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Introduction

The aim of the representation theory of artin algebras is to characterize and to classify
algebras using properties of module categories. The representation dimension of an artin
algebra was introduced by Auslander [9] and he expected that this invariant would
give a measure of how far an algebra is from being representation-finite. He proved
that a non-semisimple algebra A is representation-finite if and only if its representation
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dimension rep.dim A is two. Iyama proved that the representation dimension of an artin
algebra is always finite (see [19]) and Rouquier has constructed examples of algebras
with rep.dim A = r for any r > 2 (see [23]).

Igusa and Todorov gave in [18] an interesting connection with the finitistic dimension
conjecture. They proved that if A has representation dimension at most three then its
finitistic dimension is finite.

Auslander proved in [9] that if A is a hereditary algebra, then rep.dim A is at most
three. Many other classes of algebras have representation dimension at most three, as for
example, tilted and laura algebras [7], trivial extensions of hereditary algebras [14] and
quasi-tilted algebras [22]. Other results can be found also in [15,26].

In order to calculate the representation dimension of an artin algebra A, one reason-
able approach would be to split the module category mod A of the finitely generated
modules into pieces and calculate the representation dimension of algebras associated
to each piece. In this sense, we consider for a full subcategory C of ind A closed under
successors its support algebra Ac, in the sense of [2], and for a full subcategory A of
ind A closed under predecessors its support algebra 44. Our two main theorems (The-
orems 2.6 and 4.2) relate rep.dim A to rep.dim 44 or rep.dim A¢ when A and C satisfy
some additional hypotheses.

Before stating our first main theorem, we need to recall some definitions. Let A be an
artin algebra and ind A be a full subcategory of mod A consisting of one representative
from each isomorphism class of indecomposable modules. A trisection of ind A is a triple
of disjoint full subcategories (A, B,C) such that indA = AU B UC and Hom(C,B) =
Hom(C, A) = Hom(B,A) = 0, see [1]. We say that B is finite if it contains only finitely
many objects of ind A. We denote by £, and R 4, respectively, the left and the right parts
of mod A in the sense of [16] (or see Section 1.2 below). For the definition of covariantly
and contravariantly finite subcategories, we refer the reader to [12] (or see Section 1.3
below).

The first theorem is the following:

Theorem. Let A be a representation-infinite artin algebra and (A, B,C) be a trisection of
ind A with B finite.

(a) If C C R4 and addC is covariantly finite, then
rep.dim A = max{3, rep.dim 44}.
(b) If AC L, and add A is contravariantly finite, then
rep.dim A = max{3, rep.dim A¢}.

As consequences of this theorem we prove that the class of ada algebras, introduced
and studied in [3], has representation dimension at most three (Corollary 5.3), and give
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another proof of Theorem 4.1 in [7] saying that strict laura algebras have representation
dimension at most three.

If C is not necessarily contained in R4 and A is not necessarily contained in L4
the second theorem gives a relationship between the representation dimension of A and
those of 44 and of A¢. For this, however, we have to assume that ind A¢ is closed under
successors or ind 4 A is closed under predecessors.

For a full subcategory X of ind A, we denote by X =ind A\ X its complement.

Theorem. Let A be an artin algebra with a trisection (A,B,C) of ind A. If
(a) (AUind A¢)¢ is finite and ind A¢ is closed under successors
or

(b) (ind 4AUC)€ is finite and ind 4 A is closed under predecessors,
then,

rep.dim A < max{rep.dim 4A,rep.dim Ac}.

As a consequence of this second theorem we prove that if R is the Nakayama ori-
ented pullback [20] of the morphisms A — B and C' — B, then we have rep.dim R <
max{rep.dim A, rep.dim C'} (Corollary 5.8).

This paper is organized as follows. The first section is dedicated to preliminaries with
some definitions and useful results. Section 2 and Section 4 are the proofs of the first
and the second theorems, respectively. Section 3 studies the relation of the representation
dimension of an algebra with the representation dimension of the support algebras of
the complements of left and right parts; this study is useful for the proof of the result
concerning ada algebras. Finally, Section 5 contains applications of the main results:
laura algebras, ada algebras and Nakayama oriented pullbacks.

1. Preliminaries

In this first section, we recall some well-known definitions that we use in this text.
1.1. Notation

In this paper, all algebras are artin algebras. For an algebra A, we denote by mod A
the category of all finitely generated right A-modules and by ind A a full subcategory of
mod A consisting of exactly one representative from each isomorphism class of indecom-

posable modules. For a A-module M, we denote by 4(—, M) the functor Hom,(—, M).
For a subcategory C of mod A we write M € C to express that M is an object in C.
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We denote by addC the full subcategory of mod A with objects the finite direct sums
of summands of modules in C and, if M is a module, we abbreviate add{M} as add M.
We denote the projective (or injective) dimension of a module M as pd,M (or idgM,
respectively). We say that C is finite if it has only finitely many isomorphism classes of
indecomposable A-modules and we say that C is cofinite if C¢ is finite. We say that A
is a representation-finite algebra if ind A is finite. It is representation-infinite otherwise.
We denote by Gen M (or Cogen M) the full subcategory of mod A having as objects all
modules generated (or cogenerated, respectively) by M. We denote by 74 = DTr and
TXl = TrD the Auslander—Reiten translations.

For an algebra that is determined by a quiver Q4 we denote by e; the idempotent
associated to the vertex i € (Q4)o and by ey = Zie(QA)o e; its identity. In this case,
we denote by P;, I; and S; the projective, injective and simple, respectively, associated
to the vertex i € (Q4)o-

For further definitions and facts on mod A, we refer to [8,11].

1.2. Subcategories closed under predecessors

Given M, N € ind A, a path from M to N in ind A is a sequence of non-zero morphisms
M=X,—>Xy— > X, =N (t >1) where X; € ind A for all i. In this case, we say
that M is a predecessor of N and that IV is a successor of M.

We say that A is closed under predecessors if, whenever M is a predecessor of N with
N € A, then M € A. Dually, we define subcategory closed under successors.

For a module M, we denote by Succ M the full subcategory of ind A consisting of
all successors of any indecomposable summand of M. This category is, of course, closed
under successors. Dually we denote by Pred M the full subcategory of ind A consisting
of all predecessors of any indecomposable summand of M.

We recall from [16] that the right part R4 of mod A is the full subcategory of ind A
defined by

Ra={M €ind A |idyN <1 for each successor N of M}.

Clearly, R 4 is closed under successors. Dually, the left part,

Ly={M €ind A | pdyN <1 for each predecessor N of M}

is a full subcategory of ind A closed under predecessors.

Another way to produce subcategories closed under predecessors is by means of tri-
sections [1]. A trisection of ind A is a triple of disjoint full subcategories (A, B,C) of ind A
such that ind A = AUBUC and Hom(C, B) = Hom(C, A) = Hom(B, A) = 0. If (A, B,()
is a trisection of ind A then the subcategory A is closed under predecessors and C is
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closed under successors. Also, B is convex in ind A, that is, if M = M; — My — -+ —
M;_1 — My = N is a path in ind A with M, N € B then M; € B for alli=1,...,t.

1.3. Covariantly and contravariantly finite subcategories

The notions of contravariantly and covariantly finite subcategories were introduced
in [12,13]. Let X be an additive full subcategory of mod A. We say that X is contravari-
antly finite if for any A-module M, there is a morphism fy;: Xpy — M with X € X
such that any morphism f: X — M with X € X factors through fj;. Dually we define
covariantly finite subcategories and X is called functorially finite if it is both contravari-
antly and covariantly finite. Finally, following [10], X is called homologically finite if
it is contravariantly finite or covariantly finite. For instance, if C is a finite or cofinite
subcategory of ind A, then add C is functorially finite in mod A (see [12]). In particular,
for a module M € mod A, the category add M is functorially finite.

If X is an additive subcategory of mod A, closed under extensions, then a module
M € X is called Ext-projective in X if Ext} (M, —)|x = 0. Dually, a module N to be
Ext-injective in X if Ext)(—, N)|x = 0. If (X,)) is a torsion pair, then M € X is
Ext-projective in X if and only if 7AM € Y and N € ) is Ext-injective in Y if and only
if 7,'N € X (see [13]).

Let A be a full subcategory closed under predecessors of ind A then C = A€ is closed
under successors and in this case (add C,add A) is a split torsion pair. Denote by E the
direct sum of a full set of representatives of the indecomposable Ext-injective modules
in A and by F the direct sum of a full set of representatives of the indecomposable
Ext-projective modules in C. We need the following particular case of the main result
of [24].

Lemma 1.1. Let A be a full subcategory closed under predecessors of ind A and C = A°.
The following conditions are equivalent:

(a) add.A is contravariantly finite.

(b) add A = Cogen N for some N € mod A.
(c) add A = Cogen E.

(d) addC is covariantly finite.

(e) addC = Gen M for some M € mod A.
(f) addC =GenF. O

Let C be a full subcategory of ind A closed under successors such that add C is covari-
antly finite. Denote by F' the direct sum of all indecomposable Ext-projective modules
in C and by N the direct sum of all indecomposable injective A-modules lying in C.

Lemma 1.2. (See [6] (5.3).) Let C be a full subcategory of ind A closed under successors.
Assume that add C is covariantly finite. Then:
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(a) F is convez if and only if C C R4.
(b) If, moreover, add C contains all the injective A-modules, then C C R4 if and only if
A is tilted having F as a slice module. O

Note that, by [7] (2.1), the algebra A is tilted if and only if it has a convex tilting
module. For properties of tilted algebras we refer to [8].

1.4. Support algebras

Let A be a full subcategory of ind A closed under predecessors. Following [2], we define
its support algebra 4/ to be the endomorphism algebra of the direct sum of a full set of
representatives of the isomorphism classes of the indecomposable projectives lying in A.
Let C be a full subcategory of ind A closed under successors, we define dually the support
algebra A¢ of C. Note that mod 44 and mod A¢ are full subcategories of mod A. We have
the following properties from [6] (4.1).

Lemma 1.3. Let A be a full subcategory of ind A closed under predecessors and C a full
subcategory of ind A closed under successors.

(a) All indecomposable A-modules lying in A have a natural structure of indecomposable
AA-modules;

(b) The indecomposable projective s A-modules are just the indecomposable projective
A-modules lying in A;

(¢) For any indecomposable 4 A-module M we have pd, yM =pdyM andid, 4\M <
idaM;

(a') All indecomposable A-modules lying in C have a natural structure of indecomposable
Ac-modules;

(b") The indecomposable injective Ac-modules are just the indecomposable injective
A-modules lying in C;

(c") For any indecomposable Ac-module M we have id(a.)M = idaM and pd 4, M <
pd,M. O

1.5. Representation dimension

A module M is called a generator of mod A if any projective A-module belongs to
add M, it is called a cogenerator of mod A if any injective A-module belongs to add M and
it is called a generator—cogenerator of mod A if it is both a generator and a cogenerator
of mod A.

Definition 1.4. Let A be a non-semisimple artin algebra. The representation dimension
rep.dim A of A is the infimum of the global dimensions of the algebras End M where M
is a generator—cogenerator of mod A.
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For the original definition of representation dimension and further details, we refer
to [9]. The characterization given above as definition appears in the same paper.

Recall that a morphism f: M — N is said to be right minimal if any morphism g such
that fg = f is an isomorphism. Let X be an additive full subcategory of mod A. A right
X-approximation of M is a morphism f: X — M with X € X such that the sequence
of functors A(—,X) — a(—, M) — 0 is exact in X'. A morphism f is a minimal right
X-approximation of M if it is a right X-approximation of M and also a right minimal
morphism.

Remark 1.5. An additive full subcategory X of mod A is contravariantly finite if and only
if any module M € mod A has a right A-approximation.

Consider X € modA and X = add X. Let f: X — M be a right X-approximation
of M. By [11] (I1.2.2) there exists a decomposition X = X’ @ X" such that f|x: X' — M
is right minimal and f|x» = 0. Moreover f factors through f|x/, that is, there exists
I: X — X’ such that f = fx/ ol. Therefore fx- is also a right X-approximation of M
and so it is a minimal right X-approximation of M.

Definition 1.6. Let A be an artin algebra and X be an additive full subcategory of
mod A. An X-approximation resolution of length r of a module M is an exact sequence
0—- X, > X,_1— - — X1 = M — 0such that X; € X for each i, and the induced
sequence of functors

0= 4(—, X)) = a(— X)) == a(—,Xh) = 4(—, M) =0
is exact in X.

Note that if (x) 0 — X, & X, — -+ = X5 B8 X; & M — 0is an
X-approximation resolution of M then ¢; and each restriction ¢;: X; — Kerp;_1 are
right X-approximations. We are using, by abuse of notation, the same notation for the
morphism ¢; and for the restriction of ¢; over its image. If each of these morphisms is
right minimal, we say that (x) is a minimal X'-approximation resolution.

For a A-module X, each module has a minimal right add X-approximation. Then we
can construct a minimal add X-approximation resolution for each module in mod A.

Lemma 1.7. Let X and M be A-modules in mod A. If there exists an add X -approzimation
resolution of length v of M then there exists a minimal add X -approzimation resolution
of length at most r of M.

Proof. Let 0 = X, B X, 1 — - — Xo B3 X; B M — 0 be an add X-approximation
resolution of length r of M. We can construct an exact sequence 0 — K — X, Yri
X, ¥ X _ 41— =X ] X1 " M — 0 where each ¥; (over its image) is a minimal
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right add X-approximation. Then, for i € {1,2,---,r + 1}, there exist f;: X; — X! such
that the diagram

0 0 0 X, e X, 2ox, oM 0
lfwrl lfr lf’z \Lfl
Prt1 Py P2 P1
0 K X;-&-l X, cee X} X M 0

is commutative. By minimality of each ; we have that each f; is a retraction and,
in particular, we have X/, = 0. This completes the proof. O

Remark 1.8. It follows from this lemma that, if there exists an add X-approximation
resolution of length r of M, then we can assume that it is minimal.

Definition 1.9. A A-module X is said to have the r-approximation property if each
indecomposable A-module has an add X-approximation resolution of length at most .

Theorem 1.10. (See [1/,15,26].) For an artin algebra A, rep.dim A < r 4+ 1 if and only
if there exists a generator—cogenerator of mod A satisfying the r-approximation prop-
erty. O

Auslander proved in [9] that A is representation-finite if and only if rep.dim A < 2.
Thus, if A is representation-infinite, then rep.dim A > 3.

An important class of algebras which has representation dimension at most 3 is the
class of tilted algebras as demonstrated in [7]. There, it is proved that if T is a convex
tilting module of a tilted algebra A then A®DAPT is a generator—cogenerator having the
2-approximation property. Here, we use some arguments from this paper in Lemma 2.2
below.

Many other classes of algebras have been shown to have representation dimension at
most 3, see, for instance [7,9,14,15,22.26].

2. Proof of the first theorem

The next trivial corollary of Lemma 1.1 will be useful in the sequel.

Corollary 2.1. Let (A, B,C) be a trisection of ind A such that B is finite. Then addC is
covariantly finite if and only if add A is contravariantly finite.

Proof. This follows immediately from Lemma 1.1 and the finiteness of B. O

Let C € R4 be a full subcategory of ind A closed under successors such that addC is
covariantly finite. Denote by F' the direct sum of all indecomposable Ext-projectives in
add C and by N the direct sum of all indecomposable injective A-modules lying in C.
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Lemma 2.2. Let C C Ry be a full subcategory of ind A closed under successors such
that addC is covariantly finite. For each M € C, there exists a short eract sequence
0> F - FF®oL - M — 0 with I € addN and F|,Fy € addF that is an
add(F @ N)-approzimation resolution of length 2 of M.

Proof. Since C € Ry by Lemma 1.3 we have C C R4.). And since addC contains all
the injective A¢-modules it follows from Lemma 1.2 that A¢ is a tilted algebra and F' is
a convex tilting Ac-module.

Since addC = Gen F' C Gen(F @ N), then by [7] (1.4), for any M € C there exists an
exact sequence 0 - K — F1 & I; - M — 0 with F} € add F', I; € add N such that the
short sequence

O*)A(f,K) %A(—,Fl 6911) *)A(*,M)*)O

is exact in add(F @ N). Now by [7] (2.2) (f), we have K € add F and therefore we have
an add(F @ N)-approximation resolution of length 2 of M. 0O

Lemma 2.3. Let A be an artin algebra and (A, B,C) a trisection of ind A with B finite,
C C Ry and assume add C is covariantly finite. Then,

rep.dim A < max{3, rep.dim 44}.

Proof. Denote 44 = A and suppose that rep.dimA = r + 1. Let X be a generator—
cogenerator of mod A which has the r-approximation property in ind A. Consider the
following modules:

— X’ the direct sum of all indecomposable summands of X that lie in A;

Z the direct sum of all indecomposable A-modules lying in B;
— F the direct sum of all indecomposable Ext-projectives in add C; and
— N the direct sum of all indecomposable injective A-modules lying in C.

We will prove that M = X’ @ Z @ F @ N is a generator—cogenerator of mod A and
that it has the max{2, r }-approximation property in ind A.

Let P € ind A be a projective A-module. If P lies in A4 then P is a projective A-module
and so it is a summand of X’. If P lies in B then it is a summand of Z. And, if P lies
in C then P is an Ext-projective in add C and so a summand of F. Thus M is a generator
of mod A.

Let I € ind A be an injective A-module. If I lies in A then [ is an injective A-module
and so it is a summand of X’. If I lies in B, then it is a summand of Z. And if I lies
in C, then it is a summand of N. Thus M is a cogenerator of mod A.

In order to prove that M has the max{2, r}-approximation property in ind A, consider
M € ind A. If M € add M, there is nothing to do, then we can assume that M ¢ add M
and, in this case, M € AUC.
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If M € A, then M is an A-module. Let
1) 0-X. 83X, 1— - =Xo383x,8M=0

be an add X-approximation resolution of length 7 in mod A. Then, since Hom 4 (L, N) =
Hom4(L, N) for any L, N € A, the sequence of functors

(2) 0= A(—Xr) = a(— Xo1) == a(—,X1) = a(—, M) =0

is exact in add X. Since add X’ C add X, it follows that (2) is exact in add X’. The
sequence (2) is zero in add(Z @ F @ N) because all the indecomposable summands of
Z@®F®N arein BUC and A is closed under predecessors. This proves that (2) is exact
in add M and therefore (1) is an add M-approximation resolution of length r of M.

If M € C, then, by Lemma 2.2, there exists an add(F @ N)-approximation resolution
of length 2 of M:

3) 0-FK—>FRel -M—=0
with Fy, > € add F C add M and I; € add N C add M. Let L € ind A be a summand of
X'@Z. If L is a projective A-module, then 0 — 4 (L, F2) = A(L, Fy @ I) — 4(L, M) — 0
is exact. If L is not projective, then 74 L ¢ C, because C is closed under successors and
L ¢ C, while F; € addC so we have
Ext! (L, F3) 2 D Homy (Fy, 74 L) = 0.
Therefore, we have that the short sequence

0— A(*,FQ) — A(*,Fl @Il) — A(*,M) — 0

is exact in add(X’ @ Z) and so (3) is an add M-approximation resolution of length 2
of M. This proves that rep.dim A < max{3,r + 1} and completes the proof. O

Lemma 2.4. Let A be a convex full subcategory of ind A and 0 — X Ly % 7 50 be
an exact sequence in add A. If K is an Ext-injective in add A which is a summand of
X, then it is isomorphic to a summand of Y.

Proof. Let p: X — K and i: K — X be the natural morphisms such that po: = 1.
There exists a commutative diagram with exact rows

Pl
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where @ is the pushout of f and p. By convexity, @ is in add A. Since K is Ext-injective
in add A then the exact sequence 0 - K — @Q — Z — 0 splits. So we have the following
commutative diagram with exact rows

By the commutativity we have (Z; )f = (é)p, that is hyo f = p. So hyo foi =
poi = 1g. This proves that hy:Y — K is a retraction and therefore K is isomorphic to
a summand of Y. O

Lemma 2.5. Let A be a full subcategory of ind A closed under predecessors and
X emod A. If f: X — M is a minimal right add X -approzimation of M, then Ker f has
no Ext-injective direct summand in add A.

Proof. Let K be a direct summand of Ker f which is Ext-injective in add .A. By the last
lemma, K is also a direct summand of X. But f(K) = 0 and this is a contradiction with
the minimality of f by [11] (1.2.3). O

Theorem 2.6. Let A be a representation-infinite artin algebra and (A, B,C) be a trisection
of ind A with B finite.

(a) If C C R4 and addC is covariantly finite, then
rep.dim A = max{3, rep.dim 44}.
(b) If AC L4 and add A is contravariantly finite, then

rep.dim A = max{3, rep.dim A¢}.

Proof. We will only prove part (a) because (b) is dual.

By Lemma 2.3, we have rep.dim A < max{3, rep.dim 44}.

On the other hand, suppose rep.dimA = s + 1. Note that s > 2 because A is a
representation-infinite algebra. Let M be a generator—cogenerator of mod A which has the
s-approximation property in ind A. Denote A = 4A, B’ = BN ind A and C' = CN ind A.
Then (A,B',C’) is clearly a trisection of ind A with B’ finite. Consider the following
modules:
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— M’ the direct sum of all indecomposable summands of M that lie in A;

— F the direct sum of all indecomposable Ext-injectives in add A which are not injective
in mod A;

Z the direct sum of all indecomposable A-modules lying in B’;

— F the direct sum of all indecomposable Ext-projectives in add C’; and
— N the direct sum of all indecomposable injective A-modules lying in C’.

We will prove that the A-module X = M'®FE®Z®F & N is a generator—cogenerator
of mod A and that it has the s-approximation property in ind A.

If P € ind A is a projective A-module, then P is a projective A-module lying in A and
so P is a summand of M’. Let I € ind A be an injective A-module. If T lies in A then I
is an Ext-injective in add A and so I is a summand of M’ if it is injective in mod A, or T
is a summand of E if it is not injective. If T lies in B’ then it is a summand of Z and if T
lies in C’ then it is a summand of N. Therefore X is a generator—cogenerator of mod A.

To prove that X has the s-approximation property consider M € ind A such that
M ¢ add X. Then M € AUC'.

By Corollary 2.1, since add C is covariantly finite in mod A, then add A is contravari-
antly finite in mod A and hence it is contravariantly finite in mod A. Now, since (A, B,C’)
is a trisection of ind A with B’ finite, then add C’ is covariantly finite in mod A. Note that
C’ is closed under successors in ind A and, by Lemma 1.3, we have C’ C R 4. Therefore,
if M € C’, by Lemma 2.2, there is an exact sequence in mod A

O—=+FFH—-FNeL -M-—=0
with Fy, F» € add F C add X and I; € add N C add X such that the short sequence
0= a(—, Fr) = a(—, Fi®hL) = a(—M)—0
is exact in add(F @ N). )
Let L € ind A be a summand of M'®Z @ E then L ¢ C'. If L is a projective A-module,
then

0= A(L, Fy) = A(L,Fy ® ;) > A(L,M) =0

is exact. If L is not A-projective, then 74 L ¢ C’ because C’ is closed under successors
while I, € addC’ so we have

Ext) (L, Fy) = DHom(Fs, 74L) = 0.
Therefore, the short sequence

0= A(— Fp) = A(—, F1® ;) > a(—,M) =0
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is exact in add(M'®Z®FE) andso 0 — Fy — Fy®I; — M — 0 is an add X-approxima-
tion resolution of length 2 of M.
If M € A consider an add M-approximation resolution of M:

(1) 0=M, B M, 1 —- = M3 M3 M0

Since M € A and A is closed under predecessors each M; € add.A and so each
M; € add M’ C add X. Since add M’ C add M and ind A is a full subcategory of ind A
then the induced sequence

(2) 0— a(—,Ms) = a(—, Ms_1) = -+ = a(—, My) = a(—, M) —0

is exact in add M.

The sequence (2) is zero in add(Z & F & N) because A is closed under predecessors
and Z® F @ N € add(BUC).

Finally let L € add E be an indecomposable module and denote K; = Kery; for
i € {1,...,s — 1}. Since L is Ext-injective in add A and not injective then 7,'L ¢ A
and since M is not Ext-injective (because M ¢ add X) then 7,'M € A. Therefore
HOInA(T/TlL,T/TlM) = 0 and so Hom, (L, M) = 0. If f: L — M is a morphism, then
there exist an injective A-module I and morphisms fi: L — I, fo:I — M such that
f = foo fi. Since I is a summand of M then (I, M;) — 4(I,M) — 0 is exact,
so there is a morphism g: I — M; such that ¢ 0 g = fo, that is f = p10(go f1) =
Hom, (L, p1)(g o f1) and therefore 0 — (L, K1) — A(L,M1) — a(L,M) — 0 is ex-
act. Because of Remark 1.8 and Lemma 2.5, we can assume that each K; € add A (for
1 € {1,...,s — 1}) has no Ext-injective summand, so the same argument is valid replac-
ing M by K;. Therefore for each ¢ € {1,...,5 — 1} the sequence 0 — (L, K;+1) —
AL, M;11) = A(L, K;) — 0 is exact. This proves that the sequence (2) is exact in add F
and so (1) is an add X-approximation resolution of length s of M. This proves that
rep.dim A < s 4+ 1 = rep.dim A and completes the proof of the theorem. O

Corollary 2.7. Let A be a representation-infinite algebra.

(a) If Ais a cofinite full subcategory of ind A closed under predecessors, then rep.dim A =
rep.dim 4A.

(b) IfC is a cofinite full subcategory of ind A closed under successors, then rep.dim A =
rep.dim Ac.

Proof. For (a) just take B = A° and C = (). Since A is cofinite and ind A is infinite then
A C ind 4 A is infinite. Therefore rep.dim 44 > 3.
The item (b) is dual. O
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Example 2.8. Let k£ be a field and A be the k-algebra given by the quiver

bound by the relations ;a0 =v8; =08; =ey=A0 =0, fori =1,2.

The algebra A is representation-infinite and so rep.dim A > 3. The right part R4
consists of all the successors of 77 !'P; and add R4 is covariantly finite. The left part
is L4 = {Py1, P2, S, P3}. Its support algebra (. ,)4 is given by the objects 1, 2 and 3,

that is, ()4 is a tilted algebra that has the quiver 1 <—2 <" 3 bound by a0 = 0

<
B2

with ¢ = 1,2. Denote A = ind (2 ,)A which consists of all predecessors of Sz (and so it
is infinite). In this case, it is easy to see that (A, (AURA)¢, R4) is a trisection of ind A
and (AUR,)¢ is finite. By Theorem 2.6, rep.dim A = rep.dim 4A. But 44 = (£ ,)/A and
so rep.dim A = 3.

There are other ways to see that the algebra in this example has representation dimen-
sion 3, for example using [27] (4.7). But the latter result cannot be used in the following
Example 2.9 because it involves an algebra with representation dimension 4.

Example 2.9. Let k& be a field and A be the k-algebra given by the quiver

3
B vy
/ \ x1 z1
al -~ <=
-
1 2 5 4 - 5 = 6
[e2} - <=
xr3 T3

bound by the relations fa; = day = v = ;7 = ;0 = 0 and x;2; = zjx; for [ = 1,2
and for 1 <14,j < 3.

Denote by A the subcategory of ind A which consists of all predecessors of Ss and by C
the subcategory of ind A which consists of all successors of S4. Then A C L4 and add A
is contravariantly finite, (A, (A UC)¢ C) is a trisection of ind A and (A U C)® is finite.
By Theorem 2.6, rep.dim A = rep.dim A¢. But A¢ is the algebra given by the objects 4,
5 and 6, that is, A¢ is the algebra given by
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bound by the relations x;2; = x;x; for 1 <4,j < 3 and by [21], Examples 7.3 and A.8,
this algebra has representation dimension 4. Therefore rep.dim A = 4.

3. The left and right parts and representation dimension
As a direct consequence of Theorem 2.6, we have the next corollary.
Corollary 3.1. Let A be a representation-infinite artin algebra.

(a) If C C R4 is a full subcategory of ind A closed under successors such that addC is
covariantly finite, then

rep.dim A = max{?), rep.dim (c°) /1}.

(b) If A C L4 is a full subcategory of ind A closed under predecessors such that add A
is contravariantly finite, then

rep.dim A = max {3, rep.dim A 4e) }.
Proof. For (a) just take A = C¢ and B = ). The item (b) is dual. O

From this, we can prove a stronger result that does not require that the subcategory
is homologically finite.

Proposition 3.2. Let A be a representation-infinite artin algebra.

(a) If C C R4 is a subcategory closed under successors, then
rep.dim A = max{3, rep.dim (cc)/l}.

(b) If AC L, is a subcategory closed under predecessors, then
rep.dim A = max {3, rep.dim A 4e) }.

Proof. If each projective indecomposable A-module lies in C¢ then A = ¢y A. Otherwise,
let D = SuccY where Y is the sum of all projective indecomposable A-modules lying
in C. Then D is a full subcategory of R4 closed under successors. Denote by F' the sum
of all the Ext-projective indecomposable modules in add D. Since Y is Ext-projective in
add D we have that D = SuccY C Succ F. But F € add D and so Succ F' C D, because
D is closed under successors. Therefore D = Succ F'. By [2] (8.2), we have that add D is
covariantly finite. By Corollary 3.1, it follows that rep.dim A = max{3, rep.dim (pe)A}.
Finally, for a projective indecomposable A-module P, we have P € C if and only if P € D,
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so P ¢ C if and only if P ¢ D and then ¢cyA = (peyA and this completes the proof
of (a). The item (b) is dual. O

Corollary 3.3. If A is a representation-infinite artin algebra, then
rep.dim A = max {3, rep.dim (g ,)c A} = max{3,rep.dim A ). }. O
Applying the last corollary to the algebra B = (g )4 we conclude that
rep.dim A = max{3,rep.dim Bz - }

and so the representation dimension of A depends just on an algebra that is a subcategory
of (RA)CA and of A([:A)c.

4. Proof of the second theorem

Now, even when C is not necessarily in R4 and A is not necessarily in £, we can
still find a relation between the representation dimension of A and the representation
dimensions of 44 and of A¢. For this, however, we need to suppose that ind A¢ is closed
under successors or ind 4 A is closed under predecessors. To illustrate this hypothesis,
we show an example.

Example 4.1. In Example 2.8 we have that ind ;)4 consists of all predecessors of S,

that is ind (£ )4 = Pred S3 and so it is closed under predecessors. In the same example
we have that A ) is the hereditary algebra

4<~—5<—6~<—T7T<—9

AN

10

and the module 6 5 ¢ ind Az, is a successor of S5 € ind A(g ) so it is not closed

under successors.
Theorem 4.2. Let A be an artin algebra with a trisection (A, B,C) of ind A. If
(a) (AUind A¢)® is finite and ind A¢ is closed under successors

or
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(b) (inda AUC)® is finite and ind 4 A is closed under predecessors, then,
rep.dim A < max{rep.dim 44, rep.dim Ac}.

Proof. Suppose that rep.dim 44 = r+ 1 and rep.dim Ac = s+ 1. Let Y be a generator—
cogenerator of mod 4 A which has the r-approximation property in ind4 A and let X be
a generator—cogenerator of mod A which has the s-approximation property in ind Ac.
Suppose (a) and consider the following modules:

~ Y the direct sum of all indecomposable summands of Y that lie in A but not in
ind A¢, and
— Z the direct sum of the all indecomposable modules lying in (A U ind A¢)°.

We will prove that M =Y’ & Z @ X is a generator—cogenerator of mod A and it has the
max{r, s}-approximation property in ind A.

Let P € ind A be a projective A-module. If P lies in A\ ind A¢, then P is a projective
aA-module and it is a summand of Y. If P lies in (A U ind A¢)¢, then it is a summand
of Z. And if P lies in ind A¢, then P is a projective A¢-module and so it is a summand
of X. Let I € ind A be an injective A-module. If I lies in A\ ind A¢, then I is an injective
aA-module and it is a summand of Y. If I lies in (A U ind A¢)®, then it is a summand
of Z. And if I lies in ind A¢, then [ is an injective A¢-module and so it is a summand
of X. Therefore M is a generator-cogenerator of mod A.

Consider M € ind A such that M ¢ add M. Then M € AU ind Ac.

Suppose M € A C ind4 A such that M ¢ ind Ac. There is an add Y-approximation
resolution of length r in mod 4 A:

1) 0=V, 38Y, - =33 Mm-o.

Since A is closed under predecessors and ind A¢ is closed under successors then any Y;
belongs to addY’ C add M. Since mod 44 is a full subcategory of mod A, the induced
sequence

(2) 0= (= Y) = a(=,Yomr) = - = (= Y1) = 4(—. M) =0

is exact in add Y.

Since A \ ind A¢ is closed under predecessors and each indecomposable summand of
Z @ X is not in A\ ind A¢, then the sequence (2) is zero in add(Z @ X). This proves
that (2) is exact in add M. Then (1) is an add M-approximation resolution of M.

If M € ind A¢, there exists an add X-approximation resolution of length s in mod A¢:

3) 0-X, B X=X B X, %M o
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Since ind A¢ is a full subcategory of ind A, the induced sequence
4) 0= 4(—, Xs) = a(—, Xs—1) = -2 A4(—, X1) =2 a(—, M) =0

is exact in add X. We have N; = Ker1); € mod A¢, for i € {1,...,s — 1}. Let N € ind A¢
be a non-injective summand of N, then since ind A¢ is closed under successors we have
717 N € ind A¢ and so

Exty (Y’ ® Z,N) = DHom ,(r,'N,Y' & Z) = 0.
Then the short sequence
0= A(—,N1) = a(—X1) 2 a(—, M) =0

is exact in add(Y’ @ Z). The same argument holds true replacing M by N; for i €
{1,...,5 — 1} and this proves that the sequence (4) is exact in add(Y’ @ Z) and so (3) is
an add M-approximation resolution of M. Therefore

rep.dim A < max{r +1,s+ 1}.
The proof with the hypothesis (b) is dual. O

Example 4.3. In Example 2.8 we exhibit a trisection (L4, (L4 U RA)% Ra) of ind A
with (L4 U R4)¢ infinite. There ind(z,) A = PredS3 is closed under predecessors
and (ind(z,) A U Rp)¢ is finite. So, by Theorem 4.2 (b), we have rep.dimA <
max{rep.dim () A, rep.dim A ,)}. Now, because A,y is hereditary, ()4 is tilted
and A is representation-infinite, we have rep.dim A = 3.

5. Applications
5.1. Laura algebras

Following [4], we say that an artin algebra A is a laura algebra if £4 U R4 is cofinite
in ind A and it is a strict laura algebra if it is a laura but is not quasi-tilted. If A is
a strict laura then A is left and right supported (see [5] (4.4)), that is, add £, is con-
travariantly finite and add R 4 is covariantly finite, respectively. As the first application
of Theorem 2.6, we give another proof of the result of [7] (4.1) saying that if A is a strict
laura algebra then rep.dim A < 3.

Corollary 5.1. If A is a laura algebra, then rep.dim A < 3.

Proof. If A is quasi-tilted, this follows from [22], hence we can assume that A is strict.
Since A is left supported then add £, is contravariantly finite and by [5] (5.1) we
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have that (z,)A is a product of tilted algebras and so rep.dim ., 4 < 3. By Corol-
lary 2.1, as (L£a,B, R4\ L4) is a trisection of ind A where B = (L4 U R4)¢ is finite
then add(R, \ L£4) is covariantly finite. By Lemma 2.3, we have rep.dimA <
max{3,rep.dim o yA} =3. O

Let A be a strict laura algebra such that L4 N R4 = 0, then (L4,8,R4), where
B = (L4 UTR,) is finite, is a trisection of ind A. On the other hand, if E denotes the
sum of all indecomposable Ext-injective modules of add £4, then X = A®@ DA® E is a
generator—cogenerator of A = (£ ,yA having the 2-approximation property, by [7] (2.3).
Then, in this case, the generator—cogenerator constructed in Lemma 2.3 coincides with
the one constructed in [7] (4.1).

5.2. Ada algebras

As the second application, we consider the class of ada algebras introduced in [3].
An artin algebra A is called an ada algebra if A ® DA € add(L£4 U R,4). We have that
for an ada algebra the representation dimension is less or equal to 3. This follows from
the next consequence of Proposition 3.2.

Theorem 5.2. Let A be a representation-infinite artin algebra. If A € add(LAUR ), then
rep.dim A = 3.

Proof. For C = Ra \ La by Proposition 3.2 we have rep.dimAd =
max{3,rep.dim (¢eyA}. But, in this case, a projective P lies in C¢ if and only if P € L.
Then, ¢eyA = (£ ,)A. Moreover by [5] (2.3) the algebra (. )4 is a product of quasi-tilted
algebras and then, by [22], we have rep.dim (£ ,yA < 3. Therefore rep.dimA =3. O

Corollary 5.3. If A is an ada algebra then rep.dim A < 3. O
5.8. Nakayama oriented pullbacks

In this section, all algebras are basic, associative, finite dimensional algebras with
identities over an algebraically closed field k.

Let A, B and C be algebras and let f : A — B and g : C — B be morphisms.
The pullback of f and g is the algebra R = {(a,¢) € A x C : f(a) = g(c)}. Consider
the case where A = kQa/Ia, C = kQc/Ic and Qp is a full and convex subquiver
of Q@4 and of Q¢ such that Iy NkQp = Ic N kQp =: Ip. In this case, the algebra
B =kQp/Ip = egpAep = egCep is a common quotient of A and of C. Let R be the
pullback of the canonical projections A — B and C — B. The following lemma describes
the bound quiver of R in terms of the bound quivers of A, B and C.
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Lemma 5.4. (See [17,20].) Let Qg be the pushout of the inclusion maps Qp — Q4 and
Qp — Qc, and consider the ideal Ir = 4 + Ic + I where I is the ideal generated by all
paths linking (Qa)o \ (@B)o and (Qc)o \ (@B)o. Then R=Z kQr/Ir. O

It is easily seen that every indecomposable A-module has an R-module structure.
We can assume that ind A is contained in ind R. Similarly we can assume that ind B C
indC C ind R.

Definition 5.5. (See [20].) Let R = kQr/Ir be the pullback of A — B and C' — B. Then
R is a Nakayama oriented pullback if its bound quiver (Qg, Ir) satisfies the following
conditions:

(i) There is no path from (Qg)o to (Qc)o \ (@B)o and from (Q4)o \ (@B)o to (@B)o-
(ii) B is a hereditary Nakayama algebra and the connected components Qp,, @B, - - -
@B, of Qp are of the form Qp;, = a;, = a;+, , = -+ — a;; with 1 <7 <r and

t; > 1.
(iii) In @p only sources are target of arrows of (Q¢)1 \ (@5)1 and only sinks are sources

of arrows of (Q4)1 \ (@B)1.

(iv) No minimal relation of R has its origin in (Qg)o.

By the shape of (Qg, Ir), we have that, for any ¢ € (Q¢)o, the injective R-module
associated to i coincides with the injective C-module associated to i. And, for any
i € (@B)o, the injective A-module associated to ¢ coincides with the injective B-module
associated to 1.

So we have the following remark.

Remark 5.6. If M is a C-module then idg M = idg M, that is, the injective dimension of
M over R coincides with the injective dimension of M over C. And, if M is a B-module
then idAM = idBM.

It follows from [17,20] that ind R = ind A Uind C and ind B = ind A Nind C' and,
moreover, we have that ind C' is closed under successors and ind A is closed under pre-
decessors.

Now, we have an application of Proposition 3.2.

Corollary 5.7. Let R be a representation-infinite Nakayama oriented pullback of A — B
and C — B.

(a) If C is hereditary then rep.dim R = max{3,rep.dim A}.
(b) If A is hereditary then rep.dim R = max{3, rep.dim C'}.

Proof. Denote C = ind C'\ ind B which is closed under successors, so by Remark 5.6,
as C'is hereditary, it follows that C C Rg. By Proposition 3.2, we have that rep.dim R =
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max{3, rep.dim (¢ey R}. But C° = ind A and so (¢ceyR = A. This shows that rep.dim R =
max{3, rep.dim A}.
The proof of (b) is dual. O

Finally, as an application of Theorem 4.2, we have a more general result for Nakayama
oriented pullbacks.

Corollary 5.8. Let R be the Nakayama oriented pullback of A — B and C — B. Then
rep.dim R < max{rep.dim A, rep.dim C'}.

Proof. If A and C are representation-finite algebras, then so is R, because ind R =
ind AU ind C. Suppose that A is representation-infinite. In Theorem 4.2, take A = ind A\
indB, B = ( and C = indC. Then R = C and rep.dim R < max{rep.dim 4R,
rep.dim C'}.

Note that 4R = 4A and that, for M € ind B, by Remark 5.6, we have idyM =
idgM = 1 because B is hereditary. So ind B C R 4 and since A is a representation-infinite
algebra, then, by Proposition 3.2, we have rep.dim A = max{3,rep.dim 4A} and so
rep.dim 4 A < rep.dim A.

Therefore, rep.dim R < max{rep.dim A, rep.dim C'}.

A similar proof holds if we suppose that C is representation-infinite. O

Example 5.9. The algebra A in Example 2.9 can be seen as a Nakayama oriented pullback
where A is the algebra with radical square zero given by

VN

1= 2<74

and C' is given by

T2 Z2
- -
z3 z3

bound by the relations x;x; = x;x; for 1 < 4,7 < 3. This two algebras have represen-
tation dimension 3 and 4, respectively. Then, the last corollary gives us the inequality
rep.dim A < 4.
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