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1. Introduction

Let g be a finite-dimensional semisimple Lie algebra over C with Cartan subalgebra §.
Set | = rank g and fix an ordered base IT = {ay, ..., a;} of the corresponding root system
® = dTUP™ of g, where @ and &~ denote the sets of positive and negative roots of @,
respectively. Also let Aq,...,\; denote the so-called fundamental weights corresponding
to our choice of base I and write A = Z\1 + - - - + Z\; for the associated integral weight
lattice. Finally, let AT denote the set of dominant integral weights and recall the existence
of a partial order on A, defined by p < A if and only if A — p € T', where I' C A is the
monoid of Zx-linear combinations of simple roots.

It is well-known that the set of isomorphism classes of irreducible finite-dimensional
g-modules is in one-to-one correspondence with the set AT of dominant integral weights.
Furthermore, a class representative L()) corresponding to a given weight A € AT can be
constructed as the quotient of the so-called Verma module of weight A, written A(X), by
its unique maximal submodule rad()\), that is

L(\) = A(X)/rad ().

Even though infinite-dimensional, Verma modules are h-semisimple, i.e., can be decom-
posed as direct sums of their weight spaces. Moreover, such decompositions are well
understood: for a given dominant integral weight A € A* and any integral weight u € A,
a basis for the weight space in A(\) corresponding to p is known (see (7) in Section 2.4
below) and hence so is the multiplicity ma(y)(u) of ¢ in A(A). In addition, one gets that
the set A(A(X)) of weights of A(A) simply consists of all u € A such that p < A.

Unfortunately, not that much can be said about weight spaces in L(\) for an arbitrary
dominant integral weight A € A™*. Firstly, finding out if a given weight 4 < A\ belongs
to the set A(\) of weights of L()\) is far from being immediate, as it generally requires
one to determine the unique dominant integral weight to which p is conjugate (under
the action of the Weyl group of g). Moreover, an explicit description of the (often very
large) set

AT(A) =AM NAT

for A € AT with large coefficients (when written as a Z-linear combination of fundamental
weights) is usually hard to come by (see [11] for a recursive method). The first result in
this paper shows that under certain assumptions on A € AT and u € A, the multiplicity
of pin L(A) is the same as the multiplicity of p/ in L(\'), where )\ is a dominant integral
weight whose coefficients (again, when written as a Z-linear combination of fundamental
weights) are smaller than or equal to those of A, and y/ € A is the unique integral weight
satisfying A — ¢/ = X\ — u. The proof essentially relies on the existence of an explicit
description of the maximal submodule rad(\) of A(\) (see [8, Section 2.6] or Theorem 2.4
below).
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Proposition A. Let A = Zf«:l a;\r € AT be a dominant integral weight and let yu € A be
such that | = X — Ei:l croy for some cy,...,c; € Lo, so that pp < A. Also assume the
ezistence of a non-empty subset J of {1,...,1} such that 0 < ¢; < a; for every j € J
and set N' =X+ .y (c; —aj)Nj, W' =N — (A —p). Then

mr,(x) (M) =1mpr) (MI)-

While Proposition A can sometimes allow one to study weight spaces in smaller mod-
ules than those initially considered, an effective method to compute weight multiplicities
in most irreducibles is still needed. As mentioned in the abstract of this paper, this can
be accomplished by applying the well-known formula of Freudenthal [6], for example.
We refer the reader to [7, Theorem 22.3] for a proof of the following.

Theorem (Freudenthal’s formula). Let X € AT be a dominant integral weight and let
pw € A Also set d(A\,p) = 2(A 4+ p, A — p) — ||X — ul|?, where p denotes the sum of all
fundamental weights and (—, —) is the usual inner product on A. Then the multiplicity
of w in L(\) is given recursively by

d(A, ) mpony (p) =2 Z ZmL(A)(M+TQ)(N+TQ»a)~

aedt r=1

The recursive nature of Freudenthal’s formula makes the latter quite demanding in
terms of complexity, especially in unbounded rank, due to the quadratic growth of |®7|
as | — oo. However, it is still more efficient than the recursive method of Racah ([5, Sec-
tion 8.11]) or the closed formula provided by Kostant ([9]), for example. (Indeed, both
involve a summation over all elements in the Weyl group, which becomes very cumber-
some as the rank of g grows.) Furthermore, various authors have been studying ways of
improving the efficiency of Freudenthal’s formula over the past decades, like Moody and
Patera ([11]) for example, who developed an algorithm allowing faster computation of
multiplicities. If interested in more recent formulas, we refer the reader to [10,12.4], or
[13]. (The third paper describes a closed formula in the special case where g is a simple
Lie algebra of type C5 over C.)

The second result of this paper consists in another modification of the aforementioned
formula of Freudenthal, applicable under certain conditions on A and u. For 1 < j <1
and a = er:1 dyoy € T, define the j-level of a by level;(a) = d; and set

F = {a € @ : levelj(a) > 0}.

Observe that a positive root o € & belongs to @j if and only if o; appears in the
decomposition of a as a sum of simple roots. Also, it is clear that 0 < level;(a) < 6
for every a € @+ and finally, if g is of classical type (i.e. of type A, B, C or D), then
0 <levelj(a) <2forevery 1< j<land a € ®T.
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Theorem B. Let A = Zi:l az\ € AT be a dominant integral weight and let yu € A be
such that p = X — Zi«:l cray for some ci,...,c € Zxg. Also assume the existence of
1< j <1 such that 0 < level;(A—p) < a; (or equivalently, such that 0 < ¢; < a;). Then

1 “
my (@) = - Z Zlevelj(a) my, (1 +ra).
J

ae@j’ r=1

Remark. One fundamental difference between the formula stated in Theorem B and
the classical formula of Freudenthal resides in the indices of summation, especially those
associated to the second sum, ranging over all elements in <I>j' instead of ®*. For example,
if g is of classical type, then |®] | € O(I), while |®*| € O(I?). Also, even in the case where
{1<j<l:0< ¢j < aj} = (), there still might exist r > 0, a € ®T such that yu+ra < A
and {1 <j <1:0<levelj(A —p—ra) <a;} # 0. Consequently mp,y)(p + ra) could
be computed using Theorem B, hence simplifying the use of Freudenthal’s formula, even
though p itself did not satisfy the necessary condition.

Finally, let g be a simple Lie algebra of type A; over C, and for a non-zero dominant
integral weight \ = Zf«:1 arAr, define Iy = {r1,...,7n,} to be maximal in {1,...,I}
such that r; < ... < ry, and Hreb\ a, # 0. The following result consists of a direct
application of Theorem B in unbounded rank.

Proposition C. Let g be a simple Lie algebra of type A; over C and let A = Zi«:l arA- be
a non-zero dominant integral weight. Also let I = {r1,...,7n, } be as above and consider
p=XA—(a1+ -+a) €A If Nx =1, then mpx)(p) = 1, while if Nx > 2, then

N

mpon () =[] i = rica +1).

1=2

Remark. Observe that the weight 1 € A defined in the statement of Proposition C is
dominant integral if and only if a;a; # 0 (see Section 5 for more details). Also notice that
Proposition C consists in a generalization of [14, Lemma 8.6], which simply corresponds
to the special situation in which I, = {1,1}.

2. Preliminaries

In this section, we recall some elementary properties concerning semisimple Lie alge-
bras and their representations, starting by fixing some notation that will be used for the
rest of the paper. Most of the results presented here can be found in [2,7] and [8]. Let g
be a semisimple Lie algebra over C with Cartan subalgebra h. Set [ = rank g and fix an
ordered base II = {a1,...,a;} of the corresponding root system ® = &+ LI &~ where
®* and ®~ denote the sets of positive and negative roots of ®, respectively. To each
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root a € ® corresponds a 1-dimensional subspace g, of g (called a root space) defined
by

go ={x €g:[h,z] = a(h)z for all h € bh}.

It is quite common to consider a basis Z = {ya, hy, 7o : @ € 1,1 < r <} for g, where
Ta € o, Ya € G—a are oot vectors for a« € T and h,. = [zq,, Y, | for 1 < r < . Such
a basis can be chosen in many ways. For example, a standard Chevalley basis (see [3,
Chapter 4]) has integral structure constants and hence is easy to work with. (For our
purpose though, it is not necessary to make such a refined choice for a basis of g.) Fixing
an ordering < on ® = {v1,...,79,,} with 7, = . for 1 < r <[ yields an ordered basis

B=Ay1,- s Yms D1y Ry T1, o T } (1)

for g, where z, € g,,, yr € g—,, are root vectors for 1 < r < m and h, = [z,,y,] for
1 < r < 1. Throughout this paper, we fix an ordered basis as in (1) for any semisimple
Lie algebra g.

2.1. Integral weights

The root system ® of g spans a Q-form Fy of the dual space h* on which the Killing
form (—,—) is non-degenerate, providing £ = Ey ®g R with a natural structure of
Euclidean space. The Z-span of ® in F is called the root lattice of ®, and the dual lattice
to @ in E, defined by

A={Ne E:(\a)eZfor every a € IT},

is called the integral weight lattice associated to ®. (Here we adopt the notation (z,y) =
2(x,y)(y,y) "t for z,y € E with y # 0.) It is a free Abelian group of rank [ with
basis {A1,...,A\i}, where Ay,...,\; denote the fundamental weights corresponding to
our choice of base II, that is (\;, oj) = d;; for every 1 < 4,j < I. In addition, let

AT ={NeA:(\a,)>0forevery 1 <r <}

be the set of dominant integral weights and recall the existence of a partial order < on A,
defined by ¢ < A if and only if A — p € I', where I' C A is the monoid of Zx¢-linear
combinations of simple roots. We also write u < A to indicate that u < A and p # A.
Finally, for a € @, define the reflection s, : E — E relative to a by

sa(A) = A= (N a)a,

this for every A € h*, and denote by # the finite group (s,, : 1 < r < 1), called the Weyl
group of ®. We say that A, x € b* are conjugate under the action of # (or # -conjugate)
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if there exists w € # such that wA = p, in which case we write A ~y u. One easily
shows that # stabilizes A and it is well-known (see [7, Section 13.2, Lemma A], for
example) that each weight in A is #'-conjugate to a unique dominant integral weight.
Also if A € AT, then w\ < ) for every w € #'.

2.2. Universal enveloping algebras

In this section, we recall some elementary facts on universal enveloping algebras of
Lie algebras. Most of the results presented here can be found in [2] or [7]. A wuniversal
enveloping algebra of an arbitrary Lie algebra £ over C is a pair ($4(£), ), where $(£) is
an associative algebra with 1 over C, ¢ : £ — (£) is a linear map satisfying

Uz, y]) = e@)ey) — e(y)e(x), (2)

for z,y € £, and such that the following universal property holds: for any associative
algebra 4 with 1 and any linear map n : £ — 4 satisfying (2), there exists a unique
morphism of algebras ¢ : U(£) — 4 such that ¢ ot = n. The existence and uniqueness
(up to isomorphism) of such a pair ($(£),¢) are not too difficult to establish (see |7,
Section 17.2], for example) and the well-known Poincaré—Birkhoff-Witt Theorem (or
PBW-Theorem) implies that if £ is a Lie algebra with corresponding universal enveloping
algebra (L(£),¢), then ¢ is injective. Furthermore, if £ is identified with its image in §(£)
and if (b1, ba,...) is an ordered basis for £, then a basis for ${(£) is given by

(bbb k€ Zso, th,. ..oty € Zso )

In the case where g is a semisimple Lie algebra with ordered basis as in (1), one
deduces that a basis for 4l(g) consists of elements of the form

1 Tm J,S1 S1 .t tm
Y Um h’l hl Ly Ty (3)

where 7;,5;,t; € Zxo for every 1 < ¢ < m and every 1 < j < [. Finally, £l(g) can be
decomposed into a direct sum of subspaces of the form l(g)~, where v € Z® and $(g)-
is spanned by those monomials in (3) for which v = >"1" | (t; — ri)v.

2.3. Representations of (g)

In this section, we recall some basic properties of {(g)-modules (or equivalently,
g-modules). Unless specified otherwise, the results recorded here can be found in [7,
Section 20]. Let V' denote an arbitrary 4(g)-module and for u € h*, set

Vi, ={veV:hv=p(h)v for all h € h}.

An element u € h* with V}, # 0 is called a weight of V and V), is said to be its correspond-
ing weight space. The dimension of V,, (possibly infinite) is called the multiplicity of p
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in V and is denoted by my (u). It behaves well with respect to short exact sequences, in
the following sense: if 0 — V; — Vo — V5 — 0 is a short exact sequence of 4(g)-modules
and p € h*, then

my, (:u) = My, (:U’) +my, (M) (4)

Also write A(V') to denote the set of weights of V' and as in the integral case, define a
partial order on the latter by saying that u € A(V) is under A € A(V) (written p < A) if
and only if A — p € I, where I' denotes the monoid of Z-linear combinations of simple
roots. In addition, we write u < X to indicate that p is strictly under A, i.e. p is under
Aand p # A\

A $U(g)-module V is said to be a weight module if it is h-semisimple, that is, if it can
be decomposed into a direct sum of its weight spaces. If dimV < oo, then V is always
a weight module, while if on the other hand V is infinite-dimensional, then the sum of
its weight spaces might be a proper submodule. Nevertheless, two weight spaces corre-
sponding to different weights always intersect trivially, from which one easily deduces
that if U, W are two submodules of a weight module V' and p € A(V), then

U+ W), =U, + W, (5)

A non-zero vector v € V is called a mazimal vector of weight A € h* if vT € V) and
vt = 0 for every 1 < r < m. Also, we say that V is a highest weight module of weight
A if there exists a maximal vector vt € V) such that U(g)v™ = V. Write n = @'~ (z,)¢c
and n= = @, (yr)c. Since L(g) = LU(n™)L(h)U(n), the module V is generated by v+
as a H(n~)-module, so that

V.= <y{1 coeylmuT ey, € Z>y, Zri%— = )\—,u> (6)
C

i=1

for any p € h*. Finally, the natural action of the Weyl group # on h* induces an action
on A(V). As in the integral case, we say that A\, u € A(V') are conjugate under the action
of W (or W -conjugate) if there exists w € # such that wA = p.

2.4. Verma modules and the BGG category O

In the remainder of this paper, we shall be particularly interested in finitely generated,
h-semisimple U(g)-modules V' such that for every v € V, the subspace U(n)v of V is
finite-dimensional. (The latter condition is called local n-finiteness.) Such modules form
the objects of a subcategory O of the category of (left) ${(g)-modules, called the BGG
category. The latter is closed under submodules, quotients and finite direct sums and it
turns out that every irreducible module in O can be obtained as the quotient of a certain
highest weight module, called a Verma module. All results presented here can be found
in [8, Chapter 1], for example.
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Definition 2.1 (Verma module). Set b = n @ b and for A € bh*, let C, denote the
$1(b)-module defined by n& = 0 and h = A(h)¢ for all h € h and £ € C. The Verma
module of weight A is the 4(g)-module A(X) obtained by inducing Cy from b to g, that
is,

A(X) = U(g) ®y(p) Ca.

The module A()) also admits a description by generators and relations, from which
one deduces that A()) plays the role of universal highest weight module of weight A in
the category O (see [8, Section 1.3]). Therefore by (6), one gets that the weight space
A(X),, corresponding to pu € h* is spanned by the set

BNy = {y? oyt ey T € Do, Zri% =A —u} , (7)
i=1

where v* denotes a maximal vector of weight A in A()). The cardinality of the set (7)
equals P(A—pu), where P : h* — Z> corresponds to the Kostant function, whose value at
a € h* is defined to be the number of distinct sets of non-negative integers c1, ..., ¢y, for
which o = 7 | ¢,,. The following result consists in a description of a basis for A()),,,
thus leading to the knowledge of the multiplicity of p in A(X). Its proof immediately
follows from the fact that A(X\) = U(n~) as H(n~)-modules (see [7, Section 20.3], for
example).

Lemma 2.2. Let A\, u € b* and consider the Verma module A(X) of weight A\. Then the
set (7) forms a basis for A(X),. In particular dim A(X), = P(A — p).

Remark 2.3. Let \,0 € b* and fix two maximal vectors v*,v® in A(X\)x, A()s, re-
spectively. Also let v € " and set p = A — v, v = § — v. By Lemma 2.2, we have
ma () () = mas)(v) and the sets B(A),, #(6), as in (7) form ordered bases of A(A),,
A(6),, respectively. Furthermore, for any y € 4(n~), the coefficients of yv* with respect
to %(\),, and the coefficients of yv® with respect to %(4), are identical, since obtained
by successively applying standard commutation formulas in $l(g).

It turns out that A(X) contains a unique maximal submodule rad(\) and throughout
this paper, we write L(A) = A(M\)/rad()\) for the corresponding irreducible quotient.
Unfortunately, there is no analogue of Lemma 2.2 for weight spaces in L(A) for an
arbitrarily given A € h*. Nevertheless, applying (4) to the short exact sequence

0 — rad(A) = A(N) = L(A\) =0

and using Lemma 2.2, one easily sees that knowing the multiplicity of x € b* in rad(\)
leads to the knowledge of myy)(1) as well. Now for A € h* arbitrary, no simple de-
scription of rad(\) is known, while in the case where X\ is dominant integral, then the
following result gives a better understanding of the structure of rad(\).
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Theorem 2.4. Let A = erzl arA. € AT be a dominant integral weight and fir a mazimal
vector v* of weight X in A(X). Then the following assertions hold.

1. For every 1 < r <1, the element y v is a mazimal vector of weight A\— (a,+1)a,
in A(N).

2. For every 1 < r < I, the U(g)-module generated by yo~*v* is isomorphic to A(X —
(ar + 1)a).

3. The unique mazimal submodule rad(X) of A(N) is given by

l
rad(3) = 37 gyl o,

r=1

Proof. The proof of Parts 1 and 2 essentially depends on some standard commutation
formulas in $(g) (see [8, Proposition 1.4], for example). Also, we refer the reader to [8,
Theorem 2.6] for a proof of Part 3. O

3. Proof of Proposition A

For a non-empty subset J of {1,...,1}, set by = (h; : j € J) as well as g; = (g+q, :
j € J). Clearly the Levi subalgebra g of g is a semisimple Lie algebra over C, having
Cartan subalgebra b; and root system ®; = ® N Z{a;};e;. We start by stating the
following result, whose proof can be found in [1, Lemma 2.2.8], for example.

Lemma 3.1. Let A € AT be a dominant integral weight and let p € A be such that pn < M.
Also let J C{1,...,1} be such that py =X —>_
Then

jes Cjay for some subset {c;}jes of Zxo.

mr, (1) = ME(Aly,) (k) -

Remark 3.2. Let \ = erzl ar . € AT and let u € A be such that u = )‘_Zid crag € A
forsome ci, ..., ¢ € Zzo. Alsolet J C {1,...,1} be minimal such that p = A\=3 ", ;
An application of Lemma 3.1 then shows that mp(y)(u) is independent of the value of each

cjaj.

aj such that k ¢ J. In particular mp (@) = mpxy (@), where X' = X — Zkng apA, and
' =X — (A= p). Consequently one can assume ¢; # 0 for every j € J in Proposition A
and focus on the situation where g is simple.

We first prove Proposition A in the situation where J is a singleton. The general case

shall then follow by repeated application of this special case. For A = erzl arA. € AT
a dominant integral weight, 1 < j <[ and z € Z, define

/\j,w = + (l‘ — aj))\j.
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Clearly \; , is simply obtained from A by replacing a; with « and hence remains dominant
integral if and only if € Z3(. In addition, for ;x € A such that o < A, also define

P = N — (A = p).

Obviously A\ie = = Ay and if p =X — Zr 1 Crey, then p Aje = = Az — Zi:l cron. In
other words, p*i= is the unique integral weight for which A — pu = Nz — pie. Finally,
define the j-level of o = Zf«:l dra,. € T to be levelj(«) = d;. The following elementary
result provides the reader with a way of becoming familiar with the recently introduced
notation. It shall be used in Section 4.

Lemma 3.3. Let A € AT be a dominant integral weight and let o € T'. Then for every
1< 7 <1 and every x € Z, we have

Nz ) = (Aj0,a) + zlevelj (o) (A, oj).

Proof. First notice that (A\j,a) = (A + (z — a;)\j,a) = (A — a;)j,a) + z()\j,a) by
definition of A;; and by bilinearity of (—, —). Also A — a;\; is obviously obtained from
A by replacing a; by 0, i.e. A —aj\; = \jo. Finally, observe that (\;, o) = 0,;()j, @)
for every 1 < r <l and hence (\;, o) = level;(a)();, i), completing the proof. O

The following result can sometimes provide one with a way of comparing certain
weight spaces in different Verma modules. Its proof essentially relies on Theorem 2.4, so
we shall adopt the notation introduced in the statement of the latter.

Lemma 3.4. Let A\ = Z _1 -\ € AT be a dominant integral weight and let € A be
such that p =\ — Zr 1 Cray for some ci,...,c1 € Lo, so that p < A. Also assume the
existence of 1 < j <1 satisfying 0 < ¢; < a;j and let © € Z.,;. Finally, fir two mazimal

vectors v*, vYw in A(XN)x, A(Njz)x, ., respectively. Then there exists an isomorphism of

grx?

vector spaces ¢ : ANy — A(Xj2) 2. such that

o (W(g)ye0Y),) = Wyl M) (8)
for every 1 <r < 1.
Proof. Let 1 <j <!land x € Z3; be as in the statement of the Lemma. The set %(\),

as in (7) forms a basm for A(X), by Lemma 2.2, showing the existence of a unique linear
map ¢ : A(X), — A(Xjz) 3. such that

piie
d)(y"l"l . mi,U ) — y71"1 . yrm./U (9)
for every ry,...,rm € Zxo satisfying Y.~ 7% = A — p. Since the elements on the

right-hand side of (9) form a basis for A(A; ;) by Lemma 2.2 again, the linear map

MAJ',I
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¢ is an isomorphism of vector spaces. Now as we assumed c; < a;, we immediately get
that 4 is not under A — (a; + 1)c; and hence we have

(U(g)y;” o) =0

by Theorem 2.4 (Part 2). Similarly (ﬂ(g)y;ﬁlv)‘j,w)uxm = 0 and hence the equality (8)
holds for » = j. In the remainder of the proof, assume 1 < r < [ different from j and set
0 = A — (ar + ). By Lemma 2.2 and Theorem 2.4 (Part 2), one successively gets

dim(U(g)y2ot), = dim A(5,),
= P(6, — )
=P Xzt (6 —A) = Nzt p1—A)
= P(5e — )
= dim A(85}77) 5,

= dim(s(g)yr o),

nw g,z

where the last equality relies on the assumption that » and j are different. Hence it
suffices to show that ¢ (((g)yp ™)) C (W) tivdie) a .. Let 11,0 1 € Zxo
be such that

Y1+ T Ym = p— (ar + 1)77“

and consider v = yi* - - yrmydrTlor € A(N),. In addition, write B(N\), = {v1,..., v},
so that B(Ajz), 2. = {(v1),...,¢(vx)} and let &, ..., &, € C denote the unique
complex coefficients satisfying v = £ vy + - - - + £ vg. An application of Remark 2.3 then
yields

k k
¢(v) = ¢ (Z &-fui) =Y &) =yt ypryir TN € (U(g)ylr T oN) L
i=1 1=1

By Lemma 2.2 and Theorem 2.4 (Parts 1 and 2), any element of (8(g)y2 o), can be
expressed as a linear combination of vectors such as v, from which the result follows. O

Let A € AT be a dominant integral weight and let 1 € A be such that p < A. Also fix
1 <j<land z € Zzo. Then mpa(n) () = P(A — 1) = P(Xj o — p97) = maqa, ) (1797)
by Lemma 2.2 and applying (4) to the exact sequences 0 — rad(A) — A(A) — L(A) — 0
and 0 — rad(\j2) = A(Xj2) = L(Ajz) — 0 shows that mpy)(p) = mp, ) (pte) if
and only if

Myrad(n) (M) = mrad()\j,z)(:u)\jyx)' (10)
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Now since both A and A;, are dominant integral (as @ € Zx), applying Theorem 2.4
(Part 3) shows that the modules rad(A) and rad(); ;) are given by

! !
rad(0) = 3 U(g)y N, rad(Aa) = 37 Ulglyi oM
r=1

r=1

Finally, in Lemma 3.4, it was shown that in the case where 1 < j < [ satisfies
0 <¢j < aj and @ € Zx,, then there exists an isomorphism ¢ : A(X)y — A(Nj2) 2.0

of vector spaces such that the diagram

R -

AN, A(Njz)

‘u,)\j,l'

Ul wigrerion)

o

(U(gyer o), o (W) )

wode

commutes for every 1 < r < [l. Therefore (10) is satisfied thanks to (5) and hence
the following result holds. (Observe that in the case where ¢; = 0, then the assertion
immediately follows from Remark 3.2.)

Corollary 3.5. Let A = Zi‘:l a;\. € AT be a dominant integral weight and let p € A be
such that u =\ — Elr:1 cray for some ci,...,c € Lo, so that p < A. Also assume the
existence of 1 < j <1 such that 0 < ¢; < aj. Then for every integer x € Zx.;, we have

my, ) (1) = mL(,\j,z)(H’\j’I)-

We are finally ready to give a proof of Proposition A. First observe that in the case
where J is a singleton, then an application of Corollary 3.5 immediately yields the desired
result. If on the other hand |J| > 1, then fix j € J. By Corollary 3.5 again, we get that

my,n) (1) = mL(,\j,c.)(Nl\j’c-f) (11)

J
Clearly Aj, € A*, e = X0 = 3 cpar and 0 < ¢ < a for k€ K = J — {j}. In
addition, adopting the notation of Theorem B, one sees that )\;-7%, = X and (;ﬁ‘j’cj Y =

Therefore mp,( Ajyc_)(u’\j’cj) = mpx(#') thanks to our induction assumption, which to-
gether with (11), completes the proof.

4. Proof of Theorem B

In this section, we give a proof of Theorem B, which basically consists in a modi-
fied version of the usual formula of Freudenthal (see Section 1 or Theorem 4.1 below),
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applicable in certain situations. For A € AT a dominant integral weight and p < A, set
d(A i) = 2N+ p, A — ) — || =l %,

where p denotes the half-sum of all positive roots in ®, or equivalently, the sum of all
fundamental weights. The following formula, due to Freudenthal, gives a recursive way
to compute the multiplicity of u in L(X). We recall it here for reference purposes.

Theorem 4.1 (Freudenthal’s Formula). Let A € AT be a dominant integral weight. Then
the multiplicity in L()\) of any weight u € A is given recursively by

d(A p)mpn(p) =2 Z Z my, ) (p+re)(p+ ro; a).

aedt r=1

Remark 4.2. Thanks to [7, Lemma 13.4 (C) and Proposition 21.3], one gets that
mp,y () = 0 if d(A\, pu) = 0. (In particular, this implies that d(\, u) # 0 if u < A is
dominant integral.) Therefore Theorem 4.1 provides an effective method for computing
weight multiplicities inside a given irreducible finite-dimensional module.

Write Q«1[X] for the set of all linear polynomials in the indeterminate X with coef-
ficients in Q. In a similar fashion, let Q;[X] denote the subset of all non-constant linear
polynomials in Q«;[X]. The following preliminary result is elementary and could easily
be stated in a much more general setting. Nevertheless, it is included in its most simple
form for clarity.

Lemma 4.3. Let f € Q<1[X], g € Q1[X] be two linear polynomials (with g non-constant)
and assume the existence of a non-zero integer x € 7 such that g(z)g(x + 1) # 0 and
f@)g(x)™t = f(x+1)g(xz+1)"1 € Z. Then f is an integral multiple of g. In particular,
either f =0 or f € Q1[X] as well.

Proof. Let f, g,z be as in the statement of the Lemma and write f = aX +b, g = cX +gq,
where ¢ # 0. By assumption, (ax+b)(c(x+1)+q) = (cx+q)(a(z+1)+b), which one easily
sees, translates to ag — bc = 0. If a = 0, then one immediately gets bc = 0, which implies
f = 0 since g is non-constant (in which case the assertion trivially holds). Therefore
assume a # 0 in the remainder of the proof, so that replacing ¢ by a~'bc yields

~

(g“ez

<
—

that is, a is an integral multiple of c. Substituting a by rc for some non-zero integer
r € Z, one gets that ag — bc = ¢(rq — b) = 0, so that b = rq (as ¢ # 0). Therefore f = rg
as desired, thus completing the proof. O
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The overall structure of the proof of Theorem B is as follows. First we show the
existence of N € Z and two non-zero polynomials f = aX +b € Q«1[X], g = X +
q € Qi[X] such that myn)(u) = f(x)g(z)~! for every x € Z>y, where we explicitly
determine a,c € Q (see Lemmas 4.4 and 4.6). By Lemma 4.3, we then get that f is an
integral multiple of g, i.e. f = mp(y)(p)g, and thus the multiplicity of p in L(A) equals
ac™!, from which we easily conclude.

Lemma 4.4. Let A = erzl arAr € AT be a dominant integral weight and let u € A be
such that p = A — Zi:l croy for some cy,...,c; € Lxo. Also fir 1 < j <1 and set

c= QCj(/\j,Ozj) € Q. (12)

Then adopting the notation introduced in Section 3, there exists ¢ € Q such that for
every x € Lo, the linear polynomial g = c¢X + q € Q«1[X] satisfies the equality

AN, 1) = g(@).

Moreover, g € Qi1[X] if and only if level;(A — p) # 0, or equivalently, if and only if
Cj 7é 0.

Proof. Fix 2 € Zx¢. By definition, we have \; , — pu*
deduces that

ie = X\ — u, from which one easily

ANz 7)) = 2N, A — ) + (20 — (A = 1), A — ).

Now (Ajz, A — 1) = (Aj0, A — ) + 2 level; (A — 1) (Aj, a5) = (Ajo, A — 1) +¢j(Aj, )z by
Lemma 3.3 and hence setting ¢ = (2p + 2Xj0 — (A — p), A — p) yields

d(Nj, p97) = cx + g,

with ¢ € Z as in (12). Since ¢ € Q is clearly independent of x and since the latter was
arbitrarily chosen, we get that the linear polynomial ¢ = ¢X + q € Q«1[X] satisfies
d(Nj o, priw) = g(z) for every z € Zsq as desired. Finally, notice that g € Q<1[X] is
non-constant if and only if ¢ = 2¢;(A;, ;) # 0. Since (\;, ;) # 0, the second assertion
holds as well. O

Remark 4.5. Observe that in the case where level;(A — p) # 0 in Lemma 4.4, then the
linear polynomial g € Q;[X] is strictly increasing in X.

For 1 < j < I, recall the definition of <I>;r = {a € &7 : levelj(a) > 0} introduced in
Section 1. Clearly a positive root o € ®* belongs to <I>;' if and only if o; appears in the
decomposition of « as a sum of simple roots, or equivalently, if and only if (\;, a) # 0.
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Lemma 4.6. Let \ = Zf«:l ay\ € AT be a dominant integral weight and let p € A be
such that p = \ — erzl cray for some cy,...,¢c; € Zxo. Also assume the existence of
1< <1 such that 0 < ¢; < a; and set

a=2 Z i:levelj(a) my, o (4 ra)(Aj, a;) € Q. (13)

aE@;r r=1

Then adopting the notation introduced in Section 3, there exists b € Q such that for every
T € Ly, , the linear polynomial f = aX + b € Q«1[X] satisfies the equality

23" S mp,) (09 + ) (e 4 ra,a) = f().

aedt r=1

Proof. Let 1 < j <[ be as in the statement of the lemma and fix z € Z3,. By bilinearity
of (—,—), we have (u* +ra,a) = (Ajz,a) + (@ — A+ ra,a) and hence Lemma 3.3
yields

(= +ra, o) = levelj (@) (A, o)z + (Ajo + g — A+ ra, @).

On the other hand, an application of Proposition A shows that mL(Ajyx)(,u’\f’“’ +
ra) = mpoy(p + ra) for every r € Zzo and every a € ®F. Setting b =
23 cor 2oveampon(p+ra)(No + p— A+ ra, @) then yields

2 3 S mun, 0 +ra)( + ra,0)
acdt r=1

=2 ( Z ZmL(A)(,u—i—ra) levelj(a)()\j,aj)> z + b.

acdt r=1

Now level;(a) = 0 if o ¢ @j‘, and if r > ¢; and o € <I>j', then p + ra is not under A.

Therefore we have

2 30 Y min, (25 4 ra) (e + rea) = az+ b

acdt r=1

with @ € Q as in (13). Finally, since b € Q is independent of x and since the latter was
arbitrarily chosen, we get that the linear polynomial f = aX + b € Q;[X] satisfies the
desired condition. O

We are now able to give a proof of Theorem B. Let A, u,j be as in the statement
of the latter and first observe that mpy)(u) = mL(,\j,z)(M)‘j"”) for every x € Zx.; by
Proposition A. Now thanks to Lemma 4.4 and Remark 4.5, we get the existence of a linear
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polynomial g = ¢X +q € Q[X] as well as N € Zq such that g(z) = d()\j ., ptie) # 0
for > max{c;, N}. An application of Theorem 4.1 then yields

2

mpr,(x) (1) = m

oo
ST mpay ) (N + ra) (e +ra,a)
acdt r=1

for every x > max{c;, N}, which by Lemma 4.6 translates to the existence of f = aX +
b € Q<1 [X] such that mp\)(p) = f(x)g(z) ! for every x > max{c;, N}. Consequently f
is an integral multiple of g by Lemma 4.3 (that is, f = my\)(#)g), and thus mp (@) =
ac™t, where ¢, a € Q are given by (12) and (13), respectively. The result then immediately
follows.

5. Proof of Proposition C

Let g be a simple Lie algebra of type 4; (I > 2) over C. For A = Zi«:l arA- € AT a

non-zero dominant integral weight, define I = {r1,...,rn, } to be maximal in {1,...,{}
such that m < ... <ry, and HTGIA ar #0. Alsolet p=X—(ag + -+ o). i ry #1,
then successively applying sa,, - -, Sa,, , to p shows that p is #'-conjugate to

!
u'z)\—Zai.

=7y

Similarly, if rn, # [, then successively applying s,,, .- to ' shows that p' is

., S
» Py
7N)\+1

W -conjugate to

so that mpyy (1) = mpoy(p”). If Ny = 1, then A = a;A; and p” = X\ — o; for some
1 <i <1, a; € Z»g, in which case ma(y)(4”) = 1 by Lemma 2.2, while an application
of Theorem 2.4 (Part 3) yields myaq(x)(#”) = 0. Therefore mp,(y)(x) = 1 and the result
then holds in this situation, so applying Lemma 3.1 if necessary, we assume Ny > 1 and
aia; # 0 in the remainder of this section. Here r; = 1, rn, =, and we aim at showing
that the multiplicity of p = A — (a1 + -+ 4+ ) in L()) is given by

Ny

mp ) (p) = H (ri —ri_1 +1). (14)

We proceed by induction on N, starting by considering the case where Ny = 2,
that is, I = {1,1} and A = aA\; + bA; for some a,b € Z~o. Even though the result is
well-known in this situation (see [14, Lemma 8.6], for instance), we record an argument
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here for completeness. Since p = XA — (a1 + - - - + ), one can apply Theorem B to j =1
(as 0 < 1 < a), yielding

= Z levely (o) mp,(x) (1 + ).

acdy

One easily sees that ®F = {a; +---+a, : 1 <r <1} (so in particular level; (a) = 1 for
o € ®7), hence

l

() ZmL()\ ptor et ar).
r=1

Now observe that p+ o +---+a; = A, while p+ay + -+ -+ a, is #'-conjugate to A — oy
for every 1 < r < [. Therefore mL()\)(,u +a1+--4+a)=1forevery 1 <r <1 and
hence mp(y () =1 =1—1+1,ie. (14) holds. Next assume the existence of N € Z~»
such that (14) holds whenever 2 < Ny < N, and let A € AT be such that Ny = N. As
in the previous situation, an application of Theorem B to j =1 (as 0 < 1 < ay) yields

l

my, ) (1) = ZmL(A)(/HrOll +o ). (15)
r=1

Notice that for every 1 < r < ro — 1, the weight u + a1 + - - + a,- is #'-conjugate to
p+ a4+ ap, 1, s0 that mpoy(p+ a1+ +ap) =mpoy(p+ar + -+ ap, 1),
Consequently (15) becomes

7‘21

mp, () ( ZmL(A ptar+- 4 ar) +ZmL (H+or+-+oy)

r=1 T=T2
l
= (7"2—1)mL()\)(’u/+a1+...+Og,r271)+ ZmL(A)(M+a1++aT) (16)

r=ry

Now consider the subset J = {ro,ro + 1,...,1} of {1,...,1} and let g;, h; be as in

Section 3. For every 1 < r < l—ro+1, write 8, = apy—144, s0that Ty = {B1, ..., Bi—ry+1}
forms a base for @7, and also denote by w1, ...,w;_r,+1 the corresponding fundamental
l—ro+1

weights. We then get the restrictions w = Ay, = >, -7 aryqr—1wy and v = (u+aq +

iy aT2*1)‘hJ =w = (51 + -+ 6l77'2+1)-
Also by Lemma 3.1, we see that (16) translates to

l—ro+1
mpony(p) = (2= Dmpey (V) + > mpeE+ B+ +B),
r=1
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where L(w) denotes the irreducible g;-module having highest weight w. Now a suitable
application of Theorem B shows that the sum on the right-hand side equals mp,,)(v),
so that

my,y (1) = r2mp ) (V).

Finally, observe that I, = {s; : 1 < i < N) — 1}, where for every 1 < i < Ny — 1,
we have s; = ;41 — r9 + 1. In particular NV, = Ny — 1 < N, and thus our induction

assumption applies, yielding

N, Ny—1 Ny
my () (v) = H (si—sim1+1) = H (rig1 —ri+1) = H (ri —rim1+1),
i=2 i=2 i=3

from which the desired result follows.
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