial composition factors on L(E7). The composition factors of X on L(E7) are
40712l @ 4lsl f (2l @2l @ 2182 /(2[71)5 /4[5 218 /4151 /2l @ 211 /2151 /(2[1)2 /02, Suppose, for
a contradiction, that Y is an L-irreducible subgroup A; of a Levi subgroup L, having the
same composition factors as X on L(E7). Then using Table 21, we find the possibilities
for L' are Fg, A1Ds, Ag, A1As, AsAy, A1A5A3 and A1 A,4. Since p = 3, neither Ag nor
A, contain an irreducible subgroup A; and so we immediately rule out Ag, A2A4 and
A1 Ay. The only Eg-irreducible A; subgroups when p = 3 are Fg(#2) and Eg(#3). Using
Tables 11 and 21, we check that neither subgroup has the same composition factors as X
on L(Er) for any r, s,t. Now suppose Y is contained in A; Ds. Since p = 3, the projection
of Y to Dy acts on Vp, (A1) as 214 4+ 201 4 1l @ 119 (g # b) or 2[4 © 201 40 (a # b).
In the first case when ¢ = d or in the second case, L(E7) | Y has at least three trivial
composition factors since (Vy4,(0), Vp,(A1)) is a multiplicity two composition factor of
L(E7) | A1 D5, which is a contradiction. Now suppose ¢ # d. Then by considering the
multiplicity of the 3-dimensional composition factors of X on L(Ey), it follows that
{a,b} = {r,t}. But then the projection of ¥ to Ds will have a 2"l @ 2[!l composition
factor on Vp,(Az2), a contradiction. We can also rule out Y being contained in A; As,
since X and hence Y, has no 2-dimensional composition factors on L(FE7). Finally, we
rule out A; A A3 as it has no composition factors of dimension at least 27. Therefore,
no such Y exists and X is Er-irreducible by Lemma 3.5.

Now let p = 11, and X; = E7(#5110.01) and Xy = E7 (#5091} (Corollary 3.6 applies
for all of the other cases). Then from Table 12, we find that Vse | X7 = 19/13/11/9%/5/3
and Vsg | Xo = 23/21/15/9/7. In particular, neither X; nor X5, have a trivial compo-
sition factor on Vig. Then by Table 21, if there exists a subgroup A; having the same
composition factors as X on Vg contained in a Levi subgroup, it will be contained in
one of the following Levi subgroups: Dg, A1 D5, Ag, A1As, AsAy or AjAsAs. The di-
mensions of composition factors of X; and X» on Vg are 18, 102,62, 4,2 and 22,102, 8, 6,
respectively. Using Table 21, we see that this is incompatible with any subgroup of such
a Levi subgroup. Hence Lemma 3.5 shows that both X; and X, are E7-irreducible.
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Similarly, let p = 7 and X = E;(#6{190}). Then Vs | X = 13/11/9/7/5%/3% with
dimensions 14,10, 62,42, 2. These dimensions are incompatible with any subgroup of a
Levi factor, using Table 21. Hence X is Er-irreducible by Lemma 3.5. Similar arguments
show that E7(#7) (p =7), E7(#8) and E(#9) (both with p = 5) are Er-irreducible.

Now consider Er(#10). Firstly, if p = 5 then the only case for which Corol-
lary 3.6 does not apply is X = E7(#10{%%10}) From Table 12, we have Vi | X =
17/15/13/11/9/7/3/1. The dimensions of these composition factors are incompatible
with any subgroup of a Levi factor and hence X is Er-irreducible by Lemma 3.5.

Now suppose p = 3. There are many cases where Corollary 3.6 does not apply. Let
X, = Br(#108001.0h) and Xy = E7(#10{10L1}) Then both X; and X, have three
trivial composition factors on L(E7). Suppose Y is a subgroup of a Levi factor L hav-
ing the same composition factors as X; on Vss and L(FE7). Using Table 21 and the
number of trivial composition factors on L(Ey7), it follows that Y is an L’-irreducible
subgroup of L' = Eg, Dg, Ag, A1 D5, A1 As, Ag Ay, A1 Ay or A1A3A3. From Table 12, we
have Vs | X1 = 11/92/73/5%/35/13. Therefore Y is not a subgroup of Es, Ag, A2A4
or A; A4 by considering the dimensions of the composition factors on Vsg. Suppose
Y is contained in Dg. Then by Lemma 3.4, we have Vp,(\) | V = 2l @ 201 4 olf]
(r # s), 20 208 4 2l 4 2l (5, ¢, distinct) or 117 @ 168 4+ 11 @ 104 4 10 @ 10%]
(the sets {r, s}, {t,u}, {v,w} are distinct and at least two of them have cardinality
two). But restricting from Dg, we find that Y has a 9-dimensional, 3-dimensional or
4-dimensional composition factor on Vsg, respectively, which is a contradiction. Now
suppose Y is contained in A;Ds. Then by Lemma 3.4, we have (Va, (1), Vp,(A1)) |
Yy = 11 @ 268 g 20 4+ (1[7"])2 (s # t) or 1M @ 16 @ 11 4+ 1l @ 2l 4 1l & 2lv]
(u # v and if s = ¢ then s,u,v distinct). This leads to a contradiction as the com-
position factors of Y do not match those of X;. Similarly, if Y is contained in A; AsAs
then V56 | Y has a 4-dimensional composition factor, a contradiction. Finally, suppose
Y is contained in A;As. Then (Va,(1),Va,(M)) L Y = 11 @26 @ 11 (s # ¢) and
Vi L Y = (111 @ 2l @ 102 /(20 @ 1113 /(1[s+1 @ 1) /1641 /(111)2, Hence Y has a
4-dimensional composition factor again, a contradiction. Therefore Y does not exist and
X, is Er-irreducible. The proof is almost identical for Xs and is similar and easier for
the other cases as they all have fewer trivial composition factors on L(E7).

Similar arguments show that Er(#11) is Er-irreducible when p = 3,5 and E7(#12)
is Er-irreducible when p = 3.

Now suppose p = 2. First consider X = F,(#14). Suppose Y is an L’-irreducible
subgroup A; of a Levi subgroup L with the same composition factors as X on Vsg.
From Table 12, we see that V56 | X has a 32-dimensional composition factor. Therefore,
L' = Dg and from Table 21, we have Vs | Dg = A2/)5. It follows that the remaining
composition factors of Vis | Y have even multiplicity, a contradiction. Therefore X is
E7-irreducible by Lemma 3.5.

Finally, let X be E7(#12) or E7(#13). Using Lemma 3.10 and Table 21, we find the
composition factors on Vsg of each L-irreducible subgroup A; of a Levi factor L. We
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carefully check that they do not match the composition factors of X on Vsg. Thus X is
E;-irreducible by Lemma 3.5. This completes the analysis of the case M = A Dg.

The next case to consider is M = A;. By Lemma 3.4, it follows that X acts on V4, (A1)
as 7 (p>11), 1@ 1M @1l (0 <r <s)or 3@ 1) (p > 5, r # s). In the first two
cases X preserves a symplectic form on V4, (A1) and hence X is contained in Cy. By [30,
Lemma 6.1], this subgroup Cy is E7-reducible and hence so is X. In the final case, X acts
as 3" ® 1l (p > 5; r # s) and is hence contained in D4. The normaliser of Dy in E7
contains a triality automorphism of Dy, by [8, Lemma 2.15]. Hence X is E7-conjugate
to an Ar-reducible subgroup A; acting as 4] + 2[5! and there are no Er-irreducible A,
subgroups contained in M.

Now let M = AsAs. Then using Lemma 3.4, we see that the projection of X to
As is contained in C3 and p > 3. By [15, Table 8.2], the connected centraliser of this
subgroup C3 is G2 and hence the factor As of M is contained in G5. Moreover, by
Theorem 2 the As-irreducible subgroup A; is contained in A; A7 and hence X is contained
in A;A,C5 < A;Dg. Therefore X has already been considered.

Now suppose M = G5C3. We note that the factor G is contained in D4 and hence
subgroups generated by long root subgroups of G5 are generated by long root subgroups
of E;. By Theorem 2, the projection of X to Gy is contained in A;A; or is maximal
with p > 7. If the projection of X to Gs is contained in A;A; then X is contained in
A1 Dg and has already been considered. We therefore assume the projection of X to G
is maximal and so p > 7. Using Lemma 3.4, we find that the projection of X to Cj is
contained in 121102, Aq Ay or is maximal. If the projection of X is contained in A,C5 then
X is contained in A;Dg and has already been considered. Now suppose the projection
is contained in A;A; acting as (2,1) on V¢, (100). Then X — AjA1A; < G2Cs via
(11l 1) (rst = 055 # ). If 7 = s we claim that X is contained in A; Dg. To show
this we first note that X is also contained in A;A1Go < A1 F}, since the factor Go of
Ay A1Gs is contained in a Dy Levi subgroup and is hence conjugate to the factor Gy of M.
It follows that X is conjugate to ¥ — A1A141 < A1A1Gs < A1 Fy via (1[t], 171, 1[T]).
Moreover, by Theorem 3, we have Y is conjugate to a subgroup of A;4:C5 < A Fy
and hence to a subgroup of A;Dg. Specifically, X is conjugate to Er(#1{""t}) and is
Er-irreducible. If » # s then X is Er-irreducible by Corollary 3.6, yielding Er(#16).
Finally, suppose the projection of X to Cj is maximal, so X — A;A; < G2C5 via
(171, 161y (rs = 0). If 7 # s then X is Ey-irreducible by Corollary 3.6, giving Er(#15).
If p> 7 and r = s = 0 then Theorem 3.9 shows that X is conjugate to E7(#5{%:0:0}) in
A1 Dg.

When p = 7 and r = s = 0 then we note a correction to [1, Theorem 8.13] and show
that X is Fr-reducible. This is almost shown in the proof of [18, Lemma 4.6] but we
provide the full argument here. Assume X is Er-irreducible. This is almost shown in the
proof of [18, Lemma 4.6] but we provide the full argument here. From Theorem 3.1, we
have Vs | G2C3 = (10,100)/(0,001) and hence Vg | X = 11/92/7/52/3%/12. Tt is easy
to check that the following Weyl modules have the indicated structure: W (11) = 11|1,
W(9) = 9|13, W(7) = 75, W(5) = 5, W(3) = 3. By [11, II 4.14], only 11 extends 1
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and Exty (11,1) & K, so X stabilises a module W 2 1. We wish to investigate N :=
Ng,(W)°. The variety of all 2-spaces in V¢ has dimension 108 and so N has dimension
at least 25 (= dim(E7)—108). Consider a maximal connected subgroup M; containing N
and hence X. This subgroup is reductive (otherwise X is E7-reducible, a contradiction)
and hence listed in Theorem 3.1. The possibilities for M, are Ay, A1Dg, AxAs, A1Fy
and GoCj3. Since X is Er-irreducible and contained in N, it follows that M; contains
an FEr-irreducible subgroup A; with the same composition factors as X on Vsg. By
the previous cases, A7 does not contain any Er-irreducible A; subgroups and so M is
not A7. Now suppose M7 = A;Dg. Then X is conjugate to Er(#n) where n is one of
1,2,3,6,7,...,12. Using the composition factors given in Table 12 we see this is not
possible. Next, suppose M; = AsAs. Then since all Ay As-irreducible A; subgroups
are contained in A; Dg, this is also impossible. Suppose M; = A; Fy. Since p = 7, the
subgroup A;F,; does not fix a 2-space on Vig and therefore N is properly contained
in A1 F,. Since N has dimension at least 25, it follows from Theorem 3.1 that N is
contained in A; By or Ay A;Cs. In both cases, it follows that N is contained in A; Dg (see
the M = A, F, case below). Hence X is contained in A;Dg, which is again impossible.
Finally, suppose M; = G2C3. Since GoC3 does not fix a 2-space of Vs, we have N is
contained in a proper reductive, maximal connected subgroup of G2C3, which contains X.
The only A; subgroups of GoC3 with the same composition factors as X on Vg are all
G2(Cs-conjugate to X. It follows that the only reductive, connected proper subgroups
of G2C3 containing X are A,C3, GoA; and A; A, where the factor A; subgroups are
maximal in their respective factors of G3C3. All three subgroups have dimension less
than 25. This is a contradiction, proving X is E7-reducible.

Next, we suppose M = A1G2 (p # 2). By Theorem 2, the projection of X to G2 is
contained in A; A; or is maximal with p > 7. Consider the first case. We claim that X is
also contained in A; Dg and has already been considered. This follows by calculating the
centraliser in E7 of the involution that the A; A; centralises in G5, and finding it to be
A1 Dg. Now suppose the projection of X to G2 is maximal, so p > 7 and X — A;A; via
(171, 161y (rs = 0). If r # s then X is Er-irreducible by Corollary 3.6, yielding E-(#17)
in Table 12. If p > 11 and r = s = 0 then Theorem 3.9 shows that X is conjugate to
B (#51000}) " a subgroup of A;Dg. Another correction to [1, Theorem 8.13] is that if
p =7and r = s = 0then X is Fr-reducible. This follows immediately from the argument
given in the case M = G5C5 because here again we have a subgroup A;, X, such that
Vse L X = 11/9%/7/5%/3* /12 and the argument only relied upon the composition factors
on Vsg.

Now let M = A; Fy. Theorem 3 shows that the projection of X to Fy is contained in By,
A1Cs (p #2), A1G (p # 2) or Ay (p > 13). Any subgroup of A; By is contained in A; Dg.
Indeed, By (or its Lie algebra if p = 2) has a non-trivial centre and the full centraliser of
this centre is A1 Dg. Similarly, if X is contained in A A1 Cj5 then it is contained in A1 Dg
because the connected centraliser of Ay in Fy is Dg. We saw in the M = G5Cj5 case that
A1 A1Gy is contained in G2C3 and so X has already been considered when its projection
to Fy is contained in A;G5. That leaves us to consider X «— A1 A; < A1 Fy via (1[7’], 1[S])
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(p > 13; rs = 0), where the second factor A; is maximal in Fy. In this case Corollary 3.6
shows that X is Er-irreducible, yielding E;(#18).

Now suppose M = A (p > 5). Then X acts on Vy,(10) as 2. First, let p > 11. By
Theorem 3.1, we have L(E7) | M = 44/11. From this, it follows that L(E7) | X =
16/14/122/10%/83/6/43/2/0. By Theorem 3.1, we have L(E7) | A7 = (A + A7)/ )4
Letting Y = A; < A7 with V4,(A\) L Y =7, it follows that ¥ has the same composition
factors as X on L(E7). Since p > 11 > 7 = N(A1, E7), Theorem 3.9 applies. Hence
X is conjugate to Y, which is contained in a parabolic subgroup of E7. Therefore X is
FEr-reducible.

For p = 5,7 we show that X fixes a 1-space of Vig. It then follows that X is contained
in a parabolic subgroup of E; since the dimension of the centraliser of this 1-space
is at least 77. From [19, Table 10.2], we see that Vs | M = 60+ 06 (p = 7) and
Vse 4 M = 22[(60 + 06)|22 (p = 5). When p = 7, we have Va,(60) = S%(V4,(10)) and
restricting to X yields S%(2) = (0[12]0) + (4|8|4) (this final calculation follows since
p > 6 and thus if W is tilting then so is S®(W)). Therefore X fixes a 1-space of Vig.
When p = 5, we have Vy,(20) ® Vy4,(02) = (11]|22]|11) + 00 and restricting to X gives
(4+0) @ (4+0) = (0[8]0) + (2]6]2) + 42 + 0. Since Va,(11) | X = 4 + 2, it follows that
Va,(22) | X = (0/8]0) + 6 + 4 and X fixes a 1-space of Vss. In both cases X fixes a
1-space and is hence Er-reducible.

Now let M = A14; (p > 5). Then X is a diagonal subgroup of M embedded via
(171, 151) (rs = 0). If 7 # s then X is Er-irreducible by Corollary 3.6, yielding Er7(#19)
in Table 7. Now suppose r = s = 0. If p > 7 then Theorem 3.9 shows that X is conjugate
to E7(#6{°’0’0}) and is hence Er-irreducible. If p = 7, we claim that X is also conjugate
to Y = E;(#6%00.0}), Restricting from M and A;Dg, we see that X and Y have the
same composition factors on L(E7) and on Vsg. We note that Y was already shown to
be Er-irreducible when we considered A;Dg above, using only the composition factors
of Y on L(E7) as Corollary 3.6 applies. Therefore, X is also Fr-irreducible. To prove X
is conjugate to Y we follow the proof of [15, Lemma 6.7]. From Table 12, we see that
L(E7) | X has no composition factors of the form 5 ® ¢!l where ¢ > 0. Since X and Y
have the same composition factors on L(E7) they have the same labelled diagram. Hence
the hypothesis of [15, Lemma 6.7] holds and the proof of it shows that L(X) = L(Y1),
where Y7 is a suitable Fr-conjugate of Y. Since X is Er-irreducible, we claim that
C = Cg,(L(X))° = 1. Indeed, X normalises C' and so C' is reductive, otherwise X
would be contained in a parabolic subgroup of E7. Furthermore, since C is a connected
reductive group, the connected group X centralises C' and hence by Lemma 3.2, we have
C = 1. Thus Cg,(L(X))° = 1 and Ng,(L(X))° = X, showing that Y3 = X and X is
FEr-conjugate to Y.

If p = 5 we note a final correction to [1, Theorem 8.13]. We claim that X — M
via (1,1) is Er-reducible. Suppose, for a contradiction, that X is Er-irreducible. First,
we see that Vsg | X = 9/72/53/3%/12 (this follows from Vss | M which is given in
Theorem 3.1). We claim the only composition factor that extends 1 is 7 = 2 ® 111 and
that Ex‘c}q1 (7,1) 2 K. This follows from [11, IT 4.14] and the structure of the following
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Weyl modules: W (9) =9 =4 111, W(7) = 7|1, W(5) = 5|3 and W (3) = 3. Since V¢ is
self-dual, Vs6 | X has a submodule W = 1. By a previous argument, N := Ng,(W)° is
of dimension at least 25 and we may assume that it is contained in a reductive, maximal
connected subgroup M; of E;. The possibilities for My are A7, A3As, A1Dg, A1Fy
and G5C3. Since X is Er-irreducible and contained in N, it follows that M; contains
an FEr-irreducible subgroup A; with the same composition factors as X on V6. By the
previous cases, A7 does not contain any Er-irreducible A; subgroups and so M7 is not Ax.
Since p = 5, it also follows that every FEr-irreducible subgroup A; of A3As, GoC5 and
A1 Fy is conjugate to a subgroup of A; Dg. Therefore, A1 Dg contains an Ez-irreducible
subgroup A; with the same composition factors as X on Vsg. By the M = A; Dg case,
it follows that E(#n), where n is one of 3,8,9,10,11 or 12, has the same composition
factors as X on Vsg. Using Table 12, we see that this is a contradiction. Therefore X is
FEr-reducible, as claimed.

Now suppose M is one of the two conjugacy classes of maximal A; subgroups in Fy.
Then M = X and X is Er-irreducible. This accounts for the subgroups E7(#20) and
E7(#21).

Finally, we check there are no more Fr-conjugacies between any of the irreducible A
subgroups by comparing the composition factors in Table 12. O

9. Proof of Theorem 6: Eg-irreducible A; subgroups
In this section we classify the Eg-irreducible A; subgroups of Fj.

Theorem 6. Suppose X is an irreducible subgroup Ay of Fs. Then X is conjugate to
exactly one subgroup of Table 8 and each subgroup in Table 8 is irreducible.

The composition factors of L(Eg) restricted to each irreducible subgroup A; are given
in Table 13.

Proof. We consider each reductive, maximal connected subgroup M of Eg in turn. By
Theorem 3.1, they are Dg, Ag, A1Eq7, AoEs, A2, GoFy, By (p > 5), AjAs (p > 5), Ay
(p>23), A1 (p > 29) and A; (p > 31). Let X be an M-irreducible subgroup A;.

Firstly, suppose M = Dg. We start by finding the FEg-conjugacy classes of
Dg-irreducible subgroups of Dg; we claim that these are FEg(#1)—Eg(#30) in Table 8 as
well as the class of A; subgroups acting as 1 ® 11"} @ 1l5) @ 1l that are excluded from
Es(#9) when p = 2. This is entirely similar to the case 41D < E7 and is a mainly
routine task of using Lemma 3.4 to find all of the Dg-conjugacy classes of Dg-irreducible
subgroups and then considering which classes are fused in Fg. We will just give some
details on the Dg-classes which are fused in Ej.

First, we note that the excluded class of A; subgroups acting as 1 ® 11"l @ 105 @ 11!
on Vp, (A1) when p = 2 are contained in By(}), with notation from [30, Lemma 7.1]. By
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Table 8
The Eg-irreducible A; subgroups of Eg.
ID M Vi L X P
1 Ds 7l @16l (rs = 057 #£ 5) > 11
2 7 @1l (rs = 0;r #£ 5) > 11
3 3@ 3 (r #£0) >5
4 3® 3l (r £ 0) >5
5 517 @ 101 4 101 @ 104 (rstu = 0;r # s) >7
6 2l @ 15l @ 11 4 114 @ 1[¥] (r, s, t distinct; rstu = 0; u < v; if w = v then s < t) >3
7 alrl @ 2l 40 (rs = 0;7 # ) >5
8 11Me1ltle1ltl 0<r<s<t) all
9 11 o1l o1l 0<r<s<t) >3
10 1440 > 17
11 1207 4 281 (5 = 0) > 13
12 1007 4 46 (s = 0) >11
13 10[T1+1[51®1“ +0 (rs=0;5<t) >11
14 8"l 46l (rs = 0) >11
15 8l olsl 4 1 @ 114 (rst = 0; ¢ < w; if t = u then s < t) > 11
16 6"l + 2Ll @ 2lt] (rs =0; s < t) >7
17 601 4 4lsl 4 11 @ 104 (rst = 0; ¢t < w) >7
18 6" + 10 @1t 1Ml @1 0 (rs =0; s <t < u < v) >7
19 6171  2ls] 4 oltl 4 olv] (rs = 0; s < t < w) >7
20 444 44l L0 (0<r <) >5
21 alrl poalsl 4 ol 4 olv) (pp = 0; 1 < 55t < u) > 5
22 alrl 4 olsl 4 30t @ 1lu] (rsu=0;7r%# s;r <t;t#u;if r=1¢then s <u) >5
23 qlrl  olsl 41 @ qlul 4 1[v] g 1lw] (rstuvw = 0; see Table 15 for the further >5
condltlons on r, w)
24 2l @ 2l] +2[t+1[“]®1[” (rtu = 0; r < s; u < w; if w =v then u < t) >3
25 2[T]+2]+2t]+2[] 1[”®1[w](rv:O;’r‘<s<t<u;'L;Sw;ifv:wthen >3
u < v)
26 1® 1!7] + 1ls] ® 11 4 el ® 1l 4 qlwl ® 11zl (see Table 16 for conditions on any
T, T)
27 0\(2“1 + 261 42ty 0 4 114 @ 107 4 11%] @ 11#) (ryw = 0; see Table 17 for the =2
further conditions on r, ..., x)
28 oj2+2T 4280+ 10 @1 @11 (0 < r < s;t <u < w;if t =0 then r < u; =2
if t =0 and r = u then s < v)
29 0207 4 2bsl 4 oltl 4 olul Lol Yo 41 @1l rw =0 r<s<t<u<wv;w <) 2
30 0[(2 4 20 21 4 2l okl 4 olT yolvlyo < r<s<t<u<v<w) =2
31 A1E; (A7 Er (#1515t (rst = 055 £ t) >7
32 (") By (#1616 )) (rstu = 0;5 # t5t # u) >7
33 (" By (#1780t (rst = 035 # t) >7
34 (11" By (#1815 *})) (rst = 0) > 13
35 (1 By (#1918 (rst = 0; s £ t) >5
36 ", E;(#20)1%)) (rs = 0) > 17
37 B (#2)E) (rs = 0) > 19
38  GoFy  (Go(#3), Fy(#10)°) (rs = 057 # ) > 13
39 (Go(#)M, Py(#1115)) (rs =05 7 <ty 7 # 55 5 # 1) >7
40 A 1 > 23
41 A 1 > 29
2 A 1 > 31

[30, Lemma 7.4], this subgroup By is contained in a parabolic subgroup of Eg and hence
so is the class of A; subgroups.
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The Dg-classes of A; subgroups which are fused in Eg are all contained in the max-
imal rank subsystem subgroups A7Dg or D3. By [7, Table 11], we have Ng,(A3Dg) =
(A2Dg).2 where the involution simultaneously acts a graph automorphism of Dg and
swaps the two A; factors. Consider a subgroup A; acting on Vp, (A1) as 5t @1l 41l
1 (r # s;rstu = 0) when p > 7. There are two Dg-classes of such Dg-irreducible A;
subgroups, since there are two Dg-classes of A; subgroups acting as 5" @ 1[¢] (r # s) on
Vpe(A1). These classes are fused in Eg by an involution in Ng, (A3 Dg), yielding Eg(#5).
Similarly, consider a subgroup A; acting on Vp (A1) as 2" @ 1681 @ 11 41 @ 11 (5, ¢
distinct; rstuv = 0) when p # 2. There is just one Dg-class of such Dg-irreducible A;
subgroups, since the graph automorphism of Dg just swaps s and t. In Fgs we may swap
u and v or if u = v then we may swap s and ¢. Therefore, to have a complete set of
representatives without repeats we need u < v or u = v and s < ¢, as in Fg(#6). Similar
arguments apply to yield Eg(#13), Es(#15), Es(#17) and Eg(#25).

We now consider subgroups of D?. We have N, (D3?) = (D3).(2x S3) by [7, Table 11],
where the S3 acts simultaneously on both D4 factors and the involution commuting with
S3 swaps the Dy factors. Firstly, let Y be a subgroup A; of D7 acting as 4l @ 2l] or
3T @ 105] (2 classes) on the first Dy factor and as 4[4 @ 2[% or 311 @ 1[4 (2 classes) on the
second D, factor. By using a triality automorphism, we may assume Y acts as 411 4- 2[¢]
on the first factor Dy. The projection of Y to the first factor Dy lies in SO5SO3 and is
hence contained in the centraliser of an involution in the Ss3. Therefore, we may act by
this involution on the second factor D, reducing the possibilities, up to Eg-conjugacy,
to 41 4 2[4 or 3 ® 114 (1 class). Furthermore, if 7 = s then the projection of Y lies
in Ao, which is the centraliser of a triality automorphism. We may therefore assume that
the projection of Y to the second factor Dy acts as 41 + 2[4I. This analysis leads to the
classes Eg(#21) and Eg(#22) in Table 8. We note that in Eg(#21) we may assume r < s
(and t < u) since the Weyl group of Dg contains an involution swapping the stabilisers
of the two 5-spaces, 41" and 4[] (the stabilisers of the two 3-spaces, 211 and 2[*l). Also,
the involution swapping the two D, factors allows us to assume r < t in Fg(#22).

A similar analysis when p = 2 and Y acts as either 0[(2["1 4+ 2051 - 2[1)|0 or 1M @ 115l ©
111 on each of the D, factors, leads to two collections of conjugacy classes, namely an
Es-reducible one and Fg(#28).

Next we consider subgroups contained in A{D4. By [7, Table 11], we see that
Ng, (A$Dy4) = (A} Dy).Sy, where the Sy acts naturally on the four A; factors and induces
an action of Sz on the Dy (with the normal Klein four-subgroup acting trivially). Let ¥’
be a Dg-irreducible subgroup A; of A} D, that is not contained in A§ (we will consider
this in the next paragraph). Then the projection of Y to Dy acts as 6" +0 (p > 7),
4l 261 (p > 3), 3 @16 (p > 3:r £ 5), 0](24 20 + 2610 (p = 2,0 < r < ) or
1@ 1M @16 (p = 2;0 < r < 5) on Vp,(\1). In the first case the projection of Y is
contained in G5 and hence centralised by the action of Ss. In this case the action of Sy
on A} allows us to assume s < t < u < v, yielding Eg(#18). In the second and third
cases, we may use the triality automorphism to assume Y acts as 41+ 2051 If » = s then
the projection of Y is centralised by the action of S3; whereas when r # s the projection
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of Y is only centralised by an involution in S3. This yields the constraints on the field
twists in Fg(#23). Similarly, the fourth and fifth cases yield Fg(#27).

Finally, we consider the classes of irreducible A; subgroups contained in A$. By [7,
Table 11], we have Ng,(A%) = (A4%).AGL(3,2), where AGL(3,2) < Ss acts on the eight
A; factors. The subgroup AGL(3,2) < Sg is generated by (2,4)(6,8), (2,5,3)(4,6,7)
and (1,2)(3,4)(5,6)(7,8). To find the Fs-classes of the Ds-irreducible A; subgroups, we
follow the same method as for A] < E;, systematically formulating constraints on the
field twists, ensuring that each ordered set 0,7, s,t, u, v, w,x gives a Dg-irreducible and
there are no repeated classes. We note that AGL(3,2) is 3-transitive, with two orbits
on 4-sets, with representatives (in terms of the eight field twists) given by 0,r, s, ¢t and
0,7, s,u. Moreover the stabiliser of a singleton is isomorphic to PSL(2,7), the stabiliser
of a pair is isomorphic to Zy x Sy, the stabiliser of a triple is isomorphic to Sy, as
is the stabiliser of either class of quadruples. From this, it is straightforward to prove
the ordered sets 0, 7,...,x satisfying the conditions of Table 16 yield a complete set of
Eg-conjugacy classes of Dg-irreducible A; subgroups contained in A§, without repeat.
This gives Eg(#26) in Table 8.

For the case M = Dg, it remains to prove that Eg(#1)—Egs(#30) are Eg-irreducible.
Firstly, by considering the composition factors from Table 13, Corollary 3.6 shows that
Es(#n) is Es-irreducible for the following ID numbers n: 1, 2 (p > 13),3 (p > 7), 4, 5
(p>11),6 (p=>7),7,8(p#2),9 (p>5),10, 11, 12, 13 (p > 13), 14, 15 (p > 13), 16
(p>11), 17 (p > 11), 18 (p > 11), 19,20, 21,22 (p > 7), 23 (p > 7), 24 (p > 7), 25
(p >5) and 26 (p > 5). We now prove the remaining subgroups are Eg-irreducible using
Lemma 3.5.

First, let X = Eg(#2) when p = 11. From Table 13, we have L(Fg) | X has a trivial
composition factor only when r = 0, s = 1 and Corollary 3.6 applies otherwise. In the case
r =0,s = 1, we have L(Eg) | X = 40/34/30%/262/222/202/162/14%/12/10/6%/4/2)0.
Assume there exists an L-irreducible subgroup Y of a Levi factor L with the same
composition factors as X on L(FEg). Using Table 22, we find that the possibilities
for L' are A1Eg, D7, AsDs, Ay, AsAy, A1Ag and A1 A3A4. We rule out A;FEg since
it has a 2-dimensional composition factor on L(FEg). Suppose Y is contained in Djy.
Using Table 22, we see that Vp,(A1) occurs as a multiplicity two composition fac-
tor of L(Eg) | D7. Therefore, Y does not have the same composition factors as X
on L(FEg), since there are no combination of composition factors of L(Es) | X that
form two isomorphic 14-dimensional modules. Now suppose Y is contained in AsDs.
It follows from the composition factors of X, and by assumption Y, on L(Eg) that
(V4,(00), Vp (A1) L Y = 6 + 201 and thus (V4,(00),Vp, (M) L Y = 6 @ 111 4 101,
Since (V4,(00), Vp, (A4)) occurs as a composition factor of A3D5 on L(Eg), we see that
Y has a 2-dimensional composition factor on L(Es), a contradiction. Similarly, if ¥ is
contained in A7 then V4. (A\1) | Y = 14 = 3 ® 10U, Therefore, Va,(X3) | Y, which
occurs as a composition factor of L(Es) | A7, has a composition factor of high weight
36, a contradiction. Now suppose Y is contained in A3A4. From Table 22, we see that
(Va5(100), V4, (0000)) and (V4,(001),V4,(0000)) both occur as composition factors of
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L(Eg) | A3A4. But L(Es) | X has only one composition factor of dimension four and
so the projection of Y to Az is not As-irreducible, a contradiction. Now suppose Y is
contained in A; Ag. Then we find that V4,(A1) L Y = 6 and so both Va,(A3) L Y and
Vas(A4) 1 Y have a composition factor of high weight 12. Therefore, L(Es) | Y has at
least two composition factors of high weight 12, a contradiction. Finally, suppose Y is
contained in A; As Ay. The largest dimension of a composition factor of L(FEg) | A1 Az Ay
is 30 and hence L(Es) | Y does not have a composition factor of dimension 32, a contra-
diction. We have hence shown that no such subgroup Y exists and so Lemma 3.5 shows
that X is Fg-irreducible.

Similar arguments show that Eg(#3) (p = 5), Es(#6) (p = 5), Es(#13) (p = 11),
Es(#16) (p = 7), Es(#18) (p = 7), Bs(#24) (p = 5), Ex(#25) (p = 3) and Ex(#26)
(p = 3) are Eg-irreducible, as they have at most one trivial composition factor on L(Es).

We next consider the remaining cases when p # 2. First let X = FEg(#5) when p = 7.
Then X has a trivial composition factor on L(Eg) when r = s — 1 = u and X has two
trivial composition factors when r» = s — 1 = ¢t = u. Using Lemma 3.5, we will show that
X is Eg-irreducible when r = s —1 =¢ = u. The case r = s — 1 = u # t is similar and in
all other cases Corollary 3.6 applies. Since rstu = 0, we have r =t =u =0, s =1 and
from Table 13, we see that L(Fg) | X = 222/20/18%/16/143/125/10°/82/6/4%/27 /0.
Suppose there exists an L-irreducible subgroup Y of a Levi factor L with the same
composition factors as X on L(FEs). Using Table 22 and considering the number of
trivial composition factors of L(Esg) | X, we find that the possibilities for L’ are A; Eg,
Dz, AsDs, AyDy, Az, AzAy, A1 Ag, A1 AsAy, A2Ay, A% and A2 A3. We rule out L’ being
A1Eg, A3A4 or A3 A3 since they have 2-dimensional composition factors on L(Eg). We
also rule out A; Ag since Ag does not contain an Ag-irreducible subgroup A; when p =7,
by Lemma 3.4. Now suppose Y is contained in D7. From Table 22, we see Vp, (A1) occurs
as a multiplicity two composition factor of L(Es) | D7. As L(Es) | X has only one
7-dimensional composition factor, two 5-dimensional composition factors and two trivial
composition factors, it follows that Vp. (A1) | YV = 2[al 4 2l 4 1l 104 4 1] @ 11/]
with ¢ # d and e # f. Therefore, L(Eg) | Y has at least four 4-dimensional composition
factors, a contradiction. Now suppose Y is contained in A3 Ds5. Then

L(Es) | AyDs = (W (11),0)/(10, A1)/(10, A4)/(10,0)/(01, A1)/(01, A5)/(01,0)/
(00, W (A2))/(00, A4)/(00, X5)/(00, 0).

The projection of Y to As acts as 2[% on 10 and hence has composition factors 4[4 / 2ld]
on W(11). We also have Vp_(Ag) = Vp.(As5)*. Therefore, (10,)\) ] Y = (01,\) | Y,
(10,A4) L Y = (01,X5) L Y and (00, A4) L Y = (00, A5) | Y. It follows that (00,Xs) | Y
contains at least one copy each Y-composition factor of L(Eg) occurring with odd mul-
tiplicity (except for possibly a composition factor of high weight 2). The sum of the
dimensions of such composition factors is 75 which is greater than 45 = dim(Vp, (A2)), a
contradiction. The previous argument does not use the Ds-irreducibility of Y and hence
also shows that Y is not contained in AsDjy.
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Now suppose Y is contained in A7. Since p = 7 and Y is Arz-irreducible, Y acts
as 3l @ 1 (@ # b) or 114 @ 1 © 1l (a,b,c distinct) on Va,(\1). In the lat-
ter case, Y is contained in Cy, which has three trivial composition factors on L(FEjg)
(by [15, Table 8.1]), hence Y has at least three trivial composition factors, a con-
tradiction. So Y acts as 3% ® 10} on V4, (\;). From Table 22, we have L(Eg) |
A7 = (M + A7)/ A/ A2/ A3/ A5/ X6/ A7 /0. Since \; = A;_; for i = 1,2,3 it follows that
(M 4+ A7) J Y has at least one copy of each odd multiplicity composition factor of
L(Es) | Y. The sum of the dimensions of such composition factors is at least 78,
which is greater than 63, a contradiction. Now suppose Y is contained in AzA4. Then
L(Es) | AsA4 has one trivial composition factor. All of the other composition factors oc-
cur in pairs with their duals, except for (Va,(101), V4, (0000)) and (Va,(000), V4, (1001)).
Since Y has exactly two trivial composition factors, it follows that Va,(101) restricted
to the projection of Y to Az or Vy4,(1001) restricted to the projection of Y to A4 has
exactly one trivial composition factor (and not both). However, the projection of Y to
Ajz and the projection to A4 are irreducible and so act as 1® 1[% (a # 0) or 3[% and 4[]
on the natural module, respectively. Neither action on V4, (100) yields a trivial composi-
tion factor on V4,(101) and the action on Vy, (1000) does not yield a trivial composition
factor on V4, (1001) either. Hence Y is not contained in A3A4. A similar argument also
rules out A3 Az A4. Finally, suppose Y is contained in A%. Then (Va,(101), V4,(000)) | Y
and (V4,(101),V4,(000)) | Y have a least one copy of each odd multiplicity composi-
tion factor of L(Es) | Y. As before, the sum of the dimensions of one copy of each
odd multiplicity isomorphism class of composition factors is 78, which is greater than
30, a contradiction. We have shown that no such subgroup Y exists and hence X is
FEg-irreducible by Lemma 3.5.

Similar arguments show that Eg(#15) (p = 11), Es(#17) (p = 7), Es(#22) (p = 7)
and Eg(#24) (p = 3) are Eg-irreducible, as they have at most two trivial composition
factors on L(Eg). The remaining cases when p # 2 are Eg(#6) (p = 3), Es(#9) (p = 3),
Es(#22) (p = 5) and Eg(#23) (p = 3). They all have at most four trivial composition
factors on L(Es) (in fact, Eg(#12) has at most three). We will consider one of the cases
in which Eg(#6) has four trivial composition factors and prove it is Eg-irreducible. The
other cases are all similar.

Let X = FEg(#6) and p = 3. When s =u =v =r—1 =t—2, we see from Table 13 that
X has four trivial composition factors on L(FEs). Since rst = 0, we have s = u = v = 0,
r=1,t=2and L(Es) | X = 30/28/262/24/22/184 /165 /142 /127 /102/6,/42 /25 /0. As
usual, we suppose there exists an L-irreducible subgroup Y of a Levi factor L with the
same composition factors as X on L(FEg). Since p = 3 there are a few Levi subgroups L,
that although they have four or fewer trivial composition factors on L(Fjg), do not have
an L’-irreducible subgroup A;. Using Table 22, we find that the possibilities for L’ are
E;, A1Eg, Dy, AyDs, A1 D5, A3Dy, A7, A1As, A% and A3A3. We immediately rule out
L' being A1FEg, A1 D5 or A;As since they have 2-dimensional composition factors on
L(Eg). We also rule out L’ being A3 Dy, A% or A2 A% since they do not have at least two
composition factors of dimension at least 27.
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Now suppose that Y is contained in A7. Then Y acts as 1l @ 10) @ 1l (a,b,c
distinct). Therefore, Va, (A + A7) | YV = 2l @ 2t @ 2l /2la] @ o[l /2la] 2l /2]
2lel /alal /2lb] /21l /0. In particular, L(Eg) | Y has at least three 9-dimensional composition
factors, a contradiction.

Now suppose Y is contained in E7. Then Y is conjugate to Er(#3), E7(#10),
E7(#11) or E7(#12) by Theorem 5. From Table 22, we have L(Eg) | E7 = A\ /A\2/03.
Since L(Es) | Y has exactly two 27-dimensional composition factors, which are iso-
morphic to each other (both are 26 = 2 ® 2l ® 2[2) it follows that Vg, (A7) | Y
has exactly one 27-dimensional composition factor or Vg,(A1) | Y has two isomor-
phic 27-dimensional composition factors. Using Table 12, we see that this is not true
for E7(#10), E7(#11) and E7(#12). Therefore Y is conjugate to E7(#3). But then
L(Es) | Y has a 2-dimensional composition factor coming from Vg, (A1) | Y, a contra-
diction.

Suppose Y is contained in D7. Then since Y is Dr-irreducible and p = 3, it acts on
VD (A1) as 2l 12l 2l 1 @ 1[e14-0 (a, b, ¢ distinct; d # e), 20 20141 @1l 1 1ld g

N a#byctd; e f; {c,d} # {e, f}) or 21 @ 2] + 1l @ 114 10 (a # b; ¢ # d). The
ﬁrst action is impossible, since Vp. (A1) occurs as a multiplicity two composition factor
in L(Eg) | D7 and L(Eg) | Y only has two non-isomorphic 3-dimensional composition
factors. Similarly, the latter action is also impossible, since L(Eg) | Y only has one
9-dimensional composition factor. So Y acts as 2[4 + 2] 4 1l @ 1[4 11l @ 1] (q #£ b,
c#d,e# fand {c,d} # {e, f}) on Vp.(A1). It follows that

Vp. (M) LY =9l g 2[5]/2[7»] 218 1[U]/2[7‘] 21 g 1[W]/2[7‘}/2[S] 21t 1[14/
2l @ 10 @ 10w /2ls] /9l /111 @ 114l @ 110] @ 11w] jolul jolv] /olv]

and

Vo, (M) LY =Vp, (M) LY =1 @16 @ 1 @ 10 /11 @ 1081 @ 10 1101/
1M @ 1] @ 114 @ 11 /11 @ 105 @ 114 @ 111,

Hence L(Fg) | Y has no 27-dimensional composition factors, a contradiction. Therefore
Y does not exist and X is Eg-irreducible by Lemma 3.5.

The final step for M = Dg is to consider the case p = 2, where X is one of Eg(#n)
where n = 8,26, 27,28,29 or 30. As with the previous cases, we use Lemma 3.5 to prove
X is Eg-irreducible. Lemma 3.10 contains all L-irreducible A; subgroups of Levi factors
L when p = 2. For such a subgroup Y, one can write down the composition factors of
L(Eg) | Y and compare them to those of L(Es) | X from Table 13. In all cases it is
straightforward to show they never match and we leave the details to the reader. This
completes the case M = Dsg.

We next consider the case M = Ag. Using Lemma 3.4, we see that X acts on Vi, (A1)
as 8 (p > 11) or 2®@ 2"l (p > 3;r # 0). In both cases X preserves an orthogonal form
on Vy, (A1) and is hence contained in By. By [15, Table 8.1], we have that this subgroup
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By is also contained in Dg acting irreducibly on the natural module. So in the first
case, X is contained in Dg and is conjugate to Eg(#9). In the second case, X acts as
W(3)@1M 1MW (3) on Vi, (A1) (by [15, Prop. 2.13]). If p = 3 then X is Dg-reducible
by Lemma 3.4 and hence Fg-reducible. If p > 3, then X is conjugate to Eg(#21{O’T’O’T})
and hence Fg-irreducible.

Now let M = A, E;. The projection of X to E; is F7-irreducible and so by Theorem 5,
it is Er-conjugate to a subgroup in Table 7. Let Y be the projection of X to E7 so X
is a diagonal subgroup of A;Y. We now analyse the different possibilities for ¥ from
Theorem 5. Suppose Y is contained in A;Dg. Then X is contained in A%DG which is a
subgroup of Dg, and has hence already been considered.

Next, suppose Y is E7(#15) or FE7(#16) and so Y is contained in G2Cj3. Consider
the first case, Y = E7(#15). Then X — A; A1 Ay via (107 161 10) (rst = 0;5 # 1),
where the second factor A; is maximal in G and the third factor A; is maximal in Cs.
Corollary 3.6 shows that X is Fg-irreducible, yielding Eg(#31). Now let Y = E,(#16)
and so X < A1 A1 A1 Ay < A1GLCy via (107,101 10 114 (rstu = 0; 5 # t;t # u), where
the second factor is maximal in G2 and A1 4; < C5 acts as (2,1) on Vg, (100). If p > 7
then Corollary 3.6 shows that X is Eg-irreducible. When p = 7, Corollary 3.6 applies
except when r =t = 1, s = u = 0. Using the restriction of L(Es) to Eg(#32) in Table 13,
we calculate that L(Eg) | X = 58/44/36/34/303 /28/26%/22/14* /122 /102 /23 /0. Suppose
Z is an L-irreducible subgroup of a Levi factor L having the same composition factors as
X on L(Es). Since L(Es) | X has only one trivial composition factor, the possibilities for
L' are D7, A7, A1Eg, A1Aqg, AaDs, A1 Eg and A3A4. Suppose L' = D. From Table 22, we
see that Vp. (A1) | Z occurs as a multiplicity two composition factor of L(Esg) | Z. This is
a contradiction, because L(Eg) | X does not have a set of composition factors that form
two isomorphic 14-dimensional modules. Now suppose L' = A7. By considering the even
multiplicity 8-dimensional composition factors of X, it follows that Z acts as 10 = 3@ 1!
on V4, (A1). Since Vg4, (A2) occurs a composition factor of L(Es) | Az, it follows that Z
has a composition factor of high weight 18 on L(Eg). This is a contradiction. Suppose
L' = A1 FEg. Then L(Eg) | A1Eg has a 2-dimensional composition factor and therefore
Z does, a contradiction. Now suppose L’ = A;Ag. Then the projection of Z to Ag
acts as 6 on Vy, (A1), by Lemma 3.4. From Table 22, we have L(Eg) | A1A¢ has a
composition factor (Vy,(0),Va,(A1)) and therefore L(FEs) | Z has a composition factor
of dimension 7, a contradiction. Now let L’ = A;Ds. The only composition factors of
L(Es) | A3Ds with dimension at least 35 are (V4,(00),Vp,(A2)), (Va,(10),Vp,(A4))
and (Va,(01),Vp.(As)). The composition factor of high weight 34 of L(Eg) | X has
dimension 35 and so one of the three composition factors of dimension at least 35 has
34 as a composition factor when restricted to Z. Since A} = A5 and 10* = 01, we have
(Va,(10),Vp (A1) 4 Z = (Va,(01),Vp. (Xs)) 4 Z but 34 occurs with multiplicity one.
Therefore, (Va,(00),Vp,(A2)) | Z = 34/My/.../M). The sum of the dimensions of
M, ..., My is 10 but no set of composition factors of L(Eg) | Z have dimensions that
sum to 10. This is a contradiction, ruling out A>Ds. Finally, suppose L' = A3A4. Then
L(Es) | AsAy has (V4,(000), V4, (0100)) as a composition factor. This has dimension 10,
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but we just noted that L(Eg) | Z has no set of composition factors whose dimensions
sum to 10. This final contradiction shows that Z does not exist and therefore Lemma 3.5
shows X is FEg-irreducible when p = 7. This yields Fg(#32) in Table 8.

Next we consider the case where Y (the projection of X to E7) is E7(#17) and so
contained in A;Gy. Then X — A;A1A; < A A1Gy via (107,101 1) (p > 7;7st = 0;
s # t) where the third factor A; is maximal in Go. We see that X is Eg-irreducible by
Corollary 3.6, yielding Eg(#33). Similarly, when Y is E7(#18) we have X < A;A;A; <
A AL Fy via (1[T], 18l 1[’5]) (p > 13;rst = 0) where the third factor A; is maximal in Fy.
Again, X is Eg-irreducible by Corollary 3.6, giving Fg(#34) in Table 8.

Suppose Y is E7(#19) and so X — A; A Ay via (111161 10) (p > 5:st = 0;5 # 1)
where A1 A; < Fr is maximal. When p > 5, Corollary 3.6 applies. When p = 5, there
is one trivial composition factor on L(Es) | X when (r,s,t) = (0,1,0) or (0,0,1) and
none otherwise. We can use Lemma 3.5 in exactly the same way as for Eg(#32) (p =17)
to show X is Eg-irreducible. This gives Es(#35) in Table 8.

Finally, suppose Y is conjugate to E7(#20) or E7(#21). Then X is Es-irreducible
by Corollary 3.6, yielding Fs(#36) and Eg(#37), respectively. This concludes the M =
A, E, case.

Now let M = Ay FEg. The projection of X to Az acts as 2 on Vy4,(10) and p # 2. Let
Y be the projection of X to Fg. By Theorem 4, we see that Y is contained in A; As, A3,
AsGo, Fy or Cy. We claim that in all of the cases X is contained in either Dg or /LE7
and has therefore already been considered. If Y is contained in Ay As then X is contained
in Ay AsAs, which is a subgroup of A, E7. If Y is contained in A3 then it is also contained
in Cy by the proof of Theorem 4. So when Y is either Fg(#3) or Fg(#6), X is contained
in A1Cy. The irreducible subgroup A; of Ay is the centraliser of a graph automorphism
of As and similarly, C4 is the centraliser in Eg of a graph automorphism of Eg. By
[7, Table 11|, we have Ng,(A2Es) = (A2E4).2 where the involution acts as a graph
automorphism on both the A, and the Eg factors. Therefore, there exists an involution
t in Fg such that A1Cy < Cg,(t)°. By [10, Table 4.3.1], we have Cg,(t)° is either Dg or
Ay E; and hence X is contained in Dg or A;E7. In fact, we have Cg, (t)° = Dg.

Next, suppose that Y is contained in AsG5. Then the factor G is generated by root
subgroups of Eg and hence X is contained in G2Cg,(G2)° = G2Fy. In particular, the
projection of X to Fy is contained in AsAs. The proof of Theorem 3 shows that the
Ay As-irreducible A; subgroups of AsAs are also contained in A;C3 < Fy. Therefore,
X is contained in A;G2C5 < A, E7, as required. Finally, suppose Y is contained in Fj.
Then X < FyCg,(F4)° = F4G3. Moreover, the projection of X to G is contained in the
maximal subgroup As. By Theorem 2, this is also contained in A1 A, < Gs. Therefore
X < A1 A Fy and is hence a subgroup of A;Fx.

Now let M = A2. Using Lemma 3.4, the only Ay-irreducible A; subgroups act as 4
on Vyu,(A1) (p > 5) and are hence contained in By < Ay4. Therefore X is contained in
B2 < A2. By [15, p. 63], we have that B? is also contained in Dg. Hence X has already
been considered in the Dg case and is in fact conjugate to Eg(#3).
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Now let M = G5 F,. By Theorem 2, the projection of X to G5 is either contained in
Ay A; or is maximal with p > 7. In the first case, X is contained in Ay B and has already
been considered. So suppose the projection of X to G2 is maximal. Now consider the
projection of X to Fy. By Theorem 3, this is contained in By, A1C5, A1 G2 or is maximal
with p > 13. In the first case X is contained in Dg, since B4Cp,(B4)° = B4Bs < Ds
and in the second case X is contained in A;F7. Now suppose the projection of X to
Fy is Fy(#11) and hence contained in A;G5. The factor Gy of M and the factor Go
of A;Gy are conjugate in Eg. Furthermore, N, (A;G3) contains an involution swapping
the G factors. Thus, up to Eg-conjugacy, X — A;A? < A;G3 via (11,161 111) (5 = 0;
r#s;r#t s <t). We claim that if s = ¢ then X is contained in A; E;. Indeed, X is
contained in the centraliser of an involution in Ng,(A4;G3) when s = t and the connected
centraliser of that involution is A; Fr. In fact, X is conjugate to Fg(#32{"57}). When
s # t, then X is Fg-irreducible by Corollary 3.6, yielding Fg(#39).

The last case to consider is when the projection of X to Fj is maximal and hence
conjugate to Fy(#10) (p > 13). Then X — A1 A; < GoFy via (1 16]) (rs = 0) with
the first factor A; maximal in G5 and the second maximal in Fy. If r # s, then X is
Es-irreducible by Corollary 3.6, yielding Eg(#38). If r = s then Theorem 3.9 shows that
X is conjugate to Eg(#111%:9}) and has already been considered.

Let M = By (p > 5). There are two cases to consider. Either X is contained in A?
and acts as 1 ® 111 40 (r # 0) on Vp,(10) or X is maximal in M and acts as 4 on
VB, (10). In the first case, X is contained in the connected centraliser of an involution
in By. Hence X is contained in the connected centraliser of an involution in Fg, which
is either Dg or A; E7 and so X has been considered already.

Now consider the second case, in which X is a maximal subgroup A; of M. If p > 11
then Theorem 3.9 shows that X is conjugate to Eg(#10). When p = 7, we have X is
contained in a parabolic subgroup of Es, as proved in [19, 3.3]. When p = 5, we will show
that X is contained in an A-parabolic subgroup of Eg and is hence Fg-reducible. To do
this, we will use the same method as [30, Lemma 7.9]; we show that S = A4;(25) < X
fixes the same subspaces as X on L(FEs) and then show that X fixes an 8-dimensional
abelian subalgebra that is ad-nilpotent of exponent 3 i.e. (ad a)® = 0 for all a.

Firstly, Lemma 3.5 along with Table 22 shows that the only parabolic subgroup X
can be contained in is an Ar-parabolic.

To show S and X fix the same subspaces of L(Eg) we use Lemma 3.7. We have
L(Eg) | X = 182/16/143/124/10°/85/6% /4/23 /0% and therefore conditions (i) and (iii)
hold. To show condition (ii) holds it suffices to check that the Weyl modules of high
weight 18, 16, 12, 10, 8 and 6 are still indecomposable when restricted to S. We then
check this in Magma [5]: We construct S = PSL(2,25) = PSL(V) and the S-modules
S™(V). In each case, we use the inbuilt “Socle” function in Magma to find that the socle
of S™(V) is irreducible and thus S™(V') is indecomposable for each integer n in the list
of high weights. Therefore, X and S fix the same subspaces of L(Eg).

The existence of M = By when p = 5 is proved in [19, Lemma 5.1.6] using [25, 6.7].
In particular, if « is the long simple root and g is the short simple root in a basis for M
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then the A; generated by z4,(t) is contained in the subsystem subgroup A, As and the
Ay generated by zys(t) is contained in the subsystem subgroup A;Djs. Using this, we
can write down the generators x4 (t), z+5(t) of M in terms of generators of Es. From
these generators we construct B2(25) in Magma as a subgroup of the inbuilt finite group
of Lie type Fg(25) and then construct S as a maximal subgroup of B2(25). We now use
the inbuilt functionality of Magma to construct the Lie algebra L(Fjg) as a module for
S and then, again using the inbuilt “Submodules” function, we find all 8-dimensional
S-submodules of L(Eg). We find that there is a unique such S-submodule that is an
abelian subalgebra, and it is ad-nilpotent of exponent 3.

So S and therefore X fixes an 8-dimensional abelian subalgebra of L(Eg) that is
ad-nilpotent of exponent 3. Exponentiating this subalgebra yields an 8-dimensional
unipotent subgroup of Fg, normalised by X. Therefore X is contained in a parabolic
subgroup of Eg, as required.

Now let M = A1 Ay (p > 5). Then the projection of X to Ag acts as 2 on Vy,(10) and
is the centraliser of a graph automorphism of Ay. By [7, Table 11], we have Ng.(A; A2) =
(A1A2).2 and therefore X is contained in the centraliser of an involution in Es. Using
[10, Table 4.3.1] we find this centraliser is either Dg or A, E;. One calculates that it is
the latter and X is conjugate to Eg(#34{ms7}).

Let M be one of the classes of maximal A; subgroups. Then they are Fg-irreducible
by Theorem 3.1, yielding Fs(#40), Es(#41) and Eg(#42).

Finally, we check there are no more Eg-conjugacies between any of the irreducible A
subgroups by comparing the composition factors in Table 13. This completes the proof
of Theorem 6. O

10. Corollaries

In this section we give the proofs of Corollaries 1 to 5. Let G be an exceptional
algebraic group over an algebraically closed field of characteristic p. Corollary 1 is an
immediate consequence of Theorems 2 to 6, which prove G contains a G-irreducible
subgroup A; unless G = Eg and p = 2.

For Corollary 2, we consider Tables 4 to 8 when p = 2, 3. We see that all Go-irreducible
A; subgroups of G are contained in Ay A; from Table 4. When p = 2, Table 5 shows
that By contains all of the Fy-irreducible A; subgroups of Fj (in fact the same is true
for Cy). If p = 3, we notice that B, and Ay C3 both contain Fy-irreducible A; subgroups
by Theorem 3. Now suppose G = Eg. Then if p = 2 there are no FEg-irreducible A
subgroups. When p = 3, the Eg-irreducible A; subgroups Fg(#2) and Eg(#3) are listed
as subgroups of A; A5 and A3, respectively. However, Eg(#2) < A1C3 < A As and A;C;
is also contained in Cy. Similarly, in the M = A3 case of the proof of Theorem 4, Eg(#3)
is proved to be contained in Cy (acting as 1 ® 11"l @ 15] on Vi, (\1)). Therefore, C4
contains a conjugacy class representative of each Ejg-irreducible subgroup when p = 3.
For G = E7 and Eg the result follows immediately from Tables 7 and 8, respectively.
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Corollaries 3 and 4 follow from careful consideration of the composition factors listed
in Tables 9 to 13.
For the proof of Corollary 5 we first need the following three results.

Lemma 10.1. Let X be an algebraic group of type Ay over an algebraically closed field of
characteristic p = 2. Let W be the X -module 119 @ 1Vl @ 1l @ 119 with a,b, ¢, d distinct.
Then the socle of W ® W is a 1-dimensional trivial module.

Proof. It suffices to show that

0ifn#0

Sp = dim(Homx (Va, (n), W @ W)) =
lifn=0.

Firstly, suppose n = 0. Then Homx (0, W @ W) = Homyx (W, W) = K since W is
self-dual and irreducible. Therefore Sy = 1 as required. Now suppose n # 0 and S,, # 0.
Then Vy,(n) is a composition factor of W @ W = (14 @ 1l4) @ (1 @ 1) ® (1] @
1) @ (114 ® 119, Since 1 ® 1 = T(2) = 0/2/0 it follows that V4, (n) is isomorphic to
1[a+1]’ 1la+1] ® 1[b+1]7 1la+1] ® 1[6+1] ® 1le+1] or 1la+1] ® 1[bo+1] ® 1le+1] ® 1[d+1]’ up to
relabelling of a,b,c,d. It remains to check that none of these modules have non-zero
homomorphisms to W @ W. First consider Va,(n) = 11 Then Homy (11*t1 W ©
W) 2 Homx (114t @ W, W). If a + 1 ¢ {b, c,d} then 1t @ W is irreducible and not
isomorphic to W, hence S,, = 0. So a+ 1 € {b,¢,d} and we may assume that a + 1 = b.
Noting that 1® 1 ® 1 = 3 @ 12 (the composition factors are clear and there are no
non-trivial extensions between any of them) we have

Homy (1147, W @ W) = Homy (1001 @ 1[0+ @ 1le+1] qla) g 109 @ 1l 1l
® 14 g 10
>~ Homy (1191 @ 11+2)) g (1le+1))2 qla] g 1la] g 11
® 19 g1l 1[d])
=~ Homy (1M1 @ 1[+2) 1la] g 1l g 1l @ 11 g 114 g 114 g
Homx (11¢H1 114 @ 119 @ 1[4 @ 11 @ 14 g 1[92
=~ Homy (119 @ 11+ @ 1042 g 1ld @ 114 1l g 10 & 11d)q
HomX(l[a] @ 1t g 1 g 114 1ld g 1ld g 1[d])2
=: A® B2
We have 1[4 ® 1l9 @ 1[4 and 1[4 ® 1l¢+1 @ 1[d @ 1[4 (recall that a + 1 = b and that
a, b, c,d are distinct) are irreducible non-isomorphic modules and so B = 0. Furthermore,

el @ 1o+l @ 1le+2 @ 1l @ 109 is irreducible if and only if a 4+ 2 ¢ {c,d}. Therefore
A =0 unless a + 2 € {¢,d}. We may therefore assume a + 2 = ¢ and just consider A:
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A = Homy (11012 @ 11042 @ 1le42] 1la] @ 1lal g 1lo+1] @ 114 g 1ld))

o~ HOmX 1[a+2 1[a+3] 1[0,] ® 1[&] 1[a+1] ® l[d] ® l[d])@

(
(
Homy (1042 1le) @ 1la] @ 1lat1l @ 1l g 1ld])2
o HomX(ll“] ® 1[0+l g 1[a+2) g 1[a+3] g 1(d] qla] g 1[(1])
(

Homy (114 @ 111 g 1[0+ ¢ 114 1l g 1[d])
= C @ D?

As before, D =0 and C = 0 unless a + 3 = d. So finally, we consider C' when a 4+ 3 = d.

C = Homy (11413 @ 1[o+3] 1[a+3] la] & 1la] g 1la+1] 1[a+2])
>~ Hom y 1[a+3] ® 1[a+4] l[a] ® 1[a] ® 1[a+1] ® 1[a+2])

(
(
Hom x (1131, 11l @ 119l @ 1a+1]  1le+2])2
o~ HomX(l[“ ® 1[a+1] ® 1[a+2] ® 1[a+3] ® 1[a+4] [a])69
(

HOmX 1[(1 ® 1[a+1] ® 1[a+2] ® 1[a+3] [a])2

= 0.

We have proved that Homx(l[a+1],W ® W) =0 and so S, = 0, a contradiction. The
three remaining cases are similar and in each one we find that S,, = 0, a contradiction.
This completes the proof. O

Lemma 10.2. Let X be a simple algebraic group of type Ay over an algebraically closed
field of characteristic p = 2. Let Wi and Wy be the X -modules 1 ® 11" @ 111 and 0[(2 +
oll 4 2|0, respectively. Then N*(W1) has a 1-dimensional socle, whereas \*(W2) has
a 7-dimensional socle. In particular, N*>(W1) is not isomorphic to \*(Ws).

Proof. First, we claim that the socle of W7 ® W is 1-dimensional. This follows from
a similar calculation to that in the previous lemma. Since /\Z(Wl) is a submodule of
W1 ® W, it follows that the socle of A*(Wi) is also 1-dimensional. Now we consider
A’ (W2). We claim that the socle is isomorphic to 2+ 2" 4+-2[s] 40. To prove this we con-
sider X as a diagonal subgroup of Y 2 A% via (1,11, 15°]) and let W3 be the Y-module
(0,0,0)[((2,0,0) + (0,2,0) + (0,0,2))](0,0,0), so W3 | X = Ws. The first step is to
show that the socle of W3 is isomorphic to (2,0,0) + (0,2,0) 4 (0,0,2) + (0,0, 0). Define
a finite subgroup S of Y, as the direct product of subgroups SL(2,4) = SL(V) < 4;
for each of the three simple factors of Y. We then construct W3 | S in Magma: Given
the natural module (V,0,0) for the first factor of S, we have that the tensor product
Uy = (V,0,0) ® (V,0,0) = (0,0,0)|(V[1,0,0)[(0,0,0). We then do the same for the
second and third factors, forming U, and Us respectively. It is then straightforward
to form the module W5 | S = (0,0,0)|((VI*,0,0) + (0, VI, 0) + (0,0,V1))|(0,0,0)
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from the direct sum of Uy, Us and Us. We then use the inbuilt functions for the wedge
square and the socle of a module in Magma to conclude that Soc(A\*(Ws) | S) =
(V11,0,0) + (0,VIH,0) + (0,0,VIY) 4 (0,0,0). Now we check the three conditions of
Lemma 3.7, applied to S < Y acting on A*(W3). The Y-composition factors of A*(Ws)
are (2,2,0)/(2,0,2)/(0,2,2)/(2,0,0)%/(0,2,0)%/(0,0,2)%/(0,0,0)*. Therefore conditions
(i) and (iii) hold and it remains to show that the restriction map Extj (M,N) —
ExtL (M, N) is injective for all pairs of Y-composition factors of A*(W3). Using the Kiin-
neth formula [24, 10.85] and Lemma 3.8, we have Exty, (M, N) = 0 unless M = (2,0,0)
and N = (2,2,0), (2,0,2) or (0,0,0) (up to swapping M, N and cycling the three
Ay factors), in which case it is I-dimensional. The map Ext3 ((2,0,0),(0,0,0)) —
Ext}g((Q, 0,0),(0,0,0)) is injective since the non-trivial extension (2,0, 0)|(0, 0, 0) is found
in the tensor product (1,0,0) ® (1,0,0) for both Y and S. Similarly, the non-trivial ex-
tension (2,0,0)[(2,2,0) is found in (2,1,0) ® (0,1,0) and (2,0,0)|(2,0,2) is found in
(2,0,1) ® (0,0, 1) for both ¥ and S. We now apply Lemma 3.7 to conclude that Y and
S fix the same subspaces of A\?(Ws). Therefore the socle of A\*(Ws) as a Y-module is
(2,0,0)+(0,2,0)+(0,0,2)+(0,0,0). It follows that the socle of A*(W2) as an X-module
has dimension at least 7. In fact, using Lemma 3.7 again, this time applied to X <Y
acting on \*(W3) implies that the socle of A?(Ws) as an X-module has dimension 7. O

Lemma 10.3. Let G = FEg, p = 5 and M be a maximal subgroup Ba. Suppose X is a
mazimal subgroup Ay of M. Then X is conjugate to Y < Ag acting as W(8) = 8|0 on
Vag(A1).

Proof. In the M = B, case of the proof of Theorem 6 it is proved that X is contained
in an Ay-parabolic subgroup of G. The composition factors of X acting on L(Eg) are
182/16/143/12% /105 /8% /6% /4/23 /03 and it follows that the projection of X to A7 acts as
3® 1M1 on Va,(A1). Let P = QL be an Az-parabolic subgroup of Fg containing X and
let Z be a subgroup A; of L' = A7 acting as 3@ 1" on Va, (A1), so the projection of X to
A7 is Az-conjugate to Z. By definition, Y is a subgroup of an Az-parabolic subgroup of
Ag and hence of Eg, with the projection of Y to Ay also A7-conjugate to Z. By using the
construction of X in Magma from the M = By case of the proof of Theorem 6 and the
fact that L(Es) | As = (A1 + A7) @ A3 ® A¢ we calculate that X and Y act the same way
on L(Es), specifically as W (18) + W (18)* +T(16) + T'(12)? + T(10)® + 143 + T(6)3 + 4.
In particular, neither X nor Y have a trivial submodule on L(Eg) and are thus not
contained in an A7 Levi subgroup. Therefore, both X and Y are non-Eg-cr. To prove
that X and Y are conjugate it remains to show that there is only one Fs-conjugacy class
of non-FEg-cr A; subgroups in QZ. To do this we use the results and methods described
in [29] and [22].

We first consider the action of Z on the levels of Q. The action of L’ on the levels of
Q are as follows

Q/Q(2) L A7 = Xs,
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Q(2)/QB) | A7 = Ay,
Q) L Ar = Ar,

and restricting to Z < L’ we have

Q/Q(2) | Z = 18 + T(12) + T(10),
Q2)/Q(3) L Z = 14+ 10+ T(6),
QB) Lz =8

In particular, using Lemma 3.8 we see H'(Z,Q(i)/Q(i + 1)) = 0 for i = 1,2
and HY(Z,Q(3)) = K. It follows from [29, Proposition 3.2.6, Lemma 3.2.11] that
HY(Z,Q) = K. Moreover, by [22, Lemma 3.20], there is at most one Eg-conjugacy class of
non-FEg-cr Ay subgroups contained in QZ by considering the action of the 1-dimensional
non-trivial torus Z(L). Since X and Y are non-Eg-cr and contained in QZ, there is
exactly one class and so X and Y are Eg-conjugate. O

It remains to prove Corollary 5. The strategy for the proof is as follows. For each
exceptional algebraic group G we find all M-irreducible A; subgroups that are not
G-irreducible from the proofs of Theorems 2 to 6. Given such a subgroup X we then
check whether it satisfies the hypothesis of Corollary 5. That is to say, we check whether
X is contained reducibly in another reductive, maximal connected subgroup M’, or X
is contained in a Levi subgroup of G. To do this we use the composition factors of X
on the minimal or adjoint module for G, using restriction from M. Of course, since X is
G-reducible there must exist some subgroup Y = X inside a Levi factor L’ having the
same composition factors as X. Therefore, we will require the exact module structure of
X acting on either the minimal module or adjoint module for G to prove that X is not
contained in L.

Proof of Corollary 5. First consider G = G3. The proof of Theorem 2 shows that the
only M-irreducible subgroup A; that is Go-reducible is X = Ay < M = A; A; via (1,1)
when p = 2. We need to check whether X satisfies the hypothesis of Corollary 5. The only
subgroups of Gy that have the same composition factors as X are a Levi A; and 4; < A
embedded via W(2). However, [28, Theorem 1] shows that X is not conjugate to either of
these subgroups. Therefore X is not contained reducibly in another reductive, maximal
connected subgroup nor is it contained in a Levi subgroup of G. Hence X satisfies the
hypothesis of Corollary 5 and is listed in Table 2.

Now let G = F,. By the proof of Theorem 3, there are no conjugacy classes of
M-irreducible A; subgroups which are Fy-reducible. Indeed, the By-irreducible sub-
groups acting as 1 ® 1" @ 165) on Vj, (A1) when p = 2 are shown to be conjugate to
By-reducible subgroups acting as 0|(2 + 21 + 2[51)|0. Similarly for the Cjy-irreducible
subgroups acting as 1 ® 1" @ 1051 on Ve, (A1) when p = 2. Therefore there are no A,
subgroups satisfying the hypothesis of Corollary 5.
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Next, suppose G = FEg and consider the M-irreducible A; subgroups that are
FEg-reducible. These are all found in the proof of Theorem 4. Let X be such a sub-
group. If X is contained in a maximal A then p = 5 and we claim that X is contained
in A; A5 via (1,7 (5)), hence X does not satisfy the hypothesis of Corollary 5. This is
proved in [22, Section 4.1] by showing there is only one conjugacy class of non-FEg-cr
subgroups of type A; with the same composition factors as X on Vsg. Now suppose X
is contained in Cy (p # 2). If X is contained in A;C3 < Cy then X is also contained in
A, As. By the proof of Theorem 4, every Ay As-irreducible subgroup A; is Eg-irreducible.
Hence X is contained reducibly in A;As and so does not satisfy the hypothesis of the
corollary. Similarly, if X < C3 then X is contained in a D5 Levi subgroup and does not
satisfy the hypothesis. Finally, suppose X is contained in Fy. Then X is contained in
B, and hence contained in a Dj Levi subgroup. Therefore there are no A; subgroups
satisfying the hypothesis of Corollary 5.

For G = FE7 the result is checked in the same way as for FEg. First consider
Az-irreducible A; subgroups, all of which are Fr-reducible. If p > 2 then such sub-
groups are contained in Cy4, which is contained in an Eg Levi subgroup by [15, Table 8.2]
and so do not satisfy the hypothesis of the corollary. If p = 2, then we need to consider
a subgroup X acting on V4. (A1) as W1 =1® 17 @ 18] (0 < r < s). We claim that X
satisfies the hypothesis of Corollary 5. To prove this, we start by considering the action
of X on Vig. We have Vig | A7 = Va. (A2)+Va, (Xe) and hence Vig | X = (\*(W1))2. By
Lemma 10.2, we have /\2(W1) is indecomposable and hence X has two direct summands
of dimension 28 on Vig. From this, it follows that X satisfies the hypothesis of Corol-
lary 5 or X is conjugate to an M-reducible subgroup A; of A;. Suppose the latter is true.
Considering the X-composition factors of Vsg, it follows that X is conjugate to Y, where
Va, (M) LY = Wy = 0|(2+27+2[1)]0. Now, we have Vsg | Y = (A*(W2))2. Lemma 10.2
shows that X and Y are non-GL(56, K )-conjugate, and thus non- Ez-conjugate. This con-
tradiction proves that X satisfies the hypothesis of the corollary.

Now let X be the irreducible subgroup A; contained in the maximal subgroup A,
when p = 5,7. Then X is E7-reducible and is in fact non-Er-cr and conjugate to ¥ =
Ay < A7 with Vu, (M) | A1 = W(7) for both p = 5,7. Indeed, by considering its
composition factors on Vig, we find that the only Levi subgroup that can contain X
is Fg. However, in the case M = A, in the proof of Theorem 5, we calculated that
Vse 4 X = (0/12]0)% + (4/8]|4)? when p = 7 and therefore X is not contained in Eg since
Eg has a trivial direct summand on Vsg. When p = 5, we have L(E;) | As = 44 + 11.
We know Vy,(11) | X = 4 + 2 and need to find Vy4,(44) | X. To do this, we first
use the fact that 40 and 04 are tilting, so their tensor product is also tilting and thus
40 ® 04 = 44 + T(33) + T'(22). Furthermore, 40 = $*(10) and hence 40 | X = S4(2) =
T(8) + 4. Combining this with usual high weight calculations yields that L(E7) | X =
T(16) + 14 +T(12) +T(10)% 4+ T(8) + 43 + 2. In particular, we find that X has no trivial
direct summands on L(E7) and is therefore not contained in Fg. Thus X is non-FEr-cr.
To prove that X is conjugate to Y < A7, we need to prove there is only one Er-conjugacy



A.R. Thomas / Journal of Algebra 447 (2016) 240-296 285

class of A; subgroups contained in an FEg-parabolic when p = 5,7. This is done in [22,
Sections 5.1, 6.1].

Next, we consider the maximal subgroup A;A; when p = 5. Then X — A;A; via
(1,1) is Er-reducible. In fact, X is non-F7-cr and conjugate to Y = A; < A1 A; < AyA5
via (1,1) where the first factor A; acts as 2 on Vy4,(10) and the second factor A; acts
as W(5) on Vy4, (A1). We will prove that X is non-E7-cr and the second statement is
proved in [22, Section 5.3]. Looking for a contradiction we suppose X is FE7-cr. Then X
is contained irreducibly in some Levi factor L’. By considering the composition factors
of X on Vsg, we have L' = AjAsAs. From [19, Table 10.2], we have Vsg | A1 A1 =
((2,3)|((6,3)4+(2,5))](2,3))+(4,1). We can construct such a module for A;(25) x A;(25)
in Magma and use it to show that Vsg | X = 9+ W (7) + W(7)* + T(5)3. The action
of A1As Az on Vig is completely reducible and has a direct summand of dimension 4.
All of the direct summands of X on Vsg have dimension at least 8, a contradiction. It
follows that X is non-E7-cr but is contained reducibly in A3 A5 and so does not satisfy
the hypothesis of Corollary 5.

The last Er-reducible subgroups to consider are Xy < A1 Ay < A1G2 via (1,1) where
the second factor A; is maximal in G2 and Xo < A1 A1 < G2C3 via (1,1) where the first
factor Ay is maximal in G5 and the second is maximal in C3, both when p = 7. From
the proof of Theorem 5, we see that X; and X, are E7-reducible and by considering
their composition factors on Vsg, they are contained in an A; A; Asz-parabolic subgroup.
Both X7 and X, act on Vg as T(11) + T/(9)? + T(7), checked using the restriction of
Vs6 to A1Go and GC5 from [19, Table 10.2]. As Vig | A1 A2 A3 has no direct summands
of dimension at least 14, it follows that neither X; nor X, are contained in an Ay A;As
Levi subgroup and both satisfy the hypothesis of the corollary. Furthermore, it is shown
in [22, Section 6.2] that X is conjugate to X5, and hence only X; appears in Table 2.

Finally, suppose G = Fg. First consider X = A; < Dg acting as 1 ® 11" @ 1[5/ @ 114
(0 < r < s < t) when p = 2, where X is the Eg-reducible class of such subgroups
contained in By(f), as in [30, Lemma 7.1]. We claim that X satisfies the hypothesis of
Corollary 5. To prove this, we will first show that X has a 120-dimensional indecom-
posable summand on L(Es). When p = 2 we have L(Eg) | Dg = (0|A\2]0) + A7 and in
particular, A*(A1) = 0|\2|0 is a direct summand. Furthermore, A%(\;) is a submodule
of Ay ® A;1. Lemma 10.1 shows that the socle of A\ ® A\ | X is a 1-dimensional trivial
module and therefore simple. It follows that A*(A1) has a simple socle and is thus in-
decomposable. Therefore X has a 120-dimensional indecomposable summand on L(FEjg).
Now suppose X does not satisfy the hypothesis of the corollary. Then X is a subgroup
of a Levi subgroup or another reductive, maximal connected subgroup of Fg. Since X
has a 120-dimensional indecomposable summand, it follows that X is an Er-irreducible
subgroup of Ey. As p = 2, it follows from Corollary 2 that X is contained in A;Dg. But
the largest dimensional indecomposable summand of L(Eg) | A1 Dg is (Vaa, (1), Vias(X6)),
which has dimension 64. This is a contradiction and hence X satisfies the hypothesis of
the corollary.
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Next, we note that the Eg-reducible subgroup contained Ag-irreducibly in Ag when
p = 3, is shown to be Dg-reducible in the proof of Theorem 6 and hence does not satisfy
the hypothesis of the corollary.

The last subgroup A; to consider is a maximal subgroup A; of M = By whenp = 5,7,
let this be X. The proof of [19, Proposition 3.3.3] shows that X is contained in Ag acting
as W (8) = 8|4 when p = 7. When p = 5, Lemma 10.3 shows that X is also contained in
As acting as W (8) = 8|0. Therefore in both cases X is contained reducibly in another
reductive maximal connected subgroup of Eg and so does not satisfy the hypothesis of
Corollary 5. O

11. Tables

In this section we give the tables of composition factors for the G-irreducible A;
subgroups from Theorems 2 to 6 acting on the minimal and adjoint modules for G. The
tables use the unique identifier given to G-irreducible A; subgroups in Tables 4 to 8 and
the composition factors are calculated by restriction from a reductive, maximal connected
subgroup M. The notation used in the tables is described in Section 2. The composition
factors of M on the minimal and adjoint modules of G are listed in Theorem 3.1.

Table 9
The composition factors of the irreducible A; subgroups of G».
ID Comp. factors of V7 | X Comp. factors of L(G2) | X
1 1 @ 1681 /w(2)Lel w(2)l" /1 @ w(3)lsl /W (2) 1)
2 22/0 w(4)/23
3 6 W(10)/2
Table 10
The composition factors of the irreducible A; subgroups of Fj.
ID  Comp. factors of Vag | X Comp. factors of L(Fy) | X
1 1®1[T1/1®1[S]/1®1[t]/1[ﬂ ®1[S]/ W(Q)/I(X)l[r] ®1[S]®l[t]/1®1[7“]/1@1[5]/1®1[i]/
107 ® 1[t]/1[S] ® 1[11/02 W(Q)[T]/l[rl ®1[S]/1[T] ® 1[t]/W(2)[8]/1[S] ®1[ﬁ]/W(2)[t]
2 2[7"]/1[7‘] ® 1 ® 1[i]/1[""] ® 1 1[”]/ 2l 2[5]/2[7‘] ® 1 ® 1[“]/2[7‘]/1[""] ® 1 1[t]/
2[5]/1[t] ® 1[“]/02 107 ® 18] ® 1[“]/2[51 ® 10t] ® 1[“]/2[51/1[t] ® 1[“]/
Q[t]/glu]/04

3 2/1 @ 1" @ 1181 @ 118 /2l1 /2ls] /oltl 102 2ol /ja@alsl /22l /2/191 g1l @11 /2l g alsl/
2lrl & 2[t]/2[r]/2[s] ® 2[*4]/2[51/2“«]/0‘L

4 2/ 10 g1l? 2l ol /o 2/2® 2" /2@ 201 /(1 @ 117 @ 1[1)2 72l g 2051 /2lr] /ols]

5 wE)ei1ll/22/19 w(3) /0 w@) 2" /we)e1M /2w /2/10 w(3)l" /21

6 4[T]/3[7‘] ® 1[51/3[T] ® 1[t]/1[51 ® 1[t]/0 W(G)[T] /4[T]®1[8]®1[t]/3[T]®1[8]/3[7‘]®1[t]/Q[T]/Q[S]/Q[‘]

7 10/8/4/0 W(14)/10%/6/4/2

8 1" @ 5[S]/W(8)[S] /4[5] 2[T]/1[?"] ® W(g)[s]/l[ﬂ ® 3[5]/W(10)[5]/6[S]/2[3]

9 1" @ 2kl @ l[t]/W(4)[5]/2[S] ® 2t 2[7‘]/1[7“] ® W(4)[S] ® 1[’4/1[7‘] ® W(B)[t]/W(ﬁl)[S] ® 2[t]/
olsl /olt]

10  W(16)/8 W(éQ)/W(14)/10/2

11 4[T]/2[T] ® 69 4" @ 6[8]/2[T]/W(10)[8]/2[S]
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Table 11
The composition factors of the irreducible A; subgroups of Eg.

ID  Comp. factors of Va7 | X Comp. factors of L(Eg) | X

1 1" & 5[3]/W(8)[S]/4[S]/0 2[7"]/]_[?"] ® W(g)[S]/llﬂ ® 5[51/1[7"] ® 3[5]/W(10)[S]/
W(g)[S]/G[S]/4[5]/2[S]

2 1M @ 28l 1[t]/W(4)[S]/2[S] ® 2[‘]/0 Q[T]/llT] ®W(4)[S] ® 1[‘]/1[T] ®2 1['5]/1[7“] ®W(3)[t]/
W (4)ll @ 20t /7w ()81 j2ls] @ 2ltl jals] /olt]

3 2® 2[7“]/2 ® 2[5]/2[r] ® 2lsl W(4)/(2® ol"l 2[5])2/2/W(4)[T]/Q[T]/W(4)[S]/2[S]

4 4[7“]/2[7"] ® G[S]/O 4l & gl /4[7"]/2[7‘] ® S[S]/Z[T]/W(IO)[S]/Z[S]

5 Ww(16)/8/0 W (22)/W(16)/W (14)/10/8/2

6 W (12)/8/4 W (16)/W (14)/10%/8/6/4/2

Table 12

The composition factors of the irreducible A; subgroups of E7.

ID  Comp. factors of Vi | X Comp. factors of L(E7) | X

1 1" @ 511 & l[t]/W(S)[S] ® 1[t]/ 2["']/1[7'] ®W(9)[S]/1[T'] ® 5l ®2[i]/1["'] ®3[$]/w(10)[$]/
4lsl @ 1[t]/3[i] W(g)[sl ® 2[t1/6[51/4[s] ® Q[t]/gls]/Q[t]

2 1" @ 5 @ ]_[t]/W(g)[S]/g)[S] ® 2[f]/3[3] 2[71/1[?"] ® W(B)[S] ® 1[’5]/1[?"] ® 4lf ® ]_[t]/]_[r] ® 3[3]/

W(IO)[S]/W(B)[S] ® 2[1]/6[5] /4[51 ® 2[’5]/2[5]/2[1]

3 1M @26l @ 11t 1[“]/W(4)[S] ® 1[”]/ Q[T]/llT] ® W(4)[S] ® 1[“]/1“] ® 2l @2l & 1[“]/

2l @ 21t @ 1041 /7 (3) [ 1M @ w(3)W /w9l @ 21 /W (4)le] @ 2l /
ols] ® olt] ® 2[“]/2[5]/2[f]/2[u]

4 17 @ 10081 /107 s (15)1e1 /glel /5] 2l /107 @ w(15)l1 /17 @ 9lsl /117 @ 5181 /w7 (18) (1 /

w(14)#1/(10(e1)2 /6151 /2le]

5 1] ®8[S]/1[T] ®2[i]/10[5] ®1[f] /4[51 ®1[t] Q[T]/I[T] ® 10!8] ® l[f]/l[rl ® 4ls] ® 1[t]/W(14)[S]/

10[8]/8[51 ® 2[t]/6[51/2[51/2[t]

6 1" & 6[5]/1[7'] ® 4[f]/6[5] ® 3[f]/3[t] 2["']/1[7'] ® 6l ® 3[t]/1[7'] ® 3[t]/W(10)[5]/6[5]/

6l @ 4[t]/2[5]/6[f«]/2[t]

7 1] ®6[S]/1[7‘] ® 10t ®1[u]/1[7‘]/ QT]/]_[T] ® 6l ®1[t]/1[7"] ® 6l ®1[“]/1[T] ®1[t]/

65l ® 1[t]/6[é’] ® l[u]/l[i]/l[u] 1" & 1[“]/W(10)[S]/6[S] ® 1 @ 1[“]/(6[51)2/2[5]/

1 @ 1[“]/2[t]/2[u]/

] 1] ®4[3]/1[T] ®2[’5]/1[7‘] ® 1 g ]_[U]/ W(G)[S]/Q[T]/l[ﬂ®3[S]®1[t]®1[“]/1[r]®3[51®1[’5]®1[’0]/

3ls] ® 1t ® 1[“]/3[31 ® 10t ® 1M1 4ls] ® olt] /4[5] ® 1[u] ® 1[v]/2[5]/2[t] ® 1[u] ® l[v]/Q[t]/
2[“]/2[1’]

9 1" & 4[51/1[7"] ® 2[31/1[‘f] ® 1t e 1[“]/ 2[*]/1[?"] ®4lf ® 1[i]/1[7‘] ® 4 ® 1[“]/1[*] ® 2 ® 1[t]/
4ls] ®1[t] /4[51 ®1[u]/2[5] ®1[t]/2[51 ®1[u] (7] ® ols] ® l[u]/(W(G)[S])2/4[S] ® 11t ® l[u]/

olsl 11t 1[“]/4[51/(Q[S])S/Q[tl/glu]

10 1071 @ 2l¢] ®2[t]/1[7‘] ®2[u]/ 2[7']/1[7"]®W(3)[S]®1[t]®1[u]/1[7"]®1[5]®W(3)[t]®1[u]/
W(3)[S] ® 10t ® 1[”]/ W(4)[S]®2[t]/2[5]®W(4)[t]/Q[S]®2[t]®2[u]/2[51/2[f]/2[u]
W(g)[ﬂ ® 18] @ 104

11 1[7']®2[S]/1[7']®2[t]/1["']®2[u]/1[7']®2[v]/ 2["']/(1[7'] 1 @1l @ 14 g 1[1!])2/2[5]/2[5] ® 2[t]/
(1[51 ® 11 g 1% g 11v1)2 olsl @ 2[“]/2[5] ® Q[U]/Q[t]/g[i] ® 2l /2l @ 2[“]/2["]/

olul 2[”]/2[“]

12 1eileitlieillei/1g1Meil,  we)/1e1M g1 g1M/1 9101 @ 111 @ 11/
1M @1t @ 1[“]/1[T] @1l g 1[w]/ 11l g1t g 1[”]/1 @1l g1l g 1[w]/W(2)[T]/

1l @11t @ ]_[w]/]_[S] ® 14 @ 1] 1M g1l g1t @ 1[“]/1[T] 21 1Y 1[w]/W(2)[8]/
W(Q)M/l[t] 21 g1 g 1[w]/W(2)[u]/W(2)[v]/
w2l

13 1] ®2[3]/1[T] ®2[’5]/1[7‘] ®2[“]/ 2[7"]/]_[7‘] ® 168 @ 10t & 1[4 ®1[U]/

1M @1l @ 1[“’]/(1[7“])2/
1l g1l @ 1vl g 1[v]/
1] @ 111 @ 114 g 1(]

1M g1l @1l g 10+ & 1[“’]/2[51 ® 2[t]/2[s] ® 2[“]/
olsl @ 1Y & 1[w]/(2[51)2/2[t] ® 2[”]/2[t] ® 1" ® 1[w]/
(%[t])2/2[u] @1 @1t /(2luly2 /o] /(1] @ 1[w]y2 jolwl
0

(continued on next page)
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Table 12 (continued)

ID  Comp. factors of Vze | X Comp. factors of L(E7) | X
14 1" & 2[5]/1[r] ® 2[t]/1[7“] ® 2[“]/ Q[T]/I[T] @1 91l @14 10 & 1[w]/2[s] ® 2[t]/
1" 2[“]/1[T] ® 2[“’]/(1[T])2/ ols] & 2[“]/2[81 ® 2[”]/2[81 ® 2[w]/(2[s])2/2[t] ® 2["]/
11 @ 11 @ 114 @ 11¥] @ 11! 2ltl 2[”]/2@] ® 2[w]/(2[t])2/2[u] ® 2[’0]/2[14 ® 2[“’]/
(21220 @ 212 ol o
15 6" @5l /w9yl /3l w(10)" /6l @ w(8)lsl /6] @ alsl /2l /W (10)15]/
6[81/2[5]
16 6l @ 205l @ 11 /4[51 ® 1[ﬂ/3[t] W(IO)[T]/6[T] ® 4[5]/6[7“] ® 2l @ 2[t]/2[r] /4[51 ® 2[t]/
2[5]/2[t]
17 3l & 6[8]/1[""] ® W(IO)[S]/l[T] ® 2l 4" » 6[5]/2[7"] ® W(12)[S]/2[r] ® 8[5']/2[7“] ® 4[8]/2[7"]/
W (10)l] /2]
18 31 @ wie)lsl /107 @ gl 2l @ w(16)ls1 /2l @ 81 /207wy (22) 1] /1w (14) 81/
W(lO)[s]/Z[S]
19 W(G)[T] ® 3051 /4l @ 1001 72l7] @ 5l°] W(G)[T] ® 4[51/4[T] ® W(G)[S]/4[T] ® 2[5]/2[T] ® W(8)[S]/
2lrl & 4[81/2[T]/2[S]
20 W(21)/15/11/5 W (26)/W (22)/W (18)/16/14/102 /62
21 W(27)/17/9 W (34)/W (26)/W (22)/18/14/10/2
Table 13

The composition factors of the irreducible A; subgroups of Es.

ID  Composition factors of L(Eg) | X
1 W(lG)[T]/W(14)[’"]/(W(12)[ ® 22 /(100)2 /(81" @ 2[s1)2 /80" /6[r1 /(4] @ 2[1)2 74171/
2171 /4151 /ols]
2 w(15)" @ 1l /W(14)[ /W(12)W @ 2B/ wan i @ 16l /107 /9l @ 1161 /8l @ 2ls1 y7[r] & 3ls1/
6l /501 @ 1081 /401 2181 /3[1) @ 1181 /2] /ole]
3 W(E)/(W(E) @)/ w(6) /(4@ W(O))?/(4@2l)2 /a2 @ 4)2/2/W (8)" /W (6)] /4l /21
4 W () @3 /W (6) @4 /w(6)/ W (5) @3 /a@wW ()" /a2 3w ()M /30 W () /3010
2@ 4M/2/1 @ 307 /W (6)l"] /217]
5 W(IO)[T]/W(Q)[T] ® l[t]/W(S)[T] ® 2[5]/W(8)[7‘] ® 18] ® 1[“]/6[T]/5[T] ® ols] ® l[t]/
5 @ 1051 @ 108 @ 1001 /417 @ 2061 /41 @ 10s] g 116l /307 g 1161 /2lr] /3051 g 11l /2151 /alt] olul
6 W) @ 26l /w () @ 18 @ 14/ w(4)" @ 28 /w (4)" @ 118 @ 101 2l @ 2081 g 20t/
olrl g olsl @ 11t g 1[”]/2[T] ® 1 @ oltl g 1[“]/2[T] @1l @1t g 14 g 1[“]/2[T]/3[S] ® 1[71]/2[51/
3[f] ® 1[“]/2 /2[“]/2
7 9 @1l /w(8)" ® 251 /W (7) T1®3 /W(G) "] @ 4l 1/W(6)[T1/W(5 @3kl /w) gl
(4[T ® 2[51) /3 g W(5)[S /3[T] ® 1l /Q[T] ® 4ls /Q[T]/llT] ® 3ls ]/2[
8 wE)e 1M e 1B g 1/w2) e w@)l @ w@)bl/we) e w2)ll o w(2)ltl/
w(2) @ W2 ew2)/we)/1ewe)M o1l @11 91 @ w3)ll @ 11/
117 @1 ow @) /we) e w @)t o w @) /we)/we)ll/we)!
9 w4)/2 2" @22/ (22 @22 /(2@ 2l ® 2l)2/2/W (4)/ (2l @ 20 @ 2012 /207
W (4)ls1 /2051 yyy (4) [ /218
10 W(28)/W(26)/W (22)%/W (18)%/16/143/10%/8/6/4/2
11wl wenteiltlywas)/was)M o1l /w(14) /1200 g 2081 /1117 @ 1151 /10071 /97 @ 1151/
6[7“]/3[?"] ® 1[81/2[7‘]/2[81
12 W(IS)[T]/W(IS)[T] ® 3[5]/W(14)[T]/10[T] ® 4[51/10[T]/9[T] ® 3[5]/6[T]/5[T] ® 3[51/2[7“] /6[5]/2[51
13 W(lg)[T]/W(15)[7‘] ® 1[5]/W(15)[r] ® 1[t]/W(14)[T]/10[T] 21 g 1[t]/(10[r])2/glr] ® 1[5]/9[7‘] ® 1[t]/
6["']/5[7'] ® 1[51/5[7'] ® 1[11/2["']/2[51/1[5] ® 1[f]/2[i]
14 W(14)[T]/10[T] ® 6['§]/(10[T])2/8[r] ® 6[5]/6[T]/4[T] ® 6[51/4[T]/2[T]/10[S]/6[51/Q[S]
15 W(14)W/10“ @1l g1t /10l @ 161 g 1] /10 Tl/sm ®2k1/8 @11t @114l /6l /4l @ 115l @ 11t/
4l @1l @ 1lvl 2l 2] @ 111 g 1 [ul /208 o1t
16 (10)[T]/6[T] ® 3l g1l /6 [l @ 2ls] & olt] /G[T ® 1 3[t]/6[T]/2[T]/4[S] ®2[‘]/3[S] ® 1[t]/2[S] ®4[t]/
2[3]/1[5] ® 3[t]/2[t]
17 W (10) T]/G[T] ®4[S]/6[T] ®3[S] ®1[t]/6[7"] ®3[5] @1[“]/6[T] ®1[t] ®1[u] /6[T]/2[T] /6[51/4[5] ®1[f] ®1[u]/
]

3ls] @ 1[t] /3 ® 1[“]/2[51/2[11/2[u]
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Table 13 (continued)

ID  Composition factors of L(Es) | X

18 W(lO)[T]/G[T] ® 1 g 1[f]/6[T] ® 1 ® 1[”]/6[T] ® 1 ® 1[v]/6[T] ® 1t @ 1[“]/6[T] ® 1t @ 1[“]/
6" 14 g 1[”]/(6[7"])2/2[7‘]/2[5]/1[5] @1t @1 g 1[v]/1[S] ® 1[t]/1[S] ® 1[u]/1[S] ® 1[v]/2[i]/
1 @ 1[“]/1[75] ® 1[“]/2[“]/1[u] ® 1[“]/2[“]

19 W(IO)[T]/G[T](@Q[S]/(G[T] @15l g1l ®1[u])2/6[7‘]®2[f]/6[T] ®2[u]/6[7‘]/2[r]/2[51®2[f]/2[5] ®2[u]/2[5]/
(1[51 21t g 1[“])2/2”] ® Q[u]/Q[t]/g[“]

20 W(6)/4® 4[7‘]/4 ® 4[51/4/(3 ®3 e 3[S])2/2/W(6)[T] /4[T] ® 4lsl /4[T]/2[T]/W(6)[S] /4[51/2[5]

21 W(G)[T‘]/4[T] ®4ls] /4[T] ® 2! /4[7‘] ®2[u]/(3[7“] ®3lg1ltlg l[u])2/2[T]/W(6)[S]/4[S] ®2[f]/4[5] ®2[u]/
2[5]/2[11 ® Q[ul/glt]/g[u]

29 W(G)[T]/4[T] ® 2[5]/4[7“] ® 3t g 1[“]/3[7“] 21l @ 4[t]/3[T] ® 1 g3l g 1[“]/3[7“] 21 @ Q[TL]/Q[T]/
olsl @ 3lt] 1[“]/2[$]/w(6)[t]/4[t] ® 2[”]/2@]/2[“]

23 W(G)[T]/4[T] ® 2[51/4[7"] ® 1t @1 /4[7“] 21" 1[w]/3[rl 2191t g 1[“]/3[T] 21 g1t g 1[w]/
3"l @1l @14l g 1[”]/3%] 21 @14 g 1[“4/2[7"]/2[5] 21 ]_[M/Q[S] 21" 1[“’]/2[5]/2[’5]/
1 g1l g1l g 1[“’]/2[“]/2[1)]/2[1”]

24 w22l w@)eiltl g1t g1/ w@) el g1t @1l /20 @ w(4)ls /207 g 2l g 2ltl/
olrl @ 2lsl @ 1[4l 1[“]/2[T]/1[T] ® W(3)[S] ® 1t @ 1[”]/1[T] ® W(3)[S] ® 1t g 1[“]/2[51/
oltl @ 1[4l & 1[“]/2[‘]/2["]/2[1’]

25 olml & 2[51/2[7"] ® Q[t]/Q[T] ® 2[“]/2[7“] ® 1" g 1[w]/2[T]/(1[T] 21 @1l ¢ 14 g 1[“])2/

(1[7"] @1 @1l @ 14 g 1[“)])2/2[5] ® 2[t]/2[s] ® 2[“]/2[5] ® 1" g 1[’w]/2[5]/2[f] ® 2[”]/
oltl @ 1Yl g 1[w]/2[t]/2[u] ® 1 g 1[“’]/2[“]/2[17]/2[10]

26 w@/1eilMeileilieiMeiMeill/1g1lei1eill/191 @1 1M/
118 @1l g 1[="]/1 1t g1l g 1[“01/1 ® 1t g1l g 1[“’]/W(2)[T]/1[T] 1l g1l g 1[“0]/
1M g1l g 1] ®1[w]/1[7"] 21t g1 g ]_[w]/l[?“] @21t g1l g 1[®]/W(2)[S]/1[5] 21t e1 g ]_[v]/
1 @ 11 g 1] & 1[11/W(2)[t]/W(2)[u]/1[u] ® 1M g1l g 1["3]/W(Q)[U]/W(Q)[w]/w(z)[l']

27 ol & 2[51/2[7"] ® 2[11/2[7‘] ® 1 1[”]/2[*] ® 1" @ 1[11/(2[?"])2/1[?"] @1 @1l g 14 g 1[“7]/
1M g1l g1l g1l g 1[11/1[7“] 21l g1l g1l g 1[11/1[7“] 21l g1l g1l @ l[w]/Q[S] ® 2[t]/
olsl @ 14 & 1[“]/2[51 ® 1 g 1[1]/(2[5])2/2[t] ® 14 g 1[“]/2[t] ® 1" g 1[11/(2[11)2/2[14/

14 @1 @ 1] g l[m]/(l[“] ® 1[“])2/2[01/2[“1]/(1[111] ® 1[1])2/2[1]/08

28 2222 201M @1 @1 /22/1 91 @1 @ 2 /191 @ 119 @ 11 @ 1l @ 1M/
191 g1l g2l/1g1lM @1 g2l /(1@ 1M @12 /20 @ 20 /(202 /2l g 111 g 114 g 111/
olsl @10t @ 114l 1[“]/(2[51)2/2[t] ® 2[“«]/2[t] ® Q[U]/(Q[t])Q/(llt] ® 1 1[”])2/2[11'] ® 2[”]/
(2142 / (2142 0°

29 ol & 2[51/2[7"] ® 2[t]/2[r] ® 2[“]/2[7“] ® Q[UI/Q[T] ® 1" g 1[93]/(2[7“])2/
1M g1l g1l g 14 g1 g 1[“’]/1[?"] 218 1l @14 g 1] g l[w]/Q[S] ® 2[t]/2[5] ® 2[“]/
olsl @ 2[“]/2[5] ® 1 g 1[11/(2[51)2/2[t] ® 2[“]/2“] ® 2[v]/2[t] ® 1 g 1[11/(2[f])2/2[u] ® 2[”]/
olul & 1[v] & 1[11/(2[14)2/2[71] ® 1" g 1[w]/(2[v])2/2[w]/(1[w] ® 1[w])2/2[w]/08

30 2®2[T]/2®2[S]/2®2[t]/2@2[“]/2@2[1’]/2®Q[W]/22/1®1[T] 211t g1l g1 ®1[w]/2[7“] ®2[S]/
ol & 2[t]/2['r] ® 2[“]/2[T] ® 2[“]/2[7‘] ® Q[W]/(z[r])2/2[51 ® 2[t]/2[s] ® 2[“]/2[51 ® 2[’01/2[51 ® 2[”]/
(2[51)2/2[75] ® 2[“]/2[i] ® 2[”]/2[1] ® 2[10]/(2[1])2/2[“] ® 2[17]/2["] ® 2[1“]/(2[“])2/2[1)] ® 2[“’]/
(21)2/(211)? /o

31 Q[T]/I[T] ®6l ® 5[t]/1[7‘] ® W(Q)[t]/l[r] ® 3“]/W(10)[S]/6[5] ® W(S)m/G[S] ® 4[t]/2[5]/
W(lo)[t]/ﬁlt]/g[t]

32 Q[T]/l[T] ® 6l @oltl @ 1[“]/1[7‘] ®4ltl @ 1[“]/1[7‘] ® 3[“]/W(10)[S]/6[S] ® 4[t]/6[S] ® 2t @ 2[“]/
ols] /4[75] ® 2[“]/2“]/2[“]

33 2[7‘]/1[7‘] ® 3l ®6[t]/1[T] @1l ®W(10)[f]/1[ﬂ @1l ®2[t]/4[51 ®6[t]/2[51 ®W(12)[t]/2[51 ®W(8)m/
olsl & 4[t]/2[5]/W(10)[i]/2[f]

34 2011 g 31 1 @ 10l @ w(16) (M /107 @ 18] © 811 /20s] @ W (16) 1] /2] @ 8111 /2ls] /1w (22) (1]
W(14)[f]/10[f]/2[f]

35 201 @ we)l] @ 310 /107 @ 4l] @ 111 /107 & 2lsl @ W (5)1 /W (6)1] @ 4l /4ls) @ W (6)1t]/
4lsl @ 2[11/2[5] ® W(s)[f]/g[sl ® 4[t]/2[51/2[f]

36 2010 @ w21l /1 @ 1501 /107 @ 11081 /107 @ 5081 /W (26) 51y (22) 5] /W (18) 191 /16051 714051/
(10[51)2/6[5]/2[51

37 201 @ wen)El /1 @ 1701 /10T @ 9lsl /7w (34) 11 /W (26) 81 /W (22) 11 /18(51 /1481 /10181 /215]

(continued on next page)
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Table 13 (continued)
ID  Composition factors of L(Es) | X

38 101"1/6!" @ w(16)[s) /6! @ 81 /201 /i (22) (51 /W (14) 151 /10() /218)
W(IO)[T]/G[T] ® 4[5]/6[7“] ® 2l @ 6[t]/2[T] /4[51 ® G[t]/g[s]/w(lo)[t]/g[‘]
W (38)/W (34)/W (28)/W (26)/222/18/16/14/10/6 /2

41 W(46)/W (38)/W(34)/28/26/22/18/14/10/2
W (58)/W (46)/W (38)/W (34)/26/22/14/2

12. Conditions for conjugacy class representatives of G-irreducible A; subgroups of
G = E7 and Ejg

In this section we present the tables referred to within Tables 7 and 8. They give the
extra restrictions on the field twists in certain embeddings of M-irreducible A; subgroups
of M = A1Dg when G = E7 and M = Dg when G = Eg, namely FEr(#12), Eg(#23),
Eg(#26) and Eg(#27). These restrictions ensure there is no repetition of conjugacy
classes and further, that each conjugacy class is G-irreducible. The restrictions are given
in rows of the tables: the first column lists all equalities amongst a subset of the field
twists; the second column lists any further requirements. So an ordered set {0,r,...} is
permitted if it satisfies the conditions in the first and second column of a row of the table
(and the set of field twists satisfying each row are mutually exclusive).

We give an example. Consider X = FE7(#12). Then X is a diagonal subgroup of
AT < A1 Dg via (1,100 10 108 [l 1l] 1lh) Table 14 gives the conditions that an
ordered set 0,7, s,t,u,v,w needs to satisfy. So 0,7,...,w satisfy the conditions of the
first row if: 0,7, ..., w are all distinct; r is the smallest integer of r,s,...,w; and ¢ is the
smallest integer of ¢, u, v, w. Similarly, 0,7, ..., w satisfy the conditions of the ninth row
if: r =0; s =t; 0,s,u,v,w are distinct; and u < v.

In Table 15, note that the first column lists all equalities occurring among the elements
r, s and all equalities among the elements ¢, u, v, w only. So r is still permitted to be equal
to t, for example, in all of the conditions in the first column (this is ruled out by the
conditions in the second column for the third and fourth rows).

Table 14
Conditions on field twists for E7(#12).

All equalities among 0,7, ..., w Further requirements on 0,7, ..., w

=}
o
=}
(0]

r < min{s, t,u,v,w} and ¢ < min{u, v, w}

r=s t < min{u,v,w} and v < w
r=t s<w

r=s=t none

r=t=w s < u,v

r=s=t=uv u < w

r=tand u=v=w none

r=0 t < min{u,v,w} and v < w
r=0and s =1t u<wv

r=0andt=u v<w

r=0and s=t=u v<w

r=0and s=tand u =w none

r=s=0 t<u<v<w

r=t=0 s<u<wv

r=t=0and s =w u < v

r=s=t=0 u<v<w
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Table 15
Conditions on field twists for Fg(#23).

All equalities among r, s and all equalities
among t,u, v, w

Further requirements on r, ...

none

t<wuandt<wvandv<w
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r=s t<u<v<w
r=sandt=u r<tandov<w
r=sandt=u=v r#£t
t=u s<tand v <w
t=wv u < w
t=u=wv none
Table 16
Conditions on field twists for Fg(#26).
All equalities among 0,7, ..., w Further requirements on 0,7,...,w
none r < s and s < min{t,u} and v < min{v, w, z}
r=s u<v,w,zand w < x
r=s=t u<v<w<x
r=s=u t<v<w
r=s=t=u v<w<zT
r=sandt=u v<w
r=sand u=wv w < T
r=sandt=u=wv w< T
r=sandt=wand v =w none
r=0 s < min{¢,u} and v < min{v, w} and w < z
r=0and s =u t<wvand w<z
r=0and s=u=w t<v<ux
r=0and s=wuw and t =w none
r=0and s=wuvand t =wand v==2x none
r=s=20 u<v<w<z
r=s=0andt=u v<w<T
r=s=u=20 t<v<w<zw
Table 17

Conditions on field twists for Eg(#27).

All equalities amongst u, v, w,x

Further requirements on r,...,x

none
U = w

r<s<tandu<wvand u<wandw<zx
r<s<tandv<z
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Appendix A. Levi subgroups

Let G be an exceptional algebraic group over an algebraically closed field. This section

contains tables of composition factors for Levi subgroups of G on the minimal and adjoint



292 A.R. Thomas / Journal of Algebra 447 (2016) 240-296

modules for G. If L' is simple then these are found in [15, Tables 8.1-8.7]. If L’ is not
simple then the composition factors are deduced from those of a maximal subsystem
subgroup containing L.

Table 18
The composition factors for the action of Levi subgroups of G2 on V7 and L(G2).
Levi L’ Comp. factors of V7 | L’ Comp. factors of L(G2) | L’
Ay 12/03 w(2)/1*/0°
A, w(2)/1? W(3)%/W(2)/0°
Table 19
The composition factors for the action of Levi subgroups of F4 on Vag and L(Fy).
Levi L’  Comp. factors of Vag | L’ Comp. factors of L(Fy) | L'
Bs W (100) /0012 /000% W (100)2 /W (010),/001% /000
Bs W (10)/01*/00° W (10)*/W (02)/01*/00°
Cs 1002 /W (010) W (200)/W (001)2/000%
Az Ay (10,1)/(10,0)/(01,1)/(01,0)/ (W(11),0)/(10, W(2))/(10,1)/(10,0)/(01, W(2))/(01, 1)/
) (00, W(2))/(00,1)2/(00, 0) (01,0)/(00, W(2))/(00, 1)2/(00, 0)
Az Ay (10,1)/(10,0)/(01,1)/(01,0)/ (W(20),1)/(W(20),0)/(W(11),0)/(W(02),1)/(W(02),0)/
(W(11),0) (00, W(2))/(00,1)2/(00, 0)
As 10% /013 /008 W (11)/10°/01° /00
Ay 10%/013 /W (11) W (20)3 /W (11)/W (02)3 /008
AlAl (1,1)2/(1,0)2/(0,W(2))/ (W(Z),O)/(I,W(Q))Z/(l,1)2/(1,0)4/(0,W(2))3/(O,1)4/
(0,1)*/(0,0)° (0,0
Ay 16/01 w(2)/1*4/0%*
A, w(2)/1%/07 w(2)7/18/0'°
Table 20
The composition factors for the action of Levi subgroups of Eg on Va7 and L(Es).
Levi L’  Comp. factors of Va7 | L’ Comp. factors of L(Eg) | L’
Ds A1/A4/0 W(A2)/Aa/Xs5/0
Dy 1000,/0010/0001 /00003 10002 /W (0100) /00102 /00012 /00003
As A2/ W (A1 + Xs)/A3/0%
AL Ay (1, 1000)/(1,0000)/(0,0010)/ (W (2),0000)/(1,0100)/(1,0010)/(0, W (1001))/(0, 1000)/
(0,0001) (0,0001)/(0, 0000)
A A2 (1,01,00)/(1, 00, 10)/ (W (2),00,00)/(1,10,10)/(1,01,01)/(1,00,00)?/
(0,10,01)/(0,01,00)/(0,00,10) (0, W(11),00)/(0,10,10)/(0,01,01)/(0,00, W (11))/
(0, 00, 00)
Ay 1000%/0010/0001,/0000> W (1001)/1000,/0100% /00102 /0001 ,/0000*
AjAg (1, 100)/(1,000)2/(0,010)/ (W (2),000)/(1,100)/(1,010)2/(1,001)/(0, W(101))/
(0,001)2/(0, 000) (0,100)2/(0,001)2/(0,000)*
A2 (10,01)/(01, 00)3/(00, 10)3 (W(11),00)/(10,10)3/(01,01)3/(00, W (11))/(00, 00)®
A2 A, (1,1,00)/(1,0,10)/(1,0,00)/ (W(2),0,00)/(1,1,10)/(1,1,01)/(1,0,10)/(1,0,01)/
(0,1,01)/(0,1,00)/(0,0,10)/ (1,0, 00)2/(0, w(2),00)/(0,1,10)/(0,1,01)/(0, 1,00)2/
(0,0,01)/(0,0,00) (0,0, W (11))/(0,0,10)/(0,0,01)/(0, 0,00)*
As 100%/010/0012 /000° W (101)/100*/010* /001% /0007
AL A, (0,10)3/(1,00)%/(1,01)/ (W(2),00)/(0, W(11))/(1,10)3/(1,01)3/(1,00)%/(0, 10)3/
(0,01)/(0,00)? (0,01)3/(0, 00)°
AS (1,1,0)/(1,0,1)/(1,0,0)*/ (W(2),0,0)/(1,1,1)?/(1,1,0)%/(1,0,1)%/(1,0,0)*/
(0,1,1)/(0,1,0)%/(0,0,1)%/ (0,W(2),0)/(0,1,1)?/(0,1,0)*/(0,0, W (2))/(0,0,1)*/
(0,0,0)° (0,0,0)°
As 10% /013 /00° W (11)/10°/01° /006

A3 (1,1)/(1,0)*/(0,1)*/(0,0)" (W(2),0)/(1,1)°/(1,0)%/(0, W(2))/(0,1)%/(0,0)*°
16/015 W(Q)/120/035
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The composition factors for the action of Levi subgroups of E7 on Vs¢ and L(E7).

Levi L’ Comp. factors of Vig | L’ Comp. factors of L(E7) | L’

Es A1/Xe/0? A1 /W (A2)/X6/0

D¢ A2/Xs W(A2)/23/03

A1 Ds (1,21)/(1,0)/(0, A1) /(0, A5) (W(2 0)/(1, /\4)/(1 X5)/(0,21)%/(0, W(A2)/(0,0)

Ds AT/Aa/Xs /0 AZ/W(A2)/A3/A5/0

A1 Dy (1,1000)/(1,0000)*/(0,0010)2/ (W(2) 0000)/(1,0010)2/(1,0001)/(0, 1000)*/
(0,0001)? (0, W(0100))/(0,0000)8

Dy 10002 /00102 /00012 /00008 1000* /W (0100)/0010%/0001* /0000°

Ag A1/X2/As5/ X6 W (A1 4+ X6)/A1/X3/ 1/ X6 /0

A1 As (1, )\1)/(17>\5)/(07/\1)/(07>‘3)/ (W(2),0)/(1, 22)/(1, Aa)/(1,0)%/(0, W (A1 + As))/

(0, As) (0,X2)/(0,24)/(0,0)

Az Ay (10 1000)/(10, 0000)/ (W(11),0000)/(10,0010)/(10,0001)/(01, 1000) /
(01,0001)/(01, 0000)/ (01,0100)/(00, W (1001))/(00, 1000)/(00, 0001) /(00, 0000)
(00,0100)/(00, 0010)

A1As A3 (1,10,000)/(1,01,000)/ (W (2), 00, 000)/(1, 10,001)/(1, 01, 100)/(1, 00, 100) /
(1,00,010)/(0, 10, 100)/ (1,00,001)/(0, W(11), 000)/(0, 10,010)/(0, 10, 000) /
(0,01,001)/(0, 00, 100)/ (0,01,010)/(0,01,000)/(0, 00, W (101))/(0, 00, 000)

(0, 00,001)

As /\3/,\3/,\3 W (A1 + Xs)/A3 /23 /08

AL A2 /X2/Aa /2207 W (A1 + Xs)/A3/A2/A3/Aa /A2 /0%

A1 Ay (1,1000)/(1,0000)2/(1,0001)/ (W(2),0000)/(1,0000)%/(1, 1000)/(1,0100)/(1,0010)/
(0,1000)/(00,0100)/(00,0010)/  (1,0001)/(0, W (1001))/(0, 1000)*/(0,0100)/(0,0010)/
(0,0001)/(0,0000) (0,0001)2/(0, 0000)2

Az Az (10,100)/(10,000)2/(01,001)/ (W(11),000)/(10,010)/(10,001)%/(10,000)/

(01, 000)?/(00, 100) /(00,010)?/  (01,100)?/(01,010)/(01,000)/(00, W (101))/(00, 100)?/
(00,001) (00, 001)2/(00, 000)*

A2 A, (1,1,000)%/(1,0,010)/ (W(Q),o,ooo)/(l,1,100)/(1,1,001)/(1 , o )2 /
(1,0,000)%/(0,1,100)/ (1,0,001)2/(0, W(2),000)/(0, 1,010)%/(0, 1,000)*/
(0,1,001)/(0,0,100)%/ (0,0, W (101))/(0, 0,010)%/(0, 0, ooo)4
(0,0,001)2

Ay 10003/0100/0010/00013/00006 W (1001)/1000% /01002 /00102 /0001* /0000°

A1 Az (1, 010)/(1 000)%/(0,100)*/ (W(2),000)/(0, W(101))/(1,100)*/(1,001)*/(0,010)°/
(0,001)* (0,000)*®

(A145)"  (1,100)/(1,001)/(1, 000)*/ (W(2),000)/(1, 100) /(1,010)%/
(0,100)2/(0,010)2/(0,001)2/ (1,001)2/(1,000) /(o W (101))/(0, 100)*/(0,010)2/
(0,000)* (0,001)*/(0,000)7

A2 (10,10)/(10,00)3/(01,01)/ (W(11),00)/(10, 10)3/(10,01)/(10,00)%/(01, 10)/

(01, 00)*/(00,10)%/(00,01)3/ (01,01)3/(01,00)3/(00, W(11))/(00, 10)*/(00, 01)3/
(00, 00)2 (00, 00)°

A2A, (1,1,00)%/(1,0,10)/(1,0,01)/ (W(2),0,00)/(1,1,10)/(1,1,01)/(1,1,00)?/(1,0,10)?/
(1,0,00)%/(0,1,10)/(0,1,01)/ (1,0,01)2/(1,0,00)*/(0, W(2),00)/(0,1,10)2/(0,1,01)2/
(0,1,00)%/(0,0,10)%/ (0,1,00)*/(0,0, W (11))/(0,0,10)°/(0,0,01)3/(0, 0,00)>
(0,0,01)2/(0,0,00)*

At (1,1,1,0)/(1,0,0,1)%/ (W(2),0,0,0)/(1,1,0,1)%/(1,1,0,0)*/(1,0, 1, )/
(1,0,0,0)*/(0,1,0,1)%/ (1,0,1,0)*/(0, W(2),0,0)/(0,1,1,1)2/(0,1,1,0)*/
(0,1,0, o);‘/(o,o,1,1)2/ (0,0, W (2),0)/(0,0,0,W(2))/(0,0,0,1)8/(0,0,0,0)°
(0,0,1,0)

As 100*/010%/001* /0002 W (101)/1008 /0106 /001% /000*®

A Ay (1,10)/(1,01)/(1,00)°/ (W(2),00)/(1,10)*/(1,01)*/(1,00)*/(0, W (11))/
(0,10)*/(0, 01)4/(0, 00)8 (0,10)7/(0,01)7/(0,00)*¢

A} (1,1,002/(1,0, 1) /(1 0,0)%/ (W(2),0,0)/(1,1,1)2/(1,1,0)*/(1,0,1)*/(1,0,0)%/
(0,1,1)%/(0,1,0)* (0, W(2),0)/(0,1,1)*/(0,1,0)%/(0,0, W(2))/(0,0,1)%/
(0,0,1)*/(0,0, 0)8 (0,0,0)*

(A% (1,1,1)/(1,0,0)%/(0,1,0)%/ (W(2),0,0)/(1,1, 0) /(1 0,1)%/(0,W(2),0)/(0, 1, 1)%/
(0,0,1)® (o 0, W (2))/(0,0,0)%®

A,y 10°/01%/002° 11)/1015/0110/0035

A3 (1,1)%/(1,0)%/(0,1)%/(0,0)*° (VV(2)70)/(1,1)7/(170)“"/(0,W(2))/(071)16/(070)31

A1 112/03 W(2)/132/066
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The composition factors for the action of Levi subgroups of Eg on L(Eg).

Levi L’ Composition factors of L(Eg) | L’

Er W(M)/22/0°

Ay Eg (W(2),0)/(1,\1)/(1,%6)/(1,0)%/(0, A1) /(0, W(X2))/(0, X6)/(0, 0)

Eg A/W (A2)/23/0°

Dy AT/W(X2)/ X6 /A7 /0

A2Ds EW(l)l)’O)/(IO, A1)/(10, A4)/(10,0)/(01, A1)/(01, A5)/(01,0)/(00, W (A2))/(00, A4)/(00, As5)/

00,0

Ds A/W(A2)/AE/XE/0°

Ay Ds (W(2),0)/(1,A1)*/(1, Aa) /(1, A5)/(1,0)*/(0, A1) /(0, W (A2))/(0, Aa)?/ (0, X5)?/(0, 0)*

A3Dy (W (11), 0000)/(10, 1000)/(10, 0010)/(10,0001) /(10, 0000)*/(01, 1000) /(01, 0010) /(01, 0001) /
(01, 0000)3/(00, 1000)2/(00, W (0100))/(00, 0010)2/(00, 0001)%/ (00, 0000)?

Ds AS/W(X2)/A7/A5/0"

A1Dy (W (2),0000)/(1,1000)2/(1,0010)2/(1,0001)%/(1,0000)2/(0,1000)*/(0, W (0100))/
(0,0010)*/(0,0001)*/(0,0000)°

Dy 10008 /W (0100) /00108 /0001% /000028

Az W (A1 4+ A7)/ A1/ A2/A3/As5/ X6/ A7 /0

Az Ay (W (101),0000)/(100, 1000)/(100, 0010) /(100, 0000) / (010, 1000) / (010, 0001) / (001, 0100) /
(001,0001)/(001,0000)/(000, W (1001))/(000, 0100) /(000, 0010) / (000, 0000)

A1 As EW()Q),O)/(L A1)/(1,22)/(1, X5)/(1, X6)/ (0, W(A1 + X6))/(0, A1) /(0, A3)/(0, Xa)/(0, Xs)/

0,0

A1 Az Ay (W(2),00,0000)/(1,10,0001)/(1,10,0000)/(1,01,1000)/(1,01,0000)/(1,00,0100)/
(1,00,0010)/(0, W(11), 0000)/(0, 10, 1000)/(0, 10, 0100) /(0, 01, 0010) / (0, 01, 0001) /
(0,00, W(1001))/(0, 00, 1000) / (0, 00, 0001) /(0, 00, 0000)

Ag W (A1 + A6)/AT/A5/ A3/ A/ A5/ A5/0"

A1 As (W(2),0)/(1, A1) /(1, A2)/ (1, Aa) / (1, X5)%/(1,0)/(0, W (A1 + X5))/(0, 1)/ (0, A2)/
(0,23)%/(0, A\4)/(0, X5)?/(0,0)*

Ay Ay (W (11), 0000)/(10, 1000) /(10, 0100)/(10,0001)%/(10,0000)%/(01, 1000)%/(01, 0010)/

(o1, 0001)4(01, 0000)2/(00, W (1001))/(00, 1000)/(00, 0100)?/(00, 0010)2/(00, 0001) /
(00, 0000)

A2A, (W(2),0,0000)/(1,1,1000)/(1,1,0001)/(1, 1,0000)%/(1,0,1000)/(1,0,0100)/(1,0,0010)/
(1,0,0001)/(1,0,0000)%/(0, W(2),0000)/(0, 1,1000)/(0, 1,0100)/(0, 1,0010)/(0, 1,0001)/
(0,1,0000)%/(0,0, W(1001))/(0, 0, 1000)?/(0, 0, 0100) /(0, 0,0010)/(0, 0,0001)?/(0, 0, 0000)?

A2 (W (101),000)/(100, 100)/(100,010)/(100, 001) /(100, 000)?/(010, 100)/(010, 001)/

(010, 000)2/(001, 100)/(001,010)/(001, 001)/ (001, 000)?/(000, W (101))/(000, 100)?/
(000, 010)2/(000, 001)2/(000, 000)?

A1As A3 (W(2),00,000)/(1,10,001)/(1,10,000)2/(1,01,100)/(1,01,000)?/(1,00,100)/(1,00,010)2/
(1, 00,001)/(0, W(11), 000)/(0, 10, 100)?/(0, 10, 010) /(0, 10, 000) /(0, 01, 010) /
(0,01,001)2/(0, 01, 000)/(0, 00, W(101))/(0, 00, 100)?/(0, 00, 001)%/(0, 00, 000)*

A2A2 (W(2),0,00,00)/(1,1,10,00)/(1,1,01,00)/(1, 1,00, 10) /(1, 1,00, 01) /(1,0, 10,01) /
(1,0,10,00)/(1,0,01,10)/(1,0,01,00)/(1,0,00,10)/(1,0,00,01)/(1, 0,00, 00)2/

(0, W (2),00,00)/(0,1,10,10)/(0, 1, 10,00)/(0, 1, 01,01) /(0, 1,01, 00) / (0, 1, 00, 10) /
(0,1,00,01)/(0,1,00,00)%/(0,0, W(11),00)/(0, 0, 10, 10)/(0, 0,10, 01) /(0, 0, 10, 00) /
(0,0,01,10)/(0,0,01,01)/(0,0,01,00)/(0, 0,00, W(11))/(0, 0,00, 10)/(0, 0, 00,01) /
(0,0, 00,00)?

As WAL+ As) /AT /A3 /A5 /AT /AE/0H

A Ay (W (2),0000)/(1,1000)%/(1,0100)/(1,0010)/(1,0001)3/(1,0000)°/(0, W (1001))/
(0,1000)*/(0,0100)3/(0,0010)3 /(0,0001)*/(0, 0000)”

AsAs (W(11),000)/(10, 100)2/(10,010)/(10,001)2/(10,000)®/(01,100)? /(01, 010)/(01, 001)2/
(01, 000)®/(00, W (101))/(00, 100)*/(00, 010)*/(00, 001)*/(00, 000)”

A2 A3 (W(2),0,000)/(1,1,100)/(1,1,001)/(1,1,000)*/(1,0,100)%/(1,0,010)%/(1,0,001)%/
(1,0,000)*/(0, W(2),000)/(0,1,100)%/(0,1,010)?/(0,1,001)?/(0, 1,000)* / (0, 0, W (101))/
(0,0,100)*/(0,0,010)2/(0,0,001)*/(0,0,000)7

Ay A2 (W(2), 00, 00)/(1,10,01)/(1, 10,00)*/(1,01,10) /(1,01,00)3/(1, 00, 10)3/(1, 00,01)3/
(1,00,00)%/(0, W(11),00)/(0, 10, 10)3/(0, 10,01) /(0, 10, 00)* /(0, 01, 10) / (0, 01, 01)3/
(0,01,00)%/(0, 00, W(11))/(0, 00, 10)3/(0,00,01)*/(0, 00, 00)°

A3 A, (W(2),0,0,00)/(1,1,1,00)*/(1,1,0,10)/(1,1,0,01)/(1, 1,0,00)%/(1,0,1,10) /(1,0,1,01) /
(1,0,1,00)%/(1,0,0,10)?/(1,0,0,01)%/(1,0,0,00)*/(0, W(2),0,00)/(0,1,1,10) /(0,1,1,01)/
(0,1,1,00)%/(0,1,0,10)%/(0,1,0,01)%/(0, 1, 0,00)*/(0, 0, W(2),00)/(0,0,1, 10)%/
(0,0,1,01)2/(0,0,1,00)*/(0,0,0, W(11))/(0,0,0,10)3/(0, 0,0, 01)*/(0, 0, 0, 00)®

Ay W (1001)/1000*° /0100° /0010° /0001*° /000024
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Table 22 (continued)
Levi L’ Composition factors of L(FEg) | L’

A Az (W(2), 000)/(1 100) /(1,010)%/(1,001)*/(1, 000)*?/(0, W (101))/(0, 100)®/(0,010)¢/
(0,001)%/(0,000)*®

A2 (W(11),00)/(10,10)/(10,01)3/(10,00)°/(01, 10)3/(01, 01)®/(01,00)° / (00, W (11))/
(00, 10)°/(00,01)°/(00, 00)*¢

A2 A, (W(2),0,00)/(1,1,10)/(1,1,01)/(1, 1,00)%/(1,0,10)*/(1,0,01)*/(1, 0,00)%/
(0, W(2),00)/(0,1,10)*/(0,1,01)*/(0,1,00)%/(0,0, W (11) )/(o 0,10)7 /(0 0,01) /(0 0,00)*¢

h (W(2),0,0,0)/(1,1,1,0)%/(1,1,0,1)%/(1,1,0,0)*/(1,0,1,1)®/(1,0,1,0)*/(1,0,0, 1)*/
(1,0,0,0)%/(0,W(2),0,0)/(0,1,1,1)%/(0,1,1,0)*/(0, 1, 0, )4/(0,1,0,0)8/(0,O,W(2),O)/
(0,0,1,1)*/(0,0,1,0)®/(0,0,0, W(2))/(0,0,0,1)%/(0,0,0,0)*?

As W(101)/10016/01010/00116/00045

Al Ay (W(2),00)/(1,10)¢ /(1 01) /(1 00 20/(o W(11)) / (0,10)*®/(0,01)*®/(0, 00)35

H (W(2),0,0)/(1,1,1)2/(1,1,0)%/(1,0,1)*/(1,0,0) 16/(0,W(2),0)/(0,1,1)%/
(0,1, 0)16/(0 0, W (2))/(0,0,1)1%/(0,0,0)3!

Ao (11)/102‘7/0127/0078

Af (W(2), 0)/(1 1)12/(1 0)*2/(0, W(2))/(0,1)*?/(0,0)°

Ay W (2)/1°¢ /0"

References

[1] B. Amende, G-irreducible subgroups of type A, Ph.D. thesis, University of Oregon, 2005.

[2] H.H. Andersen, J. Jorgensen, P. Landrock, The projective indecomposable modules of SL(2, p™),
Proc. Lond. Math. Soc. (3) 46 (1) (1983) 38-52, MR 684821 (84f:20044).

[3] A. Borel, Linear Algebraic Groups, second ed., Graduate Texts in Mathematics, vol. 126, Springer-
Verlag, New York, 1991.

[4] A. Borel, J. Tits, Eléments unipotents et sous-groupes paraboliques de groupes réductifs, Invent.
Math. 12 (1971) 95-104.

[6] W. Bosma, J. Cannon, C. Playoust, The Magma algebra system. I. The user language, J. Symbolic
Comput. 24 (1997) 235-265.

[6] N. Bourbaki, Groupes et Algebres de Lie (Chapters 4, 5, 6) Hermann, Paris, 1968.

[7] R.W. Carter, Conjugacy classes in the Weyl group, Compos. Math. 25 (1972) 1-59.

[8] A.M. Cohen, M.W. Liebeck, J. Saxl, G.M. Seitz, The local maximal subgroups of exceptional groups
of Lie type, finite and algebraic, Proc. Lond. Math. Soc. 64 (1992) 21-48.

[9] S. Donkin, On tilting modules for algebraic groups, Math. Z. 212 (1993) 39-60.

[10] D. Gorenstein, R. Lyons, R. Solomon, The Classification of the Finite Simple Groups. Number 3,
Mathematical Surveys and Monographs, vol. 40.3, American Mathematical Society, Providence, RI,
1998.

[11] J.C. Jantzen, Representations of Algebraic Groups, second ed., Mathematical Surveys and Mono-
graphs, vol. 107, American Mathematical Society, Providence, 2003.

[12] R. Lawther, D.M. Testerman, A; subgroups of exceptional algebraic groups, Mem. Amer. Math.
Soc. 141 (674) (1999).

[13] M.W. Liebeck, J. Saxl, G.M. Seitz, Factorizations of simple algebraic groups, Trans. Amer. Math.
Soc. 348 (2) (1996) 799-822.

[14] M.W. Liebeck, G.M. Seitz, Subgroups generated by root elements in groups of Lie type, Ann. of
Math. 139 (1994) 293-361.

[15] M.W. Liebeck, G.M. Seitz, Reductive subgroups of exceptional algebraic groups, Mem. Amer. Math.
Soc. 121 (580) (1996).

[16] M.W. Liebeck, G.M. Seitz, On the subgroup structure of exceptional algebraic groups, Trans. Amer.
Math. Soc. 350 (1998) 3409-3482.

[17] M.W. Liebeck, G.M. Seitz, On finite subgroups of exceptional algebraic groups, J. Reine Angew.
Math. 515 (1999) 25-72.

[18] M.W. Liebeck, G.M. Seitz, Variations on a theme of Steinberg, J. Algebra 260 (2003) 261-297.

[19] M.W. Liebeck, G.M. Seitz, The maximal subgroups of positive dimension in exceptional algebraic
groups, Mem. Amer. Math. Soc. 169 (802) (2004).

[20] M.W. Liebeck, G.M. Seitz, Unipotent and Nilpotent Classes in Simple Algebraic Groups and Lie
Algebras, Mathematical Surveys and Monographs, Amer. Math. Soc., 2012.


http://refhub.elsevier.com/S0021-8693(15)00477-9/bib626F6Es1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib416E64657273656Es1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib416E64657273656Es1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib626F72656Cs1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib626F72656Cs1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib4254s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib4254s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib6D61676D61s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib6D61676D61s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib626F757262616B69s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib636172s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib636C7373s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib636C7373s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib646F6E6B696Es1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib676C7333s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib676C7333s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib676C7333s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib4A616Es1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib4A616Es1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib6C6177s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib6C6177s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib6C7373s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib6C7373s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib4C5336s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib4C5336s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib4C5333s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib4C5333s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib4C5337s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib4C5337s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib4C5338s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib4C5338s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib4C5334s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib4C5331s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib4C5331s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib4C5339s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib4C5339s1

296 A.R. Thomas / Journal of Algebra 447 (2016) 240-296

[21] M.W. Liebeck, D.M. Testerman, Irreducible subgroups of algebraic groups, Q. J. Math. 55 (2004)
47-55.

[22] A.J. Litterick, A.R. Thomas, Complete reducibility in good characteristic, arXiv:1505.00939
[math.GR].

[23] G. Malle, D. Testerman, A Course on Linear Algebraic Groups and Finite Groups of Lie Type,
Cambridge Studies in Advanced Mathematics, 2011.

[24] J.J. Rotman, An Introduction to Homological Algebra, second ed., Universitext, Springer, New
York, 2009.

[25] G.M. Seitz, The maximal subgroups of exceptional algebraic groups, Mem. Amer. Math. Soc.
90 (441) (1991).

[26] J.-P. Serre, Compléte réductibilité, in: Séminaire Bourbaki, vol. 2003-2004, Astérisque 299 (2005),
Exp. No. 932.

[27] R. Steinberg, Lectures on Chevalley Groups, Lecture Notes, Yale University, 1968.

[28] D.I. Stewart, The reductive subgroups of G2, J. Group Theory 13 (2010) 117-130.

[29] D.I. Stewart, The reductive subgroups of F1, Mem. Amer. Math. Soc. 223 (1049) (2013).

[30] A.R. Thomas, Simple irreducible subgroups of exceptional algebraic groups, J. Algebra 423 (2015)
190-238.


http://refhub.elsevier.com/S0021-8693(15)00477-9/bib4C54s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib4C54s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib6C697474686Fs1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib6C697474686Fs1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib646F6Es1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib646F6Es1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib726F74s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib726F74s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib736532s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib736532s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib7365723034s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib7365723034s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib73746569s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib6732646176s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib646176s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib74686F31s1
http://refhub.elsevier.com/S0021-8693(15)00477-9/bib74686F31s1

	Irreducible A1 subgroups of exceptional algebraic groups
	1 Introduction
	2 Notation
	3 Preliminaries
	4 Strategy for the proof of Theorem 1
	5 Proof of Theorem 2: G2-irreducible A1 subgroups
	6 Proof of Theorem 3: F4-irreducible A1 subgroups
	7 Proof of Theorem 4: E6-irreducible A1 subgroups
	8 Proof of Theorem 5: E7-irreducible A1 subgroups
	9 Proof of Theorem 6: E8-irreducible A1 subgroups
	10 Corollaries
	11 Tables
	12 Conditions for conjugacy class representatives of G-irreducible A1 subgroups of G = E7 and E8
	Acknowledgments
	Appendix A Levi subgroups
	References


