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1. Introduction
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are very classical objects that have been studied extensively in the literature. However,
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E-mail address: prashanth@ku.edu.

https://doi.org/10.1016/j.jalgebra.2021.05.002
0021-8693/© 2021 Elsevier Inc. All rights reserved.


https://doi.org/10.1016/j.jalgebra.2021.05.002
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jalgebra
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jalgebra.2021.05.002&domain=pdf
mailto:prashanth@ku.edu
https://doi.org/10.1016/j.jalgebra.2021.05.002

P. Sridhar / Journal of Algebra 582 (2021) 100-116 101

examples of non existence over local rings that are not catenary, but one may view this
as pathological. In fact, a domain that admits a small CM module has to be universally
catenary, see [5]. Hochster conjectured that every complete local domain admits a small
CM module, but a positive answer to this question is known only in very few cases. Note
that the conjecture reduces to the integral closure of a complete regular local ring in a
finite normal extension of its fraction field. So it is natural to first look at the case of
extensions of the fraction field of a regular local ring with a “nice” Galois group.

Let S be an unramified regular local ring and L its quotient field. Let K be a finite
extension of L and R the integral closure of S in K. In [12], Roberts showed that if
K/L is Abelian and [K : L] is not divisible by the characteristic of the residue field
of S, then R is Cohen-Macaulay. In particular, this applies to the equi-characteristic
zero case. In the mixed characteristic p scenario, the conclusion fails as shown in [9] and
[7]. The examples in these articles were obtained by considering extensions adjoining a
p-th root of a single element that is not square free. However, in case we adjoin a p-th
root of a single square free element, the integral closure is Cohen-Macaulay and this
fact is relatively easy to show. In contrast, as we shall see, the integral closure need
not be Cohen-Macaulay in a finite square free tower of p-th roots. In fact, it fails to be
Cohen-Macaulay even if we adjoin p-th roots of two square free elements.

Now assume additionally that S has mixed characteristic p > 0. As discussed above,
radical extensions of L obtained by adjoining n-th roots of elements of S with the prop-
erty that p divides n are prime examples of the failure of Roberts’s theorem in mixed
characteristic. Moreover, the importance of radical extensions stem from Kummer theory,
which says that Abelian extensions are repeated radical extensions under the presence
of “suitable roots of unity”. In this paper and [13], we investigate such extensions to
understand the obstructions one faces when p divides n, with a focus on the question
of existence of birational small CM modules over the integral closure R. Note that if
p1nor if it were the case that S contained the rational numbers, the integral closure in
repeated radical extensions is Cohen-Macaulay, see 2.4.

In [7] it is shown that the integral closure of S in an extension of its quotient field
obtained by adjoining the p-th root of an arbitrary element of .S admits a birational small
CM module. In [8], under certain circumstances R is known to admit a birational small
CM module in extensions obtained by adjoining the p™-th root of a single element. In
this article, we investigate the question of existence of small Cohen-Macaulay modules
over the integral closure R of S in an extension K/L of degree p? obtained by adjoining
p-th roots of sufficiently general square free elements f,g € S. Roughly speaking, one
may think of this as the case where Gal(K/L) = Z), X Z,.

To this end, we can reduce to the case f,g € SP when S is complete with perfect
residue field, where SP is the subring of S obtained by lifting the Frobenius map on
S/pS to S, see [10]. However, this does not mean R is Cohen-Macaulay when f,g ¢ S?
as we show in 2.12. But we note that the example admits a small CM algebra (2.1) in
3.2. Finally, the square free condition on the elements is natural since such an extension
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corresponding to arbitrary f,g € S can be embedded in a sufficiently large finite tower
obtained by adjoining square free p-th roots.

In the preliminary section, we prove some results in mixed characteristic that are
independent of the choice of prime integer p. In Sections 3 and 4, we work in mixed
characteristic two. In Theorem 4.10, when f, g € S?, we characterize when R is Cohen-
Macaulay and show that in case R itself is not Cohen-Macaulay, R admits a birational
small Cohen-Macaulay module. For a similar discussion that is independent of mixed
characteristic, see [13]. However, the results there are not as complete as in the mixed
characteristic two case.

More precisely, let f, g € S be relatively prime elements that are either units but not
squares in S or squarefree non-units. Let w? = f and u? = g. For n,k > 1 integers, let
SP*AP" - S be the multiplicative subset of S consisting of elements expressible in the
form 2P + y - p" for some x,y € S. The main result of this paper is

Theorem. 4.10. Let S be an unramified regular local Ting of mized characteristic two and
f,g€S2.

1. R is Cohen-Macaulay if and only if one of the following happens

(a) At least one of S[w], S[p] is not integrally closed.

(b) S[w], S[u] are both integrally closed and fg ¢ S*.

(c) Slw], S[u] are both integrally closed, fg € S* and & := (2, f,9) C S is a two
generated ideal or all of R.

2. If R is not Cohen-Macaulay, R admits a birational small CM module.

Sections 3 and 4 are essentially one long proof of 4.10. In section 3 we prove the
sufficiency of conditions (a) and (b) in 3.1 and 3.3 respectively. Then in section 4, we
complete the proof. Surprisingly, the non Cohen-Macaulay cases occur only when the
hypersurfaces S[w] and S[u] are both integrally closed.

For a ring A and an A-module M, let M* denote the dual module Hom (M, A). The
strategy for proving 4.10 is to choose suitable ideals J, I C A := S|w, p] such that R = J*
and I* is a J* module that is S-free. We do not require in general the full strength of an
unramified regular local ring S for our results. In fact, many of the conclusions hold if
we only assume that S is a Noetherian integrally closed domain, p € S is prime and/or
S/pS is integrally closed.

2. Preliminaries

In this section we fix notation and record some observations that will be used subse-
quently. Throughout this paper all rings considered are commutative and Noetherian.
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Convention 2.1.

o Let (R,m) be a local ring of dimension d. A nonzero R-module M is a small CM
module if it is finitely generated and every system of parameters of R (equivalently
some system of parameters) is a regular sequence on M. If R is an arbitrary Noetherian
ring, then an R-module M is a small CM module if for all maximal ideals m C R,
My, is a small CM module over Ry,.

e A Noetherian ring R admits a small CM algebra S if there is an injective, module
finite map of rings R — S such that S is Cohen-Macaulay.

e For R any commutative ring and M an R-module, we will denote by M}, the dual
module Hompg (M, R). If R is clear from the context, we will simply denote it by M*.
In particular, if R is a domain with field of fractions K and M C K, we use M* to
also denote (R :x M) (see [6, 2.4.2] for example).

o For a Noetherian ring R of dimension at least one, we use the notation

NNLq(R) := {P € Spec(R) | height(P) =1, Rp is not a DVR}

e Suppose S is a ring and let p € Z be a prime such that p € S is a non-unit. Let
F:S/pS — S/pS be the Frobenius map. Let SP denote the subring of S obtained by
lifting the image of F' to S. Define SPEAP" for k,n > 1 to be the multiplicative subset
of S of elements expressible in the form "+ y - p" for some x,y € S. In particular,
SPAP = SP,

e For a Noetherian local ring R and M a finite R-module, denote by S’yz}é(M) the i-th
syzygy of M in a minimal free resolution of M over R.

Remark 2.2. Suppose that R — T is a module finite extension of domains with R in-
tegrally closed. Set d := [F'rac(T) : Frac(R)] and suppose d € R is a unit. Then if T
is Cohen-Macaulay, so is R. To see this, note that the trace map of their corresponding
fraction fields gives an R-linear retraction d~'Tr : T — R. This ensures that for every
ideal I C R, IT N R = I. Hence if R is not Cohen-Macaulay, T is not Cohen-Macaulay.

Remark 2.3. Recall the general fact: Let R be a domain with field of fractions L and let
K be a finite field extension of L. Then if the monic minimal polynomial f(X) of v € K
over L is such that f(X) € R[X], then R[vy] ~ R[X]/(f(X)).

Proposition 2.4. Let S be a regular local ring and L its fraction field.
Let K := L(~/ax,..., "/ar) with a; € S and the n; positive integers that are units in
S for 1 <i < k. Then the integral closure of S in K is Cohen-Macaulay. In particular

1. If S contains the rational numbers, the above conclusion holds for arbitrary integers
n;.

2. If S has mized characteristic p > 0, the above conclusion holds for integers n; with
the property that p fn; for all 1 <i<k.
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Proof. First assume that the a; € S are square free, mutually coprime and n = n; for all
1 <4 < k. Then, from [3, Prop 5.3], R = S[{/ax, ..., {/ax) is integrally closed. Moreover,
R is Cohen-Macaulay from 2.3. So the conclusion holds in this case.

Suppose the a; and n; are arbitrary. Set n := Hle n;. Since S is a UFD, there
exist b1,...,b, € S square free and mutually coprime such that K — & :=
L({/by, ..., V/by). But the integral closure of S in .# is Cohen-Macaulay as observed
above. By 2.2, the integral closure of S in K is Cohen-Macaulay.

(1) and (2) now follow immediately. O

Convention 2.5. We will use the following notation for the remainder of the paper. Let S
denote a Noetherian integrally closed domain of dimension d and L its field of fractions.
Assume Char(L) = 0. Let p € Z be a prime such that p € S is a principal prime
and S/pS is integrally closed. An unramified regular local ring of mixed characteristic p
satisfies the above hypothesis, though not all results in this paper require this specific
setting. The assumptions stated above will stand throughout the paper unless otherwise
specified.

An element x € S is said to be square free if for all height one primes Q C S containing
x, QSq = (x)Sq. Say that a subset W C S satisfies .« if for all distinct z,y € W, there
exists no height one prime @ C S such that =,y € Q.

Fix f,g € S such that they are not p-th powers in S, are square free and satisfy
<f1. Let W, U be indeterminates over S. We have the monic irreducible polynomials
F(W):=W? — fe SW]and G(U) :=UP — g € S[U]. Let K := L(w, 1) where w and
u are roots of F(W) and G(U) respectively and assume that G(U) is irreducible over
L(w), so that [K : L] = p?. Denote by R the integral closure of S in K. That is, R is the
integral closure of A := Sfw, y].

We make the following preliminary observations:

Remark 2.6. It follows from 2.3 that A ~ S[W, U]/(F(W),G(U)), S[w] ~ S[W]/(F(W))
and S[u] ~ S[U]/(G(U)).

Remark 2.7. We make use of the following observation later ([14, Theorem 2.4]): Let
S C C C D be an extension of Noetherian domains such that S is integrally closed, D
is module finite over S and D is birational to C. Then if C' satisfies Serre’s condition
Ry, so does D. To see this, assume C' satisfies Ry. Let P C D be any height one prime.
Since going down holds for the extension S C D, @ := PN C is a height one prime in
C. Since Cg C Dp is a birational extension and Cg is a DVR, we have Cg = Dp. Thus
D satisfies R;.

We include the following result from [7] for convenience.
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Proposition 2.8. With notation as specified above, S|w] is integrally closed if and only
if f ¢ PP’ Further, if S[w] is not integrally closed, write f = hP + a - p* for some
a,h €S, h#0. Then

(a) S[w] = Pl = Slw, 7] where 7 = p~1- (WP~ + hwP~2+4- - -+hP~1) and P := (p,w—h)
is the unique height one prime in S[w] containing p.

(b) If p > 3, there are exactly two height one primes in m containing p, Q1 and Q2
satisfying Q1o, = (w—"h)q, and Q2¢g, = (p)q- If p =2, 2 € S[w, 7] = S[1] is square
free.

(c) If p >3, 7 satisfies (T) :==T? — T — a- (w — h)P~2 over S[w| for some c € S[w]. If
p =2, 7 satisfies [(T) := T? — hT — a over S.

(d) S[w] is S-free with a basis given by the set {1,w,...,wP™2 7}.
The next proposition characterizes when A is integrally closed.

Proposition 2.9. With established notation, the following hold:

1. There exists a unique height one prime P C A containing p.

2. The ring A is integrally closed if and only if Ap is a DVR.

3. The ring A is integrally closed if and only if f ¢ SP, g ¢ S[w}ﬁf)ﬁ (or vice versa).
Proof. For (1), let ¢ : B := S[W,U] — A be the natural projection map. Height one
primes in A pull back to height three primes in B containing Ker(¢) = (F(W),G(U))B.
First assume that f, g € SP. Write f = h)+a-p and g = hh +b-p for some hy, he,a,b € S.
It is then clear that the only height three prime in B containing Ker(¢) and p is P C B,
given by P := (p, W — hy,U — hy)B. Therefore P := (p,w — h1, it — hy)A is the unique
height one prime in A containing p in this case.

Now let f = hl 4+ a-p and g ¢ SP. From 2.8, S[u| is integrally closed. Since S/pS is
integrally closed and g ¢ SP, p € S[u] is a principal prime. Since A ~ S[u][W]/(F(W)),
it is now clear that P := (p,w — h1)A is the unique height one prime in A containing p.

Now assume that f,g ¢ SP. As noted above, p is a principal prime in the integrally
closed rings S|w] and S[u]. We need to show that there exists a unique height three
prime ideal of B minimal over (p, F'(W),G(U))B or equivalently a unique height one
prime minimal in C[U] over (G(U))C where C' := Sw]/(pS[w]) is a domain. Let @
be the fraction field of C. If G(U) is irreducible over @, then from 2.3 we get Clu| ~
ClU]/(G(U)) so that p is a principal prime in A. If G(U) is reducible over @, then
G(U) = (U —r)P in Q[U] for some r € @, so that (U — r)Q[U] is the unique minimal
prime over G(U)Q[U]. Since every prime T C C[U] minimal over G(U)CIU] intersects
trivially with C, there is a unique height one prime P C A containing p.

For (2), observe that A satisfies S since it is S-free. To show the reverse implication,
we see from part (1) that it suffices to show that A[1/p] is integrally closed. Applying
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[3, Proposition 5.3] to the ring S[1/p], we see that A[1/p] is indeed integrally closed. This
completes the proof of the backward direction of (2). The forward direction is obvious.

For the backward direction of (3), assume that f ¢ SP and g ¢ S[w}’&?)p *. As noted
in the proof of part (1), p € S[w] is a prime. Suppose g ¢ S[w}f(’p). Then PAp = pAp
and (2) implies that A is integrally closed. Next, suppose that g — h? € pS[w](,) for
some h € Sw]y. Since Ap ~ SW]|[U]pu-n/(G(U)), Ap is a DVR if and only if
G(U) ¢ (p,U — h)2S[w][U] (p,u—n)- Since

UP™t 4+ w71 € (p,U — h)Sw][U] (1)

we see from our hypothesis that G(U) ¢ (p,U — h)?S[w][U],u—n)- Thus Ap is a DVR
and the conclusion follows from part (2).

For the forward direction of (3), we prove the contrapositive. As a first case, suppose
f,g € SP and f = kY + ap, g = hY + bp with hy,ha,a,b € S. For any 1 < i < p—1,
notice that the element n; := p~'(w — h1)'(p — h2)?P~™" € K satisfies n € A since
(w—h1)P, (u—ha)P € pA. But n; ¢ A since A is S-free with basis {w'u/ |0 <i,j < p—1}.
Thus A is not integrally closed.

Now suppose that f ¢ SP and g € S[w}l(’;)pz. Let g—h? € pS[w](y) for some h € S[w]).
We have Ap ~ S[w][U]p,u—n)/(G(U)) since p € S[w] is prime. From our assumption and
(1), it now follows that Ap is not a DVR and hence A is not integrally closed. This finishes
the proof of the forward implication of (3). O

We first note a natural extension of [7, 3.2]:

Proposition 2.10. With established notation, R is S-free if f ¢ SP and g € S[w]?. In
particular, if S is Cohen-Macaulay, then R is Cohen-Macaulay.

Proof. Since f ¢ SP, S[w] is integrally closed by 2.8 and p € S[w] is a principal prime.
2

Moreover, 2.9(3) allows us to assume that g € S[w]ﬁf)p . Write g = h? + pb, with h,b €

Sfw]. Note that g € S[w]i;\)pz implies that b € pS[w],) NS = pS[w]. That is g € Sw]prr”.

In this case, the proof of [7, Lemma 3.2] goes through, so that R is S[w]-free and hence

S-free. Thus the proof is complete. 0O

We need the following proposition for 2.12. The form given here is a bit more general
than we actually need.

Proposition 2.11. Let T be any Gorenstein local domain such that its integral closure T’
is a finite T-module. Let J denote the conductor ideal of T. Then T" is Cohen-Macaulay
if and only if T/J is Cohen-Macaulay.

Proof. Let F denote the field of fractions of T. Since End(J) := (J :g J) is a ring, we
have T! C J* = End(J) C T, so that J* = T’. For any 0 # = € J, set J' := (x :7 J).



P. Sridhar / Journal of Algebra 582 (2021) 100-116 107

Note that J is height one unmixed (see for example [7, Proposition 2.1(2)]). Also, J is
principal if and only if T is integrally closed, so we may assume J is not principal. Since
T is Gorenstein, T//J is Cohen-Macaulay if and only if T'/J’ is Cohen-Macaulay (see [4,
Proposition 2.5] for example). From the depth lemma, T'/J’ is a Cohen-Macaulay ring if
and only if J' ~ T” is a Cohen-Macaulay T-module. This completes the proof since T”
is a Cohen-Macaulay ring if and only if it is a Cohen-Macaulay T-module. O

When f,g ¢ SP, R is not necessarily Cohen-Macaulay, as shown in the following
example.

Example 2.12. Set S := Z[X,Y, V]2 x v,v). Let f = XV?+4and g= XY?2+4. Then f, ¢
are square free, form a regular sequence in S and do not lie in S2. Note that 2 € S[w] is a
prime. Set C' := S[w]/(2) ~ (5/29)[y] where v = Vzv? and z,y, v denote the respective
images in S/2S. Since g = XY?2 +4 = (V-Yw)? + 4(1 — V-2Y?), from 2.9(3), A is
not integrally closed. Moreover from [7, Lemma 3.2], (P*)p = Rp. From 2.9(2), for all
height one primes Q C A, Q # P, (P*)g = Rg = Ag. Since P* and R are birational
Sy A-modules, P* = R. From 2.9(2), the conductor of A is contained in P and hence is
equal to P. We now show that A/P is not Cohen-Macaulay, so that by 2.11, R is not
Cohen-Macaulay.

Let @ C C[U] denote the unique height one prime minimal over the image of G(U).
Set € := v~ 1yy. Then Q = (U—e¢)Frac(C)[UJNC[U] is the kernel of the natural surjection
C|U] — Cle]. Thus A/P ~ D := Cl|e].

Since D is module finite over the regular local ring S/2S, it is Cohen-Macaulay if and
only if it is S/2S-free. Certainly D is generated over S/2S by the set {1,~,¢,ve}. Since
€ =mwyv € §/25, we can trim this set to G := {1,7,¢}. But p.d.g/25(D) = 1, since D
admits the minimal free resolution

0 S/25 — Y = (§/28) -~ D 0

where ¢ is the natural projection corresponding to the ordered set G and ¢ = [0y — v].
Thus A/P is not Cohen-Macaulay and hence R is not Cohen-Macaulay. O

We will see in 3.2 that if R is as in 2.12, then it admits a small CM algebra. In general
if f,g ¢ SP, we have not been able to construct a birational small CM module. However
when S is complete with perfect residue field, we can “reduce” to the case f,g € SP if
we relax the birationality constraint, see [10]. Motivated by this, we focus on the case
f,g € SP for the remainder of the paper.

3. Sufficient conditions for R to be Cohen-Macaulay

In this section, we begin our proof of Theorem 4.10. We shall demonstrate that condi-
tions (a) and (b) are sufficient to give R the Cohen-Macaulay property. In fact, we shall
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show that the sufficiency holds without the full hypothesis on S. To do this, we maintain
the notation established in 2.5 and make the additional assumptions that p = 2 and
f,g €S2

Write f = h? +2-a and g = h3 + 2 - b with hy,he,a,b € S. Note that under these
assumptions, if f € 25, f = 2. a for some a ¢ 2S. This is because f € S is square free.
So in this case S|w] is necessarily integrally closed by 2.8.

Proposition 3.1. R is S-free if at least one of the rings S|w], S[u] is not integrally closed.

Proof. First assume that both S[w] and S[u] are not integrally closed. We have that S[r]
is integrally closed from 2.8, for 7y := 27 !(w + hy). Further 7 satisfies I;(T) := T? —
hiT—a' € S[T] where a = 2a’ for some a’ € S and T is an indeterminate over S. Further,
2 € S[n] is square free since {1 (T") and I (T') are relatively prime over the quotient field
of S/2S. Writing b = 2V’ for some b’ € S, we also have that lo(T) := T2 — hoT — V' and
I5(T) are relatively prime over the quotient field of S[r1]/Q for all height one primes
Q@ C S[r1] containing 2. Therefore 2 € E = S[ry, 72| is square free as well. Applying [3,
Proposition 5.3] to the ring S[1/2], we see that R[1/2] = A[1/2] C E[1/2] C R[1/2].
Therefore NNL1(E) C V(2). Since 2 € E is square free, E is regular in codimension
one. Clearly F is generated over S by {1, 7,72, 172} and hence E is S-free of rank four.
Thus E satisfies Serre’s criterion Sy and is integrally closed, that is E' = R.

Next, without loss of generality assume S[u] is integrally closed and S[w] is not. From
2.8, we have S[r] is integrally closed for 7 := 27! (w + k) and that 2 € S[rq] is square
free. Since E := S[my, p] ~ S[n1][U]/(G(U)), height one primes in E containing 2 are of
the form (@, — ha)E where Q C S[m] is a height one prime containing 2. By 2.9(2)
and 2.7, NNLi(E) C V(2). But for any height one prime & = (Q,u — ha) C FE
containing 2, ¥ = (u — ha)g. This is because going down holds for the extension
S C Slu] C E, so & contracts back to the height one prime P := (2, — h2) C S[u].
Since (u — h2)(u + he) = 2b and b ¢ P by 2.8, we have PS[u]p = (1 — h2)p. Thus,
P o = (u— ha)w and FE is regular in codimension one. Clearly E is generated over S
by {1,u,71,um}. Thus E is S-free of rank four and hence satisfies Serre’s criterion Ss.
So E = R and this completes the proof. O

From 2.2, we see that a non Cohen-Macaulay normal domain containing the rationals
does not admit a small CM algebra. In equal characteristic p > 0, examples of non
existence of small CM algebras are known, see [2]. As an immediate consequence of 3.1,
we record an example of the failure of this non-existence of small CM algebras in mixed
characteristic.

Example 3.2. We assume notation as in 2.12, so that R is a non Cohen-Macaulay normal
domain of mixed characteristic 2. Set K’ := L(v/X) and T := S[v/X]. Note that T is
an unramified regular local ring of mixed characteristic 2 and f,g € T?"*. We claim
that f,g € T are square free. To show this, we can assume that 2 € S is a unit since
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fyg ¢ 2S. Then, by [3, Proposition 5.2] f,g € T are square free. Clearly, f,g € T
satisfy 7. Therefore by 3.1, the integral closure of T in & := K'(w,pu), say %, is
Cohen-Macaulay. Therefore, Z is a small CM algebra over R.

S T K’
R——mZ
K H

Proposition 3.3. With established notation, R is S-free if S[w] and S[u] are integrally
closed and fg ¢ S*. Further, in this case P} = R so that P is the conductor of R to
A, where P is the unique height one prime in A containing 2.

Proof. Since S[w] and S[u] are integrally closed, we have from 2.8 that f,g ¢ S**. Write
f=h}+2-aand g = h% +2-b with a,b ¢ 2S. The condition fg ¢ S?"* is equivalent
to the condition (ah + bh?) ¢ 2S. This follows since
fg = (h?+2a)(hj + 2b) @)
= (h1h2)? + (ah3 + bh3) - 2 + 4ab

Note that the above is equivalent to requiring that S[wp] be integrally closed. This is
because, since f, g € S satisfy 4, fg € S is square free. Following this, S|wp] is integrally
closed if and only if fg ¢ S?* by 2.8.

Let 7 =271(u — ha)(w — h1) € K. We see that 7 satisfies

UT) :=T? — kiky € A[T]

where k1 := 27w — h1)? = h3 +a — why, ke =27 (u — ha)? = h3 + b — phe and T is
an indeterminate over A. Note that

2= k' (w — ) = kg (1 — ha)? (3)

and ki,ke ¢ P. We claim that C := Sfw,p,7] is integrally closed under the given
hypothesis. The unique height one prime P C A containing 2 is P := (2,w — hy, u — ha).
Now

(T)=T?—abe (A/P)[T] =~ (S/29)[T]
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There exists a unique height one prime containing 2 in C' and since S/2S is integrally
closed, the only possible forms for this unique height one prime are @1 := PC or @3 :=
(2,w — hi,pu — hy, 7 — m)C for some m € S satisfying m? — ab € 2S. In the first case,
Q1¢, is principal due to (3) and

(= h2)T = ka(w — h1) (4)

Now let Q2 C C be the unique height one prime in question. We will show that Qa, =
(7 —m)q,-. First from (3) and (4), we have Q2¢, = (T —m, tt — h2)q,. By definition, we
have in Cg,
(1 —m)? = (kiky + ab) mod(2)
= (aha(p — ha) + bhi(w — h1) + hiha(w — h1) (e — he)) mod(2) (5)
(1t — ha)(ahg + bhiky 1 4 hiho(w — hy)) mod(2)

where the last equivalence follows from (4). We claim that ahy + bhiky ' is a unit in
Cq,- If the claim holds, it follows from (3) that Q2¢, = (7 —m)q,. To show the claim,
assume on the contrary that ahg + bhiky lre Q2Q2. Then

ka(a®h3 + b*h3ky *72) = kaa®h3 4 bPhiky € Qag,

By definition of ki, ko we get (ah3 +bhi)ab € Q2¢, and hence (ah3 +bh3) € Q2o, NS =
2. This contradicts our hypothesis. Thus the claim is true and Q2, is principal. From
2.9(2) and 2.7, C is regular in codimension one. Let D denote the S-module generated
by G := {1,w,u,7}. Note that D is in fact a ring and is S-free of rank four. Then
D CC CD. Thus C = D satisfies Sy and hence C = R is S-free.

We now show that P is the conductor of R to A. Since A is not integrally closed, Ap
is not a DVR by 2.9(2). Therefore the conductor is contained in P. On the other hand,
since P-tC Aand R=A+ S -7, P conducts R into A. Thus P is the conductor of R
to A and the proof is complete. O

4. Existence of birational small CM modules

In this section we identify what it means for R to be Cohen-Macaulay when S is an
unramified regular local ring of mixed characteristic 2 and f,¢g € S?. When R is not
Cohen-Macaulay, we show the existence of a birational small CM module.

Towards this, from 3.1 and 3.3, if we seek a non S-free R, we must have that S[w]
and S[u] are integrally closed such that S[wu] =2 S[X]/(X?% — fg) is not integrally closed.
This scenario is very much possible, see 4.8. In this situation, we start by identifying an
ideal J C A such that J* = R.

Convention 4.1. For this section, we assume notation as specified at the beginning of
section 3. In case we are in the situation f,g ¢ S?* assume that f,g ¢ 2S. This is
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justified, since if exactly one of f, g € 25, then by 3.3, R is S-free. The case f,g € 25 is
not possible since f, g satisfy ..

Proposition 4.2. With established notation, let S|w], S[u] be integrally closed and fg €
S2M - so that Slwp] is not integrally closed. Then for J := (2,wu — hih2)A, we have
J5 = R.

Proof. Since J* and R are birational Sy A-modules, it suffices to show J§ = Rq for all
height one primes @ C A. From 2.9(2), Jj, = Rqg = Aq for all height one primes Q # P.
So we may assume (.5,25) and (4, P) are one dimensional local rings.

Note that A = S|w,wp] and that {f, fg} satisfy 7 since they are both units. Since
Slw] is integrally closed and Sfwy] is not, the description of R from the proof of 3.1
applies. We have that R is generated over S by the set {1, u, 7, u7} where 7 = 271 (wu +
hihg). This immediately implies J conducts R into A.

Let ¢ : B := S[W,T] — A be the projection map defined by W — w and T — wy,
where W, T are indeterminates over S. Note that Ker(¢) := (W? — f,T? — fg). Suppose
l € A conducts R to A. Since Ap is not regular, I € P = (2,w — hy1,wu — hihg). Write
l=2-24y-(w—hy)+ 2z (wp— hihg) for some z,y,z € A. Viewing [ -7 € A in B and
denoting lifts by ~, we get

G- (W =) (T — hiho) € (2,(W — h1)*, (T — hihs)?) (6)
By a standard regular sequence argument, § € (2, W — hy, T — hy1hg) and so y € P. Since
(w— h1)? € 2A, we have [ € J. Thus J is the conductor of R to A and the proof is
complete. O
Lemma 4.3. With established notation, set

I:=(2,wp — hihg, how — hip) A = (2,wp — haha, (w + h1) (1 + ho)) A

Then p.d.s(I) < 1. More precisely, I ~ S? &g C for some S-module C that admits the
free resolution

0 s . g C 0

where ¢ is given by P(e1) = 2w, d(e2) = 2u and d(e3) = how — hip and ¥ = [—ha hy 2].

Proof. We claim that I is generated over S by the set G := {2, 2w, 2, wp — hyhg, how —
hip}. To see this, note that 2wy € (wp — hihg) - S +2- 5. Next w - (wp — hihg) =
a-2u — hy(how — hip). A symmetric argument takes care of p - (wu — hihs). We also
have wp - (wp — hihs) = —hiho(wp — hihe) + 4 - e for some e € S. Finally, since
(w, 1) C ((2,wp — h1hg) 14 how — hip), the claim holds.
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Now, let ¢ : S5 — I be the projection map defined by the ordered generating set G. If
[21 23 w3 24 75]7 € Ker(¢), then since A is S-free with a basis given by {1, w, u,wu}, we
have that 1 = x4 = 0. Therefore I ~ 5? @4 C, where C is the S-module generated by
{2w,2p1, haw — hy 1} Now C admits the above resolution for if E := [s1 s2s3]7 € S2, then
E € Ker(¢) if and only if 251 + hass = 0 and 2s5 — hyss = 0. Thus, if £ € Ker(¢), then
there exists k € S such that s; = —hok, so = hik and s3 = 2k, so that E € Im(yT). O

Remark 4.4. We will use the following well known fact in the proposition below: Let
S C R be a finite extension of Noetherian local rings such that S is Gorenstein and R
is Cohen-Macaulay. Then for any finite R-module M, Hompgr(M,wg) ~ Homg(M, S) as
R-modules (and S-modules), where wpg is the canonical module of R. Indeed, we have
wr ~ Homg (R, S), so that by Hom-tensor adjointness, we have what we want.

In our setting, let (S, m) be regular local, so that (A, n) is local where n = (m,w—hqy, u—
hs). Then for the extension S C A, since A is Gorenstein, we have Homy(M, A) ~
Homg(M, S) as A-modules and S-modules.

Proposition 4.5. Let (S,m) be an unramified regular local ring of mized characteristic
two. Let S|w], S[u] be integrally closed rings and fg € S*. Then

1. If f,gem, R~ S?*@g Syz%(5/Q) where Q := (2,h1,hs) C S.
2. pd.g(R) <1.
3. R is Cohen-Macaulay if and only if Q is a two generated ideal or all of R.

Proof. We have from 4.2 that J§ = R, for J := (2,wp — hihe)A. Let I C A be as in
4.3 and P := (2,w — h1, it — hg) be the unique height one prime containing 2 in A. Now
IAp = JAp since w ¢ P and w - (how — hyp) € J. Clearly rad(I) = P. Therefore, by
[7, Prop 2.1], I* = J* = R. From 4.4, R ~ Homg(I,S) as S-modules. Now, if f, g € m,
then it is clear from the free resolution for I over S in 4.3, that (1) holds.

If f were a unit say, then so is h1, so the resolution in 4.3 is not minimal. In this
case, R is Cohen-Macaulay. Therefore, for the proof of (2) and (3) we may assume that
f,g € m. Since S/2S is regular local (a UFD), we have Q = (2, z¢, ze) for some z ¢ 2S.
Then S/Q admits the following free S-resolution:

0 g Leem g8 @, g8 ¥, g S/Q —— 0
where 9¥(e1) = 2, ¥(e2) = zc, Y(eg) = ze and

zc ze O
dP=[-2 0 e
0 -2 —c

Note that this is indeed a resolution by the Buchsbaum-Eisenbud criterion [1, Cor 1].
Thus p.ds(R) = p.d.s(Syz%(S/Q)) < 1 and (2) holds. Finally, R is Cohen-Macaulay if
and only if ¢ or e is a unit. The latter is clearly equivalent to @) being a two generated
ideal and thus (3) holds. O
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Remark 4.6. Let S be an unramified regular local ring of mixed characteristic two. Note
that the ideal (2, h1,he) C S is a two generated ideal or all of R if and only if the same
holds for (2, f,g) C S.

Remark 4.7. In the context of 4.5, if @ := (2, hq, ho)S is a complete intersection ideal of
grade three, then the conductor of R to A is the ideal [ in 4.3.

To show this, since the only element of NNLi(A) is P = (2,w — hy, 0 — h2) and
since the conductor of a ring that satisfies So is unmixed, it suffices to show that I is
P-primary. Let -y € I such that y € A and @ € A\ P. Certainly y € P, so write
y=2-a;+ (w—"hy)-az+ (g — hg) - a3 for some a; € A. Since x -y € I if and only if
x - (ag(w—hy)+as(p — he)) € I, it suffices to show az(w — hy) +asz(p — h2) € I. Lifting
to B := S[W,U|(m,w—h,,u—h,) and denoting lifts by ~, we have for some b; € B,

do-&(W —hy)+ds-E(U—ha)+2-b1+(WU —hyha)-by+(W —hy ) (U —hy)-bs € (F(W), G(U))

(7)
Writing WU — hihy = (W — hq)(U — ha) + ho(W — hy) + hi(U — ha), we have that
Go - T + by - hy € P where P := (2, W — hq,U — hy). Similarly d3 - & + by - hy € P. Hence
hidai — hods® € P and therefore hydy — hads € P. Since P + (h1,h2)B is a grade five
complete intersection ideal, do = ho - z mod P and d3 = hy - z mod P for some z € A.
We have P C (I :4 (w— h1,u — h2)), so

ag(w — hl) + ag(u — hg) = [hg(w — hl) + hl(,u — hg)] -zmod [

Since ho(w — h1) + h1(pu — ha) € I, we are done. Thus, I is P-primary and hence is the
conductor of R to A.

Example 4.8. The conditions in 4.5 produce a non-empty class of non Cohen-Macaulay
integral closures R. In fact they are quite abundant. From 4.5, there are two classes
of examples, the first one being the case where @ := (2,h1,hs) is grade two with
p.ds(S/Q) = 3 and the other when @ is grade three perfect. For an example of the
first kind, set S := Z[X,Y, V]2, x v,v) where X,Y,V are indeterminates over Z ) and
let

f=V2X?2 —2X? +4=(VX)? +2(2 - X?)
g=V?-2Y?+4=(VY)? +2(2-Y?)

and w? = f,u? = g. Then f, g are square free elements that form a regular sequence in
S. It is straightforward to check that [L(w, u) : L] = 4. The hypersurface rings S|w| and
S[p] are integrally closed, but the hypersurface ring S[wp] is not. Since (2,VX,VY) C S
is a grade two ideal such that p.ds(S/(2,VX,VY)) =3, by 4.5, p.d.s(R) = 1.

For an example of the second kind, let S = Z[X,Y](2 x,y), where X, Y are indeter-
minates over Z ) and take
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f=-X?4+4=X%4+212-X?
g=-Y?>4+4=Y?4+202-Y?% 0

We now get to our main theorem showing that R always admits a birational small
CM module when S is an unramified regular local ring of mixed characteristic two and
f,g € S%. By [10], if S is complete with perfect residue field, then this would show that
R always admits a small CM module, when f, g € S are square free and form a regular
sequence.

Lemma 4.9. With established notation, P} is generated as an A-module by {1,n}, where
n:=2"Yw+h)(n+hy) € K.

Proof. Set P, := (2,w — hy) and Py := (2,1 — hy), so that P* = Py N P;. Let P} :=
(2, W — hy) C S[p][W]. It is the maximal minors of

o]

2

We have F(W) € Py, F(W) =a-(=2) + (W + hy)(W — hy). Adjoining the appropriate
column of coefficients we get
| W—=h a
M[ 2 W+hJ

From [11, Lemma 2.5], Py is generated as A-module by {M7,/d1, M}, /d2} where M/, and
d; denote the image in A of the (i,4)-th cofactor of M’ and the i-th (signed) minor of M
respectively. Therefore, Pj is generated as a A-module by {1,271 (w + hy)}. Identically,
Pj is generated over A by {1,27!(u + hg)}. Now consider y € P* = Py N P5. Lifting to
B := S[W, U] and denoting lifts by ~

29 € (2,W + h1)N(2,U + ha) + (F(W),G(U)) = (2, (W + h1)(U + hg), F(W),G(U))

Thus 2y € (2, (w + h1)(u + h2))A and hence this shows P* C A+ A - n. The reverse
inclusion is clear since 1 - P C A. Thus the proof is complete. O

Theorem 4.10. Let S be an unramified reqular local ring of mized characteristic two and

f.g€ S
1. R is Cohen-Macaulay if and only if one of the following happens

(a) At least one of S[w], S[u] is not integrally closed.

(b) S[w], S[u] are both integrally closed and fg ¢ S*.

(c) S[w], S[u] are both integrally closed, fg € S** and & = (2, f,g) C S is a two
generated ideal or all of R.
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2. If R is not Cohen-Macaulay, R admits a birational small CM module.

Proof. For (1), we have already shown that the conditions in (a) and (b) imply R is
Cohen-Macaulay in 3.1 and 3.3 respectively. From 4.5 and 4.6, we see that the condi-
tion in 1(c) implies that R is Cohen-Macaulay. For the forward implication of (1), the
contrapositive follows from 4.6 and 4.5.

For (2), by (1) it only remains to be shown that R admits a birational small CM
module when S[w], S[u] are both integrally closed, fg € S?'* and p.d.s(S/Q) > 2.
Therefore, assume all of these conditions for the remainder of the proof.

We have from 4.2 that for I := (2,wp — hiha)A, I* = R. Set M = (IP)*, where
P = (2,w— hy,u— hy) is the unique height one prime containing 2 in A. Then (I P)* is
an R-module since

(IP)"=A:x IP=((A:x I): P)=(R:x P)
We now show that depthgs(M) = d. By definition,
(IP)y =(2-P+ (wp— hihy) - P)y = F1 N Fy
where F} = 271P* and Fy = (wu — hiho) ' P*. This is because for ideals J,J' C A,
(A:g J+J)=(A:x J)N(A:x J') as A-modules.
Now P is S-free since A/P ~ S/25 as S-modules and by the depth lemma,
depths(P) = d. By 4.4, P, ~ P} as S-modules, so P* is Cohen-Macaulay as well

and hence F; and Fy are Cohen-Macaulay. We have the natural short exact sequence of
S-modules

0 —FMNkh —F o — Fi+Fh, —— 0
By the depth lemma, it suffices to show depthg(Fy+F3) > d—1. Clearly Fy +F5 ~ F{+F}
as A-modules and hence S-modules where F{ = (wp —hihe)P* C A and Fj = 2P* C A.

We claim that F} 4+ F) = Fj + (wi — hihs) as ideals of A. By 4.9, we only need to show
that

vi=2" (w4 hy) (e + he)(wp — hihg) € H := Fy + (wp — hihg)
Writing
(wp = hihs) = (w = ha)(p = h2) + ho(w — h1) + ha(p — h2),

we have

v=2" w4+ h1)(p+ he)(ha(w — hy) + hi(p — hy)) mod(H)
= aho(p + hg) + bhl(w + hl) mod(H)
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Since S/2S is regular local, h; = (z¢)mod(2), he = (ze)mod(2) for some z ¢ 2S5 and
¢,e such that (2,¢,e) C S form a regular sequence. From (1) in 3.3, fg € S?* implies
ah3 + bh} € 25 and hence a — gc® € 25 and b+ ge? € 28 for some g € S. Therefore, (8)
implies

v = qc®hy(p + ho) — qe?hy (w + hy) mod(H)

- 9)
= qce(hi(p + ha) — ho(w + hq)) mod(H)

But wp — hihy — (w — h1)( — ha2) = hao(w — hy) + hi(p — hy) € H. Since 2 € H,
hi(p + h2) — ha(w + hy) € H and from (9), v € H. Therefore F| + Fy = H = (2, (w +
h1)(+ ha),wp — hihg) by 4.9. From 4.3, p.ds(H) < 1 so that depths(H) > d — 1. This
completes the proof, and hence M = (IP)* is a small CM module over R. O

Acknowledgment

I would like to thank my Ph.D. advisor Prof. Daniel Katz for suggesting this problem
and for his support through the course of this work. I would also like to thank the referee
for their careful reading of the manuscript and suggestions for improvement.

References

[1] David A. Buchsbaum, David Eisenbud, What makes a complex exact?, J. Algebra 25 (2) (1973)
259-268.
[2] Bhargav Bhatt, On the non-existence of small Cohen-Macaulay algebras, J. Algebra 411 (2014)
1-11.
[3] Craig Huneke, Daniel Katz, Uniform symbolic topologies in Abelian extensions, Trans. Am. Math.
Soc. 372 (3) (May 2019) 1735-1750.
[4] Craig Huneke, Bernd Ulrich, The structure of linkage, Ann. Math. 126 (2) (1987) 277-334.
[5] Melvin Hochster, Cohen-Macaulay modules, in: James W. Brewer, Edgar A. Rutter (Eds.), Confer-
ence on Commutative Algebra, Springer Berlin Heidelberg, Berlin, Heidelberg, 1973, pp. 120-152.
[6] Craig Huneke, Irena Swanson, Integral Closure of Ideals, Rings, and Modules, vol. 13, Cambridge
University Press, 2006.
[7] Daniel Katz, On the existence of maximal Cohen-Macaulay modules over p-th root extensions, Proc.
Am. Math. Soc. 127 (9) (1999) 2601-2609.
[8] Daniel Katz, Conductors in mixed characteristic, in: Commutative Algebra and Its Interactions with
Algebraic Geometry: A Volume in Honor of Craig Huneke on the Occasion of His 65th Birthday,
J. Algebra 571 (2021) 350-375.
[9] Jee Koh, Degree p extensions of an unramified regular local ring of mixed characteristic p, J. Algebra
99 (2) (1986) 310-323.
[10] Daniel Katz, Prashanth Sridhar, Small Cohen Macaulay modules over repeated radical extensions,
in preparation, 2021.
[11] Steven Kleiman, Bernd Ulrich, Gorenstein algebras, symmetric matrices, self-linked ideals, and
symbolic powers, Trans. Am. Math. Soc. 349 (12) (1997) 4973-5000.
[12] Paul Roberts, Abelian extensions of regular local rings, Proc. Am. Math. Soc. 78 (3) (1980) 307-310.
[13] Prashanth Sridhar, On the existence of birational maximal Cohen-Macaulay modules over biradical
extensions in mixed characteristic, J. Pure Appl. Algebra (2021), in press, arXiv:2103.12008.
[14] Wolmer V. Vasconcelos, Computing the integral closure of an affine domain, Proc. Am. Math. Soc.
113 (3) (1991) 633-638.


http://refhub.elsevier.com/S0021-8693(21)00249-0/bib7C7A774A790348C5A4F0A498F8884A97s1
http://refhub.elsevier.com/S0021-8693(21)00249-0/bib7C7A774A790348C5A4F0A498F8884A97s1
http://refhub.elsevier.com/S0021-8693(21)00249-0/bibD6598D57386E49A85E7E2B4665A6501Ds1
http://refhub.elsevier.com/S0021-8693(21)00249-0/bibD6598D57386E49A85E7E2B4665A6501Ds1
http://refhub.elsevier.com/S0021-8693(21)00249-0/bib69E1AAFECCC558D92F93BCF86FB913F5s1
http://refhub.elsevier.com/S0021-8693(21)00249-0/bib69E1AAFECCC558D92F93BCF86FB913F5s1
http://refhub.elsevier.com/S0021-8693(21)00249-0/bib645CAF01294FBA07FCD85D50C400E7CEs1
http://refhub.elsevier.com/S0021-8693(21)00249-0/bibE583BF939C391535E45E2C713BE9BC06s1
http://refhub.elsevier.com/S0021-8693(21)00249-0/bibE583BF939C391535E45E2C713BE9BC06s1
http://refhub.elsevier.com/S0021-8693(21)00249-0/bib55A055409207A12D5937B243FD508BDEs1
http://refhub.elsevier.com/S0021-8693(21)00249-0/bib55A055409207A12D5937B243FD508BDEs1
http://refhub.elsevier.com/S0021-8693(21)00249-0/bib709960AC3B085407D9B9A14D0009BC3Cs1
http://refhub.elsevier.com/S0021-8693(21)00249-0/bib709960AC3B085407D9B9A14D0009BC3Cs1
http://refhub.elsevier.com/S0021-8693(21)00249-0/bib0871AC5CE2C2704849B0E2958A2DCB46s1
http://refhub.elsevier.com/S0021-8693(21)00249-0/bib0871AC5CE2C2704849B0E2958A2DCB46s1
http://refhub.elsevier.com/S0021-8693(21)00249-0/bib0871AC5CE2C2704849B0E2958A2DCB46s1
http://refhub.elsevier.com/S0021-8693(21)00249-0/bib5FED318F9C859AD1B31120392472C25As1
http://refhub.elsevier.com/S0021-8693(21)00249-0/bib5FED318F9C859AD1B31120392472C25As1
http://refhub.elsevier.com/S0021-8693(21)00249-0/bib54825AAA06BBCE12BAF1B2BF7F5EDCABs1
http://refhub.elsevier.com/S0021-8693(21)00249-0/bib54825AAA06BBCE12BAF1B2BF7F5EDCABs1
http://refhub.elsevier.com/S0021-8693(21)00249-0/bibF5B15F58CABAD73D1BF2DE7BCB89DB6Cs1
http://refhub.elsevier.com/S0021-8693(21)00249-0/bibA2D67FE602EF6B575B4B5B0953055DADs1
http://refhub.elsevier.com/S0021-8693(21)00249-0/bibA2D67FE602EF6B575B4B5B0953055DADs1
http://refhub.elsevier.com/S0021-8693(21)00249-0/bib5206560A306A2E085A437FD258EB57CEs1
http://refhub.elsevier.com/S0021-8693(21)00249-0/bib5206560A306A2E085A437FD258EB57CEs1

	Existence of birational small Cohen-Macaulay modules over biquadratic extensions in mixed characteristic
	1 Introduction
	2 Preliminaries
	3 Sufficient conditions for R to be Cohen-Macaulay
	4 Existence of birational small CM modules
	Acknowledgment
	References


