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Introduction

The main difference between a Lie algebra and a Hom-Lie algebra is the appearance of
a linear endomorphism in the algebraic condition that plays the role of the Jacobi identity,
thus generalizing it. This map is called the twist map. If this map is the identity, the
well known Jacobi identity holds true, and the product in the Hom-Lie algebra is a Lie
bracket. The problem of classifying Lie algebras is far away to have a solution, and the
same is true for Hom-Lie algebras. Nevertheless, there are tools to handle and accomplish
a classification under certain circumstances that restrict but focus the problem. For
instance, the restrictions may respond to, or may be motivated by, geometric reasons.
The purpose of this work is precisely to restrict the classification problem of Hom-Lie
algebras to 3-dimensional settings where geometrical interpretations are more intuitive.

Most of the literature in the subject deals with special bilinear, skew-symmetric prod-
ucts —namely, Lie brackets or deformations of them— and the twist maps used are
homomorphisms for these special products. For results under these hypotheses we refer
the reader to [1], [5] or [6]. An interesting classification based on more general grounds
has been given in [7], where even though the products are Lie brackets for semisimple Lie
algebras, the authors do not require the twist maps to be product homomorphisms. So
far, however, not too much has been said for the most general products and twist maps.
This work fills in this gap, at least when dim g = 3, by dealing with products which
are not restricted to be Lie brackets and twist maps that are not necessarily product
homomorphisms.

Convention. We shall consider the classification problem for complex 3-dimensional vec-
tor spaces. However, one can apply essentially the same arguments under the slightly
more general hypothesis of using any algebraically closed ground field of characteristic
zero. We have chosen to work with the complex numbers as more familiar choices can
be made for some of the entries of the canonical forms of the products or the twist maps

(i.e., one may use i = \/—1).
A Hom-Lie algebra, or HL-algebra for short, is a triple (g, 1, T'), where g is a vector

space, 1 : g X g — g is a skew-symmetric bilinear map, and T : g — g is a linear
endomorphism —usually called the twist map— satisfying the HL-Jacobi identity:

p(T(x), Wy, 2)) + u(T(Y), p(z, @) + p(T(2), u(z,y)) =0, (1)

for all z,y, z € g. Let (g, g, T') and (b, g, S) be HL-algebras. An HL-morphism between
them is a linear map ¢ : g — h satisfying:

(1) » (pg(m,y)) = py (p(z), p(y)), for all z,y € g, and
(ii) poT = So.
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In order to classify HL-algebras we look first at the GL(g)-orbits in the space of skew-
symmetric bilinear products p : g x g — g under the left GL(g)-action p — g-p, given
by,

(g-m)(@,y) =9 (n(g7"(2),97'(¥))), g€GL(g), and z,y € g. (2)

Skew-symmetric bilinear products in a 3-dimensional vector space g were partially clas-
sified in [3] for this action. Actually, the authors classified the so called non-degenerate
1’s (see Proposition 2.1 below). We have worked out the classification of the degenerate
w’s (see Proposition 3.5), thus ending up with a complete set of representatives for the
bilinear, skew-symmetric products p under the given GL(g)-action. Then, for each fixed
w, we provide complete lists of canonical forms for the linear maps 7' : g — ¢ in the
vector subspace,

HL(p) = { T € Endg | Y u(T(x),u(y,2)) =0 o,

cyclic
under the left action T+ g-T =g o T o g~ ! of the corresponding isotropy subgroups
G, ={9 € GL(g) | g-nr = '} (See Propositions 4.1, 4.2, 4.3, 5.1, 5.2, 5.3, 5.4, 5.5, 5.6
and 5.7, below).

A word has to be said about the non-triviality of the vector subspace HL(u) for a
given skew-symmetric bilinear product g : g X g — g. That is, one would like to make
sure that there are non-zero linear maps in HL(u); at least for the case addressed in
this work of a complex 3-dimensional space g. This has been proved in [5] for any skew-
symmetric product p (see Thm. 17 in [5]). Nevertheless, here is an alternative proof: Since
u is skew-symmetric, the 4-linear map (z,y, 2, T) — pw(T(x), u(y, 2)) + p(T(y), u(z, x)) +
w(T(2), p(xz,y)), is alternating in the arguments (z, y, z). Therefore, there exists a bilinear
map /i : A3g x End(g) — ¢, such that,

paAynzT) =Y u(T(x), py, 2)). (3)
O

For a fixed triple (x,y,z) € g x g x g, this yields a linear map End(g) > T ~
> m(T(x), u(y,2)) € g. By changing the triple (z,y,2) to (2,y’,2’) through a lin-
ear map g : g — g, the right hand side of (3), now written for (2/,y’, 2’), only introduces
the scalar factor det g. Letting {x,y, z} = {e1, e2, e3} be a basis of g, one obtains a linear
map End(g) 2 T — fi(e1 Aea Aes, T) € g whose kernel is precisely HL(u). Actually, for a
given p, the map T defined by T'(e1) = pu(ea, e3), T'(e2) = p(es, er) and T(ez) = ule, ea),
lies in HL(p).
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1. Skew-symmetric bilinear products on a 3-dimensional complex vector space

Let g be a 3-dimensional complex vector space and let p : g x g — g be a skew-
symmetric bilinear map. We shall call such a u a product in g. Given a basis {e1, €2, e3}
of g, one obtains a one-to-one correspondence p <+ M, = (4;;) between products in g
and 3 x 3 complex matrices, as follows:

62,63 E Hi1 €4 63761 § Hi2 €4 61762 E Hi3 € -

It is straightforward to see that the GL(g)-action (2) gets transformed into the corre-
sponding GL3(C)-action M, — g-M, = M., given by,

My, = (detg)"'gM,g", where, g=(gi;)€ GL3(C), (4)
and the entries g;; are taken from g(e;) = Zle gije; for each g € GL(g) as usual.
At this point we may simplify the notation and write p for the matrix M, itself. The

classification problem is that of finding canonical forms of 3 x 3 complex matrices p
under the GL(g) ~ GL3(C) action,

g-p=(detg) ' gpug. (5)

It is clear that this action preserves the symmetric and the skew-symmetric components
of p. Thus, we may decompose p in the form,

p=S,+A,  with (S,)'=S5, and (4,) =—A,. (6)

Since dim g = 3, we have a one-to-one correspondence A, <+ a,, € C3:
0 —as ag al
Ay=| a3 0 —a1| « a,=[a|eC? (7)
—a9 ay 0 as

gu=(detg)™" (9Su9' +9Aug") = Sgp+ Ay (8)

with,

Notation. Write g;, € C? for the vector obtained from the ith row of the matrix g €
GL3(C) (equivalently, the i-th column of g*):

g11 g21 g31
gi= 912, g2:=1922), 9gs«=1{93]. (9)
g13 g23 933
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It is a straightforward computation to see that the action of g in the skew-symmetric
component of y yields the correspondence,

<aM><g2*7g3*>
(detg)*lgA#gt =Ag, ¢ ag, = (detg)*1 (ay X g3+, g1+) |, (10)
<au><g1*»92*>

where, (-, -) : g x g = C denotes the usual scalar product on the 3-dimensional space
g. Notice in particular that,

detg = (g1s X g2u, g3x) =(G2+ X gss, g1+) = (3% X G1x, g2x)-

1.1. Corollary. Assume A, # 0. The choice g;. = a,, with appropriate completion for
the matriz g € GL3(C), brings a4.,, into a vector whose i-th component is equal to 1 and
the others are equal to zero.

In order to produce appropriate canonical forms for y = S, + A, under the GL3(C)-
action (5), we shall proceed as follows: First, assume that g is chosen so as to bring S,
into some canonical form; say S. Then, restrict the action to the isotropy subgroup,

Gs ={g€GL3(C) | S=(detg) " gSg"'},

and look at the Gg-orbits, {g-u = S+ (detg) "' g A, g", g € Gs}. Following [3] the
product y is called non-degenerate if S, is non-degenerate. Otherwise,  is called degen-
erate.

1. Remark. There is a nice characterization for 3-dimensional Lie algebras. Fix a basis
{e1,e2,e3} of g and let {ef, e3, 5} be its dual basis. Fix the isomorphism A%2g* — g given
by €5 A e} e, e5 Ael — eg and e} A e — e3. Any element in A2g* is decomposable.
Then, for each = € g, there are a couple of dual vectors u, and v, in g* such that
Uy A vy — x. The ambiguity in the choice of u, and v, in g* is similar to that of the
cross-product in C3: the 2-dimensional subspace generated by u, and v, can be rotated
and the vectors can be changed by scale transformations u, — Aug, and v, — A" lv,.
Now define a bilinear map B, : g x g — C as follows:

Bu(x,y) = N*(Uz AN Vg, Uy A Uy)
= M*(uxauy) M*(Uazvvy) - M*(uwvvy) U*(vwa uy) >

where, p* : g* x g — C is the bilinear form in g* defined by,

p(u,v) = ZU(M(€2,€3))U(€1)7 Vu,v e g
O
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Observe in particular that p*(ef,ef) = pij, for all 1 < d,j < 3 and that the matrix
of By, in the basis {e1,es,e3}, is the matrix of cofactors of p. Now, a straightforward
computation yields,

Zu (el,u(€2,€3)) = — Z (Bu(€27€3) - Bu(e37€2)) €1 .
@)

©)

It is now immediate to conclude the following:

1.2. Proposition. Let i be a skew-symmetric bilinear map on a 3-dimensional vector space
g. Then (g, 1) is a Lie algebra if, and only if its associated bilinear map B,, is symmetric.
In particular, if det u # 0, then (g, ) is a Lie algebra if and only if the matriz of p is
symmetric.

It also follows that:

1.3. Corollary. Let (g, 1) be a 3-dimensional Lie algebra and T' € Endc (g). Then, the pair
(1, T) yields an HL algebra structure in g if and only if, for all z,y € g, B,(T(x),y) =
Byu(2,T(y)).

This hints into the geometric role that the twist maps might play when p is a Lie
bracket. The best example at hand is g = sl>(C). In this case B, is a scalar multiple
of the Cartan-Killing form and the twist maps must be self adjoint operators for this
invariant quadratic form (see Remark 5 after Proposition 4.2 below).

2. Non-degenerate products

Write u = S, + A, as before and suppose that S, is non-degenerate. Fix first the
canonical form S = 13 (7e, identity 3 x 3 matrix) so that, Gy, = SO3(C). Then, g - p =
13 + gAug™!, for all g € Gy,. In particular, 4, and A,., have the same characteristic
polynomial: det(z 13 — A,) = 2® + o(u) x. The coefficient o () is then an invariant in
the Gy,-orbit. It is easy to see that, o(u) = a? 4+ a3 + a% = (a,, a, ), with A, <> a, =

as

ay
(az). If o(p) # 0, we may choose {g1«,92+«,93+«} to be an orthonormal basis with,

gix = U(u)_l/Q a,, and Ay, & ag, = < C:)(H)>. Therefore,
0
1 0 0
g-p=10 1 o(p)
0 —o(u) 1

If o(p) = (au, a, ) = 0, we cannot make the choice a, = o(u)l/Qgi* for any row g; . of a
given orthogonal matrix g. However, we can still choose g € GL3(C) to bring S, into the

alternative canonical form S = S,., = (}0( (1)), with K = ((1) (1)) In fact, choose g1 = a,
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and complete a basis of C? by producing first a hyperbolic plane II = Span{a,,, b}, and
then choose a perpendicular vector to it: ¢ = z (a, x b) (2 € C —{0}). Thus, b satisfies,
(b,b) = 0 and (a,,b) # 0. Therefore, there is a g with row vectors {a,, b, c} satisfying,

0 (ay,,b) O
g9t = ((;»M by 0 0 ), and det g = 27! (¢, ¢). By choosing appropriate values of
0 0 (c,c)

z and det g, we obtain g € GL3(C) with, g-pu = (

o= o

1
0—
1

[l

) . We thus have the following;:

2.1. Proposition. There are three different types of isomorphism classes of non-degenerate
products p on g, under the left GL(g)-action (2). These are:

1 0 0 0 1 0
M0 = 0 1 —a y @ 7é 0; M2 = 13; Hn3 = 10 —1/.
0 a 1 0 1 1
Moreover, p1.q is equivalent to p1.. if and only if a = +a’ # 0.
2. Remark. By Proposition 1.2, none of the products ji1., nor us define Lie algebra

brackets on g. The only Lie algebra product corresponds to us, which yields the Lie
algebra slz(C).

3. Degenerate products

In this section we consider those products whose symmetric component is degenerate.
We shall make use of the following well known result:

3.1. Lemma. Let S € Matsy3(C) be a non-zero symmetric matriz with rank(S) < 3.
There exists g € GL3(C), such that g S g* is equal to:

(1) I :=diag{1,0,0} if and only if rank(S) = 1;
(2) Iz :=diag{1,1,0} if and only if rank(S) = 2,

Thus, if u is a degenerate product, we may first assume that, u = I, + A,, where
1 < ¢ < 2. Then, look at the isotropy subgroups,

Go:={g € GL3(C) | (detg)'glrg' = I}, £=1,2.
It is then a straightforward matter to see that:

3.2. Lemma. The isotropy subgroups Gy are given by,

(1) G1 = {(8 g) ’BGGLQ(C)7 det B=a #0, ’UE(C2},'
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(2) Go = {(ﬁ i“l) ]B € GLy(C), BB = +(det B) 1o, v € <c2},

where 15 denotes the identity 2 X 2 matriz.

3. Remark. In the proof of Proposition 3.3 below, different choices of canonical forms for
S, will have to be made, as it was done in the case of p3 in Proposition 2.1, and their
corresponding isotropy subgroups will have to be changed accordingly.

3.3. Proposition. Let pu be a degenerate product of rank 2 and A, < a, # 0. Let ms(a,)
be the projection of a, onto the C? factor of C* given by its first and second components
and let (-, -)o be the usual scalar product on C2. Then, there are three non-equivalent
GL3(C)-orbits, {g- | g € GL3(C)}, described by the following conditions:

alt)>7r2(alt)>2 7é 0,
a,),m(ay))2 = 0, with ma(a,) # 0, or,

00—z y T
Proof. Let A, = | =z 0-z | (u) = a,, with m(a,) = (z) € C?2. Notice that
—y x 0 z

(ma(ag.p), ma(ag..))2 = £ det B (ma(a,), m2(a,))2. Therefore, either (ma(ay,), ma(a,))2 # 0

or (ma(ay),m(a,))2 = 0, along the orbits. Suppose first that (ma(a,), m2(a,))2 # 0. We

may choose g € G in such a way that, gi. = a,, g2« = < z | and g3« = [ 0 |, where
w 1

1
w € C can be chosen arbitrarily. Then, a,4., = (0> and the canonical form of the
0
100
product p is, g-p =10 1-1 |.
010
Now, suppose that (ma(a,),m2(a,))2 = 0, with m2(a,) # 0. Then, a, cannot be em-
bedded as a row of an element g € G5. We may find however another vector b € C? with
(ma(ay), m2(b))2 =1 and (m2(b), m2(b))2 = 0 and look for some g € GL3(C) such that,

1 1, 0\ . (K 0 (01
detgg(o O>g<0 O>’ where, K(l 0). (11)

x Yy 0
Take, g1 = a, = (y), gox = b = (r), g3« = (0), where, 22 + 2 = 0. Since

S

Ty z
g = (y ww), det g = s(z? — y?) = 2sa?. Also, since ma(a,) # 0 and 2% + y? = 0, it

0
follows that y = +iz # 0. So, we may choose s = y/x so as to satisfy (11). Taking this

00 0
g, it also follows from (10) that, (detg)~'g A,g" = (0 01 |. Therefore, the canonical
01 0
010
form is, g - p = (1 0-1 >, whenever, m(a,) # 0 and (m2(a,), m2(a,))2 = 0.
010



R. Garcia-Delgado et al. / Journal of Algebra 555 (2020) 361-385 369

0
Finally, let m2(a,) = 0, with a, # 0. Thus, a, = (0), and z # 0. We may choose
1o v

g3« = z_la#, and complete g1, and g, so as to have g = ( 0 11

) € (. In particular,

0 1-10
ag, = (0) and the canonical form of the product is in this case, g - u = <1 1 0).
1 000

01 0
We finally observe that the products represented by the matrices, (1 0—1) and
010

1-10
<1 1 0)7 cannot be isomorphic. If they were equivalent, there would be an element
000

1 -2z y 1-10

g € Go such that g~< z 1 x) = (1 1 0), thus implying that (z,y) = 0, which is a
-y z 0 000

contradiction. O

We shall now deal with the degenerate products of rank 1.

3.4. Proposition. Let u = I + A, be a degenerate product of rank 1 and A, < a, # 0.
Let m(a,) be the projection of a, onto its first component in C. Then, there are two
non-equivalent G1-orbits described by the following conditions: either,

(1) mi(a,) #0, or else,
(2) m(a,)=0.

0—2z y T t
Proof. Let A, = < z Om) ~ (y) =a,, withm(a,) =2 € C.Take g = (83’8) € Gy,

—y x 0 z
so that detg = a det B. Then, m(a,.,) = (detg) '(a, X g2«, gs+) = a'mi(a,).
Whence, either the first component in the orbit is zero, or it is different from zero.

0
Assume first that © = mi(a,) # 0. Let g € G be given by, g1, = a,, g2« = (ﬁ), and
0

0 1
g3« = <\0[>, where,  # 0. Then, a,.,, = (0), and the canonical form of the product
0

xr
100
is,g-p=1{o0 01). On the other hand, if x = 0, but a, # 0, the vector a, can be
010
embedded into a row of some g € G1; either as go, = a,, or else, as g3« = a,,. It is clear

that any of these choices will not change the orbit. Thus, choose g2. = a,,, and complete

g1« and gs. so as to get g € G1. It is a straightforward matter to see that in this case,
101

g-p=1| 000 ].Observe that the two representatives thus found cannot be equivalent,
-100

as the latter is non-invertible, whereas the former is. O

We may now summarize our findings for degenerate products p with non-zero sym-
metric component S,,.

3.5. Proposition. Let ;¢ be a degenerate product on g with non-zero symmetric component
Sy, and £ =1k S,,. Also write £ =11 for rank 2, and £ =1 for rank 1.
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(1) Ifrk S, =2, there are four non-equivalent products:
1 0 0 1 00 0 1 0
pi=10 1 -1), pwy:=={0 1 0, wiy:=(1 0 —1],
0 1 0 0 0 0 0 1 0
1 1 0
1
M4 = —1 1 0 .
0 0 O

(2) Ifrk S, =1, there are three non-equivalent products:

1 0 0 100 1 0 1
wo={0 0 1), whe=[(00 0], wh=[0 0 0].
0 -1 0 000 -1 0 0

(3) Ifrk S, =0 and pu # 0, then the product representative is:

00 0
w=[0 0 —-1].
01 0

4. Remark. Once again, Proposition 1.2 implies that neither pf nor pf, can be repre-
sentatives of Lie algebra brackets on g. When the matrix p is singular, one must verify
directly whether p defines or not a Lie algebra bracket. It can be checked that uf), uf, u)
and po are Lie brackets, whereas pj4 and uj are not. Moreover, the Lie algebras (g, u}),
(g, 115) and (g, o) are non-nilpotent and solvable, whereas (g, u5) is the Heisenberg Lie
algebra.

In the following two sections we shall determine the G-orbits in HL(x), under the
left action T+ g-T =g T g ', where,

Gu={9€GL(g)|g(ulg " (x),97 (v) = ulx,y), Va,y € g},

is the isotropy subgroup at the given representative u; i.e., the automorphism group of
the canonical form u.

4. Hom-Lie algebras associated to non-degenerate products

We shall start with the three different isomorphism classes of non-degenerate products
in a 3-dimensional vector space g given by Proposition 2.1.
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4.1. The one-parameter family fi1.q4

100
Let {e1,e2,e3} be a basis of g for which the matrix associated to p1.q is, (0 1 —a),
0 a1l

where a # 0. Clearly, det 1., = 1 + a®. Thus, the cases a = +i must be considered
separately. Let {H', E', F'} be the basis defined by,

H/:—2’L'61, E’:eg—ieg, Fl:—eg—ieg,

so that, p1.o(H', E') = 2(14+ia) E', p1.o(H', F') = =2(1 —ia) F" and p1,,(E', F') = H'.
10 0

In this basis, f1,q <> (0 ( 0 : 2(1+ia) ) Clearly, if a # =+i, then p11,4(g,g) = g and the
0 2(1—ia) 0

product is perfect. However, p1.4:(g,8) # 9.

4.1. Proposition. Let pi1.4 : gxg — g, a € C—{0}, be the non-degenerate product defined
on the basis {e1,es,e3} by,

M1;a(€17 62) = —aes + e3, lffl;a(e%ei’;) = €1, /~L1;a(637 61) = ez + aes.

A. If a # =+i, the HL algebra (g, p1.q,T') is perfect and T = (T;;) € HL(p1,4) is equivalent
to one and only one of the following canonical forms:

(1) If T + TE # 0, then,
T, | 0
T ~ 1 75 Tis |,
a a(Tyy +T33) + T3 Ty

(2) If T3 + TE = 0 and (Tia, Ths) # (0,0), then,

Ti, 1 1
T ~ 1—ai Ths 0 ],
i(1—ai) a(Thy +Ths) Tis
(3) If (T12,T13) = (0,0), then,
T3, 0 0
T~ 0 Ths o |
0 a(T3 +T33) Tiy

B. If a = &1, the products j1,; and pu1,—; are equivalent and there is a basis of g in terms
of which their corresponding matrices are equivalent to:

100
K144 = 0 0 1 .
0 0 0
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In this case, the HL algebra (g, pt1,44, 1) is not perfect and T = (T;;) € HL(p1,+4) if and
only if in this basis the matrixz entries of T satisfy, To1 = T3 and T3 = 0. Moreover,
any g € Gp,.,, is of the form g = diag(1,\,A™1), with A # 0, and,
T AT ATy
T'=gTg ' =| ATis Tos  NTns
/\71T31 )\72T32 0

Proof. A. For a # +i, we shall work in the basis {e1,e2,e3}. Any g € G}, , in this basis

100
has the form | 0 = y), with 2% + y? = 1. First observe that, T € HL(u1.,), if and only
O0—y x
if its matrix has the form:
T, T2 T3
T=|T2—alis Too Tos | .
aTio + Tz a(Tos + Taz) + Tz Ts3

Write 7" = (T};) for the matrix defined by 7" = g Tg ! with g € Gy, ,,. It is easy to see
that,

T{, =T

T}y =Thox + T13y,

173 = — Tioy + Thax,

Thy =Toox® + (a(Tos + Ts3) + 2T3)zy + Ts3y°,

Tp3 =Tasz® — (a(Toz + Tiz) + Toa)y” + (T3 — Tz )y,

Thy =Ts32? — (a(Tag + T33) + 2Ta3)wy + Taoy®.

It follows that T{QQ + Tll32 = T122 + T132. Suppose (T12, T13) 7& (0, 0) If T122 + T132 7& O7
we may choose x and y in such a way that T" becomes equivalent to the canonical form,

Tl/l 1 0 (T127 T13) % (07 O)a
a  a(Tyy+Ts3) + T35 Tss Tio® 4 Ty3® #0.

On the other hand, if (Th2,T13) # (0,0), but Ti2? + Ti3®> = 0, we may assume that
Ty3 = iT12 # 0 and appropriate choices of z and y in g bring T/ = gT g~!, to the
following canonical form:

e 1 i
= 1-ai 5 0.
i(1—ai) a(Thy +Tiy) Tig

Finally, for the case T12 = T13 = 0, there is a g € G,,,, such that 7" = gT g™t is
brought to the following canonical form:
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T 0 0
0 T 0 .
0 a(Thy +T33) T33
B. For a = +i, we shall work in the basis {H', E’, F'}. If a = 4, the matrix of the product

100
in this basis takes the form, (0 0 0). On the other hand, if @ = —i, the matrix of the
040

100 10
product has the form, <0 0 4). These two matrices are equivalent to (0 0
000 00

there is a basis {e, e, e} of g for which
12%2-%3 9

o= O

> . Thus,

ul::l:i(elll7 612/) = €g7 Nl;:ﬁ:i(e/z/7 6/3/) = 6/1/7 :U/l;:ti(eg7 e/ll) =0.

It is easy to see that its isotropy subgroup is given as in the statement. It is also easy to
verify that (T;;) = T' € HL(p1,+;) if and only if 75 = Ti3 and T33 = 0. Then, for any
g € Gy, ,, the matrix T" = gT g~ ", takes the form:

T A e AT
)\_1T31 )\_2T32 0

Observe that no further simplification can be made, except for rescaling some entries;
say, if Th3 # 0, we may choose A so that Ty3 = 1, but then this choice fixes the scaling
of all the other off-diagonal entries. O

4.2. HL-algebras for the Lie product of sla(C)

Let pg be the Lie bracket of g = slo(C). We shall use the basis {H, E, F'} for which,
wo(H,E) = 2F, po(E,F) = H and ps(H,F) = —2F. The isotropy group G,, = {g €
GL(sl3(C)) | g-p2 = pa} coincides with Autsly(C) and its structure is well known (see
for example, [4]). It is a straightforward matter to see that any T' € HL(u2) in the basis
{H, E, F} can be written in the form,

20171, — T
2T = Toa) T2 T3
3 T —T 1
2T 5 _% Tos + §(T11 + 2T22) Idﬁ[z(c) .
T —1-
2T} Tyo 711722

This suggests to decompose HL(u2) as SHL(u2) © C Ids, (), where, SHL(u2) := {T" €
HL(sl2(C)) | Tr(T) = 0}. Write any T' € HL(u2) in the form T' = Ty 4 A Idg,(c), with
To € SHL(p2). If T" = Ty + X' Id,1,(c), then T is equivalent to 7" under the G ,,-action
T+ T =g Tg "ifand only if Ty is equivalent to T; and A = X'. Therefore, this leads us
to determine first the G,,-orbits in the subspace SHL(j2). It has been proved in [2] that
SHL(u2) = Der(_1,1,1)(sI2(C)), the latter being the space of generalized derivations of
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type (—1,1,1). This means that any T € SHL(u») satisfies the following form of Leibniz’s
rule:

=T (p2(w,y)) = p2(T(x),y) + pa(z, T(y)), Va,y € sla(C).

The G,,,-orbits in Der(_; 1 1)(sl2(C)) have been determined in [2] and using the canonical
forms given there (Thm. 3.6 in [2]), one may easily prove the following:

4.2. Proposition. Let iy be the Lie bracket on g = sly(C) and let G, = {g € GL(sl2(C)) |
g - p2 = pay = Autsla(C) be its isotropy group. Let To = T — 1/3Tr(T) Idg,, for each
T € HL(p2). Then, the G, -action T — T = g T g=* decomposes HL(us) into different
orbits whose representatives (canonical forms) are given by:

T, 0 0
IfTy=0 = T~ 0 T, 0|, with T/, €C,
o 0 T,

T, 0 0
If rank(TO) =1 = T~ 0 Tlll 1 y with Tlll S (C7
0

0o T,
T, 0 1
2 T, 0 |, with T, €C,
0o 0 T,

If rank(Tp) =2 = T ~

Ty, 1 T Ty, € C,
oTl, T 0 |, with

2 0 T Ti3#0

T, 1 0 T/, €C,
0 T Ti), with

2 0 T Tys # 0;

If rank(Tp) =3 = T ~

Iy, 1 Ty T}, € C,
2T, T{; Tis |, with -
2 0 T T13T53 # 0;

5. Remark. It is proved from first principles in [2] that slo(C) is the only simple Lie
algebra that admits non-trivial HL-structures. A previous software-assisted proof of this
fact was given in [7] where HL structures on sl (C) were first studied.

6. Remark. Since p» is a Lie bracket, Corollary 1.3 applies, and the bilinear form B,
there is actually a scalar multiple of the Cartan-Killing form in sly(C). Using the latter,
it is a straightforward matter to show that self-adjoint operators T fit precisely into the
canonical forms for the twist maps T given in Proposition 4.2.
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4.3. HL-algebras for the product s

We have proved that there is a basis of g for which the product pus has the matrix,

010
(1 o—1>. It can be decomposed into its symmetric and skew-symmetric components
01 1

as, g = Sy, + Ay, It is not difficult to see that g € GL(g) satisfies ¢ - S,,, = Sy, and
g-A,, = A, if and only if g = 13; that is, the isotropy subgroup G, consists only of
the identity map. It is also easy to see that there is a basis {e], e, €4}, satisfying,

ps(er,ez) = —€y + €5, pa(ey,e3) =en ey, paez,er) = ey

Now let H"” = 2}, E" = 4¢} and F" = % (e} + €}). Were not for its (2, 1)-entry, the
matrix of pg in the basis {H”, E”, F"'} looks almost like the matrix used for us above.

1 0 0
us={-1 0 2]. (12)
0 2 0

In fact,

A straightforward argument now proves the following;:

4.3. Proposition. Fiz the basis of g so that the non-degenerate product us takes the form
(12). Then, T € HL(us) if and only if, its matriz has the form:

T T2 T3
T=|2Ts—Ti —3T12 Ts T :
2T Tse T2 —Tho
5. Hom-Lie algebras associated to degenerate products

5.1. HL-algebras for degenerate products of rank 2

5.1.1. HL-algebras for py
100
Let {e1,ea,e3} be the basis for which uf = (0 1 —1). The isotropy subgroup G is

010
10
Gu,l,:{(o Ai)

given by:

Ai:<i01 :gl),ae(C}

Then T' € HL(uY), if and only if it has the matrix form, T = (?ul} w? ), where w = (T” )7

o Ths
0= (—(T;;ng:;) %?, ), and P = ((1) }) Now, upon conjugation by g+ € G, we get:

-1 _ T11 thll
giTgi - (AiP’w AiGA:T:l )
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where,

- Too Fa Tr(©) a?Tr(O a(Tr(©) — 2T33) + Ty
AiGAil _ ( —:FTr(@)( ) ( )?jg(j:a(T)r(@)) 33) 3) .

If Tr(©) # 0 or Tr(©) # 27133, we may choose a € C in such a way that, a® Tr(0) F
a (Tr(©)—2T33)+Tas = 0, thus bringing ALOAL" into a lower triangular form. Therefore,
we have the following:

5.1. Proposition. Let {e1, eq,e3} be the basis of g with respect to which the degenerate
product py is given by:

M'f(61762) = €2, N/1,(62a63) = €1, Hlf(ez’nel) = €2 — €3.

Then, T = (T;;) € HL(pY) is equivalent to one and only one of the following canonical
forms:

(1) If T22 7é T33 or T22 7'é —T33, then

Ti, Ty, Ty
T~ | Ti, +Ti3 T3, 0 ), with Tyy # T33 or Tyy # —Tis.
Tis —(T35 + T33) Tss

(2) If T22 = T33 = 0, then
T T T
To | TL,+T 0 Th ).
T4 0 0
5.1.2. HL-algebras for the product
100
Let {e1, ea,e3} be the basis of g with respect to which uf = (0 1 0). It is a straight-

000
forward matter to show that the isotropy subgroup Gy is given by,

Gué,_{g_</8 £1>’U€C27 andAEG},

where, G-{(Z ab>’a2+b27é0}u{<(g _ba>’a2+b2750}.

Clearly, G ~ (C — {0}) x O2(C). On the other hand, it is also a straightforward matter
to verify that 7' € HL(y4) if and only if its matrix (7;;) satisfies Th3 = To3 = 0. Thus,

_(©® v _ (T T2 _ (T
T_<0 T33>’ ®_<T21 T22>’ U_<T23)' (13)

Conjugation of T' by an element g € G,y produces an equivalent 7", given by,
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, (O ; 1 (T, T,
T(O ng), where @' =AOA™ = T, T , A e G,

and v/ =+ (—(A© A~ =T33l ) u+ Av). In looking for simplified canonical forms for
T we shall first search for conditions under which ©’ can be brought to upper triangular
form. It is not difficult to prove that this can be done if and only if T7; # Ts or
Ty # —Ths.

Observe that © = (%1 22) satisfies 111 = Too and T15 = —T5; if and only if there

is some A = (Z _:) € G with b # 0, such that, AOA~! = O. Let g = (igz 7;) with

U= (;) € C2. Then,

-1 _ S :F(@—ngjlg)u-l-v _ T13
9T _<0 T33 VT Ty )

If det(© — Ts315) # 0 then the linear map © — T331, is invertible. So, given v € C?2,
there exists u € C2, such that F(0 — Tz312)u + v = 0.

We may now proceed to give a complete list of canonical forms for the linear maps
T € HL(p4). They come out divided into two non-isomorphic families; those for which
© can be brought to upper triangular form and those for which it cannot.

5.2. Proposition. Let {e1,eqa,es} be the basis of g with respect to which the degenerate
product Y is given by:

poler,e2) =0,  ph(es,e3) =e1, ph(es, er) = e

FEach T € HL(p%) as in (13) is equivalent to one and only one of the following canonical
forms:

(1) If det(© — Ts31s) # 0, and either Tyy # Ty or Tha # —Ts1, then
Ty, T, O
T~ 0 T 0 |, withT], #Ts, orTi5#0.
0 0 Tl
(2) If det(@ — T33]12) = 0, and either T11 75 TQQ or T12 75 —T21, then
T3z Ty, T
T ~ ( 0 Ty T2’3>, with T}, # Ty or T{5 # 0.
0 0 T

T, Ty, Tiy
or T~ | 0 T35 T |, withTy; #Tsy orTiy#0,
o o0 Tl

and these two are themselves equivalent if and only if T{5 = 0.
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(3) ]f det(@ - T33]1_2) 75 O, T11 = T22 and T12 = —T21, then

T, Ty, 0
T, T, 0 |.
0 0 Ty

T

12

(4) If det(@ — ngﬂ.g) =0, Ty1 =Ty and Ty5 = —Tb1, then
Ty, Ty, Ty Ty, Ty, Ty
T~|T, T4 135 , or T | Ti, 17 T35 )
0 0 Ty, +iT{y 0 0 T, —iTi,
and these two are equivalent.

5.1.3. HL-algebras for the product 14
0
-1

01
Choose the basis of g so that uf = (1 0 . It is not difficult to prove that the

01 0
isotropy subgroup G,y consists only of the identity map. However, we may use a different

basis to simplify a bit further the matrix form of u5. Namely, there is a basis {e], €5, €5}
such that

/‘g(ellv 6/2) = _ellv :U'g(e/Qﬂ eé) = 6/2 + 6&, ug(egv 6/1) = 6/1.
Let e} = eh, e =€} and e = e}, + e}. In this basis, uf takes the form:
0 0 0
py = —3 (1) (1) : (14)

A straightforward argument now proves the following:

5.3. Proposition. Let g be a complex 3-dimensional vector space and fix the basis so that
the degenerate product uj takes the form (14). Then, T € HL(p4) if and only if its matriz
has the form:

Tin 0 Tig
T21 T22 T23 s 2 TI‘(T) = T13 - 4T31.
131 T3> T33

5.1.4. HL-algebras for the product u}
Choose the basis {ej, e, e3} of g so that the degenerate product uf takes the matrix

110
form, pf = [ -1 10 ). Let ) = e3, e = te; + e9, and eh = —ie; + es. In the basis
9 4 1 y 2 ) 3
000

{€e},eh, es}, we have,

000 00 0
pl=v2i(0 0 1)~[0 0 1]. (15)
0 i 0 0 i 0
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This product is a Lie algebra bracket. Its isotropy subgroup is,

1 0 0
G#i{ = c a 0
d 0 b

Also, in terms of the same basis {e], €}, e5} we have,

HL (%) = { (" )

It is easy to see that for any g € G,y and T' € HL(u),

ab # 0; c,dG(C}.

T G(C, ’UG(C2, @GMatgxg(C)}. (16)

Tal — Th 0
959 TAA(T11a—©)Alu+Av AOAL)

If T1; is not an eigenvalue of ©, then there exists u € C?, such that (© —Ty112) u—v = 0.
Therefore, we have the following:

5.4. Proposition. Let g be a complex 3-dimensional vector space and fix the basis so
that the non-degenerate product p] takes the form (15). Any T € HL(pY) as in (16) is

equivalent to a one and only one of the following canonical forms:
(1) ]f det(@ — Tnﬂ.z) 75 0, then
T~ (T 0 ith T}, € C, and det(© — T1y1) # 0
~ o ) wi 11 € C, and det( 1112) # 0.
(2) [f det(@ — Tllﬂg) = 0, then
v~ (T 0 ith T/, € C, and v’ € C2, det(©' — T!,15) = 0
~ (" o), with T{; €C, and v € C*,  det( 1112) = 0.
5.2. HL-algebras for degenerate products of rank 1

5.2.1. HL-algebras for the product p}

5.5. Proposition. Let {e1, eq,e3} be the basis of g with respect to which the degenerate
product ) is given by:

wiler,ea) = ea, ph(ea,e3) =er, pi(es er) = —es.

Its isotropy subgroup is,
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1 0 a b

Then, T = (T;j) € HL(u}), if and only if:

(T uf _ (T2 _ (0 1 _ (T T3
T_<Ju @>’ u_(T13>’ J_<—1 o)v @_<T32 —T22>'

Then, T is equivalent to one and only one of the following canonical forms:

T, Tip Tis
(1) Ifdet®@ =0, T~ | T{3 0 Ti4
T, 0 0
i, Tiy Ty
(2) Ifdet® #£0, T~ | T{3 Ty 0 |, with, Thy # 0.
~Tly 0 T

Proof. Let T'= (Tj;) € HL(u) and let g € G ;. Then,

/ ! /
Tl 1 Tl 2 Tl 3

_ T/ utA? T/ rt
9Ty 1:(/\52 roa-1) = o )= | T T Ti
—Tiy Ty Ty

Where, T{; = Ty1, v/ = (A"1)'u and © = AOA~L. We know there exists an invertible
matrix P € GLy(C) such that POP~! is upper triangular. Letting A = (det P)~'/2 P,
we make det A = 1 and AOA~! remains upper triangular. Thus, we may assume that
Ti, = 0. Suppose det © # 0. It is not difficult to see that there exists an automorphism
g € Gy, that brings A®’ A~ into diagonal form. The only other alternative is to have
det © = 0, from which the statement follows. O

5.2.2. HL-algebras for the product !,

The product ) is the Lie bracket of the 3-dimensional Heisenberg Lie algebra. The
HL-algebras based on p5 have been thoroughly studied in [1], using 7' € HL(u5) N
Aut(g; ph). Tt turns out, however, that any linear map T : g — g satisfies the HL-Jacobi
identity for u; i.e., HL(u5) = Endc(g). Thus, in contrast to the approach in [1], we
consider here not only Lie algebra automorphisms, but the most general linear maps
T € End¢ (g)

5.6. Proposition. Let p}, be the degenerate product defined on a basis {e1,ez2,e3} by,

pa(er,e2) = ps(ez e1) =0,  po(es,e3) = 1.

Its isotropy subgroup is,
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a ul
Gy = { (0 A>
Then, any T = (T;;) € Endc(g) belongs to HL(u5) and such a T is equivalent to one
and only one of the following canonical forms:

u € C?, detA:a;«éO}.

(1) If (To1,Ts1) # (0,0), then
Ty, Ti, Tis
T Ty T 0 ), with (T3, T3) # (0,0).
T, 0 0

(2) If (T127T13) = (0,0) and <T22 - T11>(T33 — T11) 7é 0, then

T, 0 0
T~ 0 T3 Tos | with (Téz - T111)(T:§3 - T1/1) # 0.
0 0 Tig

(3) If (T127T13) = (070) and (TQQ — TH)(ng - T11) = 0, then

T, Ti, Tis
T~ 0 T2/2 T2/3 ) with (T2I2 - T1/1)(Té3 - T1/1) =0.
0 0 Ty,

Proof. Write the matrix of T" in the form,

(T W _(Tx _ (T2 2
T_<’U @); Tlle(ca v_<T31>7w_(T13>6(C7

_ ([ Th To3
0= <T32 ng) € Matgxg(C).

L is equal to,

For any g € G, the matrix g T'g~
Ty +a wlo —(Typ + o tulv)ul A~ + awf A= + ufOA?
a " TAv —o T AvutAT + AOAT ’

We denote by adj(©) the unique matrix that satisfies © adj(0) = adj(©) © = (det ©) 1,.
Let, @ = A (G) —a ut) A=1 If v # 0, u can be chosen so that T is equivalent to

(Tl’l “’/t), with det ® = 0. Thus, we may always assume that © is singular whenever

v O
v # 0. In particular, the characteristic polynomial of © is z(z — Tr(©)). We claim that
/ rt

there exists g € Gz, such that gT g~ = (T“

v ) We proceed by considering
two cases: either Tr(©) # 0, or Tr(0) = 0.

v’ diag{TZIZ 70}
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If Tr(©) # 0, then © is diagonalizable. If Tr(©) = 0 we may take g = (1 "t), to

0 1o
obtain 7" = gT g~ ' = (Tl,} “é/, ), where:
v

t

det ® = —(u,adj(©)(v)), and Tr(0") = —(u,v),

for any u € C2. Since det © = 0, by considering ©%(u) instead of u, we see that, det ©’ = 0
and Tr(0') = —(u, ©(v)), where u is any element in C2 —{0}. Thus, if ©(v) # 0, we may
choose u € C2, such that (u,©(v)) # 0; implying, Tr(6’) # 0. Now, suppose O(v) = 0.
If adj(©)(v) = 0, then any u € C? with (u,v) # 0, satisfies det ©' = (u,adj(©)(v)) = 0
and Tr(©’) = (u,v) # 0, bringing us back again to the same canonical form.

On the other hand, assume v’ = adj(©)(v) # 0. Since det® = 0, it follows that
O(v') = 0, which in turn implies that v and v both belong to Ker(0). Since © # 0, then
v and v’ are linearly dependent, therefore there exists ¢ € C —{0} such that v' = (v. This
means that adj(0)(v) = (v, and since O is singular, this in turn leads us to Tr(©) # 0,
in contradiction with our hypotheses. Therefore, adj(©)(v) = 0. In summary, we have

proved that if T' = (Tél ’g ), with v # 0, then there is a g € G,;, such that,
T Ty Ty
T'=gTg'=(T5 T3 0 |
Ti 0 0

Now consider the case v = 0, so that the linear map T € HL(u5) has the form

T = (T(l)l g) We may assume with no loss of generality that © is upper triangular.

Conjugation by g = ((1) ;:) € Gy, yields,

T —gTg ' = (Tél W(O -~ Tyta) +wt).

Further simplification of 7" to obtain the canonical forms now depends on whether or
not 77 is an eigenvalue of © and the argument goes as in previous cases. O

5.2.8. HL-algebras for the product pf

5.7. Proposition. Let {e1,e2,e3} be a basis of g for which the degenerate product pf is
given by,

/1’/3(61762) = €1, Mé(€2»63) =e1 —es, Mé(esael) =0,

and its isotropy subgroup is,

a b c
G#é = 0 1 0
0 d a

a #0, b,c,dE(C}.
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Then, each T € HL(u%) is equivalent to one and only one of the following canonical
forms:

T Ti, Tis
(1) If T31 = 0, then T ~ 0 T2/2 0
0 Tz Ty
T Tiy Tis

(2) If T51 #0, then T~ | 0 T3, 0 |, with, T, # 0.
TR 0 0

Proof. Observe that T € HL(p5) if and only if its matrix T' = (T;;) in the given basis,
satisfies To1 = 0 = Ta3. Then, for g € G, we have, T' =g Tg ', where,

T3, =Ts1,

TéQ :(aflcd — b)Tgl + (IT32 + d(T22 — ng),

Té3 = — a_lcT31 + T33.
If T3; # 0, we may choose a,b,c,d € C, so that T4, = T4s = 0. Thus, there are two

non-isomorphic canonical forms, depending on whether T3; is equal to zero or not, as
claimed. O

5.8. HL-algebras for the product pg

5.8. Proposition. Let {e1,e2,e3} be a basis of g for which the degenerate product pg is
given by,

po(er,e2) = ez, po(ez,e3) =0, po(es,e1) = —es,

and its isotropy subgroup is,

_ Lo _ (921 _ (922 923
Guy = { (u A) u= <gg1> and A= <932 g3 ) € GL2(C) ;.
The product po corresponds to a Lie bracket. In fact (g, uo) is a S-dimensional non-
nilpotent solvable Lie algebra. Moreover, T € HL(uo) if and only if, its matriz has the

form (T;I g), where v = %1 ), and B € Matoxo(C). Then, T is equivalent to one and

only one of the following canonical forms:

(1) If det(T11 15 — B) # 0, either,

T, 0 0
T~ 0 T 0|, with (T —T)(T], —T) #0,
0 0 T
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T, 0 0
or, T~ 0 T3, 0 |, with T #Ts.
0 1 T

(2) If det(Ty1 15 — B) =0, either,

T, O 0
T~ T2/1 T2l2 0 |, with (T1/1 - TQ/Q)(Tlll - Té:’,) =0.

Ty 0 Ty
T, 0 0
or, T~(Ty Ty 0 |.
Ty 10 Ty

Proof. It is a straightforward matter to verify that (g,uo) is a 3-dimensional non-
nilpotent solvable Lie algebra. A direct computation also shows that T € HL(ug) if

and only if it has the matrix form given in the statement. For such a 7" and g € G, we
obtain,
-1 _ T 0
9Ty = (A((T11 Iy — B)A~'u+w) ABA-! ) (17)

We can choose A € GLy(C) to bring ABA™! to its Jordan form. On the other hand, if
det(Ty1 12 — B) # 0, we can find u € C?, such that (T1; 12 — B)(u) = —w. Otherwise,
one of the entries in the diagonal of the Jordan form of B must be equal to 77;. O
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