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1. Introduction and the main results

Throughout the article K will denote a fixed algebraically closed field. By an algebra is
meant an associative finite dimensional K-algebra with an identity, which we shall assume
(without loss of generality) to be basic and indecomposable. For an algebra A, we denote
by mod A the category of finite dimensional (over K) right A-modules, by ind A its full
subcategory formed by the indecomposable modules, and by D : mod A — mod A°P
the standard duality Homg (—, K). Given a module M in mod A, we denote by [M] the
image of M in the Grothendieck group Ky(A) of A. Thus [M] = [N] if and only if the
modules M and N have the same simple composition factors including the multiplicities.
An algebra A is called selfinjective if A4 is an injective module, or equivalently, the
projective and injective modules in mod A coincide. An important class of selfinjective
algebras is formed by the orbit algebras R/G, where R is a selfinjective locally bounded
K-category and G is an admissible group of automorphisms of R. Then we have a Galois
covering R — R/G which frequently allows us to reduce the representation theory of
R/ G to the representation theory of R. In the theory, the selfinjective orbit algebras
B /G given by the repetitive categories B of triangular algebras B and infinite cyclic
admissible groups G of automorphisms of B are of particular interest. We also note that
for the algebras B of finite global dimension, the stable module category mod. Bof Bis
equivalent (as a triangulated category) to the derived category D’(mod B) of bounded
complexes over mod B [13].

An important combinatorial and homological invariant of the module category mod A
of an algebra A is its Auslander—Reiten quiver I" 4. The vertices of I' 4 are the isoclasses
[X] of modules X in ind A, and the number of arrows starting at [X] and ending in
[Y] in ' is the number of linearly independent irreducible morphisms from X to Y in
mod A. Moreover, we have the Auslander—Reiten translations 74 = DTr and 7, = TrD.
We shall identify a vertex [X] of I'y with the module X. By a component of T4 we
mean the connected component of I 4. For a component I' of I'4 we denote by I'® its
stable part, that is the subquiver of I obtained by deleting the 74-orbits of both the
projective and the injective modules. The Auslander—Reiten quiver I'4 describes the
structure of the quotient category mod A/rady’, where rady’ is the infinite Jacobson
radical of mod A (the intersection of all powers rad’y, i > 1, of the Jacobson radical rad 4
of mod A). By a result due to Auslander [5], A is of finite representation type if and only
if radyy = 0 (see also [16] for an alternative proof of this result). On the other hand, if A
is of infinite representation type, then (rad’)? # 0, by a result proved in [8]. In general,
it is important to study the shape and behavior of the components of " 4 in the category
mod A. Recall that a translation quiver I' = (T',7) is said to be a tube if it contains a
cyclic path and its underlying topological space is homeomorphic to S* x R*, where S*
is the unit circle and R* is the non-negative real line [11], [26]. Then I is a stable tube if
and only if it is of the form ZA/(7"), for some integer r > 1. By a quasi-tube we mean a
translation quiver I' such that its full translation subquiver formed by all vertices which
are not projective-injective is a tube [29].
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Following [30], a family C = (Cy)aca of components of T'4 is said to be generalized
standard if rad¥’ (X,Y) = 0 for all modules X and Y in C. It was proved in [30, (2.3)]
that every generalized standard family C of components in I' 4 is almost periodic, that is,
all but finitely many 74-orbits in C are periodic. In particular, for a selfinjective algebra
A, every infinite generalized standard component C of "4 is either acyclic with finitely
many T4-orbits or a quasi-tube.

In the paper we are concerned with the structure of selfinjective algebras A for which
the Auslander—Reiten quiver I"4 admits a generalized standard component. A distin-
guished class of such algebras is formed by the selfinjective algebras of finite representa-
tion type. By general theory (see [32, Section 3]) these algebras are socle deformations of
the orbit algebras B /G, for tilted algebras B of Dynkin type and infinite cyclic groups
G of automorphisms of B. Further, it was proved in [34-36] that every selfinjective al-
gebra A having an acyclic generalized standard component in I'4 is of the form B /G,
for a tilted algebra B of Euclidean or wild type and an infinite cyclic group G of auto-
morphisms of B. On the other hand, the description of selfinjective algebras A whose
Auslander—Reiten quiver admits a generalized standard quasi-tube is an exciting but
difficult problem. Namely, every algebra is a quotient algebra of a selfinjective algebra
A with T4 having a generalized standard stable tube (see [30], [31]). We refer to [6],
[14], [15], [17] for some work on the structure of selfinjective algebras having generalized
standard families of quasi-tubes.

In order to formulate the main result of the paper we need to present some concepts.

Let A be an algebra. Recall that a smooth quasi-tube is a quasi-tube whose all non-
stable vertices are projective-injective. For a smooth quasi-tube 7 of 'y we denote by
s(T) the number of simple modules in T, by p(7) the number of projective modules
in 7, and by r(7) the rank of the stable tube 7°. Obviously, if A is selfinjective then
each quasi-tube is smooth. Moreover, in this case we know that s(7) +p(T) < r(T) —1
for any quasi-tube 7 in T'4 [24]. A family C = (Cx)xea of smooth quasi-tubes in T'4
is said to be maximally saturated by simple and projective modules if there exist two
simple right A-modules S and T which are not in C and the following conditions are
satisfied:

(MS1) s(Cx) +p(Cx) =7(Cx) — 1 for any X € A;

(MS2) the simple composition factors of indecomposable modules in C are: S, T', the sim-
ple modules in C, and the socles and tops of indecomposable projective modules
in C;

(MS3) C = (Cx)aea consists of all quasi-tubes such that Cy admits an indecomposable
module E) with soc £\ = S and top ) =1T.

In particular, if p(Cx) = 0 for any A € A, we say that a family C = (Cx)xea of stable

tubes is mazimally saturated by simple modules.
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The following main result of the paper describes the structure of all selfinjective alge-
bras whose Auslander—Reiten quiver admits a generalized standard family of quasi-tubes
maximally saturated by simple and projective modules.

Theorem 1.1. Let A be a basic, connected, finite dimensional selfinjective algebra over
an algebraically closed field K. The following statements are equivalent.

(i) T4 admits a generalized standard family C = (Cx)xea of quasi-tubes mazimally
saturated by simple and projective modules.

(ii) A is isomorphic to an orbit algebra §/G of the repetitive category B of a branch
extension B of a canonical algebra C with respect to the canonical P1(K)-family of
stable tubes of T'c and G is an infinite cyclic group of automorphisms 0f§ of one
of the forms:

(a) G = (wvg), for ¢ a strictly positive automorphism of E,
(b) G = (¢vg), for B a canonical algebra and ¢ a rigid automorphism of E,
where vy is the Nakayama automorphism of B.

We note that the selfinjective algebras occurring in the second statement of the above
theorem are selfinjective algebras of strictly canonical type investigated in [18], [19], [20].
In particular, the structure and homological properties of the Auslander—Reiten quivers
of selfinjective algebras of strictly canonical type were described in [18].

The following direct consequence of Theorem 1.1 and [25, Theorem 2] provides a
characterization of the trivial extensions of the canonical algebras by their minimal
injective cogenerators.

Corollary 1.2. Let A be a basic, connected, finite dimensional symmetric algebra over an
algebraically closed field K. The following statements are equivalent.

(i) T4 admits a generalized standard family C = (Cx)xea of quasi-tubes mazimally
saturated by simple and projective modules.
(ii) T4 admits a generalized standard family T = (Tx)xea of stable tubes mazimally
saturated by stmple modules.
(iii) A is isomorphic to the trivial extension B x D(B) of a canonical algebra B.

The paper is organized in the following way. In Section 2 we recall the canonical
algebras and describe their canonical family of stable tubes. Section 3 presents quasi-tube
enlargements of algebras. In Section 4 we show the needed facts on repetitive algebras
and their orbit algebras. Section 5 contains results on selfinjective algebras of strictly
canonical type which allow us to state that the implication (ii) = (i) of Theorem 1.1 is
true. In Section 6 we complete the proof of Theorem 1.1. The final Section 7 is devoted
to some examples illustrating the main results of the paper.
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For basic background on the representation theory of algebras applied in the paper
we refer to the books [1], [26], [27], [28], [37], [38].

2. Canonical algebras

The aim of this section is to introduce the canonical algebras and show that they
are exactly the algebras whose Auslander—Reiten quiver contains a faithful generalized
standard family of stable tubes maximally saturated by simple modules.

Throughout the paper for a vertex x in the Gabriel quiver Q4 of an algebra A, by
S(z), P(x) and I(z) we denote a simple, indecomposable projective and indecomposable
injective A-module at the vertex z, respectively. Moreover, by M = (Mg, Ma)acQo,acQ: s
where Qg is a set of vertices and ()7 is a set of arrows in @4, we denote a K-linear
representation of Q4. If I is an admissible ideal of K@ 4, then by representation M =
(Mg, M,,) of Q4 we will mean a representation satisfying the relations in I.

Let m > 2 be an integer number, p = (p1,...,pm) a sequence of positive integer
numbers and XA = (Aq, ..., A\ ) a sequence of pairwise different elements of the projective
line P (K) = K U {0} normalized in such a way that A\; = co and Ao = 0. Consider the
quiver A(p) of the form

(1,1) (1,2) (1,p1 — 1)

Q1.2 Q1,p;—1
O —— O «— -+ =<-— 0 -—— O
a1 Q1,py
Qg1 (2,1 Qaz 2 (2,2) Q2 p,—1 (2,p2 — 1)0424,.2
0o o O <" =0 o w
o O «— +++ =-+— QO -——— O
(m,1) “m2 (m,2) Smopn=1 (m, ppy, — 1)

For m = 2, C(p, A) is defined to be the path algebra K A(p) of the quiver A(p) over K.
For m > 3, C(p,A) is defined to be the quotient algebra KA(p)/I(p, ) of the path
algebra K'A(p) by the ideal I(p,A) of KA(p) generated by the elements

Qjp, -+ 01 +a1p, -1+ /\jOéQ,p2 ..o, where j € {3, e ,m}.

Following [26], C'(p, ) is said to be a canonical algebra of type (p, ), p the weight
sequence of C(p,A), and A the (normalized) parameter sequence of C(p, ). It follows
from [26, (3.7)] that, for a canonical algebra C' = C(p, ), the Auslander-Reiten quiver
I'c of C is of the form

e =P°uUTCUQ"

where P is a family of components containing all indecomposable projective C-modules
(hence the unique simple projective C-module S(0) associated with the vertex 0 of A(p)),
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QC is a family of components containing all indecomposable injective C-modules (hence
the unique simple injective C-module S(w) associated with the vertex w of A(p)), and
T = (T )rep, (k) is a canonical Py (K)-family of pairwise orthogonal standard stable
tubes separating P¢ from Q¢ and containing all simple C-modules except S(0) and
S(w). Moreover, if rf denotes the rank of the stable tube T/\C, then Ti = p;, for any
i€{l,...,m},and 7{ =1, for A € Py (K)\ {A1,.. ., A}

Let C = C(p,A) be a canonical algebra. We recall the description of modules ly-
ing on the mouths of stable tubes of the canonical Py(K)-family T¢ = (T.%)xep, (k)
of Fct

(a) For A = A\; = oo, the mouth of 7' = T< consists of the simple C-modules

S(1,1),...,5(1,p1 — 1) at the vertices (1,1),...,(1,p; — 1) of A(p), if p; > 2, and
the nonsimple C-module E(*) of the form
N

K K

0 ~—0 <« <0 ~—20

1 1 j-th path
K+«~"t—K<~ " «~K+——K"/1
. . . . <+—— m-th path

with j € {3,...,m};

(b) For A = Xy = 0, the mouth of 7.¢ = T consists of the simple C-modules
S(2,1),...,5(2,p2 — 1) at the vertices (2,1),...,(2,p2 — 1) of A(p), if p > 2, and
the nonsimple C-module E(© of the form

/ \
0 0« =0 0 K
1
j7-th path

+—— m-th path

with j € {3,...,m};

(c) For A = \; with j € {3,...,m}, the mouth of T.C consists of the simple C-modules
S(,1),...,50,p; — 1) at the vertices (4,1),...,(j,p; — 1) of A(p), if p; > 2, and
the nonsimple C-module E) of the form
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K+——K-+— «~K+ K,
1 \

K K

7-th path

0 ~—0 <+ <0 ~—0"/1
/e————  ji-th path

foric {3,....m}\ {j}

(d) For A € P1(K)\{A1,..., A}, the mouth of T.¢ consists of one nonsimple C-module
E®™ of the form

\
1 1

K K K+ <+« K K K
Q= A5 e : : |
’ . ’ ’ . ’ j-th path
e A S el s

«—— m-th path
K~ K+ «K~—' K
with j € {3,...,m}.

The following results describing generalized standard stable tubes of an Auslander—
Reiten quiver were established in [30, Corollary 5.3].

Proposition 2.1. Let A be an algebra and T' a stable tube of T'a. Then the following
statements are equivalent.

(i

)
(i)
i)

)

T is generalized standard.
T' is standard.
The mouth of I' consists of pairwise orthogonal bricks.

(iv) rad3 (X, X) =0 for any module X in T.

—~
—
=
=

Recall that an indecomposable A-module X is called a brick if its endomorphism
algebra End 4 (X) is isomorphic to K.

We now give the characterization of canonical algebras by means of a family of stable
tubes which is maximally saturated by simple modules.

Theorem 2.2. Let B be an algebra. Then the following statements are equivalent.



374 A. Jaworska-Pastuszak et al. / Journal of Algebra 520 (2019) 367-399

(i) Tp contains a faithful generalized standard family C = {Cx}xren of stable tubes max-
imally saturated by simple modules.
(ii) B is a canonical algebra.

Proof. We prove only that (i) implies (ii), as the other implication is obvious in view of
the above description.

Let n be the rank of Ky(B) and S = S(0), T = S(w) be simple B-modules at the
vertices 0 and w of the Gabriel quiver Qp of B, respectively. Since C is a generalized
standard family we have that the modules S and T are not isomorphic and hence 0 # w.
For a module M € C, by lc(M) we shall denote the length of M in the additive category
addC of C in mod B, that is, the length [ of a chain M = My D My D ... D M; =0
of submodules of M which belong to C and such that A;_,/M; is a module from the
mouth of Cy, for 1 < j <[ and some A € A. If X is a module from the mouth of C,, for
some A € A, by X[j] we shall denote a module M which belongs to infinite ray starting
at X such that lo(M) = j.

We have two cases to consider.

(1) Assume that the family ¢ = {Cr}rea consists entirely of homogeneous tubes.
Since C is faithful family maximally saturated by simple modules, we have that .S and T
are the only simple B-modules. Moreover, by [30, Lemma 5.9] pd ;X <1 and idaX <1
for any indecomposable module X € C. Therefore, the Gabriel quiver Qg of B does not
admit any oriented cycle. Then, by (MS3), we conclude that Qg is of the form:

0o : o w

for some m > 1. Assume that ay, ..., a,, are linearly independent elements of the K-vector
space e, Bey and hence B is the path algebra KQp. Note that m > 2 since B is
representation-infinite. If m > 3, then B is wild and I'p does not contain tubes (see
[28, XVIIL.1.6]). Hence B is the path algebra KQp of the Kronecker quiver:

(631

0o

o w

a2

and C = {Cx}xea is a unique Py(K)-family of homogeneous tubes of I'p (see [27,
(X1.4.6)]).

(2) Assume that {C;...,Cy,}, for some m > 1, is a complete set of stable tubes of
rank at least two in the family C = {Cx}rca. Note that all simple modules from C lie
on mouths of these tubes. Since C is faithful, simple modules from C together with S
and T form the set of all simple B-modules. We mention also that the number m of
nonhomogeneous tubes in I'p is no greater than n, by [30, (2.2)].

Let C;, for some i € {1,..,m}, be a tube of rank r(C;) = p; > 2. Denote by
S(i,1)5 -+ S(i,p;—1) all simple modules which belong to C; and by F; the remaining module
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from the mouth of C;. Note that F; satisfies the condition (MS3), otherwise an epimor-
phism f : E) — T shall not factorize by a mouth module (see [27, Lemma X.2.9]).

We start with describing the Gabriel quiver @Qp of B. Since C is generalized standard
family of stable tubes, by Proposition 2.1, we have that

1, if 7S =5"
0, if 7pS'#£S"

9

dimKExtlB(S’, S”) = dimKHomB(S”,TBS') = {

for any simple modules S’; S” in C. Consider now the tube C;. Without loss of generality
we assume that 785 = Sq ;) if l =5+ 1, for j € {1,...,p; — 2} and 78S;1) = F}
T8F; = S(i p,—1)- Observe that:

o dimgExty(T,Sp,—1)) = dimgHomp(m5Sip-1).T) = dimgHompy(F;,T) =
dimgHomp(F;,T) = 1, since T = top Fj,

o dimgExty(T, S, ) = dimgHompg(r5S:),T) = dimgHomg(S; +1),T) = 0,
since S(; j11), 1" are nonisomorphic simple B-modules, for 1 < j <p; — 1,

. dimKEthB(S(i’l),S) = dimKHo—mB(S, TBS(i,l)) = dimKHo—mB(S, F;) = 1, because
S = soc F;,

. dimKEXt}g(S(i)j), S) = dimKHo—mB(S, TBS(i,j)) = dimKHo_mB(S, S(i7j—1)) = 0, since
S, S(,j—1) are nonisomorphic simple B-modules, for any 1 < j < p; — 1,

. dimKExt}g(S(i,j),T) = 0, for any 1 < j < p; — 1, because Homp(T, 78S j)) =
Homp(T, S ;-1)) = 0, for j > 1, and Homp(T,735;1)) = Homp(T,F;) =
Hom g (top F;, F;) = 0,

o dimgExth(S, Si,) = 0, for any 1 < j < p; — 1, because Homp (755, ;,5) =
Homp(S(;,j41),5) = 0, for j < p; — 1, and Homp(755(; p,—1),5) = Homp(F;, S) =
Homp(F;,soc F;) = 0.

Denote by (7,7), for 1 <i <m and 1 < j < p; — 1, the vertex of @p for which S ;)
is the simple B-module at this vertex, that is S(; j) = S(4, 7). Then by [1, (II1.2.12)], we
obtain that Qg has a subquiver @ of the form

(1,1) g2 (1,2) Q1p,—1 (1,p1 — 1)
o +-—— +— O

o =< ... < O
Qi

X1,p;

where r > m, there are no other vertices in (g, no other arrows starting at or ending
in vertices (4,7) and no other arrows starting at w and ending in 0. Since C form a
hereditary family of modules in mod B (see [30, Lemma 5.9]), then any path o p, ... a; 1,
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for 1 < i < m, is a nonzero element of B, and ) does not admit any oriented cycle.
Therefore, we conclude that Qg = Q.

Consider now the algebra B’ = eBe, where ¢ = ¢y + ¢, is the sum of the primitive
orthogonal idempotents ey, e, corresponding to the vertices 0 and w, respectively. There
is the canonical restriction functor

res, : mod B — mod B’

which assigns to a module M in mod B the module res.(M) = Me in mod B’ and to a
homomorphism f : M — N in mod B its restriction res.(f) : res.(M) — res.(N) to Me.
Note that Qg is an enlarged Kronecker quiver with r arrows
o
0o : ow .
<a7.7“

Now we apply the functor res, to the additive subcategory add(C;) of mod B. Observe
that res.(S(;,1)) = rese(S(,2)) = ... = rese(S(p,—1)) = 0. Moreover, since F; = 735(; 1),
we have res.(F;) = Z = (Zy, Za)z,0, Where Z, = K for the vertices 0, w, and Z, = 0
only for a = «;. Clearly, res,(F;) is an indecomposable B’-module. We shall now fix
E; = S 1)[pi]. Let M; = Fj[p; + 1]. Since 75 F; = S(; 1), there exists an exact sequence
of B-modules

0 F, M, E 0.

Then we have an exact sequence of B’-modules

rese (f rese
0 —— res.(F;) *(>) rese (M;) *(gi rese(E;)) ——= 0

because the restriction functor res. is exact (see [1, Theorem 1.6.8]). Observe that
rese(F;) = rese(F;). Moreover, W = res.(M;) is indecomposable, since M; is indecom-
posable and, for j € {1,..,m}, W,, : K* — K? is given by W,, = (M;),, where
0= Oéj)pj ozj)pjfl...ajgaﬁl.

We are now in the position to show that res.(f) is a left almost split homomorphism
in mod B’. Since res.(M;) is indecomposable and res.(g) # 0, res.(f) is not a section.
Let w : res.(F;) — U, for some indecomposable B’-module U, be a non-zero homomor-
phism which is not a section. Since Endpg/ (res.(F;)) = K, it follows that U 2 res.(F;).
Invoking the extension functor L. : mod B’ — mod B, L.(—) = Homp:(Be, —), which
is right adjoint to res., we obtain that there exists a homomorphism v : F; — L.(U)
of B-modules such that u = res.(v). The functor L. preserves indecomposability of
modules, thus L.(U) is indecomposable. Moreover, there is a functorial isomorphism
reseLe = 1moan (see [1, Theorem I1.6.8]). Hence, v is not a section. We claim that
L.(U) is not of the form F;[j] for j € {1,...,p;}. Observe that res.(F;[j]) = res.(F;)
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for any j € {1,...,p;}. Then the claim follows from the facts that res,L.(U) = U and
U 2 resc(F;). Therefore, v : F; — L.(U) is a composition wfp,...f1 for some homo-
morphism w : M; — L.(U) and irreducible homomorphisms f; : F;[j] — F;[j + 1] for
j € {1,....pi} (see [1, Lemma IV.5.1]). Thus v factorizes through M; = F;[p; + 1]. In-
voking now the restriction functor res., we conclude that u = res.(v) factorizes through
rese(M;). It shows that w is left almost split and, by [1, Theorem IV.1.13],

rese (f rese(g)
0 —— res.(F;) *(Q rese (M;) *(g> rese(F;) —= 0

is an almost split sequence in mod B’. Consequently, the image of C; by the functor res,
is a homogeneous tube of I'p/. Again, by [28, (XVIIL.1.6)], we conclude that r = 2 since
B’ is a tame algebra. Hence dimge,Beg = 2.

Let us denote by p; the path o;p,..a;1 if 1 < i < m, and the arrow a; if m +
1 <4 < r. Assume now that A\g; = p; for some j # i, 1 < j,4 < r and non-zero
A € K. Fix a stable tube C; € C which contains the simple modules S(x) at the vertices
z € {(i,1),(4,2),...,(#,p; — 1)}. For simplicity, denote the unique non-simple module F;
which lies on the mouth of C; by F. Observe that F,,, = ... = I, , = 0 and hence
F,, = Fo“qpi___c,%1 = 0. Then ng = F),, = 0 which is impossible since F' = TBS(M).

Without loss of generality we may now assume that p;, g2 form a basis of
ewBeg. From the above consideration we conclude that the equations which describe
03 vy Oms X1, -, @ define the set € of generic relations (in the sense of [26]) in KQp.
Then, by [26, (3.7)], B = KQp/(Q) is a canonical algebra and C is a canonical separating
Py (K)-family of stable tubes of I'p. Note that B is a canonical algebra of type (p, A),
where the weight sequence p contains a subsequence (p1, ..., pm,) and the parameter se-
quence A is determined by relations in Q. Following [18, Lemma 1.1] (see also [26, (3.7)]),
if m = r > 3, we may assume that p; > 2 for each i € {1,...,m}. O

3. Quasi-tube enlargements of algebras

In this section we introduce quasi-tube enlargements of algebras which are essential
in the paper. For convenience of the reader, we shall start with evoking the definition
of admissible operations on a translation quiver and then present the corresponding
admissible operation on an algebra. We consider only the admissible operations of type
(ad 1), (ad2), (ad 1*) and (ad 2*) (see [3], [4], [22] for more).

For a field K and ¢t > 1, we denote by H;(K) the t X ¢-lower triangular matrix algebra

K 0 0 --- 0
K K 0 0
K K K --- 0
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Then by I'; we denote a translation quiver isomorphic to the Auslander—Reiten quiver
T, (k) of algebra Hy(K):

ANZANVAN NS

NN e
- |

t,

NSNS

°Ys,

NS
NN

o
Y,

Let now I' = (T', 7) be a translation quiver (with trivial valuations). For the vertex X
in I'; called the pivot, the following operations, called the admissible operations, modify
I to a new translation quiver IV = (I, 7’) whose shape depends on the shape of paths
in I starting at X, and dually ending at X.

(ad 1) Suppose that T" admits an infinite sectional path starting at X

X:X0—>X1—>X2—>"'

(that is, X; # 7X;42, for any ¢ > 0), and assume that every sectional path in I" starting
at X is a subpath of the above path. We then let IV be the translation quiver having as
vertices those of T, those of I';, additional vertices Z;; and X/, where i > 0,1 < j <,
and having arrows as in the figure below:

TAXO

NN /%/NV\T&
N T NN
NS NN
NSNS NN
NSNS /\ |
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The translation 7" of I is defined as follows: 7'Z;; = Z;_1 j1if i > 1,7 >2,7'Z; =
Xio1ifi>1,7'Zy; = Y;_1 if j > 2 and Zy; is projective, 7' Xy =Yy, 7' X! = Z;_q, if
i > 1land 7'(7~ X;) = X/ provided X; is not injective in I', otherwise X/ is injective in I".
For the remaining vertices of IV, 7/ coincides with the translation of " or I';, respectively.
For ¢t = 0, the new translation quiver I' is obtained from I" by inserting only the sectional
path consisting of the vertices X/, i > 0.

(ad 2) Suppose that T' admits two sectional paths starting at X, one infinite and the
other finite with at least one arrow

Y+« Y 1+ .. VoY1 X=Xg>X; > Xo— ...

such that any sectional path starting at X is a subpath of one of these paths and X
is injective. Then I" is the translation quiver having as vertices those of I', additional

vertices X, Z;j, Xj (where 1 <4, 1 < j <t), and having arrows as in the figure below:

The translation 7/ of I' is defined as follows: X|) is projective-injective, 7'Z;; =
Zi—l,j—l if ¢ Z 2,] Z 2, T/Zil = Xi—l if ¢ Z 1, T/ZU = Y}'_l lf] Z 2, 7'/ { = Y't,
T'X! =Z;_14 it i > 2and 7/(7~ X;) = X/ provided X, is not injective in I', otherwise
X/ is injective in I". For the remaining vertices of I, 7/ coincides with the translation 7
of I.

The admissible operations (ad 1*) and (ad 2*) are dual to (ad 1), (ad 2), respectively.

Observe that a quasi-tube in the sense of [29], can be defined in a constructing way.
Namely, a connected translation quiver I' is a quasi-tube if it can be obtained from a
stable tube by an iterated application of admissible operations (ad1), (ad2), (ad1*),
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or (ad 2*). Moreover, note that any operation of type (ad 1) (respectively, (ad 1*)) is an
iterated ray insertion (respectively, coray insertion) in the sense of [11], [26]. Thus, we
have that a ray tube (respectively, a coray tube), in the sense of [11], [26], is a connected
translation quiver obtained from a stable tube by an iterated (possibly zero) application
of admissible operations (ad 1) (respectively, (ad 1*)).

The following proposition provides a characterization of quasi-tubes in Auslander—
Reiten quivers of selfinjective algebras ([21], [22], [39]).

Proposition 3.1. Let A be a selfinjective algebra and I' a connected component of T 4. The
following statements are equivalent.

(i) T is a quasi-tube.
(ii) The stable part T'* of T is a stable tube.
(iii) T' contains an oriented cycle.

Let A be an algebra and X a module in mod A. The one-point extension of A by X
is the 2 x 2-matrix algebra

A 0 0
A[X]:|:KXA K} :{(Z A);aeA,AeK,xeX}

with the usual addition of matrices and the multiplication induced from the canonical
K-A-bimodule structure g X4 of X. The quiver @ a(x] of A[X] contains the quiver Q4
of A as a full convex subquiver, and there is a single additional vertex in @ s(x], which
is a source. Dually, the one-point coextension of A by X is the 2 x 2-matrix algebra

[X]A = LD&)K BJ _ {(? 2) cac A NEK, feD(X)}

with the usual addition of matrices and the multiplication induced from the canonical
A-K-bimodule structure 4D(X)x of D(X). The quiver Q[x)4 of [X]A contains the quiver
Qa of A as a full convex subquiver, and there is a single additional vertex in Q[ x4, which
is a sink.

Suppose now that I' is a generalized standard component of I'4. Recall that by a
support S(X) of the functor Hom (X, —)|r, for an indecomposable module X € T', we
mean the K-linear category defined as follows. Let Hx denote the full subcategory of
mod A consisting of the indecomposable modules M in T' such that Hom4 (X, M) # 0,
and Zx denote the ideal of Hx consisting of the morphisms f : M — N (with M, N
in H(X)) such that Homa (X, f) = 0. We define S(X) to be the quotient category
H(X)/Z(X). We shall identify the K-linear category S(X) with its quiver.

For each admissible operation on I" of type (ad 1), (ad 2), (ad 1*), or (ad 2*), we shall
now define the corresponding admissible operation on A in such a way that the modified
translation quiver IV is a component of the Auslander—Reiten quiver I" 4+ of the modified
algebra A’ (see [3], [4]). Let X be an indecomposable brick in T".
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Assume that S(X) consists of an infinite sectional path starting at X:
X:Xo—)X1—>X2—>"'

and let ¢ > 1. Then X is the pivot of an admissible operation (ad1) on quiver I'" and
we get a new translation quiver IV. We define the modified algebra A’ of A to be the
one-point extension A’ = (A x Hy)[X @ Y], where Y is the unique indecomposable
projective—injective Hy;-module. Moreover, the new translation quiver IV with vertices
Zy = (K, X; ®Y;,[1]) for i > 0,t > j > 1, and X/ = (K, X;,1) for i > 0 is called
the modified translation quiver. For t = 0 we define the modified algebra A’ to be the
one-point extension A’ = A[X] and the modified translation quiver I to be the trans-
lation quiver obtained from I' by inserting the sectional path consisting of the vertices
X!, i>0.

If now S(X) consists of two sectional paths starting at X, one infinite and one finite
with at least one arrow (¢t > 1)

Yi< Y 1+ ...« X=X X1 2> Xo—> ...,

then X is a pivot of an admissible operation (ad2) on quiver I' and we get a new
translation quiver I'. Note that X is injective in this case. We define the modified algebra
A’ of A to be the one-point extension A’ = A[X]. Moreover, the new translation quiver
I with vertices Z;; = (K, X; @Y, []]) fori > 1.t > j > 1, and X] = (K, X;,1) for
i > 1 is called the modified translation quiver.

Dually, invoking the one-point coextensions, one defines the modified algebra A’, if X
is a pivot of an admissible operation of type (ad 1*) or (ad 2*). Then the following fact
mentioned above holds (see [3, Section 2]).

Lemma 3.2. The modified translation quiver IV of T is a component of T 4.

Let now C be an algebra and 7 a generalized standard family of stable tubes in I'c.
Following [4], an algebra B is said to be a quasi-tube enlargement of C' using modules
from 7 if there is a finite sequence of algebras Aqg = C, A1,...,A,, = B such that,
for each 0 < j < m, Aj41 is obtained from A; by an admissible operation of type
(ad 1), (ad 2), (ad 1*), or (ad2*), with pivot either in a stable tube of T or in a quasi-
tube of I'4, obtained from a stable tube of 7 by means of the sequence of admissible
operations (of types (ad 1), (ad2), (ad 1*), (ad 2*)) done so far. Then a T-tubular exten-
sion (respectively, T-tubular coextension) of C, in the sense of [28, (XV.2)], is just a
quasi-tube enlargement of C' invoking only admissible operations of type (ad 1) (respec-
tively, of type (ad 1*)) [28, XV.2.9].

Proposition 3.3. Let B be a quasi-tube enlargement of an algebra C' using modules from
a generalized standard family T of stable tubes of T'c, and B the family of components
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of I'g obtained from T by means of admissible operations leading from C to B. Then B
is a generalized standard family of quasi-tubes of T'p.

For the proof of the above proposition we refer to [3, Lemma 2.2, 2.3] and [23, Theo-
rem C].

We end this section with recalling some information about branch extension and
coextension of an algebra. A branch is a finite connected full bounded subquiver £ =
(Qr, 1) of the following infinite tree

NN NN

Y N
o\ /s

.a\o/ﬁ, .'a\o/;.

N

which contains the lowest vertex 0 and I, is generated by all paths a8 contained in Q.
The lowest vertex 0 of L is called the germ of L.

Let C be an algebra and 7¢ = (T)\C) acA is a family of pairwise orthogonal standard
stable tubes in I'c. Let Fq,...,Es be a set of pairwise different modules lying on the
mouths of the tubes of 7¢. Consider the multiple one-point extension of C'

c 0
ClE,... By = ]

E1®EBES K1><...><KS

and the multiple one-point coextension of C'

Ky x...x K 0
[Eq,...,E5]C = ]

DB ®...aE) C

where K1 = ... = Ky, = K and the left module structure of E1 & ... & E,
over K; x ... x K, is given by (A1,...,As)(u1,...,us) = (Au1,...,Asus) for
Ay Xs € K, uy € Eq,...,us € Es. Observe that C[E,...,E,] is an iterated
one-point extension C[E1][Es]...[Es] and [Eq,...,Es]C is an iterated one-point co-
extension [E1][Ey]...[E]C. Moreover, let C[Ey,...,Es] = KQcg,.,...r,)/1cE,... B
and [Ey,...,E|C = KQg, .. gc/lE,,. e)c be the bound quiver presentations of
C[Ey,...,Eq] and [Fy, ..., EJC.
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Denote by 07 ,...,07 (respectively, 07, ...,0;) the extension vertices of Qc(g, ... ]
(respectively, coextension vertices of QlE,,..., ES}C) corresponding to the extensions (re-
spectively, coextensions) by the modules FEji,...,Es;. Choose now branches £; =
(QcrysIzy), - Ls = (Qr., Iz,) with the germs 07, ..., 0%, respectively. The branch ex-

tension of C (branch T -estension of C in the sense of [28, (XV.3)]), with respect to
the mouth modules Fj, ..., Fs and the branches L1, ..., L, is the bound quiver algebra

ClEv, Ly, .. Es, Ls] = KQc(p, z,,...B. 0]/ LC[Br L4 B L)

where the bound quiver (Qc(g, z,.....E..c.] lo(B 24, B.,c.]) is Obtained from the bound
quiver (Qcig,,...e.]s Ic(y,....B.)) of C[E1, ..., Es] by adding the bound quivers of the
branches Li,...,Ls and making the identification of the vertices Oj with 0F for ¢ €
{1,...,s}. Dually, the branch coestension of C (branch T -coextension of C in the
sense of [28, (XV.3)]), with respect to the mouth modules E1,..., Fy and the branches
L1,...,Ls, is the bound quiver algebra

[E1, Ly, ..., B, L)C = KQE, £,,...B..c.)c/ 1By 21, B £0]C

where the bound quiver (Qg, z,..... 5, c.jc> |, 24, B, c.]c) is obtained from the bound
quiver (Q(g, ...,z 1By ,....B.)c) of [E1, ..., E]C by adding the bound quivers of the
branches L, ..., L, and making the identification of the vertices 0; with 0] for i €
{1,...,s}.

The following proposition shows that the concepts of the tubular extension and tubular
coextension coincide with the concept of the branch extension and branch coextension,
respectively [28, Theorem XV.3.9].

Proposition 3.4. Let C be an algebra and TC be a family of pairwise orthogonal standard
stable tubes of I'c. For an algebra A the following equivalences hold.

(i) A is a TC-tubular extension of C if and only if A is a branch TC -extension of C.
(ii) A is a TC-tubular coextension of C if and only if A is a branch T -coextension

of C.

Let now C be a canonical algebra. Recall from [4, Section 2], [26, Section 4] that
for a branch extension B of C' the Auslander—Reiten quiver I'g has a disjoint union
decomposition

Ip=PPvTPVv QP
where P = PC is a family of components consisting of C-modules and containing all

indecomposable projective C-modules, QF is a family of components containing all inde-
composable injective B-modules but no projective B-module, and 72 is a Py (K)-family
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(T)\B )xep, (k) of pairwise orthogonal standard ray tubes separating PB from QF. Re-
spectively, for branch coextension B, PP is a family of components containing all
indecomposable projective B-modules but no injective B-modules, QF = Q¢ is a fam-
ily of components consisting of C-modules and containing all indecomposable injective
C-modules, and T2 is a P;(K)-family (7.5) aeP, (k) Oof pairwise orthogonal standard
coray tubes separating PZ from QF.

4. Selfinjective orbit algebras

In this section we recall needed background on selfinjective orbit algebras.

Let B be an algebra and £g = {e; |1 < i < n} be a fixed set of orthogonal primitive
idempotents of B with 15 = e; + ... + e,. Then the repetitive category B of B is the
category with £p = {em,ilm € Z,1 <i<n} as aset of objects of B and the morphism
spaces defined by

EjBGZ‘, Tr=m
B(em,i,erj) = § D(e;Bej), r=m+1
0, otherwise

and the composition of morphisms given by the multiplication in B and the canonical
B-B-bimodule structure of D(B) = Homg (B, K). For each m € Z, we denote by By,
the full subcategory of B given by the objects e, ; for all i € {1,...,n}. Observe that B
is a selfinjective locally bounded K-category. An automorphism ¢ of B is said to be

o vpositive if, for each pair (m,i) € Z x {1,...,n}, we have ¢(ey, ;) = ep ; for some
p>m and some j € {1,...,n};

o rigid if, for each pair (m,7) € Z x {1,...,n}, we have p(em;) = en, ; for some
je{l,...,nk

o strictly positive if it is positive but not rigid.

An important role is played by the Nakayama automorphism vg of B which is defined
by

vg(em,i) = emg1,, forall (m,i)eZ x{1,..,n}.

Note that the Nakayama automorphism vy is a strictly positive automorphism of B.
A group G of automorphisms of B is said to be admissible if it acts freely on the set Ep
and has finitely many orbits.

Let B be an algebra and G be an admissible group of automorphisms of B. Following
Gabriel [12], we may consider the finite orbit K-category B /G defined as follows. The
objects of B/G are the elements a = Gz of the set £5/G of G-orbits in £z and the
morphism spaces are given by
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(E/G)(a,b){(fy,x)e I B g-fy,xfgy,gxforallgGG,mGa,Mb},
(z,y)€Eaxb

for all objects a, b of E/G Then we have a canonical Galois covering functor F : B —
B/G which assigns to each object x of B its G-orbit Gz, and, for any objects x of B
and a of B/G, F induces natural K-linear isomorphisms

B  B(a.y)(B/G)(Fz,a),

y€€p, Fy=a

P By.2)—(B/G)(a, Fu).

ye€n, Fy=a

The finite dimensional algebra @, .z /G(E /G)(a,b) associated to the orbit category

B /G is a selfinjective algebra, denoted by B /G and called an orbit algebra of B, with
respect to the admissible automorphism group G of B. The group G acts also on the
category mod B of right B-modules (identified with contravariant functors from B to
mod K with finite support) by gM = Mog~! for any M € mod B and g € G. Further, we
have the push-down functor Fy : mod B — mod B/G such that Fy(M)(a) = Do M(x)
for a module M in mod B and an object a of E/G

The following theorem is a consequence of [12, Lemma 3.5, Theorem 3.6].

Theorem 4.1. Let B be an algebra and G a torsion-free admissible group of K-linear
automorphisms of B. Then

(i) The push-down functor Fy : mod B — modé/G induces an injection from the set
of G-orbits of isomorphism classes of indecomposable modules in mod B into the set
of isomorphism classes of indecomposable modules in modé/G.

(ii) The push-down functor Fy : modB — mod B/G preserves the Auslander—Reiten
sequences.

In general, the push-down functor F) : mod B — mod B /G, associated to a Galois
covering F : B — B/G is not dense (see [2]). Following [9], a repetitive category B is
said to be locally support-finite, if for any object x of E, the full subcategory of B given
by the supports supp M of all indecomposable modules M in mod B with M (x) #0, is
finite. Here, by a support of a module M in mod B we mean the full subcategory of B
given by all objects z with M (z) # 0.

The following theorem is a consequence of [10, Proposition 2.5] (see also [9, Theorem]).

Theorem 4.2. Let B be an algebra with locally support-finite repetitive category E, and G
be a torsion-free admissible group of automorphisms of B. Then the push-down functor
Fy : mod B — mod B/G is dense. In particular, Fy induces an isomorphism of the orbit
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translation quiver I'5/G of the Auslander-Reiten quiver I'g of E, with respect to the
action of G, and the Auslander—Reiten quiver FB/G of B/G.

Let A be a selfinjective algebra, I an ideal of A, B = A/I, and e an idempotent of
A such that e + I is the identity of B. We may assume that e = e; + ... + e,, where
{ei;1 <1 < n} is a complete set of orthogonal primitive idempotents of A which are not
contained in I. Then such an idempotent e is uniquely determined by I up to an inner
automorphism of A, and we call it a residual identity of B [33]. Note that B = eAe/ele.
For an ideal I of a selfinjective algebra A, we consider its left annihilator £4(I) = {a €
Alax = 0 for any = € I} and its right annihilator r4(I) = {a € Alxza =0 for any = € I}.
Following [33, (2.1)], the ideal I is said to be deforming if ele = leae(I) = reac(I) and
A/I is triangular. The lemma below was proved in [36, Lemma 5.1].

Lemma 4.3. Let A be a selfinjective algebra, e an idempotent of A, and assume that
La(I)=1Te orra(l)=el. Then e is a residual identity of the quotient algebra A/I.

Moreover, the following result was obtained in [33, Proposition 2.3].

Proposition 4.4. Let A be a selfinjective algebra, I an ideal of A, B = A/I, e a residual
identity of B, and assume that Iel = 0. Then the following conditions are equivalent.

(i) Ie is an injective cogenerator in mod B.
(ii) el is an injective cogenerator in mod B°P.
(iii) €4(I) = Ie.

(iv) ra(l) =el.

Moreover, under these equivalent conditions, we have soc A C I and ele = Lea.(I) =
T.eAe(I)'

We end this section with the criterion which is fundamental in the proof of the main
Theorem 1.1 (see [34, Section 3 and 4] and [36, Theorem 5.3]).

Theorem 4.5. Let A be a selfinjective algebra over an algebraically closed field K. The
following conditions are equivalent.

(1) A is isomorphic to an orbit algebra E/(goué), where B is an algebra over K with
acyclic quiver Qp and ¢ is a positive automorphism of B.

(2) There is an ideal I of A and an idempotent e of A such that
(i) ra(l) =el,
(ii) the quiver Qa1 of A/I is acyclic.

Moreover, in this case, B is isomorphic to A/I.
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5. Selfinjective algebras of strictly canonical type

The aim of this section is to introduce some results on selfinjective algebras of strictly
canonical type. In particular, we give an answer to the question when the canonical
family of quasi-tubes of such an algebra is generalized standard.

The following results were established in [18, Theorem 5.1].

Theorem 5.1. Let B be a branch extension (respectively, branch coextension) of a canon-
ical algebra C. Then there exist algebras Cy, B, B;’, By and Fq, q € Z, and a
decomposition

I = Vgez(Xy VCy)
of the Auslander—Reiten quiver Iz of§ such that the following statements hold:

(a) for each q € Z, Xy is a family of components of Iz containing exactly one simple
B-module Sq;

(b) for each q € Z, Cy is a family (Cq(X))rer, (k) of pairwise orthogonal standard quasi-
tubes of I' g with s(Cq(N)) + p(Cq(A)) = r(Cy(N)) — 1, for any A € P1(K);

(c) for each pair p,q € Z with p < q, we have Hom (X4, &, V Cp) = 0 and
Hom g(Cq, X, VCp V Xpy1) = 0;

(d) for each q € Z, Cy is a canonical algebra, By is a mazimal branch coextension of Cy
in By, BF is a mazimal branch extension of Cq in B}, By is a one-point extension
of B . and By is a quasi-tube enlargement of Cq; moreover, Cy, By BJr By

and B, are full conver subcategories of B with B_ =B = Bq , VB(C'q) = Cyy2,

VB(B ) B o VE(B;_) B;_+27 Vﬁ(Bg) = B2, vg(Bg) = B2

(e) for eachq € Z, Cq is the canonical Py (K)-family of quasi-tubes of I'p:, obtained from
the canonical Py (K)-family T, of coray tubes of FB; by infinite rectangle insertions,
and from the canonical Py (K)-family 7;+ of ray tubes of FB;“ by infinite rectangle
cotnsertions;

(f) for each q € Z, X, consists of indecomposable Eq-modules;

(g) for each q € Z, we have vg(Xy) = Xyp2 and vg(Cy) = Cyya;

(h) for each q € Z, Hom 5(S;,Cq(N)) # 0 for all X € P1(K), and Hom 5(S,,Cq) =0 for
p#qinZ;

(i) for each q € Z, Hom 5(Cq(N), Sq+1) # 0 for all X € P1(K), and Hom 5(Cy, Sp) = 0
forp#q+1inZ;

(j) for each q € Z, we have Q5(Cs 1) = Cy and Q5(X7 1) = X, where Qp is the syzygy
operator.

(k) B is locally support-finite.

Moreover, there is the following description of torsion-free admissible groups of auto-
morphisms of B [18, Proposition 5.2].
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Proposition 5.2. Let B be a branch extension (respectively, branch coextension) of a
canonical algebra C. Then there exists a strictly positive automorphism oz of B such
that the following statements hold:

(i) og =vg or g% = Vg,
(ii) every torsion-free admissible group G of automorphisms of B is an infinite cyclic
group generated by a strictly positive automorphism a@%, for some integer s > 1

and some rigid automorphism o of B.

Preserving the above notation, for a canonical algebra C, it follows from Proposi-
tion 3.3 that I'p contains a generalized standard P; (K )-family C of quasi-tubes. We
consider C = Cy as a family of components of I'j.

Recall that, following [18], a selfinjective algebra A of the form B /G, where B is a
branch extension (equivalently, branch coextension) of a canonical algebra C' and G is
an infinite cyclic group generated by a strictly positive automorphism of E, is called a
selfinjective algebra of strictly canonical type. The structure and homological properties
of the Auslander—Reiten quivers of selfinjective algebras of strictly canonical type were
described in [18, Theorem 5.3]. In particular, for a selfinjective algebra A of strictly
canonical type its Auslander—Reiten quiver has a decomposition

'y = \/ (XqA\/CqA),
qEZL/nZ

for some positive integer n, and, for each ¢ € Z/nZ, Cg‘ = (C;‘()\))Aepl(K) is a
P1 (K )-family of quasi-tubes with s(CzH(A))+p(C2H(A)) = r(C2H(A))—1 for cach A € Py (K),
and X;‘ is a family of components containing exactly one simple module S,. Moreover,
we have the following proposition which is an immediate consequence of properties of
push-down functor F : mod B — mod A.

Proposition 5.3. Let A = E/G be a selfinjective algebra of strictly canonical type. Then
C8t = F\(Cy) is a Py (K)-family of quasi-tubes in T' 4 mazimally saturated by simple and
projective modules.

We are now in a position to prove the following equivalence.

Proposition 5.4. Let A = B /G, where B is a branch extension (respectively, coextension)
of a canonical algebra C' with respect to the canonical Py (K)-family of stable tubes and G
an admissible group of automorphisms 0f§ generated by a strictly positive automorphism
of B. Then the following statements are equivalent.

(i) The canonical Py (K)-family C§' = Fx(Co) of quasi-tubes of T 4 is generalized stan-
dard.
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(i) G = (pvg), where @ is strictly positive, or G = (pvg), where ¢ is rigid and B is a
canonical algebra.

Proof. Let C' be a canonical algebra and 7¢ the canonical Py (K)-family of pairwise
orthogonal standard stable tubes of I'¢. Since the classes of repetitive algebras of branch
extensions and branch coextensions of C' with respect to the canonical Py (K)-family of
stable tubes coincide (see [18, Section 4]), invoking Proposition 3.4, we may assume that
B is a branch coextension of C'.

Let A be an orbit algebra B /G, where G is generated by a strictly positive automor-
phism g of B. Following Theorem 5.1(a) and (b), the Auslander-Reiten quiver I' of B
has a decomposition:

F]§ = \/QGZ(Xq v Cq),

such that, for each ¢ € Z, X, is a family of components containing exactly one simple
B-module Sy, and C, is a family (C4(A))aep, (k) of pairwise orthogonal standard quasi-
tubes. We set C = Cy and B = Bj . Applying now Theorem 5.1(e), (h) and (i), we
know that there exist, for any ¢ € Z, an indecomposable Cj,-module in C; with S, in
its top and an indecomposable Cy41-module in Cq41 which has Sg41 in the socle. Hence
Hom z(Co,C1) # 0.

Assume C§' = F)(Cp) is a generalized standard family of quasi-tubes. Since v5(Cy) =
Cq+2 and Hompg(Co,C1) # 0, applying Proposition 5.2, we conclude that g = ¢vg,
where ¢ is a positive automorphism of B. Recall that Co is the canonical Py (K)-family
of quasi-tubes obtained from the canonical P;(K)-family 72 of coray tubes of I'z by
iterated infinite rectangle insertions (see Theorem 5.1(e)). Observe that Cyp contains no
projective—injective modules if and only if 77 contains no injective modules, that is,
B = C (see [18, Section 2 and 3]). In this situation Hom z(Co,Cz) = 0, since supp Co N
supp Co = supp CoNsupp v5(Co) = 0. Suppose now that Cy contains a projective-injective
module, equivalently B # C. Then by Theorem 5.1(g), C,, for any even p € Z, contains a
projective—injective module. Let P be a projective—injective module which belongs to Cs.
Clearly, then P/soc P belongs to Cy. From Theorem 5.1(j) we obtain that the simple socle
soc P of P belongs to C;. Again, by Theorem 5.1(j), we get that the projective cover P’
of soc P belongs to Cp, because rad P’ = Qgz(soc P) belongs to Cy. Hence, there is a
non-zero homomorphism f : P’ — P which implies that Hom 3(Co,C2) # 0 for B # C.
Therefore, if ¢ is rigid, then B = C. Summing up, we conclude that (i) implies (ii).

Assume now that (ii) holds. Suppose that M, N are indecomposable B-modules be-
longing to Cp, for some p € Z. From the description of subcategories B, B;‘ of E, we
know that supp Cq NsuppCqi3 = 0 for any ¢ € Z (see the proof of [18, Theorem 5.1]).
Then, by the assumption imposed on a strictly positive generator g of the group G, we
obtain that supp 9 MN supp N = () for any integer ¢ # 0. Since the push-down functor
F : mod B > modAis dense, there are the following natural isomorphisms of K-vector
spaces
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@D Homp(9" M, N) = Hom (Fx(M), FA(N)),
€L
P Hom (M, 9" N) 2 Hom(Fx(M), F(N)),
i€EZL

for any indecomposable modules M, N in mod B.

Let X, Y be modules in C§' = F\(Cp). Then X = Fy\(M), Y = F\(N) for some
M € Cp, N € Cqy, and clearly F5(Cp) = F\(Cq) = Co. Without loss of generality we may
assume that p = ¢ = 0. Thus Homa(X,Y) = @,, HomE(M,giN) = Homg(M, N).
Since Cy is a family of pairwise orthogonal standard quasi-tubes, we have rad%o(M ,N) =
0, and hence rady’(X,Y’) = 0. This shows that (ii) implies (i). O

6. Proof of Theorem 1.1

The implication (ii) = (i) of the main theorem is an immediate consequence of Propo-
sitions 5.3 and 5.4.

We prove now the implication (i) = (ii). Suppose that C = (Cy)xea is a gener-
alized standard family of quasi-tubes maximally saturated by simple and projective
modules in the Auslander—Reiten quiver I'y of a selfinjective algebra A. We recall
that the annihilator of the family of components C = (Cy)aca is the intersection
ann(C) = (xec anna(X) of the annihilators of all indecomposable A-modules X be-
longing to C. Consider the quotient algebra D = A/ann(C). Then the family C is a
generalized standard faithful family of quasi-tubes in I'p maximally saturated by simple
and projective modules. We claim that D is a quasi-tube enlargement of a canonical
algebra C. Namely, a quasi-tube is a connected translation quiver obtained from a stable
tube by an iterated application of admissible operations (ad 1), (ad 2) and their dual ver-
sions. Assume that, for each A € A, a quasi-tube C, is obtained, as a translation quiver,
from a stable tube 7 by means of the above operations. This allows us to consider the
family T'(C) = Uyca T'(Cx) of indecomposable modules in C such that, for each A € A,
T(Cy) corresponds to all vertices of the stable tube 7. Let C' = D/annp(T(C)) be a
quotient algebra of D by the annihilator annp(7(C)) of the family T'(C) given as the
intersection [y ¢z ) annp(Y') of the annihilators of all modules belonging to 7'(C). Then
D is a quasi-tube enlargement of C. Note that the modules from T'(C) form the family of
stable tubes T = (T,.¥)xea in Lo, where TC = T, for every A € A. Clearly, (T.5)xen is
a faithful generalized standard family of stable tubes in I'c (maximally saturated by sim-
ple modules). Thus, invoking Theorem 2.2, we conclude that C'is a canonical algebra and
then D is a quasi-tube enlargement of the canonical algebra C. In particular, A = P;(K)
and T is the separating canonical Py(K)-family (T.")xer, (k) = (T, )aea of stable
tubes in TI'c. Hence, applying [4, (3.5)], we infer that there exists a unique maximal
branch extension B of C inside D, which is obtained from C by an iterated applica-
tion of algebra admissible operations of type (ad 1) (see also [23, Theorem C]). Then the
Auslander—Reiten quiver I'p of B contains a faithful Py (K)-family 72 = (T,B) AeP, (k) of
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pairwise orthogonal generalized standard ray tubes (obtained from 7¢ = (T)\C) AEP; (K)
by an iterated application of translation quiver admissible operations of type (ad1)).
Moreover, D is obtained from B by an iterated application of admissible algebra opera-
tions of types (ad 1*), (ad 2*), and C from T2 by an iterated application of translation
quiver admissible operations of types (ad 1*), (ad2*). Then B = D/annp(T?), where
TB is taken as a family of modules. Thus we conclude that B = A/ann4(7T?) since
annp (7T8) = anns(TP) N D.

Let I = anny(7P). Then B = A/I. We will show now that I satisfies the conditions
(2) of Theorem 4.5. Observe that Q4,7 = Qp is acyclic, because B is a T¢-branch
extension of the canonical algebra C.

By J we shall denote the trace ideal of the family 77 in A, that is J = > Im A, where
h € Homy (Y, A4) for any Y € TB. Since A4 is of finite dimension over K, we obtain
that J is a finite sum J = Zle Im h; for some homomorphisms h; € Homa(Y;, A4)
with Y; € TB. Similarly, by J’ we denote the trace ideal of the dual family D(T?) of
left A-modules in A.

We may choose a complete set of pairwise orthogonal primitive idempotents ey, ..., e,
of A such that 14 =e1 + ...+ e, and e = e + ... + e,, for some n < r, is a residual
identity of B = A/I. Observe that B = eAe/ele. We will show that I is a deforming
ideal of A with £4(I) = Ie and r4(I) = el. We will apply the strategy similar to the
proof of [15, Theorem 7.14].

Proposition 6.1. We have JUJ' C I.

Proof. We know that 72 = (T;B) AeP, (k) is a generalized standard family of ray tubes
in I'p and the generalized standard family C = (Cx)xep, (k) of quasi-tubes in I'4 is
obtained from 77 by an iterated application of admissible translation quiver operations
of types (ad 1*) and (ad 2*) corresponding to the admissible algebra operations of types
(ad 1*) and (ad 2*) leading from B to D. Then, applying arguments as in the proof of
[15, Proposition 7.1], we prove the required inclusion JUJ' CI. O

Applying arguments as in the proof of [15, Lemma 7.2] we obtain the following facts.
Proposition 6.2. We have £s(I)=J, ra(l) = J and I =ru(J) = La(J').

The following proposition is the key ingredient for proving that I is a deforming ideal
of A such that £4(I) = Ie and r4(I) = el.

Proposition 6.3. We have ele = eJe = eJ'e. In particular, (ele)? = 0.

Proof. Observe that J is a right B-module since 14 —e € I implies that J(1—e) C JI =0
and so J = Je + J(14 —e) = Je. Hence eJ is an ideal of ede with eJ C ele, by
Proposition 6.1. We denote by B’ the algebra B’ = eAe/eJ. Note that e is a residual
identity of B’.
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Consider the canonical restriction functor res. : mod A — mod eAe. Applying res,
to the (generalized) standard family C = (Cx)aea of quasi-tubes maximally saturated
by simple and projective modules in I'y we obtain the family 77 of ray tubes in ' 4.
Moreover, T2 is sincere generalized standard in I'eg.. Further, 77 is also sincere gen-
eralized standard family for the quotient algebra B’ = eAe/eJ since eJ C ele. We shall
show that, in fact, the algebras B’ and B are equal.

We shall compare the bound quivers (Qp, Ig), (@p/,Ip) of algebras B, B’, respec-
tively. Since @ p is a subquiver of Qg with the same set of vertices, suppose there exists
an arrow 77 : * — y in - which does not belong to Q5. Recall that Q) is of the form

Qcr, Qc,
07 03 of
v v v
L J L J .

Qe

where Qr,, Qr,, ..., Qr, are the quivers of the branches £y, Lo, ..., L, respectively, with
the vertex 0 such that rad P(0]"), for i € {1,...,s}, are pairwise nonisomorphic mod-
ules lying on the mouths of stable tubes from canonical family 7¢ in I'c (see [28,
Chapter XV.3]). For Q¢ we shall use the notation from Section 2. By B” we denote
a quotient algebra of B’ such that the set of arrows of Qg consists of all arrows of
@p and additionally the arrow 7. Hence we have a sequence of algebra epimorphisms
B’ — B" — B. This implies that 77 is a sincere generalized standard family of ray
tubes in I'g». We have the following cases to consider.

(1) Assume that z € Q , for some i € {1,...,s}. Since TP contains all projective
B-modules P(a) for a € Q,, and TP is a family of ray tubes in I'p/, a projective
B-module P(z) is also a projective B’-module. Therefore, if n : & — y in Qp/ then g
belongs to B, a contradiction with an assumption imposed on 7. If now y € Q,, for
some i € {1, ..., s}, then there exists a homomorphism f : P(y) — P(z) in mod B’ given
by the formula f(—) = n-—. Hence Im f = ne, B’ = neAe, because T? is a family of ray
tubes in I'¢ 4. Therefore nede C eJ, contradiction with the assumption that n € Qp/.

(2) Let now z € Q¢ and y € Qc\{w}. Assume y = (i, k) for some ¢ € {1,...,m} and
k € {1,....,p; — 1}. Then S(i,k) has in mod B” a minimal injective presentation of the
form

0— S(i, k) — I(i,k) = I(i,k+ 1)@ I(x) @ I1(0T),
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where I(0) = 0 if there is no branch extension of C' at S(i, k). Then using the quasi-
inverse 1/5,1, of the Nakayama functor v/, we obtain the following exact sequence

0— P(i,k) — P(i,k+ 1) ® P(z) ® P(0T) = 75,5(i, k) — 0,

where we assume that P(0%) = 0 if I(0") = 0. Then the socle of 75,5(i, k) contains an
additional direct summand S(x). Therefore, 75,5(i, k) # 755(4, k), and hence T is not
a family of ray tubes in I'p» and neither is in I'g/, a contradiction. In the case of y = 0,
we repeat the above arguments for a nonsimple module F; from the mouth of a stable
tube from 7.

(3) Assume that « = (i, k), for some i € {1,...,m} and k € {1,...,p; — 1}, and y = w.
Then we show analogously that 75, (7S(z)) # S(x) since B”-module 75, (755(z))
contains 7B as a submodule. Again, we get a contradiction.

(4) Let n : w — w. By (1), (2) and (3) we conclude that n, a1 p, , ..., @ p,, are all arrows
that start at w in Qca.. Denote by g; the path «;p,...q; 2041, for any ¢ € {1,...,m}.
Observe that ng; belongs to the K-vector space e, Aeg generated by g1 and g2, otherwise
using the canonical restriction functor res., : mod eAe — mod e’ Ae’ for ' = e, + eg, we
obtain that ¢’ Ae’ is a wild algebra (see arguments from the proof of Theorem 2.2 and [28,
(XVIIIL.1.6)]). Assume ng; # 0 in B”, for some i € {1,...,m}. Then ng; = a101 + a202
for some ay,a; € K such that a? 4+ a3 > 0. Consider the nonsimple module E() from
the mouth of the stable tube 7 from the family 7¢ as a B”-module (see Section 2).
Note that EL()(;) = 0 and hence Eé?)gl = Eﬁ,(z,)l = 0. But EL(L?)gl(ew) = a101 # 0 and we
conclude that no; = 0 for any i € {1,...,m}. Let now k; € {0,1,...,p;} be the minimal
integer such that na; p, ... o5, # 0in B” where we put ¢ p, ... ;0 = €. Then, for any
i € {1,...,m}, there exists a nonzero homomorphism f; : S(¢, k; —1)[p; —k; + 1] — P(w)
in mod eAe, where S(i, k; — 1)[p; — k; + 1] is a module of 7¢-length p; — k; + 1 lying on
a ray starting at the mouth module S(i, k; — 1) in 7¢. Note that Im f; = neAe. Thus
nede CeJ and n ¢ Qp.

(5) Let now 1,72, ..., 1., for some r > 1, be all arrows in g/ which start at 0 and
end in w.

Consider the Galois covering F' : B’ — B’ with an infinite cyclic group Z. Then B
is a locally bounded K-category and it follows from [7, Section 2] that B 2K Qz /g,
where (0 is a connected, locally finite, acyclic quiver with Iz an admissible ideal of

the path category K@ of Q5. Thus quiver C/Q\B// is of the form
Qp_,

QBO QBI
0,1 1
0_7 w1 Mo, 0o wo M 01 w1

where, for all k € Z and 1 < ¢ < r, we have Qp, = @p, Mk, : 0y = wg_1, and

the generators of Ip, belong to the set of generators of I5,. By B” we denote the full
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subcategory of B’ whose objects are the objects of By for all integer £ < 0. Then the
Auslander-Reiten quiver B’ has a form

I'p: = PB/— uTBouy QBO,

where P52~ is a family of components containing all indecomposable B’ -modules X
such that res.(X), for e being the residual identity of By, is zero or belongs to the family
PBo of T'g,, TBo = T8 and QB = QB. By P we denote the projective B’-module
P5:(01) at the vertex 0; (vertex 0 in @p,). Let now R = B’ [rad P] be a one-point
extension of B’ by the radical of P. Since 75° remains a family of ray tubes in I'p
(and in I'j;), we conclude that rad P € add Q% (see [28, Theorem XV.1.6]). Consider
the projective cover f : P’ — rad P of rad P in mod By. Then f factorizes through the
additive subcategory add 75 of mod By, because T 7° is a separating family of ray tubes
in I',. Therefore, there is a module M € add T Bo and an epimorphism h : M — rad P in
mod B'. Further, there exists an epimorphism h’' : M — rad P in mod B’ because for the
push-down functor Fy : mod B’ — mod B’ we have Fy(M) = M and Fj(rad P) = rad P.
Observe that by (1)-(4), P is a projective eAe-module. Hence Imh/ = Y"7_, n;eAe and
M,---,Nr € eJ, a contradiction.

To sum up, we obtain that ele = eJ. Hence TP is faithful generalized standard
family of ray tubes in mod B’ because ele/eJ = annpg:(T?) = 0. We show analogously
that ele = J'e. Applying now Proposition 6.2, we have (ele)? = eJeele = eJele =
(eJe)Ile=eJle=0. O

We note that although Proposition 6.3 is the analogue of Lemma 7.3 in [15] their
proofs are different because the family C of quasi-tubes is assumed only to be generalized
standard whereas in [15] the quasi-tubes in C consist of modules which do not lie on
infinite short cycles. But having Proposition 6.3, we may proceed as in [15, Section 7],
and, using Lemmas 7.4-7.12 of [15], prove the following analogue of [15, Proposition 7.13].

Proposition 6.4. We have Ie = J, el =.J', and ele = J N J .
This allows us to prove the desired proposition.
Proposition 6.5. I is a deforming ideal of A with £4o(I) = Ie and ra(I) =el.

Proof. From Proposition 6.2 and 6.4 we know that £4(I) = J = Ieand ra(I) = J' =el.
In particular, we have ITel = 0. Therefore, applying Proposition 4.4, we get ele =
lene(I) = reae(I). Since Q4,1 = @Qp is acyclic, this shows that I is a deforming ideal
of A. DO

We complete now the proof of implication (i) = (ii) of Theorem 1.1. Since the ideal
I and the idempotent e satisfy condition (2) in Theorem 4.5, we conclude that A is
isomorphic to an orbit algebra B/(ypvg), where ¢ is a positive automorphism of B.
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Finally, applying Proposition 5.4 we infer that either ¢ is strictly positive or ¢ is rigid
and B is a canonical algebra, as required in (ii).

7. Examples

The following examples illustrate the statements of Theorem 1.1 and Corollary 1.2.

Example 7.1. Let B = KQp/Ip, where Qp is the quiver

AN
AN

47 47

and I is the ideal of the path algebra K@ p of Q) generated by the elements o071, 511,
Y1M2, Y3Y2Y1 + aaa + B2 1. Denote by C' the bound quiver algebra C = KQ¢/I¢, where
Q¢ is the full subquiver of @ given by the vertices 5, 6, 7, 8, 9, 10, and I is the ideal in
the path algebra K Q¢ of Q¢ generated by y3y2y1 +azaq + B251. Then C is the canonical
algebra C'(p, A) with the weight sequence p = (2,2, 3) and the parameter sequence A =
(00,0, 1). Further, B is the branch coextension of C' in the sense of [28, XV.3]. Namely,
B = [E1, L1, Ea, Lo, E3, L3]C with By = B ¢ TC By = E© € 7C, B3 = EW € T,
L1 the branch given by the vertex 1, Lo the branch given by the vertex 27 L3 the branch
given by the vertices 3, 4 and the arrow n;. Consider the repetitive algebra B of B. Then
there exists a strictly positive automorphism ¢z of B , with np% = v such that, for any
keZ, Wg(ek,l) =ep45,if 1 <1 <5and @BA(eM) = €ky1,-5 = Vﬁ(ek,l—S)y if 6 <1 <10.
Denote by A the orbit algebra E/((pg). Then A is the bound quiver algebra A = KQ/I,
where @ is the quiver

7N,

and [ is the ideal of K@ generated by the elements y3v27y1 +asay + 8201, a1as, 5152, Y173,
o1 B 1 —PoBrasay. Note that A is a symmetric algebra but not a trivial extension of C'.
Hence from Corollary 1.2, I' 4 does not admit a generalized standard family of quasi-tubes
maximally saturated by simple and projective modules. Indeed, by [18, Theorem 5.3] T4
has a decomposition
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Iy=x4vcA

where C4 = (C*())) xep, (i) I8 the unique Py (K)-family of quasi-tubes of I'y containing
all simple modules and indecomposable projective modules, except the simple module
S(5) and the projective module P(5) at the vertex 5, which belong to X4. For A = 1 from
the parameter sequence consider the module E(Y) from the mouth of a stable tube T
in I'c. Then EM belongs to C4(1) and there is a nonzero homomorphism f : EW M
which factors through soc E®) = §(5) 2 top EM. Thus f € rad™(C4).

Example 7.2. Consider the selfinjective algebra A = B / (@%), where B and ¢g are as
above. Then A = KQ/I is the bound quiver algebra, where @ is the quiver

SN,
NLANLANLA

where we identify two vertices denoted by e and I is the ideal of K@ generated by the

elements y37271 + @y + G251, a1aa, B182, 7173, aaarfef1 — B2fr1asay. Again, by [18,
Theorem 5.3] T'4 has a decomposition

Ta=Xtveltvapvetvatved

where, for each 0 < i < 2, C2* = (C(A))aep, (k) is the Py(K)-family of quasi-tubes
of T4, XA is a family of components containing exactly one simple module S(i). Since
<pB = (QDB)QOB vgep and pg is strictly positive automorphism of B, by Theorem 1.1
we get that C{*, for some 0 < i < 2, is generalized standard family of quasi-tubes
maximally saturated by simple and projective modules. Further, applying Theorem 5.1
(see also [18, Theorem 5.1]), we have that C*, for each 0 < i < 2, is a canonical family of
quasi-tubes of I'gx, where B} is a quasi-tube enlargement of canonical algebra C; = C.

Note that B} = KQp=/Ip+, where Qp- is of the form

NN
WANWANS
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and Ip: is the ideal of KQp: generated by v3y271 + aza1 + 281, arae, f152, 7173 and
j = i+ 1(mod3). In conclusion, I'4 admits three generalized standard families CZA,
0 <i < 2, of quasi-tubes maximally saturated by simple and projective modules.

Example 7.3. Let A = B/ (vg) be a selfinjective algebra, where B = C' is the canonical
algebra as above. Then A = KQ/I is the bound quiver algebra, where @ is the quiver

o]
a1 Q2
o
B1 B2
0 1
[¢] o o O
1 2 V3

v

m

2

and [ is the ideal of K@ generated by 7y3v2y1 + asay + P21, n1a, n2b2, a1m1, B17e,
mpPef1 — Maasaq, asaine — PBof1m. Following Theorem 5.1 and [18, Theorem 5.3], T'4
has a decomposition

Ta=&vesvatved

where, for i € {0,1}, C/* = (C/*(\))aep, (k) is the Py (K)-family of quasi-tubes of T 4,
X/ is a family of components containing exactly one simple module S(i). Further, C§' is
the canonical P; (K )-family of stable tubes of I'c and C{* is the canonical Py (K)-family
of quasi-tubes of Iy, where By is the quasi-tube enlargement of Kronecker algebra Cy
(given by vertices 0, 1 and arrows 71, 12). Note that C{* contains projective A-module but
no simple A-modules (see [18, Example 5.4]). Since A = B /(vg) is symmetric algebra,
there is a nonzero homomorphism f : P — P for projective module P € C{* which
factorizes through simple module top P. Hence f € rad} and only C§' satisfies the
condition of Theorem 1.1.
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