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1. Introduction

Aluffi [1] introduced a class of algebras which are intermediate between the symmetric
algebra and the Rees algebra of an ideal in order to define the characteristic cycle of a
hypersurface parallel to the conormal cycle in intersection theory. These algebras were
investigated by Nejad and Simis [28], who called them Aluffi algebras. At the end of
his paper, Aluffi observed that it would be computationally desirable to up-grade his
methods to more general schemes. A first step in the direction of Aluffi’s proposed
up-grade is a good notion of the Rees algebra of a module, such as the one described by
Simis, Ulrich, and Vasconcelos in [30]. A second step in the direction of Aluffi’s proposed
up-grade is a good notion of the Aluffi algebra of a module, such as the one introduced
by Ramos and Simis in [29].

Ramos and Simis compute the Aluffi algebra of the module of derivations of the
homogeneous coordinate ring of a smooth projective hypersurface. In other contexts this
module is also called the module of tangent vector fields or the differential idealizer or the
module of logarithmic derivations. As part of the Ramos—Simis program, it is necessary
to understand the homological nature of the ideal J = Pfy(X) + I;(tX), where X is a
generic alternating matrix and t is a generic row vector. Simis told us that he and Ramos
conjectured that J is a Gorenstein ideal of height two more than the height of Pf(X).
The purpose of this paper is to prove the Ramos—Simis conjecture.

Let Rg be an arbitrary commutative Noetherian ring, f be an integer with 4 <,

R=Ro[{wi; [1<i<j<flu{ti[1<i<i}

be a polynomial ring in (;) +7§ indeterminates, X be the f x § alternating matrix with x; ;
in position (row ¢, column j) for ¢ < j, t be the 1 x f matrix with ¢; in column j, I be the
ideal Pf4(X) which is generated by the set of Pfaffians of the principal 4 x 4 submatrices
of X, K be the ideal I (tX), which is generated by the entries of the product of t times
X, and J be the ideal I + K of R. The main result in the paper, Theorem 4.8, is that J
is a perfect Gorenstein ideal in R of grade (%) + 2. In particular, if Ry is a Gorenstein
ring, then R/J is a Gorenstein ring. Some consequences of the main result are contained
in Corollary 5.3 where it is shown that R/J is a domain, or a normal ring, or a unique
factorization domain if and only if the base ring Ry has the same property.
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The main ingredient in the proof of Theorem 4.8 takes place over the polynomial ring
R = Ro[{xm- | 1<9 <j < f}]

We prove in Lemma 3.1 that “the column space of X, calculated mod I”, which is equal
to the submodule

C={X0e @) oe (&)} of (&), (1.0.1)

is a perfect R-module of projective dimension (fEQ). If Ry is a Cohen—Macaulay domain,
then we prove, in Observation 3.14.d, that the module of (1.0.1) is a self-dual maximal
Cohen—-Macaulay R/I-module of rank two; and we prove, see Remark 4.4.b, that the
ideal J(R/I), which is the central object in this paper, is a Bourbaki ideal for R ® g C;
and therefore, homological properties of C' are inherited by R/J. For more discussion
about Bourbaki ideals, see, for example, [2,26,4,30].

The ideal I is the ideal of “quadratic relations” which define the homogeneous co-
ordinate ring of the image of the Pliicker embedding of the Grassmannian Gr(2,§) into
projective space p()-1, Properties of the Schubert subvarieties of Gr(2, f) play a crucial
role in our proof of the properties of the module (1.0.1).

The ideal I; (tX) has already been studied. If § is odd, then I; (tX) is a type two almost
complete intersection ideal introduced by Huneke and Ulrich in [16] and further studied
in [23]. If f is even, then I (tX) is a mixed ideal; its unmixed part is I (tX) + Pfj(X);
see, for example, [24]. This ideal is a deviation two, grade f — 1 Gorenstein ideal also
introduced in [16] and further studied in [21,31,22].

2. Notation, conventions, and preliminary results

2.1. Let M and N be modules over a commutative Noetherian ring R. Whenever the
meaning is unambiguous, we write M*, M ® N, Hom(M,N), and A\' M in place of
Hompg(M,R), M @ N, Homp(M, N), and A}, M, respectively.

2.2. An element z of a ring R is regular on the R-module M if x is a non-zero-divisor
on M. In other words, if xm = 0 for some element m € M, then m = 0.

2.3. If = is a non-nilpotent element of a commutative Noetherian ring R, then the local-
ization of R at z, denoted R,, is the ring S™'R where S is the set {1,x,22 23, ...}. If
x is a regular element of R, then we use the notation R, and R[z~!] interchangeably.

2.4. We denote the ring of integers by Z.

2.1. Perfection

2.5. Let R be a Noetherian ring, I be a proper ideal of R, and M be a non-zero finitely
generated R-module.
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(a) The grade of I is the length of a maximal regular sequence on R which is contained
in I. (If R is Cohen—Macaulay, then the grade of I is equal to the height of I.)

(b) The R-module M is called perfect if the grade of the annihilator of M (denoted
annp M) is equal to the projective dimension of M (denoted pdg M). The inequality

grade(anng M) < pdp M (2.5.1)

holds automatically if M # 0.
(¢) If M is a perfect R-module, then

pdg, Mp = gradeanng, Mp = gradeannp M

for all prime ideals P in the support of M. (See, for example, [6, Prop. 16.17].)

(d) If R is a polynomial ring over a field or over the ring of integers and M is a finitely
generated graded R-module, then M is a perfect R-module if and only if M is a
Cohen—-Macaulay R-module. (This is not the full story. For more information, see,
for example, [6, Prop. 16.19] or [5, Thm. 2.1.5].)

(e) The ideal I in R is called a perfect ideal if R/I is a perfect R-module. A perfect ideal
I of grade g is a Gorenstein ideal if Ext%(R/I, R) is a cyclic R-module.

The concept of perfection is particularly useful because of the “Persistence of Perfec-
tion Principle”, which is also known as the “transfer of perfection”; see [14, Prop. 6.14]
or [6, Thm. 3.5].

Theorem 2.6. Let R — S be a homomorphism of Noetherian rings, M be a perfect
R-module, and P be a resolution of M by projective R-modules. If S @r M # 0 and

grade(ann M) < grade(ann(S ®p M)),

then S @gr M is a perfect S-module with pdg(S ®g M) = pdg M and S Qr P is a
resolution of S ®r M by projective S-modules.

2.2. Multilinear algebra

2.7. Many of our calculations are made in a coordinate-free manner. If the calculation is
coordinate free, then the signs take care of themselves. In particular, when working with
Pfaffians, we prefer to use elements of an exterior algebra rather than to define and keep
track of sign conventions which mimic operations that take place in an exterior algebra.

Let R be a commutative Noetherian ring and F' be a free module of finite rank f
over R. We make much use of the exterior algebras A®* F and A\* F*, the fact that \* F
and A\°* F* are modules over one another, and the fact that the even part of an exterior
algebra comes equipped with a divided power structure. The rules for a divided power
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algebra are recorded in [12, section 7] or [10, Appendix 2|. (In practice these rules say
that w(® behaves like w®/(a!) would behave if a! were a unit in R.)

2.8. We recall some of the properties of the divided power structure on the subalge-
bra /\2° F of the exterior algebra A® F. Suppose that eq,...,es is a basis for the free
R-module F' and

f2 = E Qi iy €iy N\ €4y

1<y <ip <f
is an element of /\2 F, for some a;, ;, in R. Let A be the | x f alternating matrix with
Qi,j, if i < 7,
A =10, ifi =7, and
—ai,j, lf] < 1.
For each positive integer ¢, the ¢-th divided power of f5 is

2(e) _ ZAIGI c /\24 F,
I

where the 2¢-tuple I = (i1, ...,19¢) roams over all increasing sequences of integers with
1 <y and igr < f, e = €;;, A...Aei,,, and Aj is the Pfaffian of the submatrix of A
which consists of rows and columns {1, ...,i2¢}, in the given order. Furthermore, /\2° F
is a DGI'-module over A\* F*. In particular, if 7 € F* and vy,...,vs are homogeneous
elements of A*® F, then

T (UW A A ng)) =t A AL AT AL A, (2.8.1)
j=1

For more details see, for example, [10, Appendix A2.4] or [8, Appendix and Sect. 2].

The following fact about the interaction of the module structures of A* F on A\* F*
and A\* F* on A\°® F is well known; see |7, section 1] and [8, Appendix].

Proposition 2.9. Let F' be a free module of finite rank over a commutative Noetherian
ring R. If fi € F, f, € N' F, and ¢, € N (F*), then

(f1(¢q))(fp) =fin ((bq(fp)) + (_1)1+q¢q(f1 A fp)- a

The following fact is important for our purposes. We prove it carefully in order to
illustrate some of the ideas contained in 2.7 and 2.8.
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Observation 2.10. Let R be a commutative Noetherian ring, F be a free R-module of
finite rank, and fo be an element of /\2 F.

(a) If 63 € \* F*, then [f2(63)](f2) = d3(/5")-
(b) If ¢1, ¢}, and @Y are in F*, then

fa(o1 ANy N @Y) = fa(dr A7) - & — fa(d1 A @Y) - &) + fa(d) A DY) - b1

Proof. We prove (a) by showing that the two elements [fa(¢3)](f2) and ¢s( 2(2)) of F

are equal by showing that ¢; ([fg((bg)](fg)) = ¢ (¢3(f2(2))) for every element ¢; of F™*.
Observe that

1([f2(93)](f2)) = —[fa(@3)l[¢1(f2)] = —[e1(f)]lf2(ds)] = —[e1(f2) A fa](¢3)
= 0 (N@s) = —dsln(B)] = dlos(£)]
The first and last equalities hold because A® F is a module over the graded-commutative

ring A* F*. The second and fifth equalities follow from the fact that the module actions
of A*F* on A* F and \* F on \°® F* are compatible in the sense that

bi(f;) = fi(¢s) for ¢ € N'F* and f; € \' F. (2.10.1)

The third equality is a consequence of the module action of A®* F on A®* F*. The fourth
equality is explained in (2.8.1).
The proof of (b) is similar. O

2.8. Mapping cone
The mapping cone of the map of complexes c: F' — E:

f2 f1

c—— I —— Iy

€2 €1
-—— F —— E

is the complex M:

€3 C2 €9 C1
| 208 5] 5wl
= D 3] S3) Ey.
Ey Fy Ey

The three complexes are related by the short exact sequence
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0—E— M- F[-1] — 0
and hence by the long exact sequence of homology
<= Hi(M) = Ho(F) - Ho(E) — Ho(M) — 0.

One can iterate the procedure. If F'; E, and D are resolutions of Ho(F'), Ho(E), and
Ho(D), respectively,

0 — Ho(F) 2 Ho(E) 2> Ho(D)
is an exact sequence of modules, and ¢ : FF — E is a map of complexes which covers -,
then the mapping cone M of ¢ is a resolution of coker(y) =2 im(8). If b: M — D is a

map of complexes which covers im 8 C Hy(D), then the mapping cone of b is a resolution
of coker 3.

2.4. The set up

2.11. We set up the data in a coordinate-free manner in 2.12 and 2.13; a version with
coordinates is given in 2.14. The critical calculation, Lemma 3.1, involves “z; ;’s”, but
not “t;’s”; the ambient ring for this calculation is called R. The information about R is
given in 2.12.a, 2.13.a, and 2.14.a. The main result in the paper, Theorem 4.8, involves
both “z; ;’s” and “¢;’s”; the ambient ring for this result is called R. The ring R is an
extension of R; the extra information about R is given in 2.12.b, 2.13.b, and 2.14.Db.

Data 2.12. Let § be a positive integer, Ry a commutative Noetherian ring, and V' be a
free Rp-module of rank f.

(a) Let R =@, R; be the standard graded polynomial ring
R 2 *
R =Sym,*(\g, V")
and F' be the free R-module F' = R ®p, V. Consider the R-module homomorphism
¢ € Homg(A\% F*,R) = N3, F,

which is given as the composition

multiplication

ENRF*=Rop, N\f, V' =R R R.

(b) View /\?20 V* @V as a bi-graded free Ro-module where each element of /\iag V*
has degree (1,0) and each element of V' has degree (0,1). Let R be the bi-graded
polynomial ring
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R =Sym{(\F, V& V)
and J be the free R-module F = R ®p, V. Consider the R-module homomorphism
7 € Homg (F,R) = F*

which is given as the composition

multiplication

F=R®p, V=RRRo1 R.

(¢) There is a natural inclusion map R“——= R and a natural projection map
R —— R . The R-module F of (b) is also equal to F = R @ F; furthermore,
the element £ € /\?2 F of (a) is also equal to the element

E=10¢of NZaF=Rr A% F.
Notation 2.13. Adopt Data 2.12.

(a) Let
(i) I be the ideal I =im(¢® : A* F* = R), of R,
(ii) A be the ring R/I,
(iii) - be the functor A @ —, and
(iv) N be the cokernel of the map d; : A*°F~ — F~ where dy : \* F* — F* is the
map di(¢3) = £(¢3), for ¢35 € \* F*.
(b) Let
(i) K and J be the ideals

K =im(7(§): F* —- R), and
J=IR+K

of R,
(ii) A be the ring R @z A, and
(iii) N be the R-module R @ N.

Remark 2.14. Adopt Data 2.12 and Notation 2.13. If one picks dual bases ey,...,e; for
V and e’{,...,e}“ for V*, let xz; ; represent e} Aej € /\??,0 V¥ =Ry, for1 <i<j <,
and let ¢; represent e; € V = Ry 1, for 1 <14 < f, then the following statements hold.

(a) The standard graded polynomial ring R is R = Ry[{x;; | 1 <14 < j < f}]. Further-
more,

i) the element £ of 2Fis§: ;i € Nej,
J J
i<j
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(ii) the matrix for the R-module homomorphism dy : F* — F, with do(¢1) = ¢1(£),
with respect to the bases {e}} and {e;}, is —X, where X is the generic f x f
alternating matrix whose entry in position (row 4, column j) is

0 ifi=j
—Tj; if j <1,

and
(iii) the ideal I of Notation 2.13 is equal to Pf4(X), which is the ideal of R generated
by the set of Pfaffians of the principal 4 x 4 submatrices of X.
(b) The bi-graded polynomial ring R is R = Ro[{x;; |1 <i<j <ftu{t; |1 <i<{f}].
Furthermore,
(i) the element 7 of F* is 7 = )", e,
(ii) the matrix for 7 : F — R with respect to the basis {e;} for F is the row vector

t=[ti,....t],

(iii) the element 7(§) in F is an R-module homomorphism F* — R and the matrix
for this homomorphism, with respect to the basis {e}} is the row vector tX,
and

(iv) theideal K of Notation 2.13 is equal to I; (tX), which is the ideal of R generated
by the entries of the product of t times X, and

(v) the ideal J of Notation 2.13 is equal to Pf4(X) - R + I (tX).

Remark 2.15. Adopt the language of 2.12.a and 2.13.a. The following maps appear often
in the paper:

M: AP e doy p oy ASE (2.15.1)

with dy(¢3) = &(¢3), do(¢1) = d1(€), and & (f1) = f1 A&, for ¢3 € A* F*, ¢ € F*, and
f1 € F. Use Observation 2.10.a and (2.8.1) to see that

(do o di)(¢3) = [£(3)](€) = $3(6®) and (31 0do)(¢1) = [¢1(] A E = ¢1(€P);

so, in particular A®pz M is a complex. In (3.11) we prove that a modification of A @ g M
is exact and in Observation 3.14 we prove that A ® g M is exact.

If one uses the notation Remark 2.14.a, then the matrix for dg is —X, the matrix
for d; has f rows and (g) columns and the column corresponding to e A e} A ef, for
1<i<j<k<y,is

0 ... 0 2, 0 ... 0 —xip O ... 0 x; 0 ... 0]", (2.15.2)
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where the non-zero entries appear in positions ¢, j, and k, respectively; see Observa-
tion 2.10.b and Remark 2.14.ai. (We use M T to represent the transpose of the matrix M)
The matrix for §; is the transpose of the matrix for d;.

3. The main ingredient

In this section we prove the following result.

Lemma 3.1. Adopt Data 2.12.a and Notation 2.13.a with 4 < f. If the base ring Ry is
an arbitrary commutative Noetherian ring, then the R-module N is perfect of projective
dimension (f;2).

The proof of Lemma 3.1 is given in 3.12 at the end of the section. In Observation 3.14
we show that the module N of Lemma 3.1 is isomorphic to the module of (1.0.1).

Remark 3.2. The assertion of Lemma 3.1 does not hold for f = 3. Indeed, in the language
of Remark 2.14, N, which is resolved by

[I2,3 —T1,3 $1,2}T
0—R R,

is not a perfect R-module and has projective dimension one, which is not equal to (fj).
(We use M to represent the transpose of the matrix M.)

It is convenient to let
A" be the ring A/(z12 , @23, x1,3),

in the language of Remark 2.14.a. The proof of Lemma 3.1 depends on Lemma 3.3 and
on information about the rings A and A’ which is contained in Lemma 3.7.

Lemma 3.3. Adopt Data 2.12.a and Notation 2.13.a with 3 < §. If the base ring Ry is a
commutative Noetherian domain, then there is an exact sequence of A-modules:

0-N—-A A A 0. (3.3.1)
In particular, if (0) is the zero ideal of A, then Ny is isomorphic to Ay © A-

The proof of Lemma 3.3 is given in 3.11.
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Remarks 3.4.

(a) A strengthened version of Lemma 3.3 may be found in Proposition 5.5.
(b) Lemma 3.3 does hold when f = 3; indeed, (3.3.1) becomes

—T1,2 0 T2.3

{ 0 T12  T13
—z13 —T23 O

R? s |T23 —wi3 w12

2,3
—T13
1,2

which is exact.

0—

R— Ry — 0,

Definition 3.5. Adopt the language of 2.12.a, 2.13.a and 2.14.a. For each integer A, be-
tween 1 and f — 1, let Iy be the ideal

I)\:I+({£E7,,]|1§Z<j§)\})
of R.

Example 3.6. Retain the notation of Definition 3.5. The ideal I; is equal to I (because
the empty set generates the zero ideal) and the ideal I;_; is equal to ({z;; |1 <i < j <
f —1}) (because I is contained in the ideal ({z;; | 1 <4 < j < §—1})). In particular,
A= R/Il and AI = R/Ig

Lemma 3.7. Adopt the language of 2.12.a, 2.13.a, 2.14.a, and 3.5. Let A be an integer
between 1 and § — 1.

(a) If the base ring Ry is an arbitrary commutative Noetherian ring, then I is a perfect
ideal in R of grade (fgz) + A—1. In particular, if 4 <§, then grade Is = grade I + 2.

(b) If the base ring Ry is a commutative Noetherian domain, then Iy is a prime ideal.

(¢c) If the base ring Ry is an arbitrary commutative Noetherian ring, then I is a Goren-
stein ideal in the sense of 2.5.e. In particular, if Ry is a Gorenstein ring, then R/I
is a Gorenstein ring.

Remark 3.8. The “in particular assertion” in (a) would be false if f were equal to 3;
because, in this case, I1, which is equal to (0), has grade 0, and I3, which is equal to
(12, T1,3 , *23), has grade 3. Of course, the parameter A, which is assumed to be at
most f — 1, is not permitted to be 3, when § = 3.

Proof. (a, b) The ideal I, is equal to the ideal Pf(X; A; A) of [18]. The assertion follows
from [18, Thm. 12]. The statement of [18, Thm. 12] only considers the case where Ry is a
domain; however, as soon as one knows that I is a perfect ideal when R, is equal to the
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ring of integers and when Ry is equal to a field, then I built with Ry = Z is a generically
perfect ideal and consequently I built over an arbitrary commutative Noetherian Ry is
a perfect ideal; see, for example [6, Prop. 3.2 and Thm. 3.3].

(c) A proof that R/I is a Gorenstein ring whenever Ry is Gorenstein is given in [18,
Thm. 17]. A more explicit statement and proof of this result is given in [3, Corollary].
In particular, when Ry is equal to the ring of integers, then there exists a resolution F of
R/I by free R-modules which has the property that the length of F is (ff) and the free
module of F in position (fgz) has rank one. Now let Ry be an arbitrary commutative
Noetherian ring. We explained in the proof of (a) and (b) that I is a perfect ideal in R.
The “Persistence of Perfection Principle”, Theorem 2.6, now guarantees that the back
Betti number in a resolution of R/I by free R-modules is one; and therefore, I is a
Gorenstein ideal in the sense of 2.5.e. O

Remark 3.9. An alternate phrasing of the proof of Lemma 3.7, parts (a) and (b), (but
really the same argument in a different form) involves the Grassmannian Gr(2, f) of rank 2
free summands of the rank § free Ro-module V. The ideal I is the ideal of “quadratic
relations” which define the homogeneous coordinate ring of the image of the Pliicker
embedding of Gr(2,§) into P(A®V). The ideal I defines the homogeneous coordinate
ring of the Pliicker embedding of the Schubert subvariety Q(f — A,f) of Gr(2,f). The
Schubert subvariety Q(f — A, f) consists of all W in Gr(2,f) such that ¢ < rank(W NV;)
for the flag Vi C V5 where V; is the summand of V' with basis ex41,...,¢; and Vo = V.
The original proofs that the homogeneous coordinate rings of the Schubert subvarieties
of the Grassmannian are Cohen-Macaulay domains are [15, Thm. 3.1%, (3.10), Cor. 4.2],
[25, Thm. 1], and [27, Thm. I1.4.1 and Thm. IT1.4.1]. A version which contains many
details is [6, Thm. 1.4, the bottom of page 52, Cor. 5.18, Thm. 6.3].

One consequence of Lemma 3.7 is that I is grade unmixed. This fact facilitates the
identification of regular elements in A. Corollary 3.10 and its style of proof are used in
the proof of Corollary 5.3.a.

Corollary 3.10. Adopt the language of 2.12.a, 2.13.a, and 2.14.a. If the base ring Ry is
an arbitrary commutative Noetherian ring, then x1 2, 13 is a regular sequence on A.

Proof. Every associated prime P of R/I in R has grade PRp = (f?). Lemma 3.7.a

assures that I», which equals (I , x1), is a perfect ideal of grade (7;%) + 1 in R; hence
x1,2 is not in any associated prime of R/I (that is, x1 2 is regular on R/I) and every
associated prime P of R/(I , z12) in R has grade PRp = (52) + 1. We prove that z; 3
is regular on R/(I , x12) by showing that (fgz) + 2 < grade PRp for all primes P of R
which contain (I, z1,2, #1,3). Let P be such a prime. Consider the Pfaffian

T1,2%3,j — T1,3%2,; + T1,;723 € I C P.
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Thus, z2 321 ; is in P for 3 < j < f. It follows that either I3, whichis (I, 212, 1,3, Z23),
is contained in Por (I , 12, 213, ... , xlyf) C P. Lemma 3.7.a ensures that I3 has
grade (EQ) +2. Theideal (I , z12, 1,3, ... , x1f) is equal to Pf4(X’) plus an ideal
generated by f — 1 indeterminates, where X’ is X with row and column 1 deleted. Thus
(I, 12, 213, ..., x15) has grade

() +i-1=(3") +2
In either event, (fgz) + 2 < grade P and the proof is complete. O

3.11. Proof of Lemma 3.3. We prove that

!
* dg

NF - F ALy A A 0 (3.11.1)

is an exact sequence of A-modules, where dy : \®> F* — F* is di(¢3) = &(¢3), as given
in Notation 2.13.aiv and Remark 2.15, df, is the composition

_ i L. 3
d - rojection
T = @ Ae; N L Dy Ay,
i=1 i=1

—x

where dg : F* — F is do(¢1) = ¢1(§) as described in Remark 2.14.aii and Remark 2.15,
and p is given by the matrix

p=[x23 —T13 Ti2]. (3.11.2)

(The basis ey, ..., e for F'is introduced in Remark 2.14.) Once we show that (3.11.1) is
an exact sequence, then the proof is complete. Indeed,

N = cokerd; & imdj, = kerp; hence, (3.11.3)
0N—-A L A4 0
is exact, as claimed in (3.3.1).
We first show that (3.11.1) is a complex. To show that dj) o d; = 0 it suffices to show

that the image of dy o dy is contained in I - F' and this was done in Remark 2.15. The
matrix for p is given in (3.11.2) and the matrix

, 0 .231)2 3?1)3 1‘174 e J,‘Lf
dO =—|—T12 0 T23 24 ... T2jF (3114)
—T1,3 —I23 0 T34 e IE37]¢

for djy may be read from the discussion in Remark 2.15. It is clear that p o djj = 0 and
that the complex (3.3.1) is exact at A and A’. We next show that (3.3.1) is exact at A3.
Suppose
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T
a=la1 a2 ag]

is an element of A% with p(a) = 0 in A. (We use M to represent the transpose of the
matrix M.) In other words, 2 3a1 — #1302 + 21,203 = 0 in A. In particular,

xozar € (x12, v13)AC (12, 13, ... , T1,5)A.
The ideal (212, 13, ... , z1,5)A of A is prime; indeed,
(T12, 13, oo s w15)+ 1= (212, 213 ,... , z15) + Pl(X),

where X’ is the matrix X of Remark 2.14.aii with row one and column one deleted.
The matrix X’ is a generic alternating matrix which does not involve the variables

Ti2 , ... , T1,5 so [18, Thm. 12| guarantees that Pfy(X’) is prime; see, for example
Lemma 3.7.

The product x2 3a; is in the prime ideal (21,2, ..., z15)Aand xa3 ¢ (1,2, ..., 1,5)A4;
thus, a1 € (21,2, ..., z1,5)A and a quick glance at (3.11.4) shows that there is an element

¢1 in F such that
a—dy@r)=[0 a5 aj]",
for some a) and af in A. The equation —x; 3a) + 1 2a5 = 0 in A shows that x; 3a) is an
element of the prime ideal (z1,2)A = IoA; see Lemma 3.7. Hence, a is in (z12)A and a
further modification o — djy(¢1) by a boundary which only involves the first column of
d}) yields an clement of the kernel of p of the form [0 0 a4]". The element a is zero
because A is a domain; and therefore, o € im d,.
The argument that (3.3.1) is exact at Fis very similar to the preceding argument.
Suppose & = [a1 , ... , a]T is an element of kerd. The third row of the equation
o = 0 yields that xsjas is an element of the prime ideal I;_; A, in the language of
Definition 3.5 and Lemma 3.7; but 3 ¢ Ij—14; so a; € Ij_;. On the other hand, for
each x; ; € Ij_1,

di(es Nej ANe) = mj5e] — xije; + T jeg;
hence there is an element ¢3 € /\3 F~ so that
O‘_d_l(%):[all 3 ey a;‘—l ) O]T

The third row of the equation djj(a — di(¢3)) = 0 yields that z35-1a;_q € Ij—2A. Use
elements of the form dil(e}‘_l AesA ef) to remove a§_1 (while keeping 0 in the bottom

position). Continue in this manner to find %T € /\3 F" so that

— 1
a—di(gs')=1al, al, al, 0, ... 0T
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The second equation of

—T12 0 23| |al| =dy(a— d_l(%T) =0

—z13 —w23 O T
as

;
0 T1,2 351,3] a1

yields al € (21.2)A; hence there exists %i e N*F", so that

a—d_l(%i): [at, b, 0, ..., 0"
Now one sees that m172a§ = 1’1’2(],% = 0 in the domain A; hence a{ = ai =0,aisa
boundary, and (3.3.1) is exact.
The final assertion, that IV has rank two as an A-module, is an immediate consequence
of the exactness of (3.3.1). Indeed, A is a domain (see [18, Thm. 12] or Lemma 3.7) and
Algy=0. O

3.12. Proof of Lemma 3.1. The module N, built over an arbitrary ring Ry, is ob-
tained from the module N, built over the ring of integers Z, by way of the base change
Ry ®z —. According to the theory of generic perfection (see, for example [6, Prop. 3.2
and Thm. 3.3]) in order to prove that N, built over an arbitrary ring Ry, is a perfect
R-module, it suffices to prove that NV is a perfect R-module when Ry = Z and when Ry
is a field. Fix one of these choices for Ry and consider the exact sequence of Lemma 3.3.

It was observed in Example 3.6 that A = R/I; and A’ = R/I5; consequently,
Lemma 3.7.a guarantees that A and A’ are perfect R-modules and pdy A’ = pdy A + 2.
(This is where the hypothesis 4 < § is required; see Remark 3.8.) Let P be a prime ideal
of R which is in the support of N. Lemma 3.3 shows that the module N embeds into a
free A-module; hence, P is in the support of A and Ap is a Cohen—Macaulay ring. The
localization A’ is either zero or a Cohen-Macaulay ring with dim A% = dim Ap — 2. In
either event, we apply the usual argument about the growth of depth in an exact sequence
(see, for example, [5, Prop. 1.2.9]), to the localization of the exact sequence (3.3.1) at P
in order to conclude that depth Ap < depth Np. At this point the inequalities

depth Np < dim Np <, dim Ap = depth Ap < depth Np (3.12.1)

all hold; consequently, equality holds throughout. (The inequality labeled * holds because
Np is an Ap-module.) Thus, Np is a Cohen-Macaulay Rp-module and

pdp, Np =pdg, Ap =pdp A= (13?). (3.12.2)

(The first equality is a consequence of the Auslander—-Buchsbaum theorem; the second
equality is explained in 2.5.c; and the third equality is a consequence of Lemma 3.7.)
Thus, N is a perfect R-module of projective dimension (f52) (see 2.5.d, if necessary) and
the proof is complete. O
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Section 4 is concerned with the ring R of Data 2.12 and Notation 2.13. The ring R is a
polynomial ring over R and the R-modules N=R®@r N, A =R A, and F = RQp F
are obtained from the corresponding R-modules by way of a base change. It is convenient
to record the results of the present section in the language of the future section.

Corollary 3.13. Adopt Data 2.12 and Notation 2.13 with 4 < §. If the base ring Ry is
an arbitrary commutative Noetherian ring, then the R-modules N and A are perfect of
projective dimension (f52); furthermore IR is a Gorenstein ideal.

Proof. Apply Lemmas 3.1 and 3.7. O

We close this section by redeeming assorted promises. Assertion (a) was promised
in Remark 2.15. Assertion (b) was promised in the introduction when we claimed that
Section 3 is about the image of dy; however, until this point, it appears that Section 3 is
about N, which is the cokernel of d;. The homological properties of N, which are listed
in (c) and (d), were also promised in the introduction.

Observation 3.14. Adopt the language of 2.12.a, 2.13.a, 2.14.a, and (2.15.1). Assume that
Ry is a domain.

The complex A @ M is exact.

The module N (of Lemma 3.1 and elsewhere) is isomorphic to the module of (1.0.1).
The A-module N is self-dual.

If Ry is a Cohen—Macaulay domain, then N is a self-dual mazimal Cohen—Macaulay

N~
Qo O
— — T

A-module of rank two.
(e) If Ry is a Gorenstein domain, and

X:ooo X B X, B APF S T
is a resolution of N by free A-modules, then

: —* di —=* do = 01 — d dx dr
Vi Xy O X, B NPT TF I TN 2R X S

is a self-dual totally acyclic complex. (In other words, He(Y) = Ho(Y*) = 0 and,
after making the appropriate shift, Y* is isomorphic to Y.)

Proof. (a) We are supposed to prove that the complex

NF I F D, 0 ASF (3.14.1)

is exact. (Recall from 2.13.aiii that - is the functor A ®p —.) We showed in (3.11.1) that
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3-—=* d; —=* projection odgy
/\ ja 1 F proj 0 A3
is exact. It follows that

imd; C kerdy C ker(projection ody) = im d;

and (3.14.1) is exact at F .

We now prove that (3.14.1) is exact at F. Let f; = ZI‘:1 a;e; be in ker 81, with a; € A;
and eq,...,e, a basis for F. Use the coefficient of e; A e; A ejin 0= E(fl) in order to
see that

;a1 € (1, xl,j) C(z1,2, T1,3 5 «o- xl,f)

for all i and j with 2 < i < j <f. Theideal (x12, 213, ... , 1) of Ais prime (indeed,
A/(x12, 13, ... , x15) is the domain defined by “Pf,” of a smaller generic matrix) and
x;j isnotin (x12, 13, ... , x15). Therefore, a; € (x12, 1,3, ... , 1) and there
is an element ¢ € F with ff = fi—do(¢1) = ijz agei. (Recall that —X is the matrix
for dy.) The coefficient of e; AeaAeg in 0 = 5_1(ff) shows agxl,g is in the prime ideal (21 2);
hence, a} € (z1.2) and one may use the first column of X to remove a} without damaging
aI = 0. In other words, there exists (ﬁ € F' with ff =f1- do(cﬁ) = ZE:?, a;e;. The
coefficient of e; Aea Aej in 0 = E(fli) shows that x172a§- =0 for 3 < j < §. Hence, a§ =0
for 3 < j <f, f is a boundary in (3.14.1), and (3.14.1) is exact.

(b) Apply (a) to see that N = cokerd; = imdy = (1.0.1).

(¢) The definition N = cokerd; guarantees that A*F" DL FT 5 N = 0 is exact.
Apply Hom 4(—, A) to learn that

0 N* 5 7 4l NF™

is exact. It is easy to see that F G, /\3 F™" is isomorphic to F LI /\3 F. Assertion

(a) now gives that N = kerd; = kerd; = N*.

(d) Lemma 3.1, especially (3.12.1), ensures that N is a maximal Cohen—-Macaulay
A-module. The rank of N is calculated in Lemma 3.3. The self-duality of N is established
in (c).

(e) It follows from local duality (or the Auslander—Bridger formula, see, for example,
[9, Thms. 1.4.8 and 1.4.9]) that the maximal Cohen-Macaulay module N over the Goren-
stein ring A satisfies Ext’ (N, A) = 0 for all positive i. So X — N — 0 and 0 — N* — X*
are both acyclic. The complexes X and X* may be patched together at N = N* to form
the totally acyclic complex Y. O
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4. The main result

The main result of the paper is Theorem 4.8 where we prove that J is a perfect
Gorenstein ideal of grade (f;2) + 2. We estimate the grade of J in Lemma 4.1 and we
use the exact sequence (4.3.1) to estimate the projective dimension of R/J.

Lemma 4.1. Adopt the language of 2.12 and 2.13 with 3 < §. If the base ring Ry is
an arbitrary commutative Noetherian ring, then the height of the ideal J satisfies the
inequality

(3% +2<ht .

Remark 4.2. The assertion of Lemma 4.1 is false when § = 2 because in this case J equals
(tix12 , t2x12), which has height 1; see Remark 4.4.e for a continuation of this example.
On the other hand, Lemma 4.1 does hold when f = 3; indeed, in this case, J is the ideal
generated by the maximal minors of the generic matrix

i1 to t3
23 —T1,3 T1,2

)

see Remark 4.4.f for a continuation of this example.

Proof. Tt suffices to replace Ry with Ry/p for some minimal prime ideal p in Ry and to
prove the result when Ry is a domain. We use the language of Remark 2.14 and view J
as the ideal Pf4(X) + I; (tX) in the ring R = Ro[{z; ;},{t:}]. Let P be a prime ideal of
R which contains J. We show

() +2<htP.

If t; € P, then I' = Pfy(X) + (t1) is a prime ideal of height (ff) + 1 which is
contained in P; furthermore, the first entry of tX is a non-zero element of P\ I’. Thus,
(5% +2 < ht P.

If t; ¢ P, then let X’ be X with the first column removed, X" be X with the first
row and first column removed, and I be the ideal Pf4(X"). Observe that I is a prime
ideal of height ('5?) (this is where we use the hypothesis that 3 < f); I” is contained
in P; and the entries of tX’ form a regular sequence on Ry, /I”"R;, in PRy, . It follows
that

(f52) +9= (f;3) +§f—1<ht PRy, =htP. a

Proposition 4.3. Adopt the language of 2.12 and 2.13. If 2 < § and Ry is a Cohen—
Macaulay domain, then there is an exact sequence of A-modules:

Ar 05 ASNTD A4 v r/T 0. (4.3.1)
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The map 7 : A — N sends the element 1 of A to the class of T in
N = A ®x coker (£ : N F* — F*).

If ¢1 is in F*, then the map 7(§) : N — A sends the class of ¢1 in N to the class of
[T(O))(p1) in A=R/(I-R). The map A — R/J is the natural quotient map

A=R/(IT-R)—=>R/(I-R+K)=R/J.
The proof of Proposition 4.3 is given in 4.7.

Remarks 4.4.

(a) After we prove Theorem 4.8, we are able to improve Proposition 4.3. In the im-
proved version, Ry is allowed to be an arbitrary commutative Noetherian ring. See
Proposition 5.5.

(b) The exact sequence 0 - A — N — JA — 0, which is a consequence of (4.3.1),
exhibits JA as a Bourbaki ideal of N, in the sense of [2,26,4,30].

(¢) The map 7(€) of (4.3.1) is well-defined. Indeed, if ¢3 € A® F*, then &(¢3) represents
0 in N and [7(£)](&(¢3)), which is equal to £ (¢3 A7) by (2.8.1) and (2.10.1), is
equal to 0 in A.

(d) Tt is not difficult to see that (4.3.1) is a complex of A-modules.

(e) If f = 2, then R = A and, in the language of Remark 2.14, the complex (4.3.1) is

ty
0 R |:t2:| e [—tox1a tiz12]

R — :R/(tl.%‘lg s t2$172) — 0,

which is exact, see Remark 4.2.
(f) If f = 3, then R = A and, in the language of Remark 2.14, the complex (4.3.1) is

tq
to
ts R3 [*t2$1,2 —t3r13 tix12 —t3re3 t1x13+ t2$2,3]

Z2.3
—I1,3
Z1,2

— R/(—taz12 —tsz13 , tix12 — 3223 , tix1 3 +taxa3) = 0,

which is exact; see Remark 4.2.
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(g) In the language of Remarks 2.14 and 2.15, the exact sequence (4.3.1) is equal to

R f
R ¢7 <Pf4(X)) X R R

0= BhX) imd, PIy(X)  Phy(X) + L (tX)

— 0,

where the (}) generators of imd; are listed in (2.15.2).

Observation 4.5 and Lemma 4.6 are used in the proof of Proposition 4.3.

Observation 4.5. Retain the hypotheses of Proposition 4.3. The complex (4.3.1) is exact
at R/J and at both copies of A.

Proof. It is clear that (4.3.1) is exact at R/J and at the right hand A. We prove that
(4.3.1) is exact at the left hand A. Let r € R with r -7 = &(¢3) mod IF for some
3 € /\3 F*. Apply r7 to £ and use Observation 2.10.a to learn that

r-7(€) = [€(¢3)](€) = ¢3(¢?) € IT.

It follows that r- K C I. The ideal I is prime and degree considerations show that K ¢ I.
It follows that r € I. Thus, 7 : A — N is an injection. O

Lemma 4.6. Adopt the language of 2.12 and 2.13. Let ¢1,¢} be elements of F* with
the property that the element ¢1 A @} is part of a basis for F* and let x be the element
E(p1 APy of R. Then the following statements hold.

(a) If the base ring Ry is a commutative Noetherian domain, then the localization A, of
the complex (4.3.1) at x is isomorphic to

—[T(S)](cbi)}
[7(€)](¢1)

0—-Ay ———— A, A,

— — 0.

([T 1) » [T(](91)) Az

(b) If Ry is a Cohen—Macaulay domain, then the localization A, is exact.

Remark 4.6.2. Once we prove Theorem 4.8, then a much stronger version of Lemma 4.6
is also true, see Proposition 5.5.

Proof. (a) The element z in R is a non-zero element of R o). The ideal I - R of R is a
prime ideal generated by elements of R (5 ¢y; hence x is a non-zero-divisor in A = R/(I-R).
Consider the map

Ay ® Ay — N, (4.6.2)
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which sends [a1 a2]T to the class of a1¢; 4+ ag¢). This map is onto because, if ¢} € F,
then the equation

0=E&(pr APy AGY) = ¢ —&(d1 AGY) - ¢ +E(¢h A GY) - ¢n (4.6.3)

holds in N (see Observation 2.10.b); and therefore the class of ¢ in N, is in the image
of the map (4.6.2). Let (0) be the prime ideal (0) in the domain A and L be the kernel
of (4.6.2). We know from Lemma 3.3 that Ny = A @ A(); hence Ly = 0. On the
other hand, L is a submodule of a free A,-module and A, is a domain; thus, L = 0 and
(4.6.2) is an isomorphism.

Apply (4.6.3), with 7 in place of ¢/, to see that the composition

Ap 5 Ay N,
sends 1 € A, to

ar = [1(§))(¢1) - ¢1 — [T(OI(¢1) - 1

in N,; and therefore, the composition

Ay Es A, TN, LD g e A,
sends 1 € A, to
—[7(©))(¢}
[ [r(©) (1 } €A e

It is clear that the composition

Ay oA, 102N, T 4,

sends

This completes the proof of (a).

(b) We know from (a) that the ideal JA, is generated by [7(£)](¢1) and [7(£)](¢}) and
we know from Lemma 4.1 that 2 < ht(JA). The ring A is Cohen-Macaulay; so,

2 <ht(JA) = grade JA < grade JA,.

It follows that A,, which, according to (a), is isomorphic to the augmented Koszul
complex on the generating set {[7(&)](¢1) , [T(£)](P})} of JA,, is exact. O
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4.7. The proof of Proposition 4.3. In light of Remark 4.4.e, we may assume that 4 < f.
We know from Observation 4.5 that (4.3.1) is a complex of A-modules which is exact
everywhere except possibly at N. Let H be the homology of (4.3.1) at N. We argue by
contradiction. Assume that H # 0. Let P be an associated prime of H. Lemma 4.6 shows
that H, = 0 for every x in R of the form

z = £(¢1 A@)) where ¢1 and ¢ are in F* with ¢y A¢)| part of a basis for \*F*. (4.7.1)

The fact that H, = 0 and Hp # 0 forces x to be an element of P. The Ro-module R(; q)
is generated by elements x of the form (4.7.1); therefore, R o) C P.

Consider the complex (4.3.1). Let B be the image of 7 : A — N and Z be the kernel
of 7(§) : N — A. Combine the exact sequences

0—-A—->B—0 from Observation 4.5, and

0—-=B—-Z—-H—=0
in order to obtain the exact sequence
0—-A—-Z—-H-—0O0. (4.7.2)

The R-modules A and N are both perfect and their annihilators have grade (fEZ); see
Corollary 3.13. The ring R is Cohen—Macaulay; so, A p and Np are both Cohen—Macaulay
R p-modules with

depthNp = dimNp = dim Ap = depth Ap;

and this common number is equal to dim Rp — (fgz). Furthermore, the ideal (R ) of R,
which is prime of height (;), is contained in P. It follows that

2<(f

5) = (157) < dimAp.

(The left most inequality holds because 3 < §.) The module Zp is a non-zero submodule
of Np; so 1 < depth Zp. We have chosen P with Hp # 0 and depth Hp = 0. The usual
argument about the growth of depth in a short exact sequence shows that the exact
sequence

0—-Ap —Zp —Hp —0,

which is obtained by localizing the short exact sequence (4.7.2) at P, is impossible; see,
for example, [5, Prop. 1.2.9]. This contradiction establishes the result. O

Theorem 4.8. Adopt the language of 2.12 and 2.13. If 4 < § and Ry is an arbitrary
commutative Noetherian Ting, then J is a perfect Gorenstein ideal of R of grade (752) +2.
In particular, if Ry is a Gorenstein ring, then R/J is a Gorenstein ring.
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Proof. We employ the theory of generic perfection as described at the beginning of 3.12.
It suffices to prove the result when Ry is equal to the ring of integers and when Ry is a
field. In particular, we may assume that Ry is a Cohen—Macaulay domain. Proposition 4.3
(see also Remark 4.4.g) guarantees that there exists an exact sequence of R-modules

0-A->N—->A-R/JT—0

and Corollary 3.13 ensures that A and N have free resolutions of length (fEQ); further-
more, the back Betti number in the resolution of A is one. Resolve A and N and form
the iterated mapping cone in order to find a free resolution of R/J of length (f;2) + 2.
The back Betti number in the resolution of R/J is one. We see that

(15%) +2 < grade J < pdgy R/J < (15%) +2.

(The first inequality is Lemma 4.1 and the second inequality is (2.5.1).) Thus, equality
holds throughout and the proof is complete. O

5. Consequences of the main result

In this section, especially in Corollary 5.3, we prove some consequences of the fact that
J is a perfect ideal in R. We begin by identifying some relations on the generators of J.
These relations are used in the proof of Corollary 5.3.b that (R/.J), ; is a polynomial
ring over Rolz;; , a:i_’jl].

Definition 5.1. Adopt the language of 2.12 and 2.13. Define the maps and modules

D D
E2—2>E1 —1>IE0

by
N’ 5
® F*
Egzker(?*®/\53’*m>/\63’*), Ei= & , Ey=R,
4 g
@ NT
INEAY N
b3
_ §(o3)
D2< qsg@%qsg )‘ {T/\¢3+§(¢5)A¢§,’—¢S,A§( ’3’)]’

Dy ([%]) = renen + 2@

and the middle component of Dy is induced by the map F* ® A F* — A*F* which
sends ¢1 ® @5 to [¢1(£)](5).
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Observation 5.2. The maps and modules of Definition 5.1 form a complex and the image
of Dy is the ideal J of 2.13.

Proof. We verify that D o Dy = 0. We use (2.8.1), (2.10.1), Observation 2.10.a, and the
module action of A*JF and A®F* on one another to compute

(D10 Da)(en) = D (| £499)|) = F@l(e(on) + €9 n 0o

= [T(E(¢s) — (¢3 AT)(EP) =0,
(D1o D2)(Z b1, ® ¢54) = ZDl([¢1,i(f)](¢5,i)) => P ([p1.4(8)](65.0))

i

= [614(EP))(¢5,0) = 2¢5m¢u>(s<3> and

(D1 o Da)(dh ® ¢) = D1 (£(8%) A ¢ — ¢y N E(DY))
= D (&(¢h) A By — By NE(PY))
= B (&(gh) A ¢ff) — € (0 N ().

Furthermore, we compute

ED (&(eh) N dY) = —[85 NEBIED) = =05 ([E(05)]1(EP)) = — ¢ ([E(d4)](€) A €)
= — 4 (5(EP) N E) = —[B5(E@)(E(PE)) = —[E(%) A B5](£P)
= ¢ AE(P5)](ED) = D[ A E(BE)];

and therefore, (D1 0 D2)(¢5 @ ¢5) =0. DO

Corollary 5.3. Adopt the language of 2.12, 2.13, and 2.14. Assume that 4 < f and Ry is
an arbitrary commutative Noetherian ring. The following statements hold.

(a) The elements 12, x1,3 form a regular sequence on R/J.

(b) For each pair i,j with 1 <i < j <f{, the localization of the ring R/J at the element
x; j is isomorphic to a polynomial ring over Rolz, ; , x;jl}.

(¢) The ring R/J is a domain if and only if Ry is a domain.

(d) If Ro is a domain, then (x12)R/J is a prime ideal in R/J.

(e) The ring R/J is normal if and only if Ry is normal.

() If Ro is a normal domain, then the divisor class group of Ry is isomorphic to the
divisor class group of R/J. In particular, Ry is a unique factorization domain if and
only if R/J is a unique factorization domain.

Proof. (a) We employ the method of proof that is described in Corollary 3.10. It suffices
to show that
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(fgz) + 3 < grade PRp for all P € SpecR with J + (x12) C P situation 1, and
(f52) +4 < grade PRp for all P € SpecR with J + (z12, z13) C P situation 2

Fix a prime P from situation 1 or situation 2. There are two cases. Assume first that
t; ¢ P. The ring Rp is a localization of R;, and Ry, is equal to the polynomial ring

(RO[tl e by tf_lv{xi,j | I<i<y< f_l}])[(tx)l FEII (tX)f—l]'

Let X' represent X with row and column f deleted. Apply Corollary 3.10. In situation 1,
the ideal (71 2,J)R;; contains the grade (f;3) + 1ideal (212 , Pf4(X’) of

Rolty, ooyttt {my [1<i<j<f—1} (5.3.1)
as well as the f — 1 indeterminates (tX)1, ..., (tX)s_;. Thus,
(fEZ) +3= ((f53) + 1) +(F—1) < grade(r12 , J)Ry,.
Similarly, in situation 2, Corollary 3.10 guarantees that
(15%) + 2 < grade(z1,2 , 21,3, Pfy(X')) - (5.3.1);

S0, (f;2) +4 < grade(z12 , 21,3, J)R¢;. The same argument works if ¢;_y ¢ P. The
second case is t; and t;_; are both in P. In this case, Corollary 3.10 yields

(t5, tj—1) + Pfa(X) + (z12) € P and (f;2) + 3 < grade P in situation 1, and
(t5, tj—1) + Pf4(X) + (212, 213) S P and (ff) + 4 < grade P in situation 2.

(b) It is notationally convenient to prove the result for (i,5) = (1,2). Let S; and Sy be
the following subsets of R:

51:{$i’j|1§7;§2,3§j§f}U{tj|3§j§f} and (532)

So =A{x12%55 — x1,5%2,5 + T1 522, | 3 <0 < j <}
f f
U{$172t2 + ZZL’th]‘ y Z172t1 — Zx2’jtj}'
7j=3 7j=3

Notice that

(A) S1US;y is a set of indeterminates over the ring Ro[z1,2 , xfé],
(B) (Ro[l‘lg s LEl_é]) [Sl @] Sz] = fR[.Tl_é], and
(C) JR[xy3] = (S2)R[x7 ).
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Assertions (A) and (B) are obvious. Once (C) is established, we will have shown that

(R/J)z, , is the polynomial ring Ro[z12 , J:l_é][Sl] over Ro[z1,2 , xf%} (5:3.3)
for Sy given in (5.3.2). o

We now prove (C). Observe first that Sy C J. Indeed, in the language of Observation 5.2
and Remark 2.14, the ideal SoR is the image, under Dy, of the submodule

W = Ret & Res & R(et Ael) AN F*

of E1. We show that

LL‘LQ?* - W+lmD2
z12R(e] , €3) /\/\3 F* C W+im Dy, and (5.3.4)
1o NP F C WHR(e, e5) AN F* +im Ds.

Once (5.3.4) is established, then iteration of (5.3.4) gives #7 ;E1 € W + im Da; hence,
23 5J is contained in SR and (C) holds.
If ¢1 € F*, then use Observation 2.10.b to see that

T1201 =E(ea Ner) - ¢1 =E(d1 A ey Nel) +E(d1 Aer) - e; —E(d1 Aey) - €]
=Da(¢1 Nez ANep) =T A1 ANeg Nel +&(d1 Aep) - ez —E(d1 Aey) - €]
e W +im Ds.

If ¢3 € \® F*, then

x126] N3 =E(es Nel) - el Aoz = [el(€)](e5 Ael A ¢s3) + an element of W
= Da(e] ®e5 N el A ¢3) + an element of W € W + im Ds.

The calculation z1 2e5 A ¢3 € W 4 im D5 is similar.
If ¢, € F* and ¢35 € A\* F*, then

T12¢1 N d3 = E(ez ANel) - d1 A g
= NesNe) N3+ E(pL A€} es Nds—E(pr Aed) el Ao
= Dy((1 A5 Ned) @ d3) + dy Aes Aet AE(ps) + an element of R(ek , ef) A N® F*
€W +R(ef , e3) AN’ F* +im Ds.

This completes the proof of (5.3.4) and hence the proof of (b).

(c¢) Apply (a) and then (b) to see that R/J is a domain if and only if (R/J)
domain if and only if Ry is a domain.

210 1S 2
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(d) Suppose « and f are elements of R/J with a8 € (z1,2) - R/J. We know from (b)
that (z12) - (R/J)z, , is a prime ideal; so, one of the elements o or § (say, «) is in
(712) - (R/J)z, - It follows that 7 3a € (21,2) - R/J, for some s. Apply (a) to see that
aisin (z1,2) - R/J.

(e) (<) We apply the Serre criteria for normality in order to prove that R/J is normal.
It suffices to prove that (R/J)p is normal for all primes P with depth(R/J)p < 1. If
depth(R/J)p < 1, then (a) guarantees that at least one of the elements x1 2 or 13 is
not in P. Thus, we know from (b) that (R/J)p is a localization of a polynomial ring
over Ry; hence, (R/J)p is a normal domain.

(e) (=) The hypothesis that R/J is normal guarantees that R/J is reduced; and there-
fore, Ry is reduced. The localization (R/.J), , is also normal. Recall from (5.3.3) that
(R/J )z, , is equal to T[xfé] where T is the polynomial ring Ro[z12 , S1] and S is the
list of indeterminates given in (5.3.2). Apply Lemma 5.4, with y = 1 2, to conclude that
T is normal. Now a standard argument yields that Ry is also normal.

(f) Avramov’s proof [3] that R/ Pfs;(X) is a unique factorization domain may be applied
without change. In other words, there are isomorphisms of the following divisor class
groups:

CURLT) — = CU(R/ )y ) — CUR[S1 , 27 h]) <— CI(R[Si]) <— CI(Ry).

The element 21 o generates a prime ideal in R/J by (d); so the isomorphism « is Nagata’s
Lemma [11, Cor. 7.3]. We proved in (5.3.3) that (R/J),, , is equal to the polynomial ring
Ry[Sy xfé], where S is the list of indeterminates given in (5.3.2); so the isomorphism
[ is the identity map. The isomorphism - is again Nagata’s Lemma and the isomorphism
0 is Gauss’ Lemma [11, Thm. 8.1]. O

We have used the following normality criterion which appears as [6, Lemma 16.24].
The result follows quickly from Serre’s normality criterion.

Lemma 5.4. Let T be a Noetherian ring, and y be a regular element of T such that T'/Ty
is reduced and T[y~'] is a normal ring. Then T is a normal ring.

Now that we know that J is a perfect ideal, we are able to improve some of the results
that we used in order to prove that J is perfect. Notice that there are no hypotheses on
the ring Rp.

Proposition 5.5. Adopt the language of 2.12, 2.13 and 2.14. Let Ry be an arbitrary
commutative Noetherian ring.

(a) The maps and modules of (4.3.1) form an exact sequence.
(b) The maps and modules of (3.3.1) form an exact sequence.
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(c) The ideal JA, , is generated by the reqular sequence (tX)1, (tX),.
(d) The element x12 of R is reqular on both A and N and Ny, , = Az, , © Ay, ,.

Proof. (a) Let A, N, R, and J be the relevant modules built over Ry and Az, Nz, Rz,
and .J7z be the relevant modules built over Z. We have shown in Proposition 4.3 that

O%AZL)Nzﬂ.Az—)fRz/Jzﬁo (55]_)

is an exact sequence. We know from Corollary 3.13 and Theorem 4.8 that Az, Nz, and
Rz /Jz are generically perfect Z[X]-modules in the sense of [6, Prop. 3.2 and Thm. 3.3][;
and so, in particular, these modules are flat Z-modules. Apply Ry®z — to the constituent
short exact sequences of (5.5.1) in order to learn that Tor’ (Ry, JzAz) = 0 and

Ry ®z (5.5.1),

which is isomorphic to (4.3.1), is exact.

(b) The proof from (a) also works for (b) because the Z[X]-modules A and A’, built
over Z, are also generically perfect, see Lemma 3.7.

(c) The proof of Corollary 5.3.b shows that A, , is equal to the polynomial ring

RO[££1,2 ) xié][sl ) (tX)l ) (tX)Q]v

where S is the list of indeterminates given in (5.3.2); furthermore, JA,, , is generated
by the two variables (tX); and (tX)a.

(d) We saw in Corollary 3.10 that x; 5 is regular on A. Recall from Lemmas 3.1 and 3.7
that the ring A and the A-module N are perfect R-modules, and their annihilators (as
R-modules) have the same grade. It follows that Ass N C Ass A and that x; 5 is also
regular on N. The final assertion is obtained by localizing (3.3.1), which is exact by (b),
at r12. O

6. Remarks and questions
The definition of N, as given in Notation 2.13.aiv, is that
N = B @p coker(dy : \* F* — F*).

However, if 2 is a unit in Ry, then the next result shows that it is not necessary to apply
the functor % RRr —.

Observation 6.1. Adopt the language of 2.12.a, 2.13.a and (2.15.1). If 2 is a unit in Ry,
then
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coker(dy : \* F* — F*)
is an R/I module; so, in particular N = coker(dy : \* F* — F*).
Proof. If ¢, € \* F* and ¢1 € F*, then
€2 (04) - b1 = [81(6)](02) + £P) (61 1 64) Proposition 2.9
= [¢1() NE)(Da) + 3E(E(01 A 0a))  (28.1)
= &([61(&))(60) + 361 A )

which represents 0 in N. O

Remarks 6.2. Adopt the language of 2.12 and 2.13.

(a) The hypothesis “2 is a unit in Ry” is essential in Observation 6.1. For example, if
Ry is the field Z/(2), then

T
[0 0 0 0 =19%34—T13%2,4+ T1,4%23]

is zero in N, but is not in image of d;. So, in particular, if Ry is a field, then the
first Betti number of IV, as a module over R, depends on the characteristic of Ry,
even when f = 5. We recall that the first Betti number of A, as a module, over R
depends on the characteristic Ry, but not until f = 8; see, for example, [19,20,13].

(b) Assume Ry is a field. Suppose that F: ... > F; —» ...and G: ... - G; — ...
are minimal homogeneous resolutions of A and N by free R-modules with F; =
@ R(—5)% and G; = @ R(—j)". Then the proof of Theorem 4.8 shows that the
minimal bi-homogeneous resolution of R/J by free R-modulesisL: ... = L; — ...,
with

Li=@R(—j-1,-2) 2 o @B R(—j —1,-1)"3 & P R(—4,0)%.
Indeed, the iterated mapping cone associated to
R(-1,-2) @r F[-2] ——= R(—1,-2)®r A
R(-1,-1) ®g G[-1] — R(-1,-1)®r N
7(8)

RerF RRr A

R/J
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is a bi-homogeneous resolution of R/J and consideration of the t-degree shows that
this resolution is minimal.

(c) Retain the language of (b). If the characteristic of Ry is zero, then the resolution
F is given in Theorem 6.4.1 and Exercises 31-33 on page 222 in [32]. Can the geo-
metric method of [32] also be used to obtain the minimal homogeneous equivariant
resolution of N by free R-modules?

(d) Onme consequence of (b) is that the minimal homogeneous resolution G of N by free
R-modules is self-dual. Is this fact obvious for some other reason?

(e) Is the resolution X of N by free A-modules from Observation 3.14.e a linear complex?

Added in proof. We have learned that an alternate approach to some of the ideas in this
paper may be found in [17].

References

[1] P. Aluffi, Shadows of blow-up algebras, Tohoku Math. J. (2) 56 (2004) 593-619.
[2] M. Auslander, Remarks on a theorem of Bourbaki, Nagoya Math. J. 27 (1966) 361-369.
[3] L. Avramov, A class of factorial domains, Serdica 5 (1979) 378-379.
[4] J. Brennan, J. Herzog, B. Ulrich, Maximally generated Cohen-Macaulay modules, Math. Scand. 61
(1987) 181-203.
[6] W. Bruns, J. Herzog, Cohen-Macaulay Rings, Cambridge Stud. Adv. Math., vol. 39, Cambridge
University Press, Cambridge, 1993.
[6] W. Bruns, U. Vetter, Determinantal Rings, Lecture Notes in Math., vol. 1327, Springer-Verlag,
Berlin, 1988.
[7] D. Buchsbaum, D. Eisenbud, Generic free resolutions and a family of generically perfect ideals, Adv.
Math. 18 (1975) 245-301.
[8] D. Buchsbaum, D. Eisenbud, Algebra structures for finite free resolutions, and some structure
theorems for ideals of codimension 3, Amer. J. Math. 99 (1977) 447-485.
[9] L. Christensen, Gorenstein Dimensions, Lecture Notes in Math., vol. 1747, Springer-Verlag, Berlin,
2000.
[10] D. Eisenbud, Commutative Algebra with a View Toward Algebraic Geometry, Grad. Texts in Math.,
vol. 150, Springer-Verlag, New York, 1995.
[11] R. Fossum, The Divisor Class Group of a Krull Domain, Ergeb. Math. Grenzgeb., vol. 74, Springer-
Verlag, New York, 1973.
[12] T. Gulliksen, G. Levin, Homology of Local Rings, Queen’s Papers in Pure and Appl. Math., vol. 20,
Queen’s University, Kingston, Ont., 1969.
[13] M. Hashimoto, Relations on Pfaffians: number of generators, J. Math. Kyoto Univ. 35 (1995)
495-533.
[14] M. Hochster, Topics in the Homological Theory of Modules Over Commutative Rings, CBMS Reg.
Conf. Ser. Math., vol. 24, Amer. Math. Soc., Providence, RI, 1975.
[15] M. Hochster, Grassmannians and their Schubert subvarieties are arithmetically Cohen—Macaulay,
J. Algebra 25 (1973) 40-57.
[16] C. Huneke, B. Ulrich, Divisor class groups and deformations, Amer. J. Math. 107 (1985) 1265-1303.
[17] N. Ilten, C. Turo, Unobstructed Stanley—Reisner degenerations for dual quotient bundles on G(2, n),
J. Pure Appl. Algebra 221 (2017) 119-134.
[18] H. Kleppe, D. Laksov, The algebraic structure and deformation of Pfaffian schemes, J. Algebra 64
(1980) 167-189.
[19] K. Kurano, Relations on Pfaffians. I. Plethysm formulas, J. Math. Kyoto Univ. 31 (1991) 713-731.
[20] K. Kurano, Relations on Pfaffians. II. A counterexample, J. Math. Kyoto Univ. 31 (1991) 733-742.
[21] A. Kustin, The minimal free resolutions of the Huneke-Ulrich deviation two Gorenstein ideals,
J. Algebra 100 (1986) 265-304.
[22] A. Kustin, The deviation two Gorenstein rings of Huneke and Ulrich, in: Commutative Algebra,
Trieste, 1992, World Sci. Publ., River Edge, NJ, 1994, pp. 140-163.


http://refhub.elsevier.com/S0021-8693(16)30363-5/bib413034s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib413636s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib413739s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib4248553837s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib4248553837s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib4248s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib4248s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib4256s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib4256s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib42453735s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib42453735s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib42453737s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib42453737s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib43683030s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib43683030s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib45693935s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib45693935s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib463733s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib463733s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib474Cs1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib474Cs1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib483935s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib483935s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib486F3735s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib486F3735s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib483733s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib483733s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib48553835s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib49543137s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib49543137s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib4B4C3830s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib4B4C3830s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib4B2D49s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib4B2D4949s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib4B3836s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib4B3836s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib4B3932s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib4B3932s1

A.R. Kustin / Journal of Algebra 472 (2017) 115-145 145

[23] A. Kustin, Huneke-Ulrich almost complete intersections of Cohen—Macaulay type two, J. Algebra
174 (1995) 373-429.

[24] A. Kustin, C. Polini, B. Ulrich, A matrix of linear forms which is annihilated by a vector of inde-
terminates, J. Algebra 469 (2017) 120-187.

[25] D. Laksov, The arithmetic Cohen-Macaulay character of Schubert schemes, Acta Math. 129 (1972)
1-9.

[26] M. Miller, Bourbaki’s theorem and prime ideals, J. Algebra 64 (1980) 29-36.

[27] C. Musili, Postulation formula for Schubert varieties, J. Indian Math. Soc. (N.S.) 36 (1972) 143-171.

[28] A. Nejad, A. Simis, The Aluffi algebra, J. Singul. 3 (2011) 20-47.

[29] Z. Ramos, A. Simis, An analogue of the Aluffi algebra for modules, preprint, 2015.

[30] A. Simis, B. Ulrich, W. Vasconcelos, Rees algebras of modules, Proc. Lond. Math. Soc. (3) 87 (2003)
610-646.

[31] H. Srinivasan, Minimal algebra resolutions for cyclic modules defined by Huneke-Ulrich ideals,
J. Algebra 137 (1991) 433-472.

[32] J. Weyman, Cohomology of Vector Bundles and Syzygies, Cambridge Tracts in Math., vol. 149,
Cambridge University Press, Cambridge, 2003.


http://refhub.elsevier.com/S0021-8693(16)30363-5/bib4B3935s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib4B3935s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib4B50552D416E6Es1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib4B50552D416E6Es1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib4C3732s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib4C3732s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib4D3830s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib4D3732s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib4E533131s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib5355563033s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib5355563033s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib533931s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib533931s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib573033s1
http://refhub.elsevier.com/S0021-8693(16)30363-5/bib573033s1

	An alternating matrix and a vector, with application to Alufﬁ algebras
	1 Introduction
	2 Notation, conventions, and preliminary results
	2.1 Perfection
	2.2 Multilinear algebra
	2.3 Mapping cone
	2.4 The set up

	3 The main ingredient
	4 The main result
	5 Consequences of the main result
	6 Remarks and questions
	References


