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0. Introduction

Let k be an algebraically closed field of characteristic zero. All algebraic structures in
this article are over k, and we take the unadorned ® to mean ®y.
The classical McKay correspondence provides deep and elegant ties between:

finite subgroups of SLy(C) or SU3(C) (also called binary polyhedral groups);
simple Lie algebras of type ADE;
Platonic solids;

Kleinian or DuVal singularities (that is, rational double points or quotient singular-
ities C2/T where I is a finite subgroup of SLy(C));

[-Hilbert schemes;

e preprojective algebras of the reduced McKay quivers;

as well as other entities in algebra, geometry and string theory. At first glance these items
are unrelated, yet they are all governed by the ADE Dynkin diagrams; see Buchweitz
[5] for an excellent survey on the classical McKay correspondence, as well as McKay’s
original work [23]. Moreover, a very nice review of the McKay correspondence and non-
commutative crepant resolutions is given by Leuschke [19]. Further, in this direction,
different versions of a quantum McKay correspondence have been studied by many re-
searchers, e.g. [4,7,15,26]. The goal of this paper (and the sequel [8]) is to produce an
analogue of the McKay correspondence in the context of finite dimensional Hopf ac-
tions on noncommutative regular algebras; this is applicable in both noncommutative
algebraic geometry and noncommutative invariant theory.
Consider the setting below.

Hypothesis 0.1. Unless indicated otherwise, H is a semisimple Hopf algebra (hence finite
dimensional), A is an Artin—-Schelter (AS) regular algebra [Definition 1.1] generated in
degree one, which by definition is connected graded. Further, A is a graded H-module al-
gebra [Definition 1.3] under an H-action that is inner faithful [Definition 1.5] with trivial
homological determinant [Definition 1.6]. We also assume that A7 # A throughout.

When A is commutative, it is a commutative polynomial ring, and when H is cocom-
mutative, it is the group algebra of a finite subgroup of SL,, (k), with G acting as graded
automorphisms of A. Hence our non(co)commutative setting generalizes the setting of
the classical McKay correspondence.

This paper can be viewed as a continuation of the project started in [9], where the finite
dimensional Hopf actions on AS regular algebras of dimension 2 with trivial homological
determinant were classified. The AS regular algebras of dimension 2 are isomorphic to one
of the two families of algebras given in Example 1.2. The classification of such semisimple
Hopf actions on AS regular algebras of dimension 2 is repeated in Theorem 0.4 below.
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Table 1

Quantum binary polyhedral groups and their module algebras.
Case A H
(a) klu, v] KT for T a finite subgroup of SLo (k)
(b) k_1[u, v] kC,, for n > 2 (diagonal action)
(c) k_1[u,v] kCs (nondiagonal action)
(d) k_1[u,v] kD5, for n > 3
(e) k_1[u,v] (kD2y,)°® for n >3
(£) k_1[u, v] D(T")° for ' a finite nonabel. subgroup of SLa (k)
(g) kq[u, v] with ¢ #1  kC,, for n > 2 (diagonal action)
(h) ky[u, v] kCy (diagonal action)

A key ingredient in the classical McKay correspondence is Auslander’s Theorem, which
states that if G is a small finite group acting on a commutative polynomial ring S,
then S#kG is isomorphic to Endge(S) as algebras [1, Proposition 3.4] (see also [20,
Theorem 5.12]). We conjecture that a version of this result holds for semisimple Hopf
actions on noetherian AS regular algebras.

Conjecture 0.2. Let H be a semisimple Hopf algebra and suppose that A is a noetherian
AS regular H-module algebra satisfying Hypothesis 0.1. Then there is a natural graded
algebra isomorphism

A#H = End(Aan). (0.2.1)

Our main result is to show that Conjecture 0.2 is true in dimension 2, which answers
[9, Question 8.5].

Theorem 0.3 (Theorem 4.1). If A is a noetherian AS regular algebra of dimension 2,
then Conjecture 0.2 is true.

In [9] we gave the classification of pairs (A, H), where H is a finite dimensional Hopf
algebra, and A is an AS regular algebra of global dimension 2, generated in degree one,
that admits a graded, inner faithful H-action with trivial homological determinant. We
call such a Hopf algebra H a quantum binary polyhedral group. The pairs (A, H), where H
is semisimple, are described in the following theorem, on which the proof of Theorem 0.3
is based.

Theorem 0.4. ([9, Theorem 0.4]). Suppose that (A, H) is a pair satisfying Hypothesis 0.1
with gldim A = 2. Then (A, H) is one from Table 1.

Here C,, is a cyclic group of order n, Da, is a dihedral group of order 2n, and D(T)
is a cocycle deformation of (]kf)" [22]. The H-action on A is defined by the H-module
(or equivalently, the H®-comodule) structure of A1 =ku @ kv, as given below.

(a,d) Ay is a faithful simple 2-dimensional G-module with G = T or Dy, resp.
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(b,g,h) ku is a faithful Cp-module and kv is its dual.

(c) k(u+v) is the trivial Ca-module, and k(u — v) is the sign representation.

(e) Let vy = u++/—1v and v = /—1u+v. Then kv (resp. kvy) is 1-dimensional
k Doy, -comodule with structure map p(vy) = v1 ® g (resp. p(ve) = va ® h), where
Dy = (g,h | g* = h? = (gh)" = 1).

(f) D(T) is a finite dimensional Hopf quotient of the quantum special linear group
O_1(SLa(k)) generated by (e; j)1<i,j<2, which coacts on Ay from the right via
plu) =u®er1 +v®ez1 and p(v) =u®er2 +v@eza. O

We also have the following result for the fixed subrings A. These rings are referred
to as quantum Kleinian singularities [Definition 5.1].

Theorem 0.5. ([9, Theorem 0.6] and Theorem 5.2). Suppose that (A, H) is a pair sat-
isfying Hypothesis 0.1 with gldim A = 2. Then AM is not AS regular, and is isomor-

phic to C/CQ, for C an AS regular algebra of dimension 3 and £ a normal element
in C.

We also define in a natural way, the McKay quiver of a semisimple Hopf action on
a connected algebra A in Definition 2.3. In the sequel to this work [8], we obtain a
correspondence between this quiver and the Gabriel quiver defined in terms of projective
A# H-modules. Various correspondences between module categories over AH, over A#H
and over End(A 4n) are presented, as well, in [8].

The paper is organized as follows. Section 1 contains definitions and preliminary re-
sults. In Section 2, we define the McKay quiver as discussed above, and we recall a result
from [9] concerning the McKay quivers that can occur under our standing hypotheses
with gldim A = 2. Section 3 contains results on the fixed subrings arising from actions
with McKay quiver of types D and E; this is one of key steps in the proof of Theo-
rem 0.3. Section 4 contains the complete proof of our version of Auslander’s Theorem for
semisimple Hopf actions on AS regular algebras of dimension 2 [Theorem 0.3] by consid-
ering the possible pairs (A, H) that satisfy our standing hypotheses (from Theorem 0.4).
In Section 5, we prove Theorem 0.5.

1. Preliminaries

In this section, we provide background material on Artin—Schelter regular algebras,
Hopf algebra actions on graded algebras, and the homological determinant of such ac-
tions. Note that we usually work with left modules, and a right A-module is identified
with a (left) A°P-module, where A°P is the opposite ring of A. Let A-Mod denote
the category of left modules over an algebra A. Moreover, for every Z-graded algebra
A= @,c, Ai, and for each positive integer d, the d-th Veronese subring of A is defined
to be A@ .= Dz Aia-
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1.1. Artin—Schelter reqular algebras

An algebra A is said to be connected graded if A = @,y A; with Ag = k and
A;-A; C Ay forall 4, j € N, and a graded algebra is called locally finite if dimy A; < oo
for all i. In this case, the Hilbert series of A is defined to be Ha(t) := >, - (dimy A;)t".

Here we consider a class of noncommutative graded algebras that serve as noncommu-
tative analogues of commutative polynomial rings. These algebras are defined as follows.

Definition 1.1. A connected graded algebra A is called Artin-Schelter (AS) Gorenstein
if the following conditions hold:

(i) A has finite injective dimension d < co on both sides,

(ii) Ext’y(k, A) = Ext’op(k, A) = 0 for all i # d where k = A/A>;, and
(i) Ext% (k, A) =2 k(£) and Ext%o, (k, A) = k(¢) for some integer /.
The integer ¢ is called the AS index of A. If moreover,

(iv) A has finite global dimension d,
(v) A has finite Gelfand—Kirillov dimension,

then A is called Artin—Schelter (AS) regular of dimension d.

Example 1.2. The AS regular algebras of global dimension 2, that are generated in degree
one, are listed below (up to isomorphism):

(i) the Jordan plane: k;[u,v] := k(u,v)/(vu — uv — u?), and
(ii) the skew polynomial ring: kq[u,v] := k(u,v)/(vu — quv) for ¢ € k*.

It is well-known that these algebras are noetherian domains.

1.2. Hopf algebra actions

Throughout H stands for a Hopf algebra over k with structural notation (H,m,u, A,
€,S5), and we write A(h) = > hy ® ho (Sweedler notation). We recommend [24] as a basic
reference for the theory of Hopf algebras.

Definition 1.3. Let A be an algebra and H a Hopf algebra.

(1) We say that A is a (left) H-module algebra, or that H acts on A, if A is an algebra
in the category of left H-modules. Equivalently, A is a left H-module such that

h(ab) =) " hi(a)ha(b) and h(14) = e(h)14

for all h € H, and all a,b € A.
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(2) We say that A is a graded H-module algebra if A is an algebra in the category of
N-graded (left) H-modules (with elements in H having degree zero), or equivalently,
each homogeneous component of A is a left H-submodule.

(3) Given a H-module algebra A, the smash product algebra A#H is A® H as a k-vector
space, with multiplication defined by

(ath)(a'#h') =Y ah(a’)#hal
for all h,h' € H and a,d’ € A.

We identify H (resp. A) with a subalgebra of A#H via the map iy : h +— 1#h for all
h € H (resp. the map i4 : a — a#l for all a € A).

If A is a graded H-module algebra, then A#H is graded with degh = 0 for all
0# h € H and A is a graded subalgebra of A#H. If, further, A is locally finite and H
is finite dimensional, then A#H is locally finite and (A#H), = A;#H for all i.

Remark 1.4. One can form a right-handed version of the smash product algebra, denoted
by H#A, for a right H-module algebra A. When the antipode S is bijective as assumed,
these two versions can be exchanged [28, Lemma 2.1]. We work with the left-handed
version of smash product and would like to remark that all statements can be transformed
from the left-handed version to the right-handed one.

We want to restrict ourselves to Hopf (H-)actions that do not factor through the
action of a proper Hopf quotient of H.

Definition 1.5. Let M be a left H-module. We say that M is an inner faithful H-module,
or H acts inner faithfully on M, if IM # 0 for every nonzero Hopf ideal I of H. The
same terminology applies to H-module algebras A.

We now recall the homological determinant of a Hopf algebra action on an Artin—
Schelter regular algebra below. Recall that by [21, Corollary D], a connected graded
algebra A is AS regular if and only if the Ext-algebra E = @, Ext’ (ak,a k) of A is
Frobenius. -

Definition 1.6. [16] Retain the notation above. Let A be an AS regular algebra with
Frobenius Ext-algebra E. Suppose ¢ is a nonzero element in Exti (ak,a k) where d =
gldim A. Let H be a Hopf algebra acting on A from the left. By [16, Lemma 5.9], H acts
on E from the left.

(1) The homological determinant of the H-action on A, denoted by hdety A, is defined
to be no S where n: H — k is determined by h - ¢ = n(h)e.
(2) The homological determinant is trivial if hdety A = e.
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In the case that A is a commutative polynomial ring k[z1, ..., z,], and H = kG, for G
a finite subgroup of GL,,(k), hdety A becomes the ordinary determinant detg : kG — k
[16, Remark 3.4(c)]. In this case, the homological determinant of the kG-action on A is
trivial if and only if G < SL, (k).

2. McKay quivers

One of the most important objects in the McKay correspondence is the McKay quiver.
In this section we present a version of such a diagram in the semisimple Hopf action
setting. First, we begin with a discussion of fusion rings.

Given a Hopf algebra H over k, we define a ring associated to a set of nonisomorphic
finite dimensional H-modules.

Definition 2.1. Let H be a Hopf algebra. Let {[V;]};cs be the set of all isomorphism classes
of finite dimensional left H-modules, indexed by some set J. We define the Grothendieck
ring Go(H) := Go(gH) of H to be an associative Z-algebra generated by {[V;]}ics,
subject to relations [V] = [U] 4+ [W] for each short exact sequence of H-modules

0—-U—->V—->W-—=0.

Then Go(H) has a Z-basis {[V;]}icr consisting of isomorphism classes of all finite di-
mensional simple left H-modules where I is a subset of J. Moreover, for i,5 € I, the
multiplication in Go(H) is determined by

Vil - Vil = Yl Vi, (2.1.1)

kel

where nf ; € N is the multiplicity of the finite dimensional simple left H-module V} in
the composition series of the H-module V; ® V;. The unit of Go(H) is [k].

We arrive at our definition of a fusion ring.

Definition 2.2. Let F be an associative ring over Z, with multiplicative identity, equipped
with an augmentation map 7 : F — Z. We call F' a fusion ring if there is a Z-module
basis {X;}ier of F, for some index set I, such that

(a) 1p € {Xi}ien;
(b) 7(X;) > 1, for all i € I; and
(c) forall i,j € I, we have X;X; = >, ., nf ; X}, for some nf ; € N.

The coefficients nf are called the fusion rule coefficients.

J

The Grothendieck ring Go(H) is an example of a fusion ring, where X; = [V;] and
w([Vi]) = dimg V; for i € I.
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Now we present the definition of the McKay quiver for a semisimple Hopf algebra
action on a connected graded algebra. This is achieved by defining the McKay quiver
for an effective element Y in a fusion ring F, where Y is a nonzero element in F' so that
Y =3 ;@i X; for some a; > 0.

Definition 2.3. Let F' be a fusion ring with a Z-basis {X;}icr, and let Y € F be an
effective element.

(1) The right McKay quiver M(Y') is defined as follows:
(a) the vertices of M(Y") are X;, where i € I,
(b) there are exactly m;; arrows from X, to X; in M(Y'), where m;; is determined

by X;Y =3 i mij Xi.

The left McKay quiver (Y')M is defined similarly, where m;; is determined by Y X; =
2ier Mij Xi-

(2) If m;; = my; for all i,j € I, then the right Euclidean diagram, still denoted by
M(Y), is an undirected graph defined as follows:
(a) the vertices of M(Y') are X; where i € I,
(b) the multiplicity of the edge connecting X; to X is m;;.
The left Euclidean diagram (Y)M is defined similarly.

(3) The connected component containing 1 is called the principal component of M(Y)
(resp. (Y)M) and is denoted by Mo(Y) (resp. (Y)oM).

(4) The positive number 7(Y) [Definition 2.2] is called the rank of the McKay quiver
M(Y), and of the principal component Mq(Y).

If F' is noncommutative, then the left McKay quiver could be different from the right
one, although these two versions are isomorphic in many natural examples. On the other
hand, if F' is commutative, then there is no difference between left and right McKay
quivers.

The McKay quivers for the actions of the quantum binary polyhedral groups on AS
regular algebras of dimension 2 are discussed briefly in [9, Section 7]. We repeat that
result below.

Proposition 2.4. [9, Proposition 7.1] Let H be a semisimple quantum binary polyhedral
group that acts on an AS regular algebra A of dimension 2 generated in degree one as
in Theorem 0.4. Take the effective element Y to be the degree one graded piece A1 of A
in the fusion ring Go(H). Then the left Fuclidean diagrams (and hence the left McKay
quivers, which have an arrow in both directions for each edge in the diagram ) M(Y)
for these actions are given in Table 2. O

We refer the reader to [13] for illustrations of the Euclidean diagrams listed above.
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Table 2
Left McKay quivers for actions of quantum binary polyhedral groups.

Case (@) (®) () (9 (e) () (g (®)

Left ADE A, L Duga, meven K, ., DE Apoy A
Euclidean DL ut1, n odd
diagram 2

3. Fixed subrings

The proof of Theorem 0.3 is delicate, and, among other things, requires a deep under-
standing of the fixed subrings in types D and E. A direct calculation of the fixed subrings
in types D and E is too complicated (or even impossible) in the noncommutative case,
so our approach is to use the McKay quivers to convert the noncommutative case to the
commutative case.

3.1. Fized subrings under Hopf actions of type E

In this subsection we study type E. In type E we have A = ku,v] or k_1[u,v] by
Theorem 0.4 and Proposition 2.4. We will show that for Hopf algebras H of type E

H s isomorphic to k[u,v]" for a corresponding

in Theorem 0.4 we have that k_;[u, v]
subgroup I of SL, (k). Recall that [ arises as a nonsplit central extension of Zy by the
corresponding polyhedral group I': 0 — Zo — [ T —0.

By Theorem 0.4, for each given diagram I~Ei, there are at most three Hopf algebras H

associated to it (see cases (a,f) in Theorem 0.4), and each Hopf algebra H satisfies
k = kZy - H— kI - k (3.0.1)
where T" is the (unique) corresponding polyhedral group of type IEZ

Notation. Let {M(d,j)};%; be the complete set of isomorphism classes of simple left
H-modules of dimension d, for some sq > 0. Let k(M (d, j)) (resp. k[M(d, j)]) be the free
algebra (resp. the commutative polynomial ring) generated by M (d, j).

For example, considering the diagram EG as in [13, p. 5], there are seven simple left
H-modules

M(1,1), M(1,2), M(1,3), M(2,1), M(2,2), M(2,3), M(3,1).

We choose M (1,1) to be the trivial module, and M (2, 1) to be the 2-dimensional simple
module that is connected with M (1,1). Using the notation in Section 2, Y = M(2,1) =
ku @ kv, which is the generating space of the AS regular algebra A of dimension two.
Let M(3,1) be the unique 3-dimensional simple module that is connected with M(2,1)
in the diagram IEG.
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]Eﬁt

(JVI(LQD—(]M(Q,Q) M(3,ID—<1M(2,3)>—<M(1,3)>

We have the following results.

Lemma 3.1. Suppose the McKay quiver corresponding to (A, H) is Eﬁ. Then the following
statements hold.

(1) k(M (3,1))y = M(3,1) ® M(3,1) = M(3,1)®2 ¢ M(1,1) & M(1,2) ® M(1,3) as
H-modules.

(2) k[M(3,1)]a=M(3,1)® M(1,1)® M(1,2) & M(1,3) as I'-modules.

(3) There is a unique 1-dimensional subspace kr of k[M(3,1)]2, such that A®) is iso-
morphic to k[M(3,1)]/(r) as graded T-module algebras.

(4) For each H of type IE(;, A® s isomorphic to k[u,v]® as graded T'-module algebras.
As a consequence, AT =2 k[um]f as graded algebras.

Proof. (1) Note that Y ® Y = M(3,1) & M(1,1) according to the diagram Eg. Further,
by the diagram Eg, we have

[M(3,1) @ M(3,1)] @ M(3,1) = M(3,1) ® [M(3,1) & M(1,1)]

M@ DeYeY]=[M3,1)® ]
=[M2,1) e M(2,2) & M((2,3)]®
:M(3,1)@3@M(1,1)@M(1,2)@M(1,3).

The assertion follows from the above equation by cancelling a copy of M (3,1).

(2) Note that k[M (3,1)]2 is a quotient of k(M (3,1))2. Moreover, Y @ Y = M(3,1) ®
M (1,1) implies that M (3,1) = A, is the generating space of the Veronese subring A
Now A = k[u,v] or k_ [u, v] by Theorem 0.4 and Proposition 2.4, and A is respectively
k[a, b, c]/(ab — c?) or Kk[a, b, c]/(ab+ ¢?) for a = u?, b = v?, ¢ = uv. So AP is isomorphic
as I'-module algebras to k[M(3,1)]/(r) for some relation r in degree two. This implies
that k[M(3,1)]2 has a quotient I'-module of dimension 5. The assertion follows by a
k-vector space dimension argument.

(3) As a commutative algebra, A®) is isomorphic to k[M(3,1)]/(r) for some 7 in de-
gree two by the arguments in (2). Since A is a T-module algebra, kr is a left T-module.
Hence, kr is isomorphic to either M(1,1), or M(1,2) or M(1,3). Note that 1-dimensional
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I'-modules M(1,1), M(1,2) and M(1,3) are all non-isomorphic. The choice of r is
uniquely determined by using the result [14, Proposition 2.4] and the fact that the
T-action on A®) has trivial homological determinant [9, Lemma 2.6(c)].

(4) This follows from (3) and (3.0.1); see also [9, Lemma 6.27(b)]. O

The next two lemmas are similar to the previous one. We prove the first one and
provide the corresponding diagrams for both results.

{A."M(1, 1)'1‘;{1/ = M(2,1) M(3,1) M4, 1)>—<M(3, 2)>—<M(2,2D—<]W(1,2D

Lemma 3.2. Suppose the McKay quiver corresponding to (A, H) is I~E7. Then the following
statements hold.

(1) k(M(3,1))2 = M(3,1) ® M(3,1) = M(3,1) ® M(3,2) @ M(2,3) ® M(1,1) as
H-modules.

(2) k[M(3,1)]o = M(3,i) & M(2,3) ® M(1,1) where i =1 or 2 as I'-modules.

(3) There is a unique 1-dimensional subspace kr of k[M(3,1)]2, such that A®) is iso-
morphic to kK[M(3,1)]/(r) as graded T-module algebras. In fact, kr is the submodule
M(1,1) in part (2).

(4) For each H of type IE7, A® s isomorphic to k[u,v]® as graded T'-module algebras.
As a consequence, AT =2 k[u,v]f as graded algebras.

Proof. (1) By the diagram E7, we have

[M(3,1)@M(3,1)] ® M(3,1) = M(3,1) ® [M(3,1) & M(1,1)]
—[M3,1)@Y]®Y
=[M(2,1)® M(4,1)]®Y
= M(1,1) @ M(3,1)® M(3,1) & M(3,2) ® M(2,3).

The assertion follows from the above equation by cancelling a copy of M(3,1).

(2) Note that (k[M(3,1)])2 is a quotient of (k(M(3,1)))2 and that (k[M(3,1)])2 has
a quotient I'-module of dimension 5. Hence the assertion follows.

(3) As a commutative algebra A(?) is isomorphic to k[M(3,1)]/(r) for some 7 in
degree two. By part (2), the only possible 1-dimensional I'-submodule in (k[M (3, 1)])2
is M(1,1). The assertion follows.

(4) This follows from (3). O
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-.‘:.'M(l, 1).1‘: y = m2,1) W M3, 1D—<M(4, 1D—<M<5, 1)>—<M(6, 1)>—<M(4, 2)>—<M(2, QD

Lemma 3.3. Suppose the McKay quiver corresponding to (A, H) is IES. Then the following
statements hold.

(1) k(M(3,1))o = M(3,1) @ M(3,1) = M(5,1) ® M(3,1) ® M(1,1) as H-modules.

(2) k[M(3,1)]s = M(5,1) & M(1,1) as I'-modules.

(3) There is a unique 1-dimensional subspace kr of k[M(3,1)]a, such that A®) is iso-
morphic to k[M(3,1)]/(r) as graded T'-module algebras. In fact, kr is the submodule
M(1,1) in part (2).

(4) For each H of type I~Eg, A®) s isomorphic to k[u,v]® as graded T-module algebras.

a

As a consequence, A" = k[u,v]" as graded algebras. O

3.2. Fized subrings under Hopf actions of type D

In this subsection we study type D. In type D we have A = k[u,v] or k_;[u,v] by
Theorem 0.4 and Proposition 2.4. Let Ds, be the dihedral group of order 2n for some
integer n > 2. One presentation of Day, is

(54,52 | 8% = 8% = (sp5-)" = 1),
The binary dihedral group of order 4n, denoted by ﬁQn, has a presentation

2 1

(o7 |o" =713 1" =1,7"tor =07 1).

There is a short exact sequence of groups
1= {7%,1} = Dy, = Dgp — 1

where {72,1}(= Z/(2)) is a central subgroup of Ds,,. The map Ds,, — Do, sends o to
sys— and 7 to sy. We can embed Da,, to SLa(k) by setting

w 0 0 1
ar—><0 w_l)’ and TI—><i 0) (3.3.1)

where w is a primitive 2n-th root of unity and > = —1. Using (3.3.1), ﬁgn acts on the
commutative polynomial ring T' := k[u, v] naturally. The lemma below follows by an
easy computation.
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Lemma 3.4. With the basis {u,v} of Ty and the action defined by (3.3.1), the following
hold.

(1) The o and T actions on the basis {u?, uv,v?} of Ty are given by

w2 0 0 0 0o -1
c=10 1 0 and = 0 -1 0 |. (3.4.1)
0 0 w2 -1 0 0

So, Ty is a direct sum of two ﬁgn—submodules ku? + kv? and kuv.
(2) Leta =u?b=v? and c = wv. Then T® = K[a, b, c]/(ab—c?), where the Do, -action
on T®? s determined by

0 -1 0 0 w2 0
sy=(—-1 0 0 and s_ = [ —w? 0 0]. O (3.4.2)
0 0 -1 0 0o -1

By [22], there are two different noncocommutative cocycle deformations of kDy,, (or of
kDa,), denoted by A(Ds,)° and B(Da,)°. By [6, Proposition 2.5 and Theorem 4.4] and
[22, Theorem 4.1(1)], B(Ds,) is self-dual and has no non-trivial cocycle twist (cotwist).
Here we will consider B(Ds,,), or equivalently, B(Day,)°.

By [22, Definition 3.3(2)], for n > 2, B(Day,) is the Hopf algebra generated by a central
grouplike element a of order 2, and s, and s_, subject to the relations

a>=1, asy=s+a, s2=1, (s )"=a, (3.4.3)
with the structure
Ast) =5+ ®eps+ + 5t Qe+, €(sx)=1, S(s+)=-eos++eist (3.4.4)

where eg = 2(1+a) and e; = (1 — a).

By [3, Lemma 5.15, Remarks 5.22 and 5.23], the Hopf algebra B(D,,) has four non-
isomorphic 1-dimensional simple modules and (n — 1) non-isomorphic 2-dimensional
simple modules. We list these 2-dimensional simple modules next. Let & be a primi-
tive 2n-th root of unity, and let w = &' for some 1. Let M(2,1), for [ =1,2,...,n— 1, be
the 2-dimensional simple left B(ﬁgn)—module determined by its action on a 2-dimensional
k-space ks @ kt with matrix presentation

5+((1) é) s_<2 ”61>, a((_ol)l (01)l> (3.4.5)

where w = ¢! By using the relations of the algebra (3.4.3) and the group characters,
one can easily show that these {M(2,1)}7"}! are non-isomorphic 2-dimensional simple
modules. When [ is even, M (2,1) is killed by the Hopf ideal generated by (a — 1). Hence
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M (2,1) is not inner faithful. When [ is odd and ¢ := ged(l,2n) > 1, then M (2,1) is killed
by the Hopf ideal generated by (sys_)?—1,(s_s.)?—1, where d = 2n/g. Hence M (2,1)
is not inner faithful. Therefore the inner faithful modules are precisely those M(2,1),
where ged(,2n) = 1 (or equivalently, w is primitive 2n-th root of unity).

For every inner faithful 2-dimensional representation of B(Ds,) (where w = ¢ with
ged(l,2n) = 1), we consider the action on the free algebra k(M (2,1)) = k(s,t) extended
by (3.4.5). Using the coproduct, these elements have the following matrix presentations
when using the basis {s?, st, ts, t?} of k(s, t)a:

00 0 w! 0 0 0 w! 100 0
(o 0 w0 o 0 w o o100
+=1lo w o o] 710 w0 o) *loo0 10

w 0 0 0 w 0 0 0 000 1

Lemma 3.5. Suppose n > 2. Given the B(Day)-action on k{s,t), we obtain a unique
1-dimensional left trivial B(Day, )-module inside k(s,t)a, which is spanned by r := ws?+t2.

Proof. The subspace spanned by st and ts is a simple B(ﬁgn)—module‘ The subspace
spanned by s? and t? decomposes into si-eigenspaces with eigenvalues 1 and —1. By
a direct computation, r := ws? + t? is preserved by s+ and a. Hence kr is a trivial
B(Dsy)-module. O

Let Y be the 2-dimensional B(Ds,,)-module determined by the action given in (3.4.5).
By Lemma 3.5 and [9, Theorem 2.1], there is a unique graded B(Da,)-action on
k(s,t)/(ws?+12) so that the degree one piece with the B(Ds,, )-action is isomorphic to Y.
Since k(s, )/ (ws? +2) is isomorphic to k_1[u, v], there is a unique graded B(Day, )-action
on k_1[u,v] so that the degree one piece with the B(Day)-action is isomorphic to Y.

Let a = st, 3 = —w™'ts and v = is? (where i* = —1) in B := k(s,t)/(ws*+t?). Then
B® is a commutative algebra generated by «, 8 and v, and subject to one relation af+
7% = 0. With respect to the basis {a, 3,7}, s+ have the following matrix presentation
(with a being the identity)

0O -1 0 0 —w? 0

sp,=|-1 0 0], and s_.=[-w2 0 0 . (3.5.1)
0 0 -1

Now we are ready to prove the following.

Lemma 3.6. Let n > 2 and let H = B(f)gn) = B(ﬁgn)o act on A = k_q[u,v] inner

faithfully with trivial homological determinant. Then A®) s isomorphic to ku, v](2) as
graded Ds,-module algebras. So, A" = Kk[u,v]P?" as graded algebras.
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Proof. By Lemma 3.5, such an H-action on A is uniquely determined by w := ¢'. The
induced Dy,-action on A?) = k[a, 8,7]/(aff +~?) is determined by (3.5.1). The main
assertion follows by comparing (3.5.1) with (3.4.2).
As a consequence
(A@)Pzn = (k[u, v)(?)Pan, (3.6.1)
The final statement follows by [9, Lemma 6.27(b)] and (3.6.1). O

4. Auslander’s theorem for quantum binary polyhedral groups

In this section we prove Conjecture 0.2 for every pair (A, H) in Theorem 0.4.
Theorem 4.1. Conjecture 0.2 is true for AS regular algebras of dimension 2.

Some partial results on Auslander’s Theorem for group actions on AS regular algebras
were obtained by Mori-Ueyama in [27]. For A of dimension 2 we complete the remaining
cases where the action is a group action, as well as handle the cases where the Hopf
algebra is not a group algebra. The proof consists of the following case-by-case analysis.

We start with a well-known fact, which is a special case of the original Auslander’s
Theorem.

4.1. Auslander’s Theorem: Case (a):

Proposition 4.2. [1, Proposition 3.4] Let (A, H) be in case (a) of Theorem 0.4. Then
Conjecture 0.2 holds. 0O

The following cases were proved by Mori-Ueyama [27].
4.2. Auslander’s Theorem: Cases (b), (g), and (h):

Proposition 4.3. [27, Theorem 4.5(1)] Let (A, H) be in cases (b), (g), (h) of Theorem 0.4.
Then Conjecture 0.2 holds. O

4.8. Auslander’s Theorem: Cases (¢) and (d):

To complete the next cases we need a result from [2], which is a generalization of [27,
Theorem 3.10]. Throughout let ¢ be an integral of a semisimple Hopf algebra H.

Lemma 4.4. [2, Theorem 0.3] Let A be a noetherian AS regular algebra of dimension 2,
and H act on A inner faithfully and homogeneously. Let e = 14t € A#H. The following
conditions are equivalent
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(1) (A#H)/(e) is finite dimensional.
(2) The natural algebra homomorphism

A#H — End(AH)op (A)
is an isomorphism. Namely, (0.2.1) holds. O

Proposition 4.5. Let (A, H) be as in Theorem 0.4(c). Then Conjecture 0.2 holds.

Proof. In this case A = k_;[u,v] and G = Cy. Let I be the ideal (e). By Lemma 4.4, it
suffices to show that (A#kC5)/I is finite dimensional.

We claim that u?#1,v?#1 € I. Supposing that the claim holds, since A3 is in the
ideal generated by u?,v?, then I contains (A#kCs)>3. Therefore (A#kCs)/I is finite
dimensional, as desired.

To prove the claim, write Co = {1, g}, where 1 is the identity of Cy and ¢* = 1,
and, replacing e by 2e, it suffices to let e := 1#(1 + g). Using the notation in Theo-
rem 0.4, g(u) = v and g(v) = u, e(u#l) = u#l + v#g and (v#1l)e = v#1 + v#g,
and hence, both are in I. Hence (u — v)#1 € I. Now (u#1)((u — v)#1) = (u? — uv)#1
and ((u — v)#1)(u#1) = (u? + uv)#1 are in I. Thus u?#1 € I, and by symmetry,
v2#1 € I. Therefore we have verified the claim, and, consequently, the assertion of the
proposition. 0O

The next lemma provides some of the computation needed in the proof of case (d),
which is similar to case (c), but more complicated. In case (d) A = k_1[u,v] and H =

kDay,,. Let
0 1 0
o= (1 0) and g := (g 51)

where £ is a primitive n-th root of unity. The dihedral group Ds,, of order 2n is generated
by ¢ and g. Denote

Ga =1+ ()% + (6)%¢g? 4 - (&) Ddgn—1,
Fd = GdO'.

Recall that e = 1#(Go + Fo) and I is the ideal (e).

Lemma 4.6. Retain the notation above and assume the hypotheses as in case (d) of The-
orem 0.4.

(1) Gq=Gpaq and Fy = Fy1q for all d.
(2) (1#Gq)(u'#1) = u'#G gyi and (1F#G ) (vi#1) = v'#Gq_; for alli.
(3) (1#Fa)(w'#1) = v'#Fa—; and (13 Fy)(v'#1) = w'#Fyy; for alli.
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(4) e(u'#1) = W'#G; + v'#F_; for all i.

(5) (u" " #1)e(ui#1) = u"#G; + u""WH#F_; for alli.

(6) (vi#l)e(un ' #1) = ViU H#G _; + V" #F; for alli.

(7) (u™ — (=1)" =Dy #G; € I for all i.

(8) e(uv#l) = uwv#Go — uv#Fy.

(9) u™Trv#1 € I, and by symmetry, uv™1#1 € 1.

(10) If n is even, (u?™ —v*)#1 € I. If n is odd, (u®™ +v?")#1 € I.

(11) w?"t1#1 € I, and by symmetry, v*" T 1#1 € I.

Proof. (1) This holds because £ is an n-th root of unity.
(2) This follows from the equations

(L#ED"g") (' #1) = w'H#(ET)"g" and  (1H(ET)"g") (v'#1) = v'#(E17)"g"

for all ¢,d, n.
(3) The proof is similar to (2).
(4) By parts (2,3), for all ¢,

e(u'#1) = (1#Go) (u'#1) + (1#Fp) (u'#1) = u'#G; +v'#F_,.

(5) This follows from part (4).
(6) This follows from part (4), replacing ¢ by n — i.
(7) By parts (5,6), and the fact that uv = —ovu,

(un_(_l)i(n—i)vn)#G‘
— un#Gl +ut i Z#F_l ( )z(nfz) (’l}iunii#G_i + Un#Fl)(l#O')
= (" H#De(uH#1) — (1) (' # De(u T #1) (1#a) € 1.
(8) This is easy to check.

(9) Note that (uv#1l)e = ww#Go + uv#Fy. Combining this with part (8), we have
wv#Go, wv# Fy € I. Now, for every 1,

(=)' o#tG = u T T ou #Gy = (L) (uo#Go) (uiHL) € T

Since Z?;OI Gi = n, u"lo#1 € I. By symmetry, uo" 141 € I.
(10) First we assume n is even, and then « commutes with v™. By part (7),

(W2 — PG = (" + (~) D) (" — (—1) )G, €

for all i, which implies that (u?™ — v2?)#1 € I.
Second we assume that n is odd. By parts (1,2), 1#G; commutes with u"#1 and
v"#1. Since u"v"™ = —v"u",
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((un _ (—1)i(n_i)vn)#Gi)2 — (un _ (_1)i(n—i)vn)2#(Gi>2 _ (uQn + vQ”)#nGi.

By part (7), (u®™ + v®")#G; € I for all i. Hence (u?" + v®")#1 € I.
(11) This follows from parts (9,10). O

Proposition 4.7. Let (A, H) be as in Theorem 0.4(d). Then Conjecture 0.2 holds.

Proof. By Lemma 4.6(11), u?" 141, v* 141 € I. Since As4n42 is in the ideal gen-
erated by u*"™! and v?"*!, I contains (A#KG)>4nt2. Therefore (A#kG)/I is finite
dimensional, as desired. O

4.4. Auslander’s Theorem: Case (e):

To handle case (e) in Theorem 0.4, we introduce some different techniques. Let H
be the dual of the group algebra kG (where G = Da,,). Let {g1,...,gm} be the set G,
where g; is the unit of G. The dual basis {pg,, ..., Dy, } is the complete set of orthogonal
idempotents of H that forms a k-linear basis of H. It is well-known that p,, is an integral
of H, and Y., p,. is the algebra identity of H. The coproduct of H is determined by

Alpg) =Y pn ® pr1g
heG

for all g € G. The (left) H-action on A is equivalent to the (right) kG-coaction on A, that
is equivalent to a G-grading on A. Therefore A has a natural G-grading induced by the
H-action. For a G-homogeneous element f in A, its G-grading is denoted by degq(f).
For the next two results, set e = 14t = 1#p,, and I = (e).
Lemma 4.8. Retain the notation above.
(1) Let f be a G-homogeneous element of A of degree g € G. Then
6(f® 1) = f®pg*1'

(2) Suppose fi,..., fm are homogeneous elements in A such that the set

{degq(fa) -+ degg(fm) i

equals G. Then the product (f1--- fm)#1 € I.

Proof. (1) By definition,

e(f#1) = (1#pg, ) (f#1) = Y pa(F)#pn-1 = pg(£)#pg—1 = [#pg1-

heG
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(2) Let hg = degg(fa) - - - degg(fm)- By part (1),

e((fa - fm)#1) = (fa- "fm)#phgl el

for all d. Hence (f;--- fm)#ph;1 € [ for all d. By hypothesis, {hq}}; equals G. Then
1=, Py, which implies that (fi-fm)#l el O

Now we are ready to prove Theorem 4.1 for case (e).
Proposition 4.9. Let (A, H) be in Theorem 0.4(e). Then Conjecture 0.2 holds.

Proof. As in the statement of Theorem 0.4(e), we recycle the variables v and v to
denote the generators for A satisfying the relation u? 4+ v? = 0. (These are v; and vy
in Theorem 0.4.) Write G := Da,, as (g,h | g*> = h? = (gh)" = 1) and deg, u = g and
degn v = h.

For 1 <1i <m :=2n,let f; be either w if 7 is odd, or v if 7 is even. Then the hypotheses
of Lemma 4.8(2) hold. As a consequence, f1--- fi#1 € I, or (uv)"#1 € I. By symmetry,
(vu)"#1 € I. Since (uv)™(vu)" = u?v?" = (—=1)"u'™, we have u'"#1 € I. Since every
element in A is a linear combination of u®(vu)®v® where c is either 0 or 1, I contains
the ideal (A#H )> (6n41)- This implies that (A#H)/I is finite dimensional. The assertion
follows by Lemma 4.4. 0O

4.5. Auslander’s Theorem: Case (f):

It remains to consider case (£f). We need to understand the structure of the fixed
subrings, and we will use the results in Section 3. Let A = k_;[u,v] as in case (f), H
be one of the Hopf algebras in case (f), and let B = Af. Then A is a left and a right
B-module. We will be using the right B-module structure on A, which is equivalent to
a left B°P-module structure of A. The following lemma is well-known.

Lemma 4.10. /2, Lemma 3.10] Retain the notation above. If A#H is prime, then the
natural algebra map 0 : A#H — Endpes (A) is injective. O

Moreover, we will use the following well-known lemma in the results below.

Lemma 4.11. Let R be a connected graded algebra admitting an action by a semisimple
Hopf algebra H. Let M be a graded, bounded below, left R# H -module. A minimal projec-
tive resolution of the R#H-module M is also a minimal free resolution of left R-module
M. O

Let H be the Hopf algebra (A(f)gm))o, which is one of the Hopf algebras of type D
in case (f). Note that there is other notation for the dicyclic group (or binary dihedral
group) Ds,,; in [22] it is denoted by Ty,; in [3], it is denoted by D,,; in other papers
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it is denoted by BDy,,. By [22, Theorem 4.1(2)], H is a dual cocycle twist of the group
algebra kDy,,. A dual cocycle twist is also called a cotwist in [25, Definition 2.5]. The
next lemma lists some general facts about cotwists, some of which is from Montgomery
[25], Davies [12,11], or Chirvasitu—Smith [10].

Lemma 4.12. Let R be a connected graded algebra and H be a semisimple Hopf algebra
such that R is a graded H-module algebra. Let Q@ € HQH be a dual cocycle [25, Section 2],
and H® be a cotwist of H with respect to Q [25, Definition 2.5]. Then the following
statements hold.

(1) H is a cotwist (HY)? " of HY.

(2) The twist of R, denoted by Rq, as defined in [25, Definition 2.6], is a graded
H®-module algebra.

(3) There is a graded algebra isomorphism

¢ : Ro#H® — R#H

defined by afth — > QY - a#Q%h for alla € R and h € H.

(4) There is an equivalence of graded module categories
Fy: Ro#H®-Mod = R#H-Mod

induced by the isomorphism ¢ in part (3).
) If R is noetherian, then so is Rq.
) gldim R = gldim R, and GKdim R = GKdim Rg,.
7) R is AS regular if and only if Rq is AS regular.
) Suppose R is AS regular. If the H-action on R has trivial homological determinant,
then so does the H-action on Rgq.
(9) Let R and Rq be locally finite graded domains. If R#H — Endgmyes(R) is an
isomorphism, then Ro#H® — End(l,;,gn)op (Rq) is an isomorphism.

Proof. (1) This is well-known.

(2,3) See [25, Section 2] and references therein.

(4) For every M € R#H-Mod, define the left Ro# H®-module structure on M,
denoted by Mgq, by

(agth) egm = > ((Q' - a)#Q°h)m

for all a € R and h € H and m € M. The result then follows from part (3).
(5) See [25, Proposition 3.1].
(6) Consider a minimal projective resolution of the left trivial module k over Ro# H*:

i P3P Pi—k—=0 (4.12.1)
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where Py = Rq as a left Ro#H%-module. By Lemma 4.11, (4.12.1) is a minimal pro-
jective (free) resolution of the trivial Ro-module k. Applying the equivalence F, of
categories in part (4), we obtain

o= Fy(Po) = Fy(P1) = Fp(Py) =k —0 (4.12.2)

which is a minimal projective resolution of the trivial R# H-module k. By Lemma 4.11,
(4.12.2) is a minimal projective (free) resolution of the trivial R-module k. Combining
these facts, we have that the shape of the minimal free resolution of the trivial R-module
k is exactly the shape of the minimal free resolution of the trivial Rg-module k. From
this, we have the following consequences:

(i) gldim R = gldim Rq.
(i)
)
)

(iii
(iv) R and Rq have the same Gelfand-Kirillov dimension.

R is Koszul (respectively, N-Koszul) if and only if Rq is.
R and Rq have the same Hilbert series.

(7) Following part (4), F, maps Rq to R, and by [16, Lemma 5.2] and part (4), we
have

Exty(k, R) = Exthy, y (k#H, R) = Extyy, yo (k#H, Ro) = Exty, (k, Ro).

With part (6), we obtain that R is AS regular if and only if Ry, is.

(8) Let n = gldim R. Suppose R (or Rg) is AS regular. Since Fy maps Rq to R
(and F,; commutes with the shift), P, & Rq(f) as a graded left Ro# H-module. It
follows from Definition 1.6 that the H-action on R has trivial homological determinant
if and only if Fy(P,) = R({) as a graded left R#H-module, or the H-action on the
lowest degree of Fy(P,) is trivial. This implies that the H®-action on Rq has trivial
homological determinant.

(9) Since R#H — Endguyer(R) is an isomorphism, R#H is prime by [2,
Lemma 3.10]. By part (3), Ro#H® is prime. Hence, by Lemma 4.10, the map
Ro#H? — End(F‘,{b{n)op (Rgq) is injective. It remains to show that these algebras have the
same Hilbert series. It is clear that R#H and Ro# H® have the same Hilbert series. By
the hypothesis, it suffices to show that Endgm)es (R) and End( RE?yor
Hilbert series. By definition, R = Rq, as vector spaces and the H-action on R agrees with

(Rgq) have the same

the H%-action on Rg. So R = Rg “ as vector spaces and as algebras. Further, it is easy
to check that the left R”-multiplication on R is exactly the left Rg Q—multiplicaution on
Rq. As a consequence, Rq, as a left Rgg—module, is equal to R, as a left R-modules.
Hence End(guyor (R) = End(Rgn)op (Rgq), as required. Combining these facts, we obtain
that Ro#H® = End (Rq), as desired. O

Q
(RG)er

Now we prove part of Theorem 0.4 for case (f).
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Proposition 4.13. Let H = (A(Day,))° and A = k_y[u,v] be as in case (£) of Theo-
rem 0.4. Then Conjecture 0.2 holds.

Proof. By Lemma 4.12, it suffices to show that Conjecture 0.2 holds for some cotwist
of H. By [22, Theorem 4.1], H is a cotwist (]]«ng)sr1 of kDs,,. Further, Aq is noetherian
AS regular of dimension 2 and admits an H‘?-action with trivial homological determinant
by Lemma 4.11(2,5,6,7,8). Since H® = kDs,,, we have by Theorem 0.4(d) that Ag = A
as graded H®-module algebras. Hence, Conjecture 0.2 holds by case (d). O

We consider the situation where H = D(I")° for the other algebras in case (f) of
Theorem 0.4. There is a short exact sequence of Hopf algebras

k - kZy - H— kI’ = k, (4.13.1)

and by [9, Lemma 6.27(b)], A7 = (A®)I', where A = k_;[u,v]. There is a canonical
Hopf algebra map v : H — KkI" given in (4.13.1). Let ¢ be the integral of H such that
€(t) = 1. Then ¢’ := ~(t) is the integral of kI" such that ¢(') = 1.

Lemma 4.14. Retain the notation above. Let (1#t) and (14#t') be the 2-sided ideal gener-
ated by 14t and 14t', respectively. Then (A#H)/(14#t) is finite dimensional if and only
if (APHKT) /(141 is finite dimensional.

Proof. By (4.13.1), H/(g — 1) 2 kI', where g € H is a central grouplike element of order
2. Let {f; := %(1 +9), fas- -y fmsh1, ..o hun } be a k-basis of H such that:

(i) h; € (g —1)H for all i,
(ii) gf; = f; for all ¢, and
(iii) {v(f;)}™ is the set of grouplike elements in T'.

1=

Suppose (A#H)/(1#t) is finite dimensional. Then u??, v2? are in the ideal I of A#H
generated by 1#t. Write

wHL =D m (= Y m(#Ey+ Y w1y

deg x;=o0dd deg z;=even

where x; and y; are homogeneous in A#H and deg(z;) + deg(y;) = 2d for all i. Multi-
plying the above equation by f; = %(1 + g) we obtain

W = ()W) = (#3(1+ 9) (u241)
= Y (#H0+)m(#) g+ D (#f)z(1#)y;

deg x;=odd deg z;=even

= Y @m(#31-g)U#ty+ Y wm(#A)A#Dy

deg z;=o0dd deg x;=even
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= Y m(l#t)y.

deg x;=even

Let v denote also the induced surjective algebra homomorphism A #H — A2 4Kk,
Applying v to the above, we obtain

L= Y @) () (),

deg z;=even

which holds in A®)#KkT. Thus u??#1 is in the ideal I’ of A®)#kT generated by 1#t’.
Similarly, v2?#1 is in the ideal I’ of AG)#KT generated by 1#t'. This implies that
(AR)HKD) /I’ is finite dimensional.

Conversely, suppose that (A #KT) /I’ is finite dimensional. Then there is an integer
d > 1 such that u??#1 and v??#1 are in the ideal I’ generated by 1#t. Write

w41 = Zv(:vi)(l#t’)v(yi)

where x;,y; are elements in A®#H. Let F be the element (Y, z;i(1#t)y;)(14tf1) in
A#H. Then

V(F) = Z (@) (1 )y (i) = w441

Write F' = > z;#fi + > ti#g;. Since g; € (g — 1) and F = F(1#g), we have t; = 0.
Hence w241 = v(F) = Y zi#~(f:). Since {y(f;)}™, are linearly independent, z; = u*¢
and z; = 0 for all i # 1. Thus F = u??# f,. Therefore, we have that (u#1)F + F(u#1) =
u?@t141, which must be in I. Similarly, v??+141 € I. This implies that (A#H)/I is
finite dimensional. O

If (A, H) is in the case of Theorem 0.4(f) then A = k_1[u,v] and H = (A(Dam))° or
equation 4.13.1 holds.

Proposition 4.15. Let (A, H) be in the case of Theorem 0.4(f). Then Conjecture 0.2
holds.

Proof. When H = (A(Dan,))°, the assertion is Proposition 4.13. For the other cases, by
Lemmas 4.4 and 4.14, it suffices to show that (A #KkT)/(14t') is finite dimensional. By
Lemmas 3.1(4), 3.2(4), 3.3(4) and 3.6, it is equivalent to show that (k[u, v]?#kL) /(1#t')
is finite dimensional. This last statement follows by Proposition 4.2, Lemma 4.4, and the
commutative version of Lemma 4.14. O

Proof of Theorem 4.1. It follows by combining Propositions 4.2, 4.3, 4.5, 4.7, 4.9, and
4.15. 0O
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5. Quantum Kleinian singularities as noncommutative hypersurfaces

Recall that if a semisimple Hopf algebra H acts on an Artin-Schelter (AS) regular
algebra A inner faithfully, preserving the grading of A, with trivial homological determi-
nant, and if further A7 # A, then A is not AS regular [9, Theorem 0.6]. This motivates
the following definition.

Definition 5.1. We say that a ring R has quantum Kleinian singularities if it is isomorphic
to a fixed ring A¥ where:

(i) H is a finite dimensional Hopf algebra, and
(ii) A is an AS regular algebra of dimension 2 which is also a graded inner-faithful
H-module algebra, and
(iii) the H-action on A has trivial homological determinant.

The classification of the quantum Kleinian singularities follows from Theorem 0.4.
Here we describe these fixed subrings as noncommutative hypersurface rings in the sense
of [18].

Theorem 5.2. Let H be a semisimple Hopf algebra and A be an H-module algebra satis-
fying Hypothesis 0.1 with gldim A = 2. Then A is isomorphic to C/CS), where C' is an
AS-regular algebra of dimension 3 and € is a normal element in C.

Proof. The proof of this theorem consists of a case-by-case analysis, the results of which
are summarized in Table 3. We defer the verification that € is normal in C' to the end
of this proof.

In case (a), the fixed subring k[u, v]%, where G < SLs (k), is a (commutative) Kleinian
singularity, and is well known to be a hypersurface singularity in affine 3-space. The cases
of group actions (cases (b), (c), (d), (g), (h)) on noncommutative AS regular algebras
holds by [16, Theorem 0.1] and [17, Theorem 0.1]. It remains to verify the result in cases
(e) and (£f). (Again, we show that € is normal in C' at the end.)

Case (e): We show that A7 = A% kD2 a5 follows. Let v; = u + v/—1v and vy =
v/ —1u + v. Then

A=k_[u,v] =2 kv, vs)/(v? + v2).
We use the following presentation for
Doy, = <gah ‘ 92 = h‘2 = (gh)n = 1>

The kDs,-coaction on A is given by p(v1) = v; ® g and p(va) = v2 ® h.
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Let sy = vf%(vlvg)k and s;,k = vy 2k(vgvl)k. We choose the following basis
{s2m,k> Sl2m)k | k=1,...,m}U{vi"} for Ag,, and the following basis {s2m+1,k; Sh 414 |
k=1,...,m}{v(v1v2)?™, va(v1v2)?™} for Ay, 1. It is immediate that AH = A< sz“.

Next we compute the kDo, -coinvariants in degree 2m. Clearly 027” is kDs,-coinvariant,
and p(s2m k) = Sam.kx ® (gh)¥ implies that sa,, j is kDay-coinvariant if and only if n | k.
Similarly s’2m7 , is coinvariant if and only if n | k. We obtain a k-basis of kDa,,-coinvariant
elements {52m,pn }p>0 U {85 pn tp>0- This argument shows that

a1 = (v1v2)", az =vi=—v3, az= (vov1)"

are kDy,-coinvariant. These elements commute and satisfy Q := a3" — (—1)"a;a3 equal
to 0. So letting C' = Kk[aq, as, as], we have a surjective ring homomorphism

0:C/(Q) = A kD2n,

The k-basis for kDs,-coinvariants given above shows that

Hpeorng, () =Y (L+2[L) 17 =1+ 4 +£2772)> (142"
j=0 j=0
_ (1+t2n)(1_~_t2++t2n72) _ 1—|—t2+ _|_t4n 2

(1 —¢2n)2 - (1 — ¢2n)2

The Hilbert series of C/(€2) follows from noting that the generators aj, ag, az are in
degrees 2n, 2, 2n, respectively, with a relation 2 in degree 4n. Hence

1— ¢t
Heyo ) = m—mmpa—py

Since Hyu (t) = H geo 02, (t) = Hey()(t), we obtain that € is an isomorphism, as desired.

Case (£): This case follows from Lemmas 3.1(4), 3.2(4), 3.3(4), and 3.6(4), and com-
pletes the proof.

We summarize the cases in Table 3.

Finally, in the cases when C' is noncommutative, the normality of  in C holds due
to the computations below. The reader may wish to refer to Table 1.

(b) a1 = (—1)_”QQa1 a2 = Qas asQ) = (—1)"29a3

(c) a1 = Qay as) = Qasy

(d,n 0dd) a1 = Qay as) = Qasy a3 = Qas

(g) a1l = q_"2 Qaq a28) = Qas asf) = q"2 Qas

(h) a1 = Qay a2 = Q(2a1 +a2) a3l = Q(6ay +4as + a3). O
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Table 3
Quantum Kleinian singularities, as noncommutative hypersurface singularities.

R=C/(Q) (a1,as2,a3)

(a) Commutative Kleinian singularity

()  C =kqgla1,az2,as] (u™, uv,v™)
2
where g12 = q(13 =(=1)",q23 = (="
n(n—1
Q=a3y —(-1) 2 aias

a1, az)/([a], az], [a3, a1]) (u+v, (u—v)(u+v)(u—v),0)
— a3 (two generators)

(d) n even
C =kl[a1, a2, as] (u™ 40", (uwv)?, u" Ty — wo™ Tt
Q = asa; + aras — 4(_1)(n+2)/2agn+2)/2

n odd

C— k{a1, az,as)

aza; + ajaz — 4(71)<"+1)/2a;"-*'1)/2
ag central

(un + vn’ (uv)z’ un«{»lu + uvn+l)

Q = a? + aza?
(e) C =klai,a2,as] ((v1v2)™, v, (v201)™)
Q=a3" — (-1)"aras

(f)  Commutative Kleinian singularity

(8) = kq[a17a27a3] ) (u™, uv,v™)

where qi12 = q13 = q¢" , q23 = q"
)

n(n—

Q:a;—q 2 aiag
k(a1, az, as)

asay — aijaz — 2(1%
asas — asasz — 2a§

aszay — ai1az — 4aras — 6(1?

® C=

(u?, uv, v?)

2
Q =a; —ajaz —aias
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